
Lik eliho o d Ratio Con�dence Bands in Surviv al Analysis

M.M. SANCHEZ and S.A. MURPHY

July 21, 1995

A BSTRA CT

Con�dence bands, whic h are formed via an in v ersion of a lik eliho o d ratio test will b e

presen ted. Con�dence bands based on the estimator alone are kno wn to ha v e p o or co v er-

age probabilities due to nonnormal small sample b eha vior of the Kaplan-Meier estimator.

This has resulted in the use of v arious transformations suc h as the arcsine and log-min us-log.

Ho w ev er, in v ersion of a lik eliho o d ratio test, eliminates the need to searc h for a b est transfor-

mation. These bands are compared to the equal precision, the Hall-W ellner con�dence bands

and with their v arious transformations.
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1 INTR ODUCTION

W e consider a class of con�dence bands for the surviv al function, S ( � ), based on the com-

bination of the lik eliho o d ratio con�dence in terv als. In particular con�dence bands can b e

formed b y com bining con�dence in terv als with equal or unequal con�dence co e�cien ts across

time p oin ts. A surviv al function, S

0

( � ), b elongs to the con�dence band if and only if at eac h

time p oin t, t , S

0

( t ) b elongs to the con�dence in terv al at time t .

Con�dence bands for the surviv al function ha v e receiv ed m uc h atten tion. In all cases

(Gillespie and Fisher, 1979; Hall and W ellner, 1980; Nair, 1984; Csorgo and Horv ath, 1986

and Hollander and P ena, 1989), eac h of the com bined con�dence in terv als is based on the

Kaplan-Meier estimator or transformations thereof and estimators of its asymptotic v ariance.

In particular, Nair's (1984) con�dence band is formed b y com bining the con�dence in terv als

for S ( t ) of equal con�dence co e�cien ts across t . Eac h con�dence in terv al has con�dence

lev el, 2� ( d

�

) � 1 where � is the standard normal distribution function, and d

�

is the cuto�

p oin t so that the resulting band has con�dence lev el, 1 � � . F or this reason, this band

is called the equal precision band. (Andersen et.al. 1992). On the other hand, Hall and

W ellner's (1980) con�dence band is comp osed of the same con�dence in terv als but with

di�ering con�dence co e�cien ts. In particular the con�dence in terv al at time t has con�dence

lev el, 2�

�

e

�

(1+ �

2

( t ))

� ( t )

�

� 1 where �

2

( t ) is the asymptotic v ariance of

^

S ( t ) =S ( t ) and e

�

is the

appropriate cuto� p oin t. A more general v ersion of the Hall-W ellner con�dence bands are

prop osed b y Gillespie and Fisher (1979). F or eac h time t , their con�dence in terv al has a

con�dence lev el, �

�

b

2

�

+ c

2

�

�

2

( t )

� ( t )

�

� �

�

b

1

�

+ c

1

�

�

2

( t )

� ( t )

�

where b

1

�

; b

2

�

; c

1

�

and c

2

�

are c hosen suc h that

the resulting con�dence band has con�dence lev el, 1 � �

Bands based on the Kaplan-Meier estimator,

^

S ma y not p erform w ell in small samples due

to non-normalit y of the small sample distribution of

^

S . As a result v arious transformations
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ha v e b een suggested to impro v e small sample p erformance (Kalb
eisc h and Pren tice, 1980

and Thomas and Grunk emeier, 1975). Small sample prop erties of these con�dence in terv als

and con�dence bands and their transformations w ere studied b y Bie, et.al. (1987) and Borgan

and Liestol, (1990).

The lik eliho o d ratio con�dence in terv als w ere �rst prop osed b y Thomas and Grunk emeier

(1975). These authors sho w ed via sim ulation results that the lik eliho o d ratio con�dence

in terv al compared fa v orably to con�dence in terv als based on the asymptotic normalit y of

the Kaplan-Meier estimator,

^

S . A theoretical justi�cation for the use of the c hi-squared

p ercen tiles in the con�dence in terv al w as later giv en in Murph y (1995), Gang (1995).

In the next section w e deriv e the t w o lik eliho o d ratio con�dence bands, one with equal

con�dence co e�cien ts across t (lik e EP bands) and the other with v arying con�dence co e�-

cien ts across t (lik e HW bands). In section 3., the small sample prop erties of the con�dence

bands are compared with those of existing con�dence bands via sim ulation studies. Lastly ,

an example from the melanoma study conducted b y K.T. Drzewiec ki is used to illustrate the

prop osed lik eliho o d based con�dence bands.

2 Lik eliho o d-based Con�dence bands

First, w e describ e the failure time setting under whic h the con�dence bands are constructed

and compared. The observ ations are ( X

1

; �

1

) ; ( X

2

; �

2

) ; : : : ; ( X

n

; �

n

) where X

i

= min ( T

i

; C

i

),

T

i

is the failure time, C

i

is the censoring time and �

i

is an indicator v ariable on whether

X

i

= T

i

. Assume that T

1

; T

2

; : : : ; T

n

is a random sample of failure times from a distribution

F with surviv al function S = 1 � F . Similarly , C

1

; C

2

; : : : ; C

n

is a random sample from a

distribution G . The failure times, T

i

and the censoring times, C

i

are also assumed to b e

indep enden t.
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Let � = f =S , the hazard rate function of T

i

,

A ( t ) =

R

t

0

� ( s ) ds , the cum ulativ e or in tegrated hazard function,

N ( t ) =

P

n

i =1

I f X

i

� t; �

i

= 1 g , the n um b er of observ ed failures up to time t and

Y ( t ) =

P

n

i =1

I f X

i

> t g , the n um b er at risk just b efore time t .

W e consider the binomial extension of the lik eliho o d whic h is prop ortional to

Y

t> 0

( 4 A ( t ))

4 N ( t )

(1 � 4 A ( t ))

Y ( t ) �4 N ( t )

where the pro duct is o v er t whic h are observ ed failure times, 4 A ( t ) = A ( t ) � A ( t � ) and

4 N ( t ) = N ( t ) � N ( t � ). This extension ma y b e in terpreted as 4 N ( t ) ha ving a Binomial

distribution with parameters Y ( t ) and 4 A ( t ) giv en the past up to time t . Notice that

maximizing the ab o v e function is equiv alen t to maximizing

n

Y

i =1

[ 4 A ( T

i

)]

�

i

[1 � 4 A ( T

i

)]

1 � �

i

Y

s<T

i

[1 � 4 A ( s )] : (1)

No w, equation (1) can b e expressed in terms of F ( t ) b y using the relationship 1 � F ( t ) =

Q

s � t

[1 � 4 A ( s )]. W e get

n

Y

i =1

[ F ( X

i

) � F ( X

i

� )]

�

i

[1 � F ( X

i

)]

1 � �

i

(2)

whic h is a lik eliho o d function for discrete failure time data as men tioned b y Andersen, et.

al. (1993). Note that this is also the lik eliho o d used b y Kaplan and Meier (1958) in deriving

the estimator for the surviv al function S . It is also used b y Murph y (1995), Li (1995) and

Thomas and Grunk emeier (1975). In this sequel, con�dence bands for the surviv al function

are constructed based on this binomial extension of the lik eliho o d.

The lik eliho o d ratio test statistic ( LRT

t

) of H

0

: S ( t ) = �

0

is 2(ln L (

^

S ) � ln L (

^

S

0

))

where

^

S is the maxim um lik eliho o d estimator (MLE) under the whole space and

^

S

0

( t ) is the

4



restricted MLE under H

0

. The estimators

^

S and

^

S

0

are giv en b y

^

S ( t ) =

Y

s � t

(1 � d

^

A ( s )) =

Y

s � t

(1 � 4

^

A ( s ))

^

S

0

( t ) =

Y

s � t

(1 � d

^

A

0

( s )) =

Y

s � t

(1 � 4

^

A

0

( s ))

where

^

A ( t ) =

Z

t

0

1

Y ( s )

dN ( s )

is the Nelson-Aalen estimator and

^

A

0

( u ) =

Z

u

0

1

Y ( s ) + �I f s � t g n

dN ( s ) :

The constrained maxim um lik eliho o d estimator,

^

A

0

is deriv ed using the Lagrange m ultiplier

metho d with n� as the Lagrange m ultiplier. W e maximize the function,

X

s

4 N ( s ) ln [ 4 A ( s )] + [ Y ( s ) � 4 N ( s )] ln [1 � 4 A ( s )] + n� f ln[

Y

s � t

(1 � 4 A ( s ))] � ln [ �

0

] g

b y taking the deriv ativ e with resp ect to 4 A ( t ), and equating it to 0 whic h yields the restricted

MLE,

4

^

A

0

( s ) =

4 N ( s )

Y ( s ) + n�I f s � t g

under H

0

: S ( t ) = �

0

. Note that

^

S

0

( t ) is uniquely determined b y the Lagrangian m ultiplier n� .

It is monotone in n� , i.e.

^

S

0

( t ) increases to 1 as n� increases while it go es to 0 as n� decreases

to 1 � Y ( t ). The Lagrangian m ultiplier, � is c hosen so that � ( t ) =

^

S

0

( t ) =

Q

s � t

(1 � 4

^

A

0

( s )).

^

A

0

is equal to

^

A for s > t so the LRT

t

in v olv es only time p oin ts less than t since b ey ond t it

is just equal to 0. It is giv en b y

LRT

t

= 2

X

s � t

(

4 N ( s )ln

�

Y ( s ) + �n

Y ( s )

�

+ ( Y ( s ) � 4 N ( s ))ln

"

1 �

1

Y ( s )

1 �

1

Y ( s )+ �n

#)

(3)

= 2

Z

t

0

ln [1 +

�

Y ( s )

� 1

� ] + ( Y ( s ) � 1) ln

"

1 �

1

Y ( s )

1 �

1

Y ( s )+ �n

#

dN ( s )
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where

�

Y ( s ) = Y ( s ) =n . Note that the LRT

t

as a function of t is a step function with steps at

observ ed failure times. It can b e sho wn that this LR T statistic is equiv alen t to

0

@

p

n (

^

S ( t ) � � ( t ))

S ( t )

q

R

t

0

�

Y

� 1

d

^

A

1

A

2

+ o

p

(1)

uniformly in t 2 [ t

1

; t

2

] where 0 < t

1

� t

2

� � , � = sup f t : S ( t ) > 0 g and G ( � � ) < 1 (see the

App endix). F or eac h t , the asymptotic distribution of

p

n (

^

S ( t ) � � ( t ))

^

S ( t )

q

R

t

0

�

Y ( s )

� 1

d

^

A ( s )

is a standard normal distribution so that LRT

t

is asymptotically c hi-square with 1 degree of

freedom (Andersen, et.al., 1993).

A 100(1 � � )% lik eliho o d ratio based con�dence in terv al for S ( t ) is the set f � ( t ) : LRT

t

�

z

2

g where z is the 1 � �= 2 p ercen tile of the standard normal distribution. F or the case of

equal con�dence co e�cien t across time p oin ts, w e form the LR T con�dence band for S ( t ) b y

com bining the con�dence in terv als for S ( t ) for all t 2 [ t

1

; t

2

]. The set f � ( t ) : t 2 [ t

1

; t

2

] g is in

all con�dence in terv als if H

0

: S ( t ) = � ( t ) is accepted for all t 2 [ t

1

; t

2

]. This is equiv alen t to

LRT

t

� ( z

�

)

2

, where z

�

is the 1 � �= 2 p ercen tile of the asymptotic distribution of

sup

t 2 [ t

1

;t

2

]

�

�

�

�

�

�

^

S ( t ) � � ( t )

^

S ( t )

q

R

t

0

�

Y ( s )

� 1

d

^

A ( s )

�

�

�

�

�

�

(see Andersen, et.al. 1992).

W e also consider a Hall-W ellner t yp e of band to construct a lik eliho o d ratio based con-

�dence band with unequal con�dence co e�cien t across time p oin ts. F or eac h t , w e replace

z

�

ab o v e with e

�

( ^ c

1

; ĉ

2

)(1 + n ^�

2

( t )) =n ^� ( t ) where e

�

( ^ c

1

; ^c

2

) is the upp er � fractile used in the

Hall-W ellner con�dence bands and ^�

2

( t ) =

R

t

0

f Y ( s )( Y ( s ) � 4 N ( s )) g

� 1

dN ( s ).

It is not ob vious that the resulting set of � forms an in terv al nor that w e get a band of

p oin ts when they are com bined o v er all t 2 [ t

1

; t

2

]. Thomas and Grunk emeier (1975) sho w

that the resulting con�dence sets from the lik eliho o d ratio tests are indeed in terv als.
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In the app endix, w e sho w that w e get a band of p oin ts when the in terv als for all t 2 [ t

1

; t

2

]

are com bined. In addition, the resultan t con�dence band has the appropriate co v erage (see

App endix for the pro of ). In the next section, w e giv e a detailed discussion on the construction

of the lik eliho o d ratio con�dence bands.

3 Comparison of the di�eren t con�dence bands

The con�dence bands considered for comparison are the log-min us-log and the arcsine trans-

formation of the equal precision (EP) bands and the Hall-W ellner (HW) band. Borgan and

Liestol (1990) sho w substan tial impro v emen t is observ ed in applying the transformations for

EP bands while no substan tial impro v emen t is observ ed when the transformations are used

on the HW bands. Eac h of the con�dence bands considered in this sequel are describ ed b elo w.

The v ariance of

^

S used in all the con�dence bands is estimated b y Green w o o d's form ula

(Green w o o d, 1926),

^v ar

^

S ( t ) = (

^

S ( t ))

2

^�

2

( t )

where

^�

2

( t ) =

Z

t

0

f Y ( s )( Y ( s ) � 4 N ( s )) g

� 1

dN ( s ) (4)

Note that when Y ( s ) = 4 N ( s ) for some time p oin t s , ^�

2

( t ) = 1 for t � s but at the same

time

^

S ( t ) = 0 for t � s so ^�

2

( t ) is de�ned to b e 0 in this situation.

3.1 EP bands

A 100(1 � � )% asymptotic con�dence band for the surviv al function S on [ t

1

; t

2

] has the form

^

S ( s ) � d

�

( ^ c

1

; ĉ

2

)

^

S ( s ) ^ � ( s )
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where ^�

2

( t ) is giv en in eq(3) and d

�

( ^ c

1

; ĉ

2

) is the upp er � fractile in the distribution of

sup

c

1

� x � c

2

j W

0

( x )[ x (1 � x )]

� 1 = 2

j

where W

0

is a tied-do wn Wiener pro cess on (0 ; 1) and

^c

i

=

n ^�

2

( t

i

)

1 + n ^�

2

( t

i

)

for i = 1 ; 2 and 0 � t

1

� t

2

� t .

F or the log-min us-log transformation, the con�dence bands has the form

^

S ( s )

exp f� c

�= 2

^� ( s ) = log

^

S ( s ) g

while for the arcsine transformation, the con�dence bands has the form

sin

2

8

<

:

max

0

@

0 ; arcsin (

q

^

S ( s ) ) �

1

2

d

�

( ^ c

1

; ^c

2

) ^ � ( s )

(

^

S ( s )

1 �

^

S ( s )

)

0 : 5

1

A

9

=

;

� S ( s )

� sin

2

8

<

:

min

0

@

�

2

; arcsin(

^

S ( s )

1 = 2

) +

1

2

d

�

( ^ c

1

; ^c

2

) ^ � ( s )

(

^

S ( s )

1 �

^

S ( s )

)

0 : 5

1

A

9

=

;

:

3.2 HW bands

The 100(1 � � )% asymptotic Hall-W ellner con�dence bands for S (Hall and W ellner, 1980)

is giv en b y

^

S ( s ) � n

� 1 = 2

e

�

( ^ c

1

; ^c

2

)(1 + n ^�

2

( s ))

^

S ( s )

where e

�

( ^ c

1

; ĉ

2

) is the upp er � fractile in the distribution of

sup

c

1

� x � c

2

j W

0

( x ) j

3.3 LR bands

The main idea in the construction of the LR bands is to �rst construct the corresp onding

con�dence in terv als for eac h time p oin t, t 2 [ t

1

; t

2

] and then com bine them to create the
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con�dence band. Con�dence in terv als need to b e computed only for the observ ed failures

times b et w een [ t

1

; t

2

] since the LRT

t

is constan t b et w een observ ed failure times Note that

the form of the in terv al is implicitly de�ned, (i.e. all � ( t ) 3 H

0

: S ( t ) = � ( t ) is not rejected)

so w e need to use iterativ e tec hniques to �nd b oth the upp er limit and lo w er limit of the

con�dence in terv al.

First, w e explain ho w to compute for the LRT

t

for a constrain t

^

S

0

( t ) = � ( t ). The initial

step is to determine the v alue of � (sa y �

L

) that satis�es the constrain t,

^

S

0

( t ) = b

L

where

^

S

0

( t ) =

Y

s � t

�

1 �

1

Y ( s ) + n�

�

W e can easily �nd the ro ot �

L

of the function

^

S

0

( t ) � b

L

since

^

S

0

is monotone in � . After

determining �

L

, w e �nd the v alue of the corresp onding LRT

t

(giv en in eq (3)).

Steps: F or a �xed t ,

1. Find an initial guess for the lo w er limit and upp er limit, sa y b

L

and b

U

resp ectiv ely . The

initial guesses for the lo w er and upp er limits are usually obtained from an alternativ e

metho d (e.g. EP bands or HW bands). In the sim ulation, w e use the limits computed

using the log-min us-log transformed EP bands.

2. T o obtain the lo w er limit LL , ev aluate the LRT

t

at � ( t ) = b

L

and if LRT

t

> ( z

�

)

2

then incremen t LL up to w ards

^

S ( t ) otherwise decrease LL do wn to w ards 0. This is

rep eated un til j LRT

t

� ( z

�

)

2

j is small.

3. T o obtain the upp er limit U L , ev aluate the LRT

t

at � ( t ) = b

U

(similar to step 2) and

if LRT

t

> ( z

�

)

2

then decremen t U L from b

U

to w ards

^

S ( t ) otherwise increase U L up

to w ards 1. Again this is rep eated un til j LRT

t

� ( z

�

)

2

j is small.

Note that w e follo w the same pro cedure ab o v e to construct the unequal con�dence co-

e�cien t lik eliho o d ratio con�dence band. W e only need to replace z

�

with e

�

( ^ c

1

; ĉ

2

)(1 +

9



T able 1: Ac hiev ed Error Rates and Area Co v ered for Equal Con�dence Co e�cien ts

Bands

Std Exp/ Std Exp Std Exp/Unif(0,b)

n LR EP log(-log) EP arcsine LR EP log(-log) EP arcsine

^� (area) ^� (area) ^� (area) ^� (area) ^� (area) ^� (area)

25 0.04 (0.69) 0.06 (0.72) 0.04 (0.71) 0.01 (0.05) 0.07 (0.06) 0.003 (0.04)

50 0.05 (0.65) 0.07 (0.66) 0.05 (0.66) 0.01 (0.04) 0.04 (0.05) 0.005 (0.04)

200 0.04 (0.42) 0.05 (0.42) 0.05 (0.43) 0.02 (0.03) 0.03 (0.03) 0.002 (0.03)

n ^�

2

( t )) =n ^� ( t ) where e

�

( ^ c

1

; ĉ

2

) is the upp er � fractile used in the Hall-W ellne r con�dence

bands.

3.4 Numerical/Sim ulation Results

The factors that a�ect the sim ulation are the follo wing F , the failure time distribution, G ,

the censoring time distribution and n , the sample size. In our study , w e consider the follo w-

ing com bination of surviv al and censoring distribution, (a) standard exp onen tial/standard

exp onen tial, and (b) standard exp onen tial/uniform. The sample sizes used range from small

( n = 25) to large ( n = 200).

The sim ulation results for the con�dence bands with a nominal lev el of con�dence, 95%

are based on 10000 replications. This corresp onds to a standard error on the estimated error

rates ^� of 0.002 so a 95% con�dence in terv al for � is ^� � 0 : 004. T able 1 sho ws the ac hiev ed

error rates and area co v ered for the bands with equal con�dence co e�cien ts across time p oin ts

lik e the LR band and the transformed v ersions of the EP band.
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T able 2: Ac hiev ed Error Rates and Area Co v ered for Unequal Con�dence Co e�cien ts

Bands

Std Exp/ Std Exp Std Exp/Unif(0,b)

n LR U HW LR U HW

^� (area) ^� (area) ^� (area) ^� (area)

25 0.05 (0.69) 0.07 (0.78) 0.02 (0.06) 0.002 (0.06)

50 0.06 (0.66) 0.07 (0.72) 0.01 (0.05) 0.002 (0.05)

200 0.05 (0.47) 0.05 (0.49) 0.01 (0.04) 0.01 (0.04)

Ov erall the lik eliho o d ratio based con�dence band p erforms b etter than the EP bands

when b oth the surviv al and censoring distributions are standard exp onen tial. The ac hiev ed

error rates for the LR bands are close to the nominal v alue of 0 : 05 and they co v er a smaller

area than the EP bands. Th us, the LR bands are more precise than the EP bands.

Ho w ev er, b oth the LR band and the EP bands don't p erform w ell when the censoring

distribution is a uniform distribution. The EP arcsine band giv es to o lo w error rates ev en

with sample size n = 200. While the EP log(-log) band is b etter than the LR bands in terms

of the ac hiev ed error rates although they b oth ha v e similar area co v ered.

On the other hand, T able 2 con tains the ac hiev ed error rates and area co v ered for the

unequal con�dence co e�cien t con�dence bands namely , the unequal lik eliho o d ratio (LR U)

and the Hall-W ellner (HW). It sho ws that the LR U bands p erformed b etter than the HW

bands in the case of small ( n = 25) and mo derate ( n = 50) samples for b oth com binations.

Ho w ev er, b oth the LR U bands and the HW bands tend to underestimate the error rates when

the surviv al distribution is standard exp onen tial and the censoring distribution is uniform.
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4 An Example

T o illustrate the lik eliho o d ratio based con�dence bands w e use the Melanoma surviv al data

(1962-1977) collected b y K.T. Drzewiec ki at Odense Univ ersit y Hospital (see App endix of

Andersen, et.al., 1992). 225 patien ts with malignan t melanoma (cancer of the skin) had a

radical op eration p erformed whic h in v olv es completely remo ving the tumor together with the

skin within a distance of ab out 2.5 cm around it. All patien ts w ere follo w ed un til the end of

1977. The time v ariable is time since op eration. P atien ts still aliv e at the conclusion of the

study and those who died of causes unrelated to cancer w ere considered censored.

Figure 1 sho ws the equal con�dence co e�cien t con�dence bands v alid for the in terv al

[0 : 6 ; 7 : 6] y ears. The EP log-log transformed bands w ere sligh tly wider than b oth the LR and

EP arcine con�dence bands. There is not m uc h di�erence b et w een the LR and the EP arcsine

con�dence bands. Figure 2 sho ws the unequal con�dence co e�cien t con�dence bands v alid

for the same time in terv al. The HW con�dence bands include v alues greater than 1 so they

are not that go o d. On the other hand, the LR U con�dence bands sta ys within the v alid range

of [0 ; 1]. A t the initial y ears, the LR U seems to b e just a shifted v ersion of the HW bands

while they are similar for the later y ears.

5 Conclusion

The lik eliho o d ratio con�dence bands p erformed as w ell if not b etter than the existing con-

�dence bands, namely the Hall-W ellner bands, EP bands and its transformed v ersions. It

has additional adv an tages lik e resp ecting the range of the parameter so its lo w er and upp er

b ounderies sta y within the v alid range [0 ; 1] and is transformation resp ecting.
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Figure 1: Equal Con�dence Co e�cien t Con�dence Bands for the in terv al [.6, 7.6] y ears
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Figure 2: Unequal Con�dence Co e�cien t Con�dence Bands for the in terv al [.6, 7.6]

y ears
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6 App endix

(Pro ofs can b e found in the pap er b y Hollander, McKeague and Y ang, 1995)
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