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AbstractThe nonparametric version of the classical mixed model is considered and thecommon hypotheses of (parametric) main e�ects and interactions are re-formulatedin a nonparametric setup. To test these nonparametric hypotheses, the asymptoticdistributions of quadratic forms of rank statistics are derived in a general frame-work which enables the derivation of the statistics for the nonparametric hypothesesof the �xed treatment e�ects and interactions in an arbitrary mixed model. Theprocedures given here are not restricted to semiparametric models or models withadditive e�ects. Moreover, they are robust to outliers since only the ranks of theobservations are needed. They are also applicable to pure ordinal data and since nocontinuity of the distribution functions is assumed, they can also be applied to datawith ties. Some approximations for small sample sizes are suggested and analyzedin a simulation study. The application of the statistics and the interpretation of theresults is demonstrated in several worked-out examples where some data sets givenin the literature are re-analyzed.
Abbreviated title:Rank Tests for Mixed ModelsKEY WORDS: Rank transform; Factorial designs; Nonpara-metric hypotheses; Mixed model; Rank tests; Ordinal data; Ties
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1 IntroductionBackground and historical remarks In a mixed model, randomly chosen subjectsare observed repeatedly under the same or under di�erent treatments. Such designsoccur in many biological experiments, in the behavioral sciences and ecological, medicalor psychological studies. The subjects are the levels of the random factor(s) and thesubject e�ects are regarded as unobservable random variables.The two main assumptions underlying the classical analysis of variance (ANOVA)models are the linear model and the normal distribution of the error term. Our aim isto generalize the classical models of ANOVA in such a way that not only the assumptionof normality of the error terms will be relaxed but also the structure of the designs willbe introduced in a broader framework. Based on the ideas of Akritas & Arnold (1994)and Akritas, Arnold & Brunner (1994), we will formulate nonparametric hypotheses inthe various designs and derive nonparametric tests for these hypotheses. In order toidentify the testing problem underlying the di�erent rank procedures, the relations be-tween the hypotheses in the nonparametric model and in the common linear model willbe investigated.Nonparametric hypotheses and tests for the mixedmodel have already been consideredby Sen (1967), Koch & Sen (1968) and by Koch (1969, 1970). Mainly joint hypothesesin the linear model are considered, i.e. main e�ects and certain interactions are testedtogether. Moreover, some of the statistics given there are not pure rank statistics ratherthan aligned rank statistics and therefore they are restricted to linear models. For thesimple mixed model with two treatments for paired observations, rank tests using overallranks on the original observations have been considered by Hollander, Pledger & Lin(1974) and Govindarajulu (1975). In the former paper, the robustness of the Wilcoxon-Mann-Whitney statistic with respect to deviation from independence is studied. In thelatter paper, a rank statistic is derived and it is indicated how the unknown variance maybe estimated. Lam & Longnecker (1983) derived an estimator for the unknown variancebased on Spearman's rank correlation. Conover & Iman (1981) suggested to perform apaired t-test on the ranks; that the paired t-test on the ranks is a valid procedure wasestablished in the more general context of censored data by Akritas (1992). Brunner &Neumann (1982, 1984, 1986a; b) derived the asymptotic distribution of rank statistics intwo-factor mixed models with an equal number of replications and applied the results todi�erent mixedmodels. The asymptotic variances and covariance matrices of the statisticswere estimated using ranks over all observations and ranks within the treatments. Ranktests for the mixed model with m = 1 replication were considered by Kepner & Robinson(1988). Thompson (1990) generalized the results of Brunner & Neumann (1982) andderived the asymptotic distribution of a linear rank statistic for independent vectors of anequal �xed length and she applied the result to various balanced mixedmodels (Thompson& Ammann (1989, 1990), Thompson (1991)) and derived statistics for joint hypotheseswhere main e�ects and interactions are tested together. The assumption of an equal �xedlength of the vectors was used in the proofs of the asymptotic normality of the statistics inthe papers by Brunner & Neumann (1982) and Thompson (1990). Akritas (1993) derived1



a rank test in a special unbalanced mixed model. A general result for the asymptoticnormality of a linear rank statistic for vectors of unequal length was derived by Brunner& Denker (1994) and the results were applied to various unbalanced mixed models.In the above papers, all theoretical results as well as the derivation of the rank statisticswere based on the assumption of continuous distribution functions and ties were excludedalthough some theoretical results (e.g. Conover (1973) and Behnen (1976)) regarding tieswere available in the literature for linear rank statistics of independent observations. Koch& Sen (1968) and Koch (1970) recommend to breake ties by using the 'mid-rank-method'.This method was used by Boos & Brownie (1992) to derive estimators of the asymptoticvariance of a rank statistic using the U-statistic representation. Munzel (1994) generalizedthe results of Brunner & Denker (1994) to the case of ties and the same method is used byBrunner, Puri & Sun (1995) to derive the asymptotic normality of linear rank statisticsand consistent estimators of the asymptotic variance for �xed and mixed 2� b designs.Based on theses ideas, we give a uni�ed approach to mixed models for nonparametrichypotheses. The statistics considered in the literature quoted above follow as specialcases from our general approach (except that we use only Wilcoxon scores, for simplicity).Moreover, main e�ects and interactions, de�ned through the nonparametric hypotheses,can be tested separately. We will consider only (pure) rank statistics because they areinvariant under strictly monotone transformations of the data and they are robust tooutliers. We do not assume the continuity of the distribution functions so that alsodata with arbitrary (non-trivial) ties may be evaluated with the procedures given in thispaper. In particular, these procedures are applicable to ordinal data such as scores inpsychological tests, and quality scales in order to describe the degree of the damage ofplants or trees in ecological or environmental studies. We shall not consider procedureswhich need sums or di�erences of the original data and which are therefore restricted tothe linear model. Procedures for ordered alternatives, many-one and multiple comparisonsfollow from the general approach. However, they shall not be the subject of this paper andare not considered here. Regarding rank procedures for heteroskedastic mixed models,we refer to Brunner & Denker (1994), Brunner, Puri & Sun (1995) and Brunner & Puri(1996).Applications. The general results to be derived in Section 2, will be applied to fourdi�erent designs.(1) Two-factor mixed models:(a) random factor and �xed factor crossed,(b) random factor nested under the �xed factor.(2) Three-factor mixed models with two factors �xed:(a) repeated measurements on one �xed factor,the random factor is crossed with the �xed factor B and is nestedunder the �xed factor A,(b) repeated measurements on both crossed �xed factors.2



We distinguish two models:(I) The repeated measurements model where in the case of 'no treatment e�ect' the com-mon distribution function of the observed random variables on subject i is invariantunder the numbering of the treatment levels. This means that the random variableswithin one subject are interchangeable and their joint distribution function is com-pound symmetric. Note that in the linear mixed model with independent randome�ects, the compound symmetry of the joint distribution functions of the subjectsis preserved under the alternative. In general models however (to be stated in thefollowing sections), it seems to be unrealistic to assume that compound symmetryis preserved if treatment e�ects are present.(II) The multivariate model allows arbitrary dependencies between the observed randomvariables within one subject. This is typically the case with longitudinal data orinhomogeneous materials. A multivariatemodel is also assumed if a treatment e�ectis present in a repeated measurements model. We do not consider special patternsof dependencies such as an autocorrelation structure, e.g.In this paper, we will consider only the multivariate model for brevity.General notation. The distribution function of a random variable X is de�ned byF (x) = 12 hF+(x) + F�(x)i (1)where F+(x) = P (X � x) is the right continuous version and F�(x) = P (X < x) isthe left continuous version of the distribution function. This de�nition of the distributionfunction includes the case of ties. We exclude only the trivial case when F (x) is a one-pointdistribution function. We write X � F to indicate that F is the distribution function ofX. The asymptotic equivalence (N !1) of two sequences of random variables XN andYN is denoted by XN :=. YN .Let Xs � F , s = 1; : : : ;m, let bF+ denote the usual right-continuous version of theempirical distribution function based on the Xs, and let bF� be its left-continuous version.Then the empirical distribution function of F is denoted bybF (x) = 12 h bF+(x) + bF�(x)i = 1m mXs=1 c(x�Xs) (2)where c(u) = 12 hc+(u) + c�(u)i denotes the counting function and c+(u) = 0 or 1 accord-ing as u < or � 0 and c�(u) = 0 or 1 according as u � or > 0. The rank of a randomvariable Xs among all m random variables X1; : : : ;Xm is de�ned asRs = 12 +m bF (Xs) = 12 + mXj=1 c(Xs �Xj): (3)3



Note that 1=2 has to be added to m bF (Xs) in order to get the position numbers of theordered observations in case of no ties since c(0) = 1=2 as de�ned above. Note also thatRs is the midrank in case of ties.For the formulation of the hypotheses, we will use the contrast matricesC1 = (1c�1j � Ic�1) and C2 = Pc = Ic � c�1Jc (4)where 1c = (1; : : : ; 1)0 denotes the c-dimensional vector of 1's, Ic = diagf1; : : : ; 1g denotesthe c-dimensional unit matrix and Jc = 1c10c denotes the c-dimensional square matrix of1's. Note that rank(C1) = c� 1 and therefore, C1C01 is nonsingular. The matrix C2 is ac-dimensional projection matrix of rank c� 1. We will also use the contrast matrixW = V�1 �Ic � JcV�1/(10cV�11c)� (5)where the nonsingular covariance matrix V is a generalized inverse of W, i.e. WVW =W (see Lemma A.1 in the Appendix).Factors (in the sense of experimental design) will be denoted by capital lettersA;B;C; : : :and the levels of A are numbered by i = 1; : : : ; a, the levels of B are numbered byj = 1; : : : ; b, etc. If factor B is nested under factor A, this is denoted by B(A).For a convenient and technically simple description of hypotheses in two- and higher-way layouts, we will use the Kronecker-product A 
B and the Kronecker-sumA �B =  A 00 B !of matrices. The Kronecker-product of matrices Ai, i = 1; : : : ; a is written as aOi=1Ai andthe Kronecker-sum is written as aMi=1Ai .Model. The general mixed model can be formulated by independent random vectorsXik = (X0i1k; : : : ;X0ick)0 ; i = 1; : : : ; r and k = 1; : : : ; ni (6)where Xijk = (Xijk1; : : : ;Xijkmijk )0, j = 1; : : : ; c and Xijks � Fij, k = 1; : : : ; ni ands = 1; : : : ;mijk � 1. To avoid inconvenient notations, we consider only the case wheremijk � 1, i.e. no missing values. We note however that models with missing (at random)values can also be treated by our general approach.The i�th level of the row-factor, i = 1; : : : ; r, is applied to all c parts of each ofthe ni subjects that are nested under the level i, and there are mijk replications at the(i; j; k) factor level and subject combination. The ni subjects independent for each leveli yield independent (vectors of) observations. If more than one factor is applied to thesubjects, then the r levels may be regarded as a lexicographic ordering of all factor levelcombinations of the factors. 4



The column-factor with c levels is applied to all subjects. However, the level j of thisfactor is applied only to the j-th part of the subject (which is split into c homogeneousparts). This factor is crossed with the subjects. If more than one factor is applied to eachsubject, then the c levels may be regarded as a lexicographic ordering of all factor levelcombinations of the factors.Examples1. In the matched pairs design, we have n independent random vectorsXk = (X1k;X2k)0where Xjk � Fj, k = 1; : : : ; n and j = 1; 2. This design is derived from the generalmixed model (6) by letting r = 1, n1 = n, c = 2 and mijk = 1.2. The two-factor hierarchical design is a special case of (6) if r = a, c = 1, mijk = mikand Xijks = Xiks � Fi, i = 1; : : : ; a, k = 1; : : : ; ni and s = 1; : : : ;mik.3. For the one-factor block design with b treatment levels and with n blocks, we chooser = 1, mijk = 1, Xijks = Xjk � Fj, j = 1; : : : ; b and k = 1; : : : ; n.4. The a� b split-plot design is a special case of (6) with mijk = 1, Xijks = Xijk � Fij,i = 1; : : : ; a, j = 1; : : : ; b and k = 1; : : : ; ni.5. For the two-factor block design with n blocks and where factor A has a levels andfactor B has b levels, we choose r = 1, n1 = n, c = ab and mijk = 1. The indexj is split into the two indices u = 1; : : : ; a and v = 1; : : : ; b. Then Xuvk � Fuv,k = 1; : : : ; n.Organization of the paper. In Section 2, asymptotic results for the general form ofthe nonparametric mixed model are given including a discussion on the rank transform.In Section 3, the general results are applied to the examples given above. (Note thatthe matched pairs design is a special case of the one-factor block design). Statistics fortesting the �xed main e�ects and interactions in these designs are derived where alsoseveral real data sets are analysed. It is also indicated (see Section 3.4) how to derivestatistics for higher-way layouts in a similar way as in the theory of linear models. Smallsample approximations are discussed in Section 4 and the accuracy of the suggestedapproximations is analyzed by a simulation study. The proofs of the Theorems given inSection 2 are provided in the Appendix.2 General Asymptotic ResultsIn this Section, the general asymptotic results for mixed models will be derived and theyare applied to di�erent designs in Section 3. Some additional notation is needed to statethe asymptotic results.Consider the general model given in (6). The vector of the distribution functions isdenoted by F = (F11; : : : ; F1c; : : : ; Fr1; : : : ; Frc)0 and we de�ne eF = ( eF11; : : : ; eFrc)0 where5



eFij = n�1i Pnik=1 bFijk and bFijk(x) = m�1ijkPmijks=1 c(x � Xijks) are the empirical distribu-tion functions within cell (i; j; k). Let H = N�1Pri=1Pcj=1Pnik=1mijkFij and cH(x) =N�1Pri=1Pcj=1Pnik=1Pmijks=1 c(x � Xijks) where N = Pri=1Pcj=1Pnik=1mijk. The vector ofthe generalized means p = R HdF is estimated by ep = R cHdeF. Note that the componentsepij of ep are computed from the ranks Rijks of Xijks among all N random variables, namelyepij = Z cHd eFij = 1ni niXk=1 1mijk mijkXs=1 1N �Rijks � 12� = 1N � eRij�� � 12� : (7)Let Yijks = H (Xijks) denote the asymptotic rank transform (ART) of Xijks and letY ijk� = m�1ijkPmijks=1 Yijks denote the mean of the ART's of the replications for subject kunder treatment j within group i. Let eYij�� = n�1i Pnik=1 Y ijk� denote the unweighted meanof the Y ijk�'s over the ni subjects and letfYi�� = ( eYi1��; : : : ; eYic��)0 and fY�� = �fY01��; : : : ;fY0r���0.Finally, let Vi = Cov �pN fYi��� denote the covariance matrix of pN fYi�� and let �m(i)denote the smallest eigenvalue of Vi.The results will be derived under the following assumptions.Assumptions.A1. minni !1.A2. 1 � mijk �M <1, i.e. the number of replications is uniformly bounded.A3. 0 < �0 � ni=N � 1 � �0 < 1.A4. �m(i) � k0 > 0, i = 1; : : : ; r.Lemma 2.1 Let Xik = (X0i1k; : : : ;X0ick)0 be independent random vectors as de�ned in(6). Then, under assumptions A1 and A2, ep = R cHdeF is consistent for p = R HdF inthe sense that ep� p p! 0.Proof: see Appendix.Theorem 2.2 Let Xik as in Lemma 2.1. Then, under assumptions A1 and A2,pN Z cHd �eF� F� :=. pN Z Hd �eF� F� = pN �fY�� � p� :Proof: see Appendix.Note that the vectors fYi�� are independent and thus,V = Cov �pN fY��� = rMi=1Vi (8)which can be estimated by the ranks Rijks. 6



Theorem 2.3 Let Rik� = �Ri1k�; : : : ; Rick��0 where Rijk� = m�1ijkPmijks=1 Rijks and Rijks isthe rank of Xijks among all the N observations. Further let fRi�� = ( eRi1��; : : : ; eRic��)0 whereeRij�� = n�1i Pnik=1Rijk�. Let V be as given in (8) and letcV = rMi=1cVi = rMi=1 1Nni(ni � 1) niXk=1 �Rik� �fRi��� �Rik� �fRi���0 :Then, under assumptions A1 - A3,


cV �V


 p! 0:Proof: see Appendix.Next, the asymptotic distribution of pNCep under the hypothesis HF0 : CF = 0,where C is a contrast matrix, will be given.Theorem 2.4 Let Xik as in Lemma 2.1 and fYi�� as in Theorem 2.2. Let C be a contrastmatrix and consider the hypothesis HF0 : CF = 0. Then, under assumptions A1 - A4,and under HF0 ,1. the statistic pNCep = pNC Z cHdeF has asymptotically a multivariate normal dis-tribution with mean 0 and covariance matrix CVC0,2. the quadratic form Q�N(C) = N ep0C0 [CVC0]�Cep has asymptotically a central �2f-distribution with f = rank(C) where [CVC0]� denotes a generalized inverse of[CVC0].3. If C is of full row rank, then QN(C) = N ep0C0 hCcVC0i�1Cep has asymptotically acentral �2f-distribution with f = rank(C).4. Let cW be the matrix corresponding to W given in (5) where V is replaced withcV de�ned in Theorem 2.3. Then QN(cW) = N ep0cWep has asymptotically a central�2f-distribution with f = rank(W).Proof: see Appendix.Finally, the e�cacy of the test statistics will be considered. De�ne a sequence ofalternativesFN = (FN;11; : : : ; FN;rc)0 =  1� 1pN !F+ 1pNK (9)contiguous to the nonparametric null hypothesis HF0 : CF = 0 whereK = (K11; : : : ;Krc)0is some vector of distribution functions. Let further � = pNC R HdFN = R Hd(CK).7



Theorem 2.5 Let Xik as in Lemma 2.1 and assume that Xijks � FN;ij(x) = (1 �N�1=2)Fij(x) +N�1=2Kij(x), i = 1; : : : ; r, j = 1; : : : ; c. Let further F = (F11; : : : ; Frc)0 in(9) and let C be some contrast matrix of full row rank such that CF = 0. Further letH(x) = N�1Pri=1Pcj=1Pnik=1mijkFij(x) denote the weighted average distribution functionof F11; : : : ; Frc and let HN (x) = N�1Pri=1Pcj=1Pnik=1mijkFN;ij(x) denote the weighted av-erage distribution function od FN;11; : : : ; FN;rc. Then under the assumptions A1 - A4 andunder the sequence of alternatives FN in (9),1. e� = pNCep = pNC Z cHdeF has asymptotically a multivariate normal distributionwith mean � and covariance matrix CVC0 where V is de�ned in (8) and2. QN(C) = N ep0C0 [CVC0]�1Cep has asymptotically a noncentral �2f(
)-distributionwith f = rank(C) d.f. and with noncentrality parameter 
 = � 0 [CVC0]�1 �.Proof: see Appendix.It follows from this theorem that the test is consistent against alternatives of the formCp 6= 0. Note that this does not imply CK 6= 0.The 'Rank Transform' (RT) Property. The statistics given in Theorem (2.4) canformally be derived from MANOVA statistics by replacing the original observations Xijksby their ranks Rijks. The name 'rank transform' (RT) has been introduced for thistechnique in the univariate one-factor �xed model (Conover & Iman, 1976, 1981). Thederivation of rank tests for more complex experimental designs by this heuristic techniquemay lead to incorrect procedures. First of all, the underlying testing problem has to beidenti�ed. It follows from Theorems 2.2, and 2.4 that the rank statistic pNC R cHdeF andthe statistic pNC R HdeF = pNCfY�� are asymptotically equivalent if the hypothesis isformulated as HF0 : CF = 0, i.e. in terms of the distribution functions. A second pointis that any assumed homoscedasticity of the random variables Xijks is not transferred tothe ART Yijks = H(Xijks), in general. This has been pointed out by Akritas (1990). If alldistribution functions are equal, i.e. H = F11 = � � � = Frc, then V = �2Ir 
 Ic in a modelwith independent observations. This shows why the RT works e.g. in the one-factor �xeddesign under the hypothesis HF0 : F1 = � � � = Fa.If a statistic has the property of being a 'RT-statistic', then this is of importancefor computational purposes. The parametric counterpart of a RT-statistic which may beavailable in a statistical software package can be applied to the ranked data. Only thequality of approximation to the asymptotic distribution or some �nite approximation hasto be taken care of. In any case, it is necessary to identify the statistical model of the ARTunder the hypothesis. The RT should not be regarded as a technique to derive statisticsrather than a property of a statistic which can be useful for computational purposes.In the next Section, the general results given here will be applied to di�erent two- andthree-way layouts. 8



3 Examples and Applications to Di�erent Designs3.1 Two-Factor Mixed Models / Cross-Classi�cationThe nonparametric model. In a cross-classi�ed mixed model, the random variablesXkjs are observed on the k-th randomly chosen subject (or block), k = 1; : : : ; n whichis repeatedly observed (or measured) under treatment j = 1; : : : ; b and s = 1; : : : ;mkjrepeated observations are made on the same subject k under treatment j. Thus, thegeneral two-factor mixed model can be described by independent random vectorsXk = (X0k1; : : : ;X0kb)0; k = 1; : : : ; n; where Xkj = (Xkj1; : : : ;Xkjmkj )0 (10)and Xkjs � Fj(x) ; k = 1; : : : ; n; j = 1; : : : ; b; s = 1; : : : ;mkj :Treatment e�ects in the nonparametric model (10) will be described by the generalizedmeans pj = R HdFj , j = 1; : : : ; b where H = N�1Pbj=1NjFj and N = Pbj=1Nj =Pnk=1Pbj=1mkj. Let F = (F1; : : : ; Fb)0 then p = (p1; : : : ; pb)0 = R HdF.Hypotheses. We are mainly interested in analyzing the �xed treatment e�ect. In theclassical linear model theory it is assumed that Xkjs � F (x � �j) where �j = E(Xkjs),k = 1; : : : ; n, s = 1; : : : ;mkj. To de�ne treatment e�ects and to formulate hypotheses,the expectations �j are considered and the hypothesis of no treatment e�ect is writtenas H�0 : Pb� = 0 where � = (�1; : : : ; �b)0 and Pb is given in (4). In the nonparametricmodel (10), the hypothesis HF0 : PbF = 0 is the same as in the one-factor �xed modeland is only related to the one-dimensional marginal distributions. It is easy to see thatthe hypotheses HF0 and H�0 are equivalent in the linear model.Derivation of the Statistic. Nonparametric tests for this model have been consideredby Thompson (1991) and Akritas & Arnold (1994). In both papers, ties were excludedand only the case of mkj = 1 replication per cell is considered. Below, these results willbe generalized to an unequal number of replications mkj � 1 per treatment j and blockk. Moreover, ties are allowed and a simpler form of the statistic is derived.The notation introduced in Section 2 is adopted to the two factor mixed model. LeteF = ( eF1; : : : ; eFb)0 ; eFj(x) = 1n nXk=1 1mkj mkjXs=1 c(x�Xkjs) ;cH(x) = 1N nXk=1 bXj=1mkjXs=1 c(x�Xkjs) :The statistic will be based on the vector of unweighted means ep = (ep1; : : : ; epb)0 = R cHdeFwhich is a consistent estimate of p = R HdF. The components epj are computed from theranks Rkjs of Xkjs among all N random variables, namelyepj = Z cHd eFj = 1n nXk=1 1mkj mkjXs=1 1N �Rkjs � 12� = 1N � eR�j� � 12� : (11)9



Let Rk = (Rk1�; : : : ; Rkb�)0, k = 1; : : : ; n denote the vector of the rank means for subject kwhere Rkj� = m�1kj Pmkjk=1Rkjs. Let further fR� = n�1Pnk=1Rk denote the unweighted meanof the vectors Rk. Similarly, let fY� = n�1Pnk=1Yk be the mean of Yk = �Y k1�; : : : ; Y kb��0where Y kj� = m�1kj Pmkjs=1 Ykjs and Ykjs = H (Xkjs) is the ART.It follows from Theorem 2.2 that the statistics pnCep = pnC R cHdeF and pnCfY� areasymptotically equivalent under HF0 : CF = 0. A consistent estimate of the covariancematrix V = Cov �pn fY�� follows directly from Theorem 2.3, namelycVn = 1N2(n� 1) nXk=1 �Rk �fR�� �Rk �fR��0 : (12)Note that the result of Theorem 2.2 remains true if the statistic is multiplied by pninstead of pN .To derive the statistic, we choose the contrast matrixW = V�1 [Ib � JbV�1/10bV�11b]and we note thatWF = 0 i�PbF = 0 (see LemmaA.2). Moreover, it follows from LemmaA.1 that WVW = W. Under HF0 : PbF = 0, the statistics pn Wep and pn W fY� areasymptotically equivalent and a rank statistic for testing HF0 can be derived from theART. Let cW = cV�1n hIb � JbcV�1n /10bcV�1n 1bi where cVn is given in (12) and note thatbQ(W) = pn �cWep�0 �cWcVcW�� �cWep�pn = n ep0 cW cW�cW ep = n ep0 cW ep :Denote the (i; j)-element of cV�1n by bsij, i; j = 1; : : : ; b and let bs�j = Pbi=1 bsij and bs�� =Pbj=1 bs�j. Then it follows from Theorem 2.4 that the statisticQMn (B) = n ep0 cW ep = nN2 �fR0� cV�1n fR� � 1bs�� �fR0� cV�1n 1b�2�= nN2 264 bXi=1 bXj=1 eR�i�bsij eR�j� � 1bs�� 0@ bXj=1 bs�j eR�j�1A2375 (13)has asymptotically (n ! 1) a central �2f -distribution with f = rank(W) = b � 1 d.f.under HF0 : PbF = 0. Note that QMn (B) has the RT-property with respect to a parametricstatistic for a repeated measurements model with an unspeci�ed covariance structure andit can be computed from the ranks by any appropriate statistical software package. Forsmall samples, the statistic (n � b + 1)QMn (B)=[(b� 1)(n � 1)] may be approximated bya central F -distribution with f1 = b� 1 and f2 = n � b+ 1 d.f. (see Section 4).Example 1. The test derived in this Section, will be applied to the probe word datagiven by Timm (1980) where each of 11 subjects is given �ve probe words and the reactiontime is measured. The ranks of the original data and the rank means R�j for the j =1; : : : ; 5 probe words are displayed in Table 1. The result is QMn (B) = 24:32 and sincethe sample size is small, 7QMn (B)=40 = 4:256 is compared with the F -distribution withf1 = 4 and f2 = 7 d.f. resulting a p-value of p = 0:046.Here insert Table 1.10



3.2 Two-Factor Mixed Models / Nested DesignsThe nonparametric model. In the mixed model where the random factor B is nestedunder the �xed factor A, the observations Xiks, i = 1; : : : ; a, k = 1; : : : ; ni, s = 1; : : : ;mikare made on N = Pai=1 ni randomly chosen subjects which are repeatedly (s = 1; : : : ;mik)measured under the same treatment i. The random variables Xiks and Xi0k0s0 are inde-pendent if i 6= i0 or if k 6= k0 where Xiks and Xik0s0 are identically distributed accordingto Fi(x). Note that the random variables Xiks and Xiks0 may be dependent. Thus, thenonparametric model may be written by independent random vectorsXik = (Xik1; : : : ;Xikmik )0; i = 1; : : : ; a; k = 1; : : : ; ni (14)where Xiks � Fi(x), k = 1; : : : ; ni, s = 1; : : : ;mik.Hypotheses. In the linear model, the expectations �i = E(Xiks), k = 1; : : : ; ni, s =1; : : : ;mik are considered and the hypothesis of no treatment e�ect is formulated asH�0 : Pa� = 0 where � = (�1; : : : ; �a)0. In the nonparametric model, the hypothesisis analogously formulated as HF0 : PaF = 0 where F = (F1; : : : ; Fa)0. It is obvious thatthe hypotheses HF0 and H�0 are equivalent in the linear model.Derivation of the Statistic. Here, like in the case of the cross-classi�cation, un-equal numbers mik of replications for subject k under treatment i are admitted. Thestatistic will be based on the generalized mean vector p = (p1; : : : ; pa)0 = R HdF whereH = N�1Pai=1Pnik=1mikFi and N = Pai=1Pnik=1mik. Let eF = ( eF1; : : : ; eFa)0 whereeFi = n�1i Pnik=1m�1ik Pmiks=1 c(x � Xiks). Then the components pi = R HdFi of p are es-timated by an unweighted sum of cell means epi = R cHd eFi = N�1( eRi�� � 1=2) whereeRi�� = n�1i Pnik=1Rik� and Rik� = m�1ik Pmiks=1Riks. Here, Riks is the rank of Xiks among allN = Pai=1Pnik=1mik observations.LetfY� = ( eY1��; : : : ; eYa��)0 = R HdeF where eYi�� = n�1i Pnik=1 Y ik� = n�1i Pnik=1m�1ik Pmiks=1 Yiksand Yiks = H(Xiks) is the ART. It follows fromTheorem 2.2 that the statisticspNC R cHdeFand pNC R HdeF = pNCfY� are asymptotically equivalent under HF0 : CF = 0.Note that the random variables Y ik� are independent and thus, Va = Cov(pN fY�) =aMi=1 Nni�2i where �2i = n�1i Pnik=1 �2ik and �2ik = V ar(Y ik�). To estimate the variances �2iconsistently, let S2i =Pnik=1(Rik� � eRi��)2 and b�2i = [N2(ni � 1)]�1S2i .To derive a statistic for testing HF0 : CF = 0, let W = V�1a (Ia� JaV�1a =trace(V�1a )),cVa = aMi=1 Nni b�2i and cW = cV�1a (Ia � JacV�1a =trace(cV�1a )). Then cW cVacW = cW andWF = 0 i� PaF = 0. It follows from Theorem 2.4 that the quadratic formQHN = N ep0 cW ep = aXi=1 ni(ni � 1)S2i  eRi�� � 1Par=1(nr=b�2r ) aXr=1 nr eRr��b�2r !2 (15)11



has asymptotically (ni !1) a �2f -distribution with f = a� 1 d.f. under HF0 : PaF = 0.For small samples, the null distribution of the statistic QHN=(a� 1) may be approximatedby the F -distribution with f1 = a� 1 and f2 = n�� a d.f. where n� = Pai=1 ni. Note thatQHN has the RT-property with respect to a parametric statistic for the hierarchical mixedmodel and it can be computed from the ranks by any appropriate statistical softwarepackage.In case of an equal number of replications mik � m, Rik� = m�1Pms=1Riks, eRi�� =(mni)�1Ri�� = Ri��, eR = Ri�� = (N + 1)=2 and b�2 = (n� � a)�1Pai=1Pnik=1(Rik� �Ri��)2. Inthis case, the quadratic form QHN given in (15) reduces toQHN = (n� � a) � aXi=1 ni �Ri�� � (N + 1)=2�2aXi=1 niXk=1 �Rik� �Ri���2which has been given by Brunner and Neumann (1982) for the case of no ties.Example 2.We analyze the data set given by Brunner (1991) where the surface-to-volume ratio ofthe mitochondria in the AV-nodes in the hearts of dogs under two treatments is observedthree times for each dog and for 5 dogs per treatment. For the data set and the descriptionof the trial, we refer to Brunner (1991). Note that in this example, mik � 2 and thus,�2i = �2, i = 1; 2 under HF0 . The result is QHN = 47:65 and since the sample size is small,QHN is compared with an F -distribution with f1 = a � 1 = 1 and f2 = n� � a = 8 d.f.which yields p = 0:00012.3.3 Three-factor Mixed Models with Two Factors Fixed3.3.1 Partially Nested DesignsThe nonparametric model. In this section, we consider two-factor repeated measure-ments designs where the repeated measurements are only taken on one factor, factor Bwith j = 1; : : : ; b levels say, and the subjects are nested within the i = 1; : : : ; a levels offactor A. Therefore, this design is called 'partially nested' design. In medical and psy-chological studies it appears either when di�erent groups of subjects are observed underthe same treatments for each subject or when subjects are divided randomly into severaltreatment groups and the outcomes are observed sequentially at several time points.Nonparametric procedures for this design have been considered by Brunner & Neu-mann (1984, 1986a) for the 2� 2 design with heteroscedastic distributions. Designs witha; b � 2 levels have been considered by Thompson & Ammann (1990), Thompson (1991)and Akritas (1993). Rank tests for some joint hypotheses are derived in these paperswhich will be explained below. First, the model shall be stated.12



For the partially nested design, the nonparametric model is derived from the generalmixed model (6) by letting r = a and c = b and is formulated by independent vectorsXik = (X0i1k; : : : ;X0ibk)0 ; i = 1; : : : ; a; k = 1; : : : ; ni (16)where X0ijk = (Xijk1; : : : ;Xijkmijk )0 and Xijks � Fij(x), k = 1; : : : ; ni, s = 1; : : : ;mijk.Hypotheses. The hypotheses are formulated in terms of the marginal distribution func-tions Fij. Let F = (F11; : : : ; Fab)0, then the hypotheses are:HF0 (A) : (Pa 
 1b10b)F = 0; (no main group e�ect),HF0 (B) : ( 1a10a 
Pb)F = 0; (no main treatment e�ect),HF0 (AB) : (Pa 
Pb)F = 0; (no interaction),HF0 (AjB) : (Pa 
 Ib)F = 0; (no simple group e�ect within the treatments),HF0 (BjA) : (Ia 
Pb)F = 0; (no simple treatment e�ect within the groups) .The common hypotheses for the linear model are formulated in the same way byreplacing the vector F of the distribution functions by the vector � = R xdF of the means.Some relations between the hypotheses stated above are given in the next Lemma.Lemma 3.11. In the nonparametric model (16),HF0 (AjB)) HF0 (A); HF0 (BjA)) HF0 (B):2. In the linear model,HF0 (A)) H�0 (A); HF0 (B)) H�0 (B); HF0 (AB)) H�0 (AB);HF0 (AjB)() H�0 (AjB); HF0 (BjA)() H�0 (BjA):If (Pa 
Pb)� = 0; then HF0 (A)() H�0 (A) and HF0 (B)() H�0 (B):The proofs of these statements are obvious and therefore omitted. For details, we refer toBrunner & Puri (1996). For the interpretation of the nonparametric hypotheses it may benoted that for the main e�ects the linear hypotheses and the nonparametric hypothesesare equivalent if there are no linear interactions, i.e. if the linear main e�ects are wellde�ned.Note that the model is not symmetric in the factors A and B since the subjectsare nested under the groups. Therefore, two hypotheses for the simple factor e�ects arestated. We like to point out that in the general model no special pattern of the covariancesbetween the observations Xijks and Xij0ks0 within one subject k is assumed.For the general (multivariate) model, Thompson (1991) derived a rank test for thesimple treatment e�ect, i.e. a test for HF0 (BjA) and Akritas (1993) derived rank tests forboth simple factor e�ects, i.e. for HF0 (AjB) and for HF0 (BjA). In both papers, ties wereexcluded. In what follows, we will derive rank tests for the nonparametric hypothesesHF0 (A), HF0 (B), HF0 (AjB) and HF0 (BjA) from the uni�ed approach in Section 2 and wedo not assume that the distribution functions are continuous.13



Estimators and notation. The statistics will be based on the vector of the generalizedmeans p = (p11; : : : ; pab)0 = R HdF where F = (F11; : : : ; Fab)0, i = 1; : : : ; a and j =1; : : : ; b. We will use the notation introduced in Section 2 putting r = a , c = b andde�ne fR�� = (fR01��; : : : ;fR0a��)0 = ( eR11��; : : : ; eRab��)0 and fR��� = ( eR�1��; : : : ; eR�b��)0 where eR�j�� =n�1� Pai=1Pnik=1Rijk� and n� = Pai=1 ni.Let C be any suitable contrast matrix, then under HF0 : CF = 0, the statisticspNC R cHdeF = N�1=2CfR�� and pNC R HdeF = pNCfY�� are asymptotically equivalentwhich follows from Theorem 2.2. A consistent estimate of the covariance matrix Vi =Cov(pN fYi��) is given in Theorem 2.3. We will use the contrast matrixWi = V�1i �Ib � JbV�1i /10bV�1i 10b� (17)and the corresponding matrix to Wi where V�1i is replaced by cV�1i will be denoted bycWi = cV�1i �Ib � JbcV�1i /bs(i)�� � (18)where bs(i)�� = Pbj0=1 bs(i)�j0 = Pbj=1Pbj0=1 bs(i)jj0 and bs(i)jj0 is the (j; j 0)-element of cV�1i . Note thatWiViWi = Wi and WiFi = 0 i� PbFi = 0, i = 1; : : : ; a where Fi = (Fi1; : : : ; Fib)0.Further notation will be explained along with the di�erent test statistics which are givenbelow. The derivation of theses statistics follows from the results given in section 2.StatisticsTest for the Treatment E�ect BHypothesis: HF0 (B) : �1a10a 
Pb�F = 0.Notation:V = Cov(pN �1a10a 
 Ib�fY��) = a�2Pai=1Vi and cV = a�2Pai=1cVi where cVi is given inTheorem 2.3. Let W = V�1(Ib � JbV�1=10bV�11b) and cW = cV�1(Ib � JbcV�1/bs��) wherebs�� =Pbj=1Pbj0=1 bsjj0 and bsjj0 is the (j; j 0)-element of cV�1.Statistic:QN (B) = 1NfR0��� cW fR���= 1N 264 bXj=1 bXj0=1 eR�j�� bsjj0 eR�j0�� � 1bs�� 0@ bXj=1 bsj� eR�j��1A2375 (19)has asymptotically a �2f -distribution with f = b� 1 d.f. and QN(B) has the RT-propertywith respect to a parametric statistic in a repeated measurements model with an unspec-i�ed covariance structure. 14



Test for the Group E�ect AHypothesis: HF0 (A) : (Pa 
 1b10b)F = 0.Notation:� 2i = Nni�2i ; �2i = V ar( eYi�k�) ; eYi�k� = b�1 bXj=1 Y ijk�;b� 2i = 1Nni(ni � 1)S2i ; S2i = niXk=1( eRi�k� � eRi���)2 ; eRi��� = 1bni niXk=1 bXj=1Rijk� :LetV = Cov �pN �Ia 
 1b10b�fY��� = diagf� 21 ; : : : ; � 2ag andW = V�1(Ia�JaV�1= aXj=1[1=� 2j ])and let cW be the matrix corresponding to W where � 2i is replaced by b� 2i .Statistic:QN (A) = 1N ( eR1���; : : : ; eRa���) cW ( eR1���; : : : ; eRa���)0= aXi=1 ni(ni � 1)S2i  eRi��� � 1Par=1[nr(nr � 1)=S2r ] aXr=1 nr(nr � 1) eRr���S2r !2 (20)has asymptotically a �2f -distribution with f = a� 1 d.f. and QN(A) has the RT-propertywith respect to a parametric statistic in a repeated measurements model where V is adiagonal matrix.Test for the Interaction ABHypothesis: HF0 (AB) : Fij = F i� + F �j � F �� or equivalently HF0 (AB) : (CA 
CB)F = 0where CA = (1a�1...� Ia�1) and CB = (1b�1...� Ib�1) which are of full row rank.Notation:Let V = Cov �pN fY��� = aMi=1Vi and cV = aMi=1cVi where cVi is given in Theorem 2.3.Statistic:QN(AB) = 1NfR0�� (C0A 
C0B) "(CA 
CB) aMi=1cVi (C0A 
C0B)#�1 (CA 
CB)fR�� (21)has a central �2f -distribution with f = (a � 1)(b � 1) d.f. under HF0 (AB) and QN(AB)has the RT-property with respect to a parametric statistic in a repeated measurementsmodel with an unspeci�ed covariance structure.Test for HF0 (BjA)Hypothesis: HF0 (BjA) : Fi1 = � � � = Fib = F i� or equivalently HF0 (BjA) : (Ia 
Pb)F = 0.Notation: 15



Let V = aMi=1Vi and W = aMi=1Wi where Wi is given in (17). Vi is estimated by cVi givenin Theorem 2.3 and Wi is estimated by cWi given in (18).Statistic:QN(BjA) = 1NfR0�� cW fR�� = 1N aXi=1 264 bXj=1 bXj0=1 eRij��bs(i)jj0 eRij0�� � 1bs(i)�� 0@ bXj=1 eRij��bs(i)j� 1A2375 (22)has asymptotically a �2f -distribution with f = a(b�1) d.f. underHF0 (BjA). The quantitiesbs(i)jj0 are given along with (18). Note that QN(BjA) has the RT-property with respect toa parametric statistic in a repeated measurements model with an unspeci�ed covariancestructure.Test for HF0 (AjB)Hypothesis: HF0 (AjB) : F1j = � � � = Faj = F �j or equivalentlyHF0 (AjB) : (Pa
 Ib)F = 0.Notation:Let V = Ia 
V0 where V0 = Vi, i = 1; : : : ; a under HF0 . Let cV0 = a�1Pai=1cVi wherecVi is given in Theorem 2.3. Let W = Pa
V�10 and let bsjj0 be the (j; j 0)-element of cV�10 .Statistic:QN(AjB) = 1NfR0�� hPa 
cV�10 ifR�� = 1N aXi=1 �fR0i�� �fR����0 cV�10 �fRi�� �fR����= 1N aXi=1 24 bXj=1 bXj0=1( eRij�� � eR�j��) bsjj0 ( eRij0�� � eR�j0��)35 (23)has asymptotically a �2f -distribution with f = b(a�1) d.f. under HF0 (AjB) and QN(AjB)has the RT-property with respect to a parametric statistic in a repeated measurementsmodel with an unspeci�ed structure of the covariance matrix V0.Example 3.We apply the procedures derived in this Section to the data given by Zerbe (1979) wherefor 13 control and 20 obese patients plasma inorganic phosphate (PIP) was measured0; 12 ; 1; 112 ; 2; 3; 4 and 5 hours after a standard dose oral glucose challenge. For the de-scription of the trial and the data set, we refer to Zerbe (1979). An adequate model forthis trial is the 3-factor mixed model with two crossed �xed factors, namely the factor'group' (control, obese) and the factor 'time' (8 �xed time points). The 33 subjects arethe levels of the random factor and are nested under the factor 'group'. Since PIP is8 times repeatedly measured during 5 hours, a multivariate model is appropriate. Twostandard questions are commonly to be answered for such a trail: (1) Do the two timecurves have the same shape? - (2) Is there any in
uence of the factor time?16



The �rst question can be answered by testing the interaction (21) between the two�xed factors. The time e�ect is analyzed by testing the treatment e�ect B (19). Sinceboth quadratic forms have the RT-property with respect to a parametric repeated mea-surements model with an unspeci�ed covariance structure, they can be easily computedfrom the overall ranks by any suitable statistical software package. The rank means forthe PIP data are given in Table 2.Here insert Table 2.The results are QN(AB) = 60:29 and QN(B) = 329:44. For small sample sizes, thenull distribution of (n1 + n2 � b)QN(AB)=[(b� 1)(n1 + n2 � 2)] = 6:946 is approximatedby an F -distribution with f1 = b� 1 = 7 and f2 = n1 + n2 � b = 25 d.f. (see Section 4)which yields p = 0:00012 and a highly signi�cant di�erent pattern for the two time curvesis detected. Similarly, 25QN (B)=217 = 37:95 is compared with the same F -distributionwhich yields p < 10�5 and a highly signi�cant in
uence of the time on PIP is detected.3.3.2 Cross-Classi�ed DesignsThe nonparametric model. Here we consider the case where each randomly chosensubject k receives all level combinations (i; j), i = 1; : : : ; a, j = 1; : : : ; b of two treatmentsA and B. The vector of all ab factor level combinations for subject k is denoted byXk = (X011k; : : : ;X0abk)0; k = 1; : : : ; n where Xijk = (Xijk1; : : : ;Xijkmijk )0 ;Xijks � Fij(x); i = 1; : : : ; a; j = 1; : : : ; b; k = 1; : : : ; n; s = 1; : : : ;mijk(24)and the vectors Xk are assumed to be independent. The assumption that the covariancematrix ofXk in the nonparametric model (24) is not changed under the treatment seems tobe unrealistic. Therefore, the multivariate model with an arbitrary dependence structureof the observations within one subject seems to be the only reasonable assumption for thecovariance matrix in the nonparametric model (24).Rank tests for the two-way multivariate model have been considered by Thompson(1991) and Akritas & Arnold (1994) for the case of mijk � 1 replication per subject andtreatment combination (i; j) and for continuous distribution functions. The �rst namedauthor considered a rank test for the hypothesis H0 : Fij = Fi, j = 1; : : : ; b, i = 1; : : : ; awhich is in fact the hypothesis H0(BjA) : (Ia
Pb)F = 0 where F = (F11; : : : ; Fab)0. Notethat this hypothesis is a 'joint hypothesis', i.e. main and interaction e�ects are testedtogether. Such joint hypotheses are useful in practice and have been considered alreadyby Koch (1970) in the context of a complex split-plot design. Akritas & Arnold (1994)stated the hypotheses of the linear two-way layout model in terms of distribution functionsHF0 (A) : (Pa 
 1b10b)F = 0, HF0 (AB) : (Pa 
 Pb)F = 0 and HF0 (AjB) : (Pa 
 Ib)F = 0,i.e. they replaced simply the mean vector � = (�11; : : : ; �ab)0 in the linear model bythe vector of distribution functions F = (F11; : : : ; Fab)0 and based the statistics on aconsistent estimate of p = R HdF where H = N�1Pai=1Pbj=1MijFij, Mij = Pnk=1mijk17



and N = Pai=1Pbj=1Mij. In this setup, it is possible to test nonparametric main e�ects,interactions and simple factor e�ects separately in the general model (24).Below, the results of Thompson (1991) and Akritas & Arnold (1994) will be generalizedto unbalanced designs (mijk � 1). The statistics follow from the general approach derivedin Section 2 and are also valid in the case of ties.Hypotheses. The hypotheses for the three-way mixed model with two crossed �xedfactors as well as the relations between the hypotheses in the di�erent models are thesame as for the partially nested design discussed in subsection 3.3.1 since the formulationof the hypotheses does not imply the structure of the covariance matrix of Xk.Notation. As in the previous section, we will base the statistics on a consistent estimateof the vector of the generalized means p = R HdF which is estimated consistently by ep =R cHdeF where eF = ( eF11; : : : ; eFab)0 and eFij(x) = n�1Pnk=1 bFijk(x) = n�1Pnk=1Pmijks=1 c(x �Xijks).Let Rijks be the rank ofXijks among allN observations and letRk� = (R11k�; : : : ; Rabk�)0be the vector of the rank means for subject k and denote by fR�� = n�1Pnk=1Rk� =( eR11��; : : : ; eRab��)0 the vector of the unweighted rank means over all subjects.Let Yk� = (Y 11k�; : : : ; Y abk�)0 where Y ijk� = m�1ijkPmijks=1 Yijks and Yijks = H(Xijks). LetfY�� = n�1Pnk=1Rk� and let C be any suitable contrast matrix, then under H0 : CF = 0,the statistics pnC R cHdeF = pnCfR��=N and pnC R HdeF = pnCfY�� are asymptoticallyequivalent which follows from Theorem 2.2. The covariance matrix of pn fY�� is denotedby V and it is assumed that V is nonsingular. A consistent estimate of V, namelycV = 1N2(n� 1) nXk=1 �Rk� �fR��� �Rk� �fR���0 (25)follows from Theorem 2.3 and thus, C cV C0 is a consistent estimate of Cov �pn C fY���where C is a suitable contrast matrix by which the hypothesis is formulated. Furthernotation will be explained along with the di�erent test statistics.StatisticsIn general mixed models, where no compound symmetry is assumed, one can not expectthat statistics can be given in terms of sums of squares like in the special ANOVA mixedmodels under the restrictive assumptions on the random e�ects.Test for the Main E�ect AWe note that the design is symmetric in A and B and therefore, only a test for the maine�ect A is derived. The test for B will follow by interchanging the indices i and j.18



Hypothesis: HF0 (A) : �Pa 
 1b10b�F = 0.Notation:Va = Cov �pn �Ia 
 1b10b�fY��� = �Ia 
 1b10b�V �Ia 
 1b1b� is estimated bycVa = �Ia 
 1b10b� cV �Ia 
 1b1b� = 1N2(n� 1) nXk=1 �fRAk� �fRA�� � �fRAk� �fRA�� �0where fRAk� = ( eR1�k�; : : : ; eRa�k�)0, eRi�k� = b�1Pbj=1Rijk� and fRA�� = n�1Pnk=1fRAk�. Let cW =cV�1a �Ia � JacV�1a =10acV�1a 1a� and denote the elements of cV�1a by bsii0 , i; i0 = 1; : : : ; a, andlet bsi� = Pai0=1 bsii0 and bs�� = Pai=1 bsi�.Statistic:Qn(A) = pn [(Ia 
 1b10b) ep]0 cW h�Ia 
 1b10b� epipn= nN2 "�fRA�� �0cV�1a �fRA�� �� ��fRA�� �0cV�1a 1a�2.10acV�1a 1a#= nN2 24 aXi=1 aXi0=1 eRi���bsii0 eRi0��� � 1bs���  aXi=1 bsi� eRi���!235 (26)has asymptotically (n!1) a central �2f -distribution with f = a� 1 d.f. under HF0 (A)and QAn has the RT-property with respect to a parametric statistic for a two-way repeatedmeasurements model with an unspeci�ed structure of the covariance matrix.Test for the Simple Factor A E�ectHypothesis: HF0 (AjB) : (Pa 
 Ib)F = 0 or equivalently HF0 (AjB) : (CA
 Ib)F = 0 whereCA = (1a�1...� Ia�1) is a (a� 1) � a contrast matrix of full row rank.Statistic:Qn(AjB) = nN2fR0�� (C0A 
 Ib) h(CA 
 Ib) cV (C0A 
 Ib)i�1 (CA 
 Ib)fR�� (27)has a central �2f -distribution with f = (a � 1)b d.f. under HF0 (AjB) and QAjBn has theRT-property with respect to a parametric statistic for a two-way repeated measurementsmodel with an unspeci�ed structure of the covariance matrix.Test for the Interaction ABHypothesis: HF0 (AB) : (Pa
Pb)F = 0 or equivalentlyHF0 (AB) : (CA
CB)F = 0 whereCA = (1a�1...� Ia�1) and CB = (1b�1...� Ib�1) are both contrast matrices of full row rank.Statistic:Qn(AB) = nN2fR0�� (C0A 
C0B) h(CA 
CB) cV (C0A 
C0B)i�1 (CA 
CB)fR�� (28)has a central �2f -distribution with f = (a�1)(b�1) d.f. under HF0 (AB) and QABn has theRT-property with respect to a parametric statistic for a two-way repeated measurementsmodel with an unspeci�ed structure of the covariance matrix.19



Example 4.We apply the procedures derived in this Section to the data given by Koch (1969) inExample 2, where repeated measurements on two crossed �xed factors for 8 pairs ofanimals are observed. Both �xed factors have two levels, namely 'ethionine' (E) and'control' (C) for factor A (diet) and 'oxygen' (O) and 'nitrogen' (N) for factor B (gas).For the description of the trial and for the data set, we refer to Koch (1969), Example 2.Note that in this paper only the hypothesis of equality of all 4 treatment combinations(EO, EN, CO, CN) is considered. The statistics given in this Section in (26) and (28)however allow to consider separately the nonparametric hypotheses of no diet e�ect, ofno gas e�ect and of no interaction. The ranks Rijk of all 32 observations, the rank meansfor the four treatment combinations and the results are given in Table 3. Since thestatistics QAn , QBn and QABn have the RT-property, they can be computed from the ranksby any suitable statistical software package. Note that the statistic QBn is obtained byinterchanging the indices i and j in QAn which follows from the symmetry of the design.The p-values are obtained from the F -distribution with f1 = 1 and f2 = n � 1 = 7 d.f.which is used as a small sample approximation of the null distribution of the statistics.Here insert Table 3.3.4 Higher-Way LayoutsHere, we will give a brief outline on the application of the general results given in Section2 to higher-way layouts. The results in Section 2 have been given in a general form whichenables the extension to higher-way layouts in the same way as for the experimentaldesigns in the theory of linear models. The hypotheses are formulated by means of themarginal distribution functions Fij, i = 1; : : : ; r, j = 1; : : : ; c. The factor levels whichare applied to a whole subject (whole-plot-factor) are numbered from i = 1; : : : ; r andthe factor levels which are applied only to a part of each subject (sub-plot-factor) arenumbered from j = 1; : : : ; c. If there is only one whole-plot-factor with i = 1; : : : ; a levels,factor A say, then r = a and similarly, if there is only one sub-plot-factor with j = 1; : : : ; blevels, factor B say, then c = b.The case of two crossed sub-plot-factors, factor A with i = 1; : : : ; a levels and factorB with j = 1; : : : ; b levels and one whole-plot-factor with one level only (two factor blockdesign) has been considered in Section 3.3.2. Here, r = 1 and c = ab where the index jis split into two indices j1 = 1; : : : ; a and j2 = 1; : : : ; b which are renamed to j1 = i andj2 = j. Below, it will be indicated how to apply the results of Section 2 to derive statisticsfor a split-plot-plot design, i.e. a design with three crossed factors A, B and C. The factorsA (i = 1; : : : ; a) and B (j = 1; : : : ; b) are applied to the whole subjects which are nestedunder the AB-interaction while the levels of the factor C (l = 1; : : : ; c) are applied withineach subject (sub-plot-factor). The observations are written by independent vectorsXijk = (Xij1k; : : : ;Xijck)0 ; i = 1; : : : ; a; j = 1; : : : ; b ; k = 1; : : : ; nij20



where Xijlk � Fijl, l = 1; : : : ; c. To keep notation simple, only the case of one repli-cation mijlk = 1 per factor level and subject combination is considered. Now, letF = (F111; : : : ; Fabc)0 where the last index l = 1; : : : ; c is running faster than the sec-ond index j = 1; : : : ; b which is running faster than the �rst index i = 1; : : : ; a. LetMA denote the contrast matrix for the levels of factor A, i.e. MA = (1a�1... � Ia�1)or MA = Pa = Ia � 1aJa for testing the main e�ect of factor A, e.g. Let similarly,MB = (1b�1...� Ib�1) or MB = Pb = Ib� 1bJb and letMc be de�ned analogously for factorC. Then the nonparametric hypotheses in this design are:H0(A): ( MA 
 b�110b 
 c�110c)F = CAF = 0; (main e�ect A)H0(B): (a�110a 
 MB 
 c�110c)F = CBF = 0; (main e�ect B)H0(C): (a�110a 
 b�110b 
 MC )F = CCF = 0; (main e�ect C)H0(AB): ( MA 
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 c�110c)F = CABF = 0; (interaction AB)H0(AC): ( MA 
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 MC )F = CACF = 0; (interaction AC)H0(BC): (a�110a 
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 MC )F = CBCF = 0; (interaction BC)H0(ABC): ( MA 
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 MC )F = CABCF = 0; (interaction ABC)H0(AjBC): ( MA 
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 Ic )F = CAjBCF = 0; (simple factor A e�ect)H0(BjAC): ( Ia 
 MB 
 Ic )F = CBjACF = 0; (simple factor B e�ect)H0(CjAB): ( Ia 
 Ib 
 MC )F = CCjABF = 0; (simple factor C e�ect):LetH = N�1Pi;j;l;k Fijl = N�1Pi;j;l nijFijl whereN = cPi;j nij and let cH and bFijl denotethe empirical distribution functions. Let Rijlk be the rank of Xijlk and let Yijlk = H(Xijlk)denote the ART of Xijlk. LetVij = Cov �pN Yij�� = Cov �pN �Y ij1�; : : : ; Y ijc��0�and since the vectors Yij� are independent by assumption,V = Cov �pN Y�� = Cov�pN �Y 111�; : : : ; Y abc��0�= aMi=1 bMj=1Vijand Vij is estimated consistently bycVij = 1Nnij(nij � 1) nijXk=1 �Rijk �Rij�� �Rijk �Rij��0where Rijk = (Rij1k; : : : ; Rijck)0 and Rij� = n�1ij Pnijk=1Rijk.The statistics for testing the nonparametric main e�ects A and C, e.g., can be derivedby straightforward computation from Theorem 2.4 where C is taken as C = CA =(Pa 
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 1c10c) and C = CC = ( 1a10a 
 1b10b 
Pc), respectively.21



Test for the Group E�ect AHypothesis: HF0 (A) : (Pa 
 1b10b 
 1c10c)F = 0.Notation:� 2ij = N�2ij ; �2ij = V ar(Y ij��) ; Y ij�� = 1nij nijXk=1Y ij�k;b� 2ij = 1Nnij(nij � 1) nijXk=1(Rij�k �Rij��)2 ; Rij�� = 1nij nijXk=1Rij�k� 2i = 1b2 bXj=1 � 2ij ; b� 2i = 1b2 bXj=1 b� 2ij :Let VA = Cov �pN �Ia 
 1b10b 
 1c10c�Y�� = diagf� 21 ; : : : ; � 2ag and WA = V�1A (Ia �JaV�1A = aXi=1[1=� 2i ]) and let cWa be the matrix corresponding to WA where � 2i is replacedby b� 2i .Statistic:QN (A) = 1N ( eR1���; : : : ; eRa���) cWA ( eR1���; : : : ; eRa���)0= aXi=1 1b� 2i  eRi��� � 1Par=1[1=b� 2r ] aXr=1 eRr���b� 2r !2has asymptotically a �2f -distribution with f = a� 1 d.f. and QN(A) has the RT-propertywith respect to a parametric statistic for a split-plot-plot design with unspeci�ed covari-ance matrices Vij which may be also unequal.Test for the Treatment E�ect CHypothesis: HF0 (C) : � 1a10a 
 1b10b 
Pc�F = 0.Notation:VC = Cov(pN �1a10a 
 1b10b 
 Ic�Y�) = 1a2b2 aXi=1 bXj=1VijcVC = 1a2b2 aXi=1 bXj=1cVijWC = V�1C (Ic � JcV�1C =10cV�1C 1c) ; cWC = cV�1C (Ic � JccV�1C /bs��)where bs�� =Pcl=1Pcl0=1 bsll0 and bsll0 is the (l; l0)-element of cV�1C .Statistic:QN (C) = 1NfR0��� cWC fR���= 1N 24 cXl=1 cXl0=1 eR��l� bsll0 eR��l0� � 1bs��  cXl=1 bsl� eR��l�!23522



has asymptotically a �2f -distribution with f = c � 1 d.f. under HF0 (C) and QN(C) hasthe RT-property with respect to a parametric statistic for a split-plot-plot design withunspeci�ed covariance matrices Vij which may be also unequal.4 Small Sample Approximations and Simulation Re-sultsIn this Section, some simulations results for small samples in special designs shall begiven. The following designs are analyzed:1. Paired sample design with b = 2 treatment levels and mjk = 1 replication (seeSection 3.1).2. Two-factor nested design with a � 2 treatment levels and mik � 1 replications persubject (see Section 3.2).3. Two-factor cross-classi�ed design with b > 2 treatment levels and mjk = 1 replica-tion (see Section 3.1).4. Three-factor cross-classi�ed design (two-factor block design) with a = b = 2 levelsfor both �xed factors and mijk = 1 replication (see Section 3.3.2).5. Partially nested design (split-plot design) with a = 2 levels of the whole-plot factorA, b � 2 levels of the sub-plot factor B and mijk = 1 replication (see Section 3.3.1).The following distributions have been used for the simulations: (1) rectangular, R[0; 1],(2) standard normal, N(0; 1), (3) exponential, Ex(1), (4) log-normal, exp(N(0; 1)).For each sample size and situation, N = 5000 simulations have been performed.Results1. Paired sample designXjk = cAk + �jk, k = 1; : : : ; n, j = 1; 2. The random variables Ak and �jk areindependent and identically distributed according to the distributions (1) - (4),c = 0; 1; 2 and n = 7; 10. Here insert Table 4.2. Two-factor nested designXiks = cAik + �iks, i = 1; : : : ; a, k = 1; : : : ; n, s = 1; : : : ;mik. The random variablesAik and �iks are independent and identically distributed according to the distribu-tions (1) - (4), c = 0; 1; 2, a = 2; 4; 6; 10, n = 5; 10 and mik = 1; 3; 5.Here insert Table 5.23



3. Two-factor cross-classi�ed designThe covariance structure is generated by an additive modelXjk = cAk + �jk ; k = 1; : : : ; n ; j = 1; : : : ; blike in the paired sample design. Simulations are performed for n = 6; 10 and b = 4,n = 15; 20 and b = 10 and for c = 0; 1; 2 where Ak and �jk are distributed as inthe paired sample design. The small sample approximation is motivated by thedistribution of Hotelling's T 2 under the assumption of multivariate normality wherethe hypothesisH�0 : �1 = � � � = �b is tested. Thus, (n�b+1)QMn (B)=[(b�1)(n�1)] �Ff1;f2 where f1 = b � 1 and f2 = n � b + 1. The simulations have been performedfor the distributions (1) - (4).Here insert Table 6 and Table 7.4. Three-factor cross-classi�ed design (2� n)Here, the covariance structure is generated as in the previous paragraph. Moreover,the null distributions of the statistics for the main e�ect A and for the interactionAB are simulated also when there is an additive e�ect of factor B. The case ofan additive e�ect of one factor and of the interaction is also simulated. Let �ij =E(Xijk), k = 1; : : : ; n, i; j = 1; 2, then four cases are considered:�11 �12 �21 �22(1) 0 0 0 0 no e�ect(2) 1 0 1 0 main e�ect B(3) 1 0 0 1 interaction(4) 2 0 1 1 main e�ect B and interactionThe additive model is: Xijk = �ij + cAk + �ijk where Ak and �ijk are distributed asdescribed in the previous paragraph. The null distribution of Qn(A) given in (26)is simulated in the cases (2), (3) and (4). In case (1), the null distribution of Qn(A)and Qn(AB) given in (28) is simulated. Since there are only two levels for each �xedfactor, the statistics are univariate statistics and the F -distribution with f1 = 1 andf2 = n� 1 d.f. is used as a small sample approximation. Simulations are performedfor n = 7; 10 and c = 0; 1; 2. Here insert Table 8.5. Partially nested design 2n(2) � bOnly the case of a = 2 groups has been considered. The covariance structure isgenerated by an additive modelXijk = �j + (��)ij + cAik + �ijk ; i = 1; 2 ; j = 1; : : : ; b ; k = 1; : : : ; ni � n24



like in the paired sample design. Simulations are performed for b = 4 and n1 =n2 = n = 7; 10 and for b = 10 and n1 = n2 = n = 15; 20 where c = 0; 1; 2 andAk and �jk are independent and identically distributed according to the distribu-tions (1) - (4). The small sample approximation is motivated by the distribution ofthe two-sample MANOVA-statistic under the assumption of multivariate normality(with equal covariance matrices) where the hypotheses H0(B) : �1 = � � � = �b andH0(AB) : (��)11 � (��)21 = � � � = (��)1b � (��)2b are tested. The approximationmay be not so satisfactory as in the two-factor mixed model since in the nonpara-metric model, the covariance matrices are unequal in general. However, the approx-imation turned out to be rather good when FB = (2n�b)Qn(B)=[(b�1)(2n�2)] andFAB = (2n� b)Qn(AB)=[(b�1)(2n�2)] were compared with the Ff1;f2-distributionwith f1 = b�1 and f2 = 2n�b d.f. where Qn(B) and Qn(AB) are given in (19) and(21), respectively. The null distribution of FB was also considered in the presenceof the interaction �j = (j � 1)=b for i = 1 and �j = (1 � j)=b for i = 2. Similarly,the null distribution of FAB was also considered in the presence of the main e�ectB, �j = (j � 1)=b for i = 1; 2. The approximation by the limiting �2b�1-distributionturned out to be very poor. The results are displayed in Tables 9 and 10.Here insert Table 9 and Table 10.In all simulations, the approximation by the asymptotic �2-distribution turned outto be liberal. If more parameters of the covariance matrix had to be estimated theapproximation became worse - as was to be expected. The approximation by the nulldistribution of the respective statistic under normality assumption however, turned outto be extremely good even when the sample sizes are rather small. It may also be notedthat the simulation results were almost the same for all distribution functions used in ourstudy. Thus, it can be recommended to use the small sample approximations that havebeen examined here. The question is however, which approximation should be used inother designs than analyzed in this study.Primarily, this question is not a problem of the nonparametric theory rather than aproblem which is also open in many cases in parametric mixed models. In recent years,many authors have considered this problem in parametric models under the assump-tion of multivariate normal distributions, see e.g. Huynh & Feldt (1979), McLean &Sanders (1988), Schluchter & Elasho� (1990), Fai & Cornelius (1993) and references citedtherein. The p-values produced by the di�erent approximations suggested in the aforementioned papers may di�er considerably. Nevertheless, these approximations are avail-able in the new SAS-procedure 'PROC MIXED' as options in the MODEL-statementand in the SAS/STAT manual (Changes and Enhancements, Release 6.10, 1994) it isstated: "The Satterthwaite method implemented here is intended to produce an accurateF -approximation; however, the results may di�er from those produced by PROC GLM.Also, the small-sample properties of this approximation have not been extensively inves-tigated for the various models available with PROC MIXED." This can really not beconsidered as a satisfactory solution of the problem, not even for parametric models. Itis apparent that future research is necessary in this area.25



AppendixA Matrix Algebra and Handling of TiesLemma A.1 Let Va be any non-singular symmetric (a� a) matrix and letWa = V�1a hIa � JaV�1a =10aV�1a 1ai :Then, Wa1a = 0 and Va is a generalized inverse of Wa, i.e. WaVaWa =Wa.Proof: Both statements follow easily by observing thatJaV�1a 1a=10aV�1a 1a = 1a10aV�1a 1a=10aV�1a 1a = 1a :Note that 10aV�1a 1a = trace(V�1a ) if Va is diagonal. 2Next, we show that the hypotheses HF0 : WaF = 0 and HF0 : PaF = 0 are identical.It su�ces to show that the solution spaces of the homogeneous linear equations systemsare identical.Lemma A.2 LetWa and Va as in Lemma A.1 and let x 2 IRa. Then the solution spacesof Wax = 0 and Pax = 0 are identical.Proof: The solution spaces are given by x1 = (Ia�W�aWa)z and x2 = (Ia�P�aPa)z wherez is an arbitrary vector andW�a denotes a generalized inverse ofWa and P�a a generalizedinverse of Pa. Note that Va is a generalized inverse of Wa and P�a = Pa since Pa is aprojection matrix. Thus, Ia �W�aWa = Ia � [Ia � JaV�1a =10aV�1a 1a] = JaV�1a =10aV�1a 1aand Ia � [Ia � 1aJa] = 1aJa. Then x1 = 1az1 and x2 = 1az2 where z1 = 10aV�1a z=10aV�1a 1aand z2 = 10az=a are arbitrary constants which proves the result. 2Below we give the simple results which are needed for the handling of ties.Lemma A.3 Let Xij � Fi, i = 1; : : : ; c, j = 1; : : : ; ni independent random variables andlet Fi as given in (1) and let c(u) = [c+(u) + c�(u)]=2 as de�ned in connection with (2).Then1. E [c(x�Xij)� Fi(x)] = 0,2. E [c(Xij �Xis)� Fi(Xij)] = 0, if s 6= j,3. Z FidFi = 12 .Proof: (1) By de�nition, E [c(x�Xij)� Fi(x)] = P (Xij < x) + 12P (Xij = x) � Fi(x) =F�i (x) + 12 hF+i (x)� F�i (x)i� Fi(x) = 12 hF+i (x) + F�i (x)i� Fi(x) = 0.(2) follows by noting that E ([c(Xij �Xis)� Fi(Xij)] jXij = x) = 0, if s 6= j.(3) The result follows using integration by parts (see Hewitt & Stromberg (1969), p. 419).2 26



B Moment InequalitiesTo prove the asymptotic results, we give �rst some moment inequalities for empiricalprocesses which are needed in several places.Consider the notation in (6). For convenience, the two indices i; k, i = 1; : : : ; r andk = 1; : : : ; ni are collapsed to one index i0 = 1; : : : ; n where n = Pri=1 ni. Also the twoindices j = 1; : : : ; c and s = 1; : : : ;mij are collapsed to one index j 0 = 1; : : : ;Mi whereMi = Pcj=1mij. For simplicity, however, we will use i; j instead of i0; j 0. Note that withthis notation, the random variables Xij and Xrs are independent if i 6= r and may bedependent if i = r. Moreover, we generalize the assumptions of the general mixed model(6) and assume that Xij � Fij for i = 1; : : : ; n and j = 1; : : : ;Mi where jMij � M <1.Since the random variables Xij and Xis may be dependent, we will use the Cramer-Wolddevice to state asymptotic normality.Let �ij be suitable weights with j�ij j � �M < 1 and let N = Pni=1Mi. Then wede�ne H(x) = 1N nXi=1 MiXj=1Fij(x) ; cH(x) = 1N nXi=1 MiXj=1 c(x�Xij)GN (x) = 1N nXi=1 MiXj=1 �ijFij(x) ; bGN (x) = 1N nXi=1 MiXj=1 �ijc(x�Xij) : (29)Finally we denote bypN = Z HdGN = 1N nXi=1 MiXj=1 �ij Z HdFija linear combination of the generalized means pij = R HdFij .De�nition B.1 Let Rij be the rank of Xij among all N observations. Then the statisticbpN = Z cHd bGN = 1N2 nXi=1 MiXj=1 �ij �Rij � 12�is called a 'linear rank statistic' in the mixed model.Next we state the basic moment inequalities.Lemma B.2 With the notation introduced in (29), we have(1) E h bGN (x)�GN (x)i2 � �2MN2 nXk=1M2k(2) E h bGN (Xij)�GN (Xij)i2 � �2MN2 nXk=1M2k :27



Proof: To prove (1), note thatE h bGN (x)�GN (x)i2= 1N2 nXi=1 nXk=1 MiXj=1 MkXs=1�ij�ksE ([c(x�Xij)� Fij(x)] [c(x�Xks)� Fks(x)])= 1N2 nXi=1E 0@MiXj=1 �ij [c(x�Xij)� Fij(x)]1A2� 1N2 nXi=1E 0@Mi MiXj=1�2ij [c(x�Xij)� Fij(x)]21A� �2MN2 nXi=1M2iby independence of Xij and Xks for i 6= k and using Jensen's inequality. Statement (2)follows in the same way by noting thatE ([c(Xij �Xar)� Far(Xij)] [c(Xij �Xbs)� Fbs(Xij)]) = 0if a 6= b since either i 6= a or i 6= b in this case. 2C Asymptotic ResultsProof of Lemma 2.1We �rst restate Lemma 2.1 according to the condensed (and more general) notationintroduced in Appendix B.Lemma C.1 Let Xi = (Xi1; : : : ;XiMi)0, i = 1; : : : ; n, be independent random vectorswhere Xij � Fij, j = 1; : : : ;Mi � M < 1. Then the linear rank statistic bpN given inDe�nition B.1 is 'consistent' for pN = R HdGN in the sense that bpN �pN p! 0 as n!1.Proof: We will show that E �Z cHd bGN � Z HdGN�2 ! 0. By the same arguments as inthe proof of Lemma B.2, (4) it followsE(bpN � pN )2 = E �Z cHd bGN � Z HdGN �2� 2�2MN nXi=1 MiXj=1E �cH(Xij)�H(Xij)�2 + 2 Z E( bGN �GN )2dH� 4M�2MN = O � 1N � : 2The statement of Lemma 2.1 follows by a suitable choice of the weights �ij for the linearrank statistic bpN . 28



Proof of Theorem 2.2To prove Theorem 2.2, we state the asymptotic equivalence of a linear rank statistic anda statistic which can be written as a sum of independent random variables. Theorem 2.2follows from this more general result by a suitable choice of the weights �ij for the linearrank statistic bpN .Theorem C.2 Let Xi be as in Lemma C.1 and assume that Mi �M <1. Then1. pN �Z cHd bGN � Z HdGN � :=. pN �Z Hd bGN + Z cHdGN � 2 Z HdGN � = pNBN ,2. pN Z cHd � bGN �GN� :=. pN Z Hd � bGN �GN� = pNDNas n!1.Proof: First, we decomposeZ cHd bGN � Z HdGN = Z Hd bGN + Z cHdGN � 2 Z HdGN + Z (cH �H)d( bGN �GN ) :It will be shown that E �pN Z (cH �H)d( bGN �GN )�2 ! 0.�pN Z (cH �H)d( bGN �GN )�2= N  1N nXa=1 MaXs=1 �as �cH(Xas)�H(Xas)� Z �cH(x)�H(x)� dFas(x)�!2= N 0@ 1N2 nXa=1 nXb=1 MaXs=1 MbXt=1 �as �c(Xas �Xbt)� Fbt(Xas)� Z (c(x�Xbt)� Fbt(x)) dFas(x)�1A2= 1N3 nXa=1 nXb=1 nXc=1 nXd=1 MaXs=1 MbXt=1 McXu=1 MdXv=1 �as�cu'(Xas;Xbt)'(Xcu;Xdv)where '(Xas;Xbt) = c(Xas �Xbt)� Fbt(Xas) � Z (c(x�Xbt)� Fbt(x)) dFas(x). If one ofthe indices a; b; c or d is di�erent from all three others, then E['(Xas;Xbt)'(Xcu;Xdv)] = 0since it follows by independence and from Lemma A.3 that E ('(Xas;Xbt)jXas = x) = 0and E ('(Xas;Xbt)jXbt = x) = 0. Thus,E �pN Z (cH �H)d( bGN �GN )�2� 1N3 nXa=1 nXc=1 MaXs=1 MaXt=1 McXu=1 McXv=1 j�as�cuj� �2MN3  nXa=1M2a!2 � �2MM2N = o(1) if n!129



where the Vinogradov symbol '�' is used instead of the O(�)-notation, for simplicity.Next, note that the relation in statement (2) follows by subtracting pN R (cH �H)dGNfrom both sides of the relation (1). Thus, statement (2) follows from (1). 2Remark: The statement of Theorem 2.2 follows by a suitable choice of the weights �ijfor bpN and using the condition minni !1.The asymptotic normality of pN bpN under the hypotheses HF0 : GN = 0 and H0 :R HdGN = 0 is stated in the next Theorem.Theorem C.3 Let BN and DN as in Theorem C.2 and let �2N = V ar (NBN ) and � 2N =V ar (NDN ). If �2N !1 as n!1, then1. under H0 : GN = 0,N�N Z cHd bGN L�! U � N(0; 1) ;2. under H0 : R HdGN = 0,N�N Z cHd bGN L�! U � N(0; 1) :Proof: (1) Under H0 : GN = 0, it follows from Theorem C.2 that BN = DN and �2N = � 2N .The result follows by the Lindeberg-Feller Theorem since H(�) is uniformly bounded and�2N !1, by assumption. The result for (2) follows directly from Theorem C.2, (1) andby the Lindeberg-Feller Theorem. For details see Brunner & Denker (1994). 2Proof of Theorem 2.3Next, the consistency of the estimator for the covariance matrix will be shown.Let eYij�� = R Hd eFij, beY ij�� = R cHd eFij, Y ijk� = R Hd bFijk and bY ijk� = R cHd bFijk wherebFijk(x) = m�1ijkPmijks=1 c(x�Xijks) and eFij = n�1i Pnik=1 bFijk.We want to estimate�2ij = V ar �pN eYij��� = 1ni niXk=1 Nni s2ijkwhere s2ijk = V ar(Y ijk�) = V ar �m�1ijkPmijks=1 H(Xijks)�. First, we de�ne an 'estimator'with unobservable random variables.e�2ij = Nni(ni � 1) niXk=1 �Y ijk� � eYij���2 30



and it will be shown that e�2ij��2ij p! 0. Note that the random variables Y ijk�, k = 1; : : : ; niare independent and that jY ijk�j � 1. Let Zijk = (Y ijk� � �ij)2 where �ij = E(Y ijk�),k = 1; : : : ; ni. Note that s2ijk = E(Zijk). Thene�2ij � �2ij = Nni(ni � 1) niXk=1 �Y ijk� � eYij���2 � Nn2i niXk=1 s2ijk= Nn2i niXk=1 ��Y ijk� � �ij � � eYij�� � �ij��2 � s2ijk�+ Nn2i (ni � 1) niXk=1 �Y ijk� � eYij���2= Nn2i niXk=1 (Zijk �E(Zijk))� Nni � eYij�� � �ij�2 + Nn2i (ni � 1) niXk=1 �Y ijk� � eYij���2= Aij �Bij + Cij :We consider the three terms separately and note that N=ni is uniformly bounded byassumption (Theorem 2.2) and s2ijk = E(Zijk) � 1 and V ar(Zijk) � 1 since jZijkj � 1.By the strong law of large numbers it follows that Aij a:s:�! 0 if minni ! 1 sinceKolmogorov's condition P1k=1 k�2V ar(Zijk) <1 follows from V ar(Zijk) � 1.For the second term, we note that Kolmogorov's condition P1k=1 k�2s2ijk <1 followsfrom s2ijk � 1 and thus, by the strong law of large numbers,Nni � eYij�� � �ij�2 = Nni � eYij�� � �ij� 1ni niXk=1 �Y ijk� � �ij� a:s:�! 0if minni ! 1 since j eYij�� � �ij j � 1. For the last term, note that jY ijk� � eYij��j � 1 andthus, Cij � N=[ni(ni � 1)]! 0.Putting everything together, it follows that e�2ij � �2ij p! 0.Next, the unobservable random variables Yijks = H(Xijks) are replaced by observablerandom variables bYijks = cH(Xijks) = N�1(Rijks � 1=2) where Rijks is the rank of Xijksamong all N random variables. To this end, de�neb�2ij = 1Nni(ni � 1) niXk=1 �Rijk� � eRij���2 = Nni(ni � 1) niXk=1�bY ijk� � beY ij���2= Nni(ni � 1) " niXk=1 bY 2ijk� � ni beY 2ij��# :Then it will be shown that E �b�2ij � e�2ij�2 ! 0.�b�2ij � e�2ij�2= N2n2i (ni � 1)2 " niXk=1�bY 2ijk� � Y 2ijk��� ni �beY 2ij�� � eY 2ij���#2= N2n2i (ni � 1)2 " niXk=1�bY ijk� � Y ijk���bY ijk� + Y ijk��� ni �beY ij�� � eYij����beY ij�� + eYij���#231



� 8N2n2i (ni � 1)2 "ni niXk=1�bY ijk� � Y ijk��2 + n2i �Z (cH �H)d eFij�2#� 8N2n2i (ni � 1)2 �n2i Z (cH �H)2d eFij + n2i Z (cH �H)2d eFij�using Jensen's inequality. Finally, it followsE �b�2ij � e�2ij�2 � 16N2(ni � 1)2E �Z (cH �H)2d eFij� � 16c2M2(ni � 1)2ni = O � 1ni�by Lemma B.2. The covariances are estimated in the same way and the result follows. 2Outline of the Proof of Theorem 2.4Statement (1) follows from Theorem 2.2 and Theorem C.3 by the Cramer-Wold device fora suitable choice of the weights �ij for bpN and using the assumptions A1 and A3. Notethat the condition �2N ! 1 in Theorem C.3 is satis�ed since the fYi�� are independentand V ar(Nd0ifYi��) = Nd0iVidi � Nkdik�min !1 for any �xed vector di with kdik 6= 0where �min � k00 > 0 is the smallest eigenvalue of Vi. Note also that �min � k00 > 0 isequivalent to the assumption jVij � k0 > 0.To prove (2), note that X0S�X � �2f with f = rank(S) if S� is a symmetric re
exivegeneralized inverse of S and if X � N(0;S), see e.g. Rao & Mitra (1971), Theorem 9.2.3.LetX = pNCep, then underHF0 ,X has asymptotically a multivariate normal distributionwith mean 0 and covariance matrix S = CVC0 and the result follows by noting that thematrix product C0 [CVC0]�C is invariant for any choice of the generalized inverse whererank �C0 [CVC0]�C� = rank(C) if rank (CVC0) = rank(C) which follows from the factthat V is of full rank (see e.g. Rao & Mitra (1971), Lemma 2.2.6). Therefore, the result istrue for any choice of the generalized inverse [CVC0]�. (Remark: If C is symmetric andif CVC0 = C, then N ep0CC�Cep = N ep0Cep has asymptotically a central �2f -distributionwith f = rank(C) d.f. under HF0 : CF = 0.)(3) From Theorem 2.3 it follows that kV�cVk p! 0 and that kV�1�cV�1k p! 0. Thus,


(CVC0)�1 � (CcVC0)�1


 p! 0 since C is of full row rank which proves the statement.To prove (4), we note thatW is symmetric and it follows from (2) and LemmaA.1 thatQ(W) = N ep0W(WVW)�Wep = N ep0Wep has asymptotically a central �2f -distributionwith f = rank(W) d.f. under HF0 :WF = 0. Since V is regular by assumption, it followsfrom (3) and Theorem 2.3 that kcW �Wk p! 0 and the result follows. 2Proof of Theorem 2.5First it will be shown that pNCep = pNC Z cHdeF :=. pNC Z HdeF = pNCfY�� for thesequence FN de�ned in (9). Consider the di�erencepNC Z (cH �HN )deF = pNC Z (cH �HN )d(eF � FN) +pNC Z (cH �HN )dFN :32



Arguing as in the the proof of Theorem 2.2, it follows thatpNC Z (cH �HN )d(eF � FN ) p! 0 :Moreover, pNC R (cH �HN )dFN = C R (cH �HN )dK p! 0 sinceE �Z (cH �HN )dKij�2 � Z E(cH �HN )2dKij � 1Nby Jensen's inequality and by Lemma B.2,(1). Thus,pNC Z cHdeF :=. pNC Z HNdeF = pNC Z HdeF �C Z (H �G)deFwhere G = N�1Pri=1Pcj=1Pnik=1mijkKij . Consider now the (i; j)-component eFij of eF.Let Zijk = m�1ijkPmijks=1 (H(Xijks)�G(Xijks)). Then it follows thatV ar�Z (H �G)d eFij� = 1n2i niXk=1V ar(Zijk) � 1ni ! 0 (as minni !1)since Zijk and Zijk0 are independent for k 6= k0 and jZijkj � 1. Moreover,E �Z (H �G)d eFij� = 1ni niXk=1 " 1 � 1pN !Z (H �G)dFij + 1pN Z (H �G)dKij#= Z (H �G)dFij +O  1pN ! ; as minni !1.Thus, E(C R (H � G)deF) ! C R (H � G)dF = 0 as minni ! 1. Finally, it followsthat pNC R cHdeF :=. pNCfY�� which has asymptotically a multivariate normal distribu-tion with mean � and covariance matrix CVC0 since � = pNC R HdFN = R Hd(CK)and the result stated in (1) follows. Statement (2) follows immediately from (1). 2
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Table 1 Probe WordSubject 1 2 3 4 51 55 40 54 36:5 502 21 6 17 3 213 43:5 9:5 48:5 43:5 274 50:5 40 32 35 215 21 4 34 1 256 52:5 32 52:5 36:5 477 48:5 9:5 40 13:5 458 45:5 8 29 6 29 40 11 21 13:5 2410 17 29 29 32 4011 25:5 6 13:5 17 13:5R�j 382 177 337 216 288Table 1. Ranks Rkj and rank means R�j for the probe word data.Table 2Group Time points1 2 3 4 5 6 7 8control 185.3 99.6 47.7 42.6 79.0 109.6 122.7 170.7obese 212.0 180.0 150.5 123.5 95.1 115.3 144.0 172.3Table 2. Rank means for the PIP data.Table 3 Diet(E) (C) ResultsPair gas gasO N O N E�ect Statistic p-value1 30 7 26.5 122 26.5 5 19 1 Diet e�ect QAn = 2.19 0.1823 21 22 28 3 Gas e�ect QBn =46.62 0.000254 29 31 32 15 Interaction QABn = 6.47 0.03855 23 13.5 18 46 11 13.5 25 27 9 10 24 88 17 16 20 6mean 20.81 14.75 24.06 6.38Table 3. Ranks, rank means and results for the diet data.37



Table 4 Simulated type I errorlevel n = 7; 1020% 0:189�0:20810% 0:092�0:1105% 0:046�0:0561% 0:007�0:013Table 4. Range of the simulated type I error probability for the distributions (1) - (4)for n = 7; 10 and for c = 0; 1; 2. The RT of the statistic for the paired t-test is comparedwith the F1;n�1-distribution.Table 5 Simulated type I errorF -distribution �2a�1-distributionlevel n = 5; 10 n = 5 n = 10 n = 2020% 0:189�0:213 0:236�0:245 0:216�0:230 0:204�0:21510% 0:094�0:108 0:139�0:152 0:116�0:124 0:106�0:1135% 0:044�0:058 0:072�0:090 0:061�0:072 0:055�0:0621% 0:009�0:016 0:029�0:035 0:017�0:022 0:014�0:016Table 5. Range of the simulated type I error probability for the distributions (1) - (4).The statistic QHN given in (15) is compared with the F -distribution with f1 = a� 1 andf2 = n� � 1 d.f. and with the asymptotic �2-distribution.Table 6Simulated type I error / F -Approximationlevel n = 6; 10 b = 4 n = 15; 20 b = 1020% 0:188�0:213 0:184�0:20610% 0:095�0:108 0:084�0:1115% 0:042�0:057 0:032�0:0551% 0:006�0:015 0:004�0:013Table 6. Range of the simulated type I error probability for the distributions (1) to (4).The statistic (n�b+1)QMn (B)=[(b�1)(n�1)] is compared with the Fb�1;n�b+1-distributionwhere QMn (B) is given in (13). 38



Table 7 Simulated type I error�2b�1-Approximation, b = 4level n = 6 n = 10 n = 20 n = 3020% 0:513 0:400 0:284 0:24510% 0:423 0:284 0:175 0:1375% 0:350 0:207 0:106 0:0781% 0:249 0:109 0:040 0:024Table 7. Range of the simulated type I error probability for normally distributed errorsand subject e�ects. The statistic QMn (B) given in (13) is compared with the asymptotic�2b�1-distribution.Table 8 Simulated type I errorlevel n = 7; 1020% 0:177�0:21510% 0:080�0:1155% 0:027�0:0571% 0:004�0:014Table 8. Range of the simulated type I error probability for the distributions (1) - (4)for n = 7; 10 and for c = 0; 1; 2. The statistics Qn(A) and Qn(AB) are compared withthe F1;n�1-distribution.Table 9Simulated type I error / F -Approximationlevel n = 7; 10 b = 4 n = 15; 20 b = 1020% 0:181�0:212 0:188�0:23410% 0:078�0:106 0:085�0:1125% 0:033�0:052 0:036�0:0571% 0:004�0:013 0:004�0:009Table 9. Range of the simulated type I error probability for the distributions (1) to (4).The statistics FB and FAB are compared with the Fb�1;2n�b-distribution.39



Table 10 Simulated type I error�2b�1-Approximation, b = 4level n = 7 n = 10 n = 20 n = 3020% 0:322 0:290 0:243 0:22810% 0:208 0:170 0:126 0:1225% 0:146 0:114 0:070 0:0691% 0:067 0:047 0:020 0:015Table 10. Range of the simulated type I error probability for normally distributed errorsand subject e�ects. The statistics Qn(B) and Qn(AB) given in (19) and (21), respectively,are compared with the limiting �2b�1-distribution.
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