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Abstract

The nonparametric version of the classical mixed model is considered and the
common hypotheses of (parametric) main effects and interactions are re-formulated
in a nonparametric setup. To test these nonparametric hypotheses, the asymptotic
distributions of quadratic forms of rank statistics are derived in a general frame-
work which enables the derivation of the statistics for the nonparametric hypotheses
of the fixed treatment effects and interactions in an arbitrary mixed model. The
procedures given here are not restricted to semiparametric models or models with
additive effects. Moreover, they are robust to outliers since only the ranks of the
observations are needed. They are also applicable to pure ordinal data and since no
continuity of the distribution functions is assumed, they can also be applied to data
with ties. Some approximations for small sample sizes are suggested and analyzed
in a simulation study. The application of the statistics and the interpretation of the
results is demonstrated in several worked-out examples where some data sets given
in the literature are re-analyzed.

Abbreviated title:

Rank Tests for Mixed Models

KEY WORDS: Rank transform; Factorial designs; Nonpara-
metric hypotheses; Mixed model; Rank tests; Ordinal data; Ties
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1 Introduction

Background and historical remarks In a mixed model, randomly chosen subjects
are observed repeatedly under the same or under different treatments. Such designs
occur in many biological experiments, in the behavioral sciences and ecological, medical
or psychological studies. The subjects are the levels of the random factor(s) and the
subject effects are regarded as unobservable random variables.

The two main assumptions underlying the classical analysis of variance (ANOVA)
models are the linear model and the normal distribution of the error term. Our aim is
to generalize the classical models of ANOVA in such a way that not only the assumption
of normality of the error terms will be relaxed but also the structure of the designs will
be introduced in a broader framework. Based on the ideas of Akritas & Arnold (1994)
and Akritas, Arnold & Brunner (1994), we will formulate nonparametric hypotheses in
the various designs and derive nonparametric tests for these hypotheses. In order to
identify the testing problem underlying the different rank procedures, the relations be-
tween the hypotheses in the nonparametric model and in the common linear model will
be investigated.

Nonparametric hypotheses and tests for the mixed model have already been considered
by Sen (1967), Koch & Sen (1968) and by Koch (1969, 1970). Mainly joint hypotheses
in the linear model are considered, i.e. main effects and certain interactions are tested
together. Moreover, some of the statistics given there are not pure rank statistics rather
than aligned rank statistics and therefore they are restricted to linear models. For the
simple mixed model with two treatments for paired observations, rank tests using overall
ranks on the original observations have been considered by Hollander, Pledger & Lin
(1974) and Govindarajulu (1975). In the former paper, the robustness of the Wilcoxon-
Mann-Whitney statistic with respect to deviation from independence is studied. In the
latter paper, a rank statistic is derived and it is indicated how the unknown variance may
be estimated. Lam & Longnecker (1983) derived an estimator for the unknown variance
based on Spearman’s rank correlation. Conover & Iman (1981) suggested to perform a
paired t-test on the ranks; that the paired ¢-test on the ranks is a valid procedure was
established in the more general context of censored data by Akritas (1992). Brunner &
Neumann (1982, 1984, 19864, b) derived the asymptotic distribution of rank statistics in
two-factor mixed models with an equal number of replications and applied the results to
different mixed models. The asymptotic variances and covariance matrices of the statistics
were estimated using ranks over all observations and ranks within the treatments. Rank
tests for the mixed model with m = 1 replication were considered by Kepner & Robinson
(1988). Thompson (1990) generalized the results of Brunner & Neumann (1982) and
derived the asymptotic distribution of a linear rank statistic for independent vectors of an
equal fixed length and she applied the result to various balanced mixed models (Thompson
& Ammann (1989, 1990), Thompson (1991)) and derived statistics for joint hypotheses
where main effects and interactions are tested together. The assumption of an equal fixed
length of the vectors was used in the proofs of the asymptotic normality of the statistics in

the papers by Brunner & Neumann (1982) and Thompson (1990). Akritas (1993) derived



a rank test in a special unbalanced mixed model. A general result for the asymptotic
normality of a linear rank statistic for vectors of unequal length was derived by Brunner
& Denker (1994) and the results were applied to various unbalanced mixed models.

In the above papers, all theoretical results as well as the derivation of the rank statistics
were based on the assumption of continuous distribution functions and ties were excluded
although some theoretical results (e.g. Conover (1973) and Behnen (1976)) regarding ties
were available in the literature for linear rank statistics of independent observations. Koch
& Sen (1968) and Koch (1970) recommend to breake ties by using the 'mid-rank-method’.
This method was used by Boos & Brownie (1992) to derive estimators of the asymptotic
variance of a rank statistic using the U-statistic representation. Munzel (1994) generalized
the results of Brunner & Denker (1994) to the case of ties and the same method is used by
Brunner, Puri & Sun (1995) to derive the asymptotic normality of linear rank statistics
and consistent estimators of the asymptotic variance for fixed and mixed 2 x b designs.

Based on theses ideas, we give a unified approach to mixed models for nonparametric
hypotheses. The statistics considered in the literature quoted above follow as special
cases from our general approach (except that we use only Wilcoxon scores, for simplicity).
Moreover, main effects and interactions, defined through the nonparametric hypotheses,
can be tested separately. We will consider only (pure) rank statistics because they are
invariant under strictly monotone transformations of the data and they are robust to
outliers. We do not assume the continuity of the distribution functions so that also
data with arbitrary (non-trivial) ties may be evaluated with the procedures given in this
paper. In particular, these procedures are applicable to ordinal data such as scores in
psychological tests, and quality scales in order to describe the degree of the damage of
plants or trees in ecological or environmental studies. We shall not consider procedures
which need sums or differences of the original data and which are therefore restricted to
the linear model. Procedures for ordered alternatives, many-one and multiple comparisons
follow from the general approach. However, they shall not be the subject of this paper and
are not considered here. Regarding rank procedures for heteroskedastic mixed models,
we refer to Brunner & Denker (1994), Brunner, Puri & Sun (1995) and Brunner & Puri
(1996).

Applications. The general results to be derived in Section 2, will be applied to four
different designs.

(1) Two-factor mixed models:

(a) random factor and fixed factor crossed,
(b) random factor nested under the fixed factor.

(2) Three-factor mixed models with two factors fixed:

(a) repeated measurements on one fixed factor,
the random factor is crossed with the fixed factor B and is nested
under the fixed factor A,

(b) repeated measurements on both crossed fixed factors.



We distinguish two models:

(I) The repeated measurements model where in the case of 'no treatment effect” the com-
mon distribution function of the observed random variables on subject ¢ is invariant
under the numbering of the treatment levels. This means that the random variables
within one subject are interchangeable and their joint distribution function is com-
pound symmetric. Note that in the linear mixed model with independent random
effects, the compound symmetry of the joint distribution functions of the subjects
is preserved under the alternative. In general models however (to be stated in the
following sections), it seems to be unrealistic to assume that compound symmetry
is preserved if treatment effects are present.

(IT) The multivariate model allows arbitrary dependencies between the observed random
variables within one subject. This is typically the case with longitudinal data or
inhomogeneous materials. A multivariate model is also assumed if a treatment effect
is present in a repeated measurements model. We do not consider special patterns
of dependencies such as an autocorrelation structure, e.g.

In this paper, we will consider only the multivariate model for brevity.

General notation. The distribution function of a random variable X is defined by

Fla) = % [F*(2) + F~(2)] (1)
where F*(z) = P(X < z) is the right continuous version and F~(z) = P(X < ) is
the left continuous version of the distribution function. This definition of the distribution
function includes the case of ties. We exclude only the trivial case when F'(x) is a one-point
distribution function. We write X ~ F' to indicate that F'is the distribution function of
X. The asymptotic equivalence (N — o0) of two sequences of random variables Xy and

Yy is denoted by Xy = Yy.

Let Xy ~ F, s =1,...,m, let F*+ denote the usual right-continuous version of the
empirical distribution function based on the X, and let F'~ be its left-continuous version.
Then the empirical distribution function of F' is denoted by

~ 1~ ~

F(e) = 5 [F*(a)+ F(2)] =

9 ZC(Q? - XS) (2)

1
where ¢(u) = 5 [c"’(u) + c_(u)] denotes the counting function and ¢*(u) = 0 or 1 accord-

ing as u < or > 0 and ¢ (u) = 0 or 1 according as v < or > 0. The rank of a random

variable X; among all m random variables Xy,..., X, is defined as
1 1 m
7=1



Note that 1/2 has to be added to mF(X,) in order to get the position numbers of the
ordered observations in case of no ties since ¢(0) = 1/2 as defined above. Note also that
R, is the midrank in case of ties.

For the formulation of the hypotheses, we will use the contrast matrices
Cl = (]-c—1| — Ic—l) and CQ = Pc = Ic — C_lJc (4)

where 1, = (1,...,1)" denotes the ¢-dimensional vector of 1’s, I. = diag{l,...,1} denotes
the c-dimensional unit matrix and J. = 1.1/ denotes the ¢-dimensional square matrix of
I’s. Note that rank(Cy) = ¢ — 1 and therefore, C;C] is nonsingular. The matrix Cs is a
c-dimensional projection matrix of rank ¢ — 1. We will also use the contrast matrix

W = V' (L-JV/(1V'L)) (5)

where the nonsingular covariance matrix V is a generalized inverse of W, i.e. WVW =
W (see Lemma A.l in the Appendix).

Factors (in the sense of experimental design) will be denoted by capital letters A, B, C, . ..
and the levels of A are numbered by ¢« = 1,...,a, the levels of B are numbered by
J=1,...,b etc. If factor B is nested under factor A, this is denoted by B(A).

For a convenient and technically simple description of hypotheses in two- and higher-
way layouts, we will use the Kronecker-product A @ B and the Kronecker-sum

e (35)

of matrices. The Kronecker-product of matrices A;, e = 1,...,a is written as ® A; and
=1

a
the Kronecker-sum is written as @ A;
=1

Model. The general mixed model can be formulated by independent random vectors
X = (Xiyp,.... X0, i=1,...,randk=1,...,n (6)

where Xijk = (Xijkh Ce 7Xijkmi]k)/7 j = 1, N and Xijks ~ Fij7 k= 1, cee 1Yy and
s =1,....my > 1. To avoid inconvenient notations, we consider only the case where
mi;k > 1, i.e. no missing values. We note however that models with missing (at random)
values can also be treated by our general approach.

The ¢—th level of the row-factor, + = 1,...,r, is applied to all ¢ parts of each of
the n; subjects that are nested under the level ¢, and there are m;;; replications at the
(4,7, k) factor level and subject combination. The n; subjects independent for each level
¢ yield independent (vectors of) observations. If more than one factor is applied to the
subjects, then the r levels may be regarded as a lexicographic ordering of all factor level
combinations of the factors.



The column-factor with ¢ levels is applied to all subjects. However, the level 5 of this
factor is applied only to the j-th part of the subject (which is split into ¢ homogeneous
parts). This factor is crossed with the subjects. If more than one factor is applied to each
subject, then the ¢ levels may be regarded as a lexicographic ordering of all factor level
combinations of the factors.

Examples

1. In the matched pairs design, we have n independent random vectors Xy, = ( Xy, Xar)’
where X, ~ Fj;, k=1,....n and j = 1,2. This design is derived from the general
mixed model (6) by letting r = 1, ny =n, ¢ = 2 and m;;;, = 1.

2. The two-factor hierarchical design is a special case of (6) if r = a, ¢ = 1, my = M
and Xijks :Xiks NFZ',Z': 1,...,@, k= 1,...,712' and s = 1,...,mik.

3. For the one-factor block design with b treatment levels and with n blocks, we choose
r = 1, Mk = 1,X¢jk5 :X]‘k NF]‘,j: 1,...,band k= 1,...,n.

4. The a x b split-plot design is a special case of (6) with m;x =1, X;jus = Xijr ~ Fij,
1=1,...,a,7=1,...,band k=1,...,n,.

5. For the two-factor block design with n blocks and where factor A has a levels and
factor B has b levels, we choose r = 1, ny = n, ¢ = ab and m;j; = 1. The index
7 1s split into the two indices u = 1,...,a and v = 1,...,b. Then X, ~ F,
k=1,...,n.

Organization of the paper. In Section 2, asymptotic results for the general form of
the nonparametric mixed model are given including a discussion on the rank transform.
In Section 3, the general results are applied to the examples given above. (Note that
the matched pairs design is a special case of the one-factor block design). Statistics for
testing the fixed main effects and interactions in these designs are derived where also
several real data sets are analysed. It is also indicated (see Section 3.4) how to derive
statistics for higher-way layouts in a similar way as in the theory of linear models. Small
sample approximations are discussed in Section 4 and the accuracy of the suggested
approximations is analyzed by a simulation study. The proofs of the Theorems given in
Section 2 are provided in the Appendix.

2 General Asymptotic Results

In this Section, the general asymptotic results for mixed models will be derived and they
are applied to different designs in Section 3. Some additional notation is needed to state
the asymptotic results.

Consider the general model given in (6). The vector of the distribution functions is

denoted by F = (Fi1,..., Fie,..., Fi1,..., F..) and we define F = (FH, e FTC)’ where



tion functions within cell (i,j,k). Let H = N7' 300, 35_, Yo, myFy; and ﬁ(:z;) =
N S Yoty Yy e(w — Xijrs) where N = ZLL 2:1 Yoty myjg. The vector of
the generalized means p = [ HdF is estimated by p = [ HdF. Note that the components
pi; of p are computed from the ranks R;;js of X5, among all N random variables, namely

o~ _ . P - _ ml . . . .
Foy = nit S0, iy and Fiy(z) = mij}g St e(x — Xjjps) are the empirical distribu-

—~ 1 & 1 "8k 1 1/~ 1
5y = [ HdF,; = — - R,s——):—@,..——) . 7
p] / / m;m”k;]\f< ik 2 N / 2 ( )

Let Yijes = H (X,jrs) denote the asymptotic rank transform (ART) of Xjjrs and let
?ijk. = m;}g Z;n:’ik Yiks denote the mean of the ART’s of the replications for subject k

under treatment 7 within group 2. Let f/” = n; ' 7L, Yy denote the unweighted mean
of the Y;1.s over the n; subjects and let Y. = (f/ﬂ.., e ,f/ic..)’ and Y. = (?i, e ,?;)/
Finally, let V; = Cov (\/N ?Z) denote the covariance matrix of v N ?Z and let p,(7)

denote the smallest eigenvalue of V.

The results will be derived under the following assumptions.

Assumptions.

Al. minn; — oo.

A2. 1 <my <M < oo, i.e. the number of replications is uniformly bounded.
A3. 0< o< n/N<1-)X<1.

Ad. p, (1) > ko>0,0=1,...,7.

Lemma 2.1 Let Xy = (X!y,,..., X)) be independent random vectors as defined in

(6). Then, under assumptions Al and A2, p = fﬁdf‘ is consistent for p = [ HdF n
the sense that p — p - 0.

Proof: see Appendix.

Theorem 2.2 Let X;; as in Lemma 2.1. Then, under assumptions A1 and A2,
\/N/ﬁd(F—F) - \/N/Hd(F—F) - VN (Y.-p) .
Proof: see Appendix.
Note that the vectors Y,.. are independent and thus,
Vo= Co(VNY.) =@V, (®)
i=1

which can be estimated by the ranks R;jxs.



Theorem 2.3 Let Ry = (Fﬂk e ,ka)/ where Riip. = miy, LSO Rigrs and Ry is

the rank of kas among all the N observations. Further let R (Rﬂ ,---,ch ) where
Ri;o =07 S0, Rip.. Let 'V be as given in (8) and let

= OV =@y, (R R (R R
Then, under assumptions A1 - A3,
[v-v]

Proof: see Appendix.

Next, the asymptotic distribution of v/ NCPp under the hypothesis Hl" : CF = 0,
where C is a contrast matrix, will be given.

Theorem 2.4 Let X, as in Lemma 2.1 and ?Z as in Theorem 2.2. Let C be a contrast
matriz and consider the hypothesis HY : CF = 0. Then, under assumptions Al - A/,
and under HY

1. the statistic \/ﬁCf) = \/ﬁC/ﬁdf‘ has asymptotically a multivariate normal dis-
tribution with mean 0 and covariance matrix CVC/,
2. the quadratic form Q%(C) = Np'C'[CVC']” Cp has asymptotically a central x3-

distribution with f = rank(C) where [CVC']” denotes a generalized inverse of
cva).

3. If C is of full row rank, then Qn(C) = Np'C’ [C?C’]_l Cp has asymptotically a

central x3-distribution with f = rank(C).

4. Let W be the matriz corresponding to W given in (5) where 'V is replaced with
Y defined in Theorem 2.3. Then Qn(W ) Np’Wp has asymptotically a central
XG-distribution with f = rank(W).

Proof: see Appendix.

Finally, the efficacy of the test statistics will be considered. Define a sequence of
alternatives

1 1
FN:(FN,llv---vFN,Tc)/: (1_\/—N)F+\/—NK (9)

contiguous to the nonparametric null hypothesis H!" : CF = 0 where K = (K14,..., K,.)’
is some vector of distribution functions. Let further v = /NC [ HdFy = [ Hd(CK).



Theorem 2.5 Let X as in Lemma 2.1 and assume that Xjps ~ Fni(z) = (1 —
N=YHYE(2) + NTV2K(x), i=1,...,r, j =1,...,c. Let further F = (Fyy,..., F..) in
(9) and let C be some contrast matriz of full row rank such that CF = 0. Further let
H(z)= N""30_ 20 Yoply mypl(x) denote the weighted average distribution function
of Fix,..., Fre and let Hy(x) = N7V 320 25 Soply mijnF v i) denote the weighted av-
erage distribution function od Fni1,...,Fny.. Then under the assumptions Al - A4 and
under the sequence of alternatives Fy in (9),

1. v= \/ﬁCf) = \/NC/ﬁdf‘ has asymptotically a multivariate normal distribution

with mean v and covariance matric CVC' where V is defined in (8) and

2. Qn(C) = Np'C [CVC’]_1 Cp has asymptotically a noncentral x3(vy)-distribution
with f = rank(C) d.f. and with noncentrality parameter v = v' [CVC'] ™' v.

Proof: see Appendix.

It follows from this theorem that the test is consistent against alternatives of the form

Cp # 0. Note that this does not imply CK # 0.

The ’Rank Transform’ (RT) Property. The statistics given in Theorem (2.4) can
formally be derived from MANOVA statistics by replacing the original observations X,
by their ranks R;jrs. The name ’rank transform’ (RT) has been introduced for this
technique in the univariate one-factor fixed model (Conover & Iman, 1976, 1981). The
derivation of rank tests for more complex experimental designs by this heuristic technique
may lead to incorrect procedures. First of all, the underlying testing problem has to be
identified. It follows from Theorems 2.2, and 2.4 that the rank statistic v NC [ HdF and
the statistic vVNC [ HdF = VNCY.. are asymptotically equivalent if the hypothesis is
formulated as H! : CF = 0, i.e. in terms of the distribution functions. A second point
is that any assumed homoscedasticity of the random variables X;;; is not transferred to

the ART Yjjrs = H(Xijks), in general. This has been pointed out by Akritas (1990). If all

distribution functions are equal, i.e. H = F}; = --- = F,., then V = ¢?I. @ L. in a model
with independent observations. This shows why the RT works e.g. in the one-factor fixed
design under the hypothesis HY : F} = --- = F,.

It a statistic has the property of being a ’RT-statistic’, then this is of importance
for computational purposes. The parametric counterpart of a RT-statistic which may be
available in a statistical software package can be applied to the ranked data. Only the
quality of approximation to the asymptotic distribution or some finite approximation has
to be taken care of. In any case, it is necessary to identify the statistical model of the ART
under the hypothesis. The RT should not be regarded as a technique to derive statistics
rather than a property of a statistic which can be useful for computational purposes.

In the next Section, the general results given here will be applied to different two- and
three-way layouts.



3 Examples and Applications to Different Designs

3.1 Two-Factor Mixed Models / Cross-Classification

The nonparametric model. In a cross-classified mixed model, the random variables
Xpjs are observed on the k-th randomly chosen subject (or block), k& = 1,...,n which
is repeatedly observed (or measured) under treatment j = 1,...,b and s = 1,...,my;
repeated observations are made on the same subject & under treatment j. Thus, the
general two-factor mixed model can be described by independent random vectors

Xk = ( 21,..., 26)/, kzl,...,n, where ij:(ijla---anjmk])/ (10)
and  Xpjs ~ Fi(z), k=1,...0n, g=1,...,b, s=1,...,my; .

Treatment effects in the nonparametric model (10) will be described by the generalized
means p; = [HdF;, j = 1,...,b where H = N™! 2?‘21 N;F; and N = 2?‘21 N; =
Yy Yoh_y myy. Let F = (F,.. .,Fb)’ then p = (p1,...,p) = f HdF.

Hypotheses. We are mainly interested in analyzing the fixed treatment effect. In the
classical linear model theory it is assumed that Xy;s ~ F(x — p;) where p; = E(Xyjs),
E=1...,n,s =1,...,my;. To define treatment effects and to formulate hypotheses,
the expectations p; are considered and the hypothesis of no treatment effect is written
as Hy : Py = 0 where pp = (py,..., ) and Py is given in (4). In the nonparametric
model (10), the hypothesis HI : P,F = 0 is the same as in the one-factor fixed model
and is only related to the one-dimensional marginal distributions. It is easy to see that
the hypotheses HI and HY are equivalent in the linear model.

Derivation of the Statistic. Nonparametric tests for this model have been considered
by Thompson (1991) and Akritas & Arnold (1994). In both papers, ties were excluded
and only the case of my; = 1 replication per cell is considered. Below, these results will
be generalized to an unequal number of replications my; > 1 per treatment j and block
k. Moreover, ties are allowed and a simpler form of the statistic is derived.

The notation introduced in Section 2 is adopted to the two factor mixed model. Let

- - 1 n 1 Mmg;
F = (Fl,...,Fb)/, ; :—Z—ch—ijs 5
nk:lm s=1

n b Mk,

H(z) = _ZZZ c(x — Xijs)

kl]lsl

The statistic will be based on the vector of unweighted means p = (p1,...,p) = [ HdF
which is a consistent estimate of p = [ HdF. The components p; are computed from the
ranks Ry;s of X}, among all N random variables, namely

/ﬁdﬁj Z Lyd (RMS - %) - % (Rj. - %) . (11)

niomep o N



Let R, = (Fkl., o, Ry, Vik=1,....n denote the vector of the rank means for subject &
where ij. = m,;jl mk] 1 Rijs. Let further R =n! > r—1 Ry denote the unweighted mean
of the vectors Ry. Similarly, let Y =n! >i—1 Yy be the mean of Y = (Ym., ... ,ka.)/
where Y. = my; LS Yage and Yige = H (Xp,) is the ART.

It follows from Theorem 2.2 that the statistics /nCp = /nC [ HdF and VnCY. are

asymptotically equivalent under H!" : CF = 0. A consistent estimate of the covariance

matrix V = Cov (\/ﬁ ?) follows directly from Theorem 2.3, namely

vV, - mz(m R)(R.—R) . (12)

Note that the result of Theorem 2.2 remains true if the statistic is multiplied by /n
instead of vV N.

To derive the statistic, we choose the contrast matrix W = V=!I, — J,V~1/1;V~11,]
and we note that WF = 0 iff P,F = 0 (see Lemma A.2). Moreover, it follows from Lemma
A.1 that WVW = W. Under H{ : P,F = 0, the statistics /n Wp and \/n W Y. are
asymptotically equivalent and a rank statistic for testing H{" can be derived from the
ART. Let W =V ! [Ib — Jngl/lngllb] where V,, is given in (12) and note that

~ o~ N\N! oo\ — o~ oy T IS TS oy TS
QW) = Vi (Wp) (WVW) (Wp)Vn=np WW Wp=np Wp.
Denote the (¢, j)-element of ?;1 by 8ij, 4,5 = 1,...,b and let 5; = Y°_, 5;; and 5. =
2?‘21 5.j. Then it follows from Theorem 2.4 that the statistic

=)
"O‘e

QM(B) = np [R’V 'R

S..

- gi (ij §.j1§>.j.) (13)

has asymptotically (n — oo) a central yj-distribution with f = rank(W) = b —1 d.f.
under A" : P,F = 0. Note that QM (B) has the RT-property with respect to a parametric
statistic for a repeated measurements model with an unspecified covariance structure and
it can be computed from the ranks by any appropriate statistical software package. For
small samples, the statistic (n — b+ 1)Q(B)/[(b— 1)(n — 1)] may be approximated by
a central F-distribution with fy =b— 1 and fo =n — b4 1 d.f. (see Section 4).

- ¥ RV, ')]

||M@

i

Example 1. The test derived in this Section, will be applied to the probe word data
given by Timm (1980) where each of 11 subjects is given five probe words and the reaction
time is measured. The ranks of the original data and the rank means R.; for the j =
1,...,5 probe words are displayed in Table 1. The result is Q¥ (B) = 24.32 and since
the sample size is small, TQM (B)/40 = 4.256 is compared with the F-distribution with
fi =4 and fo =7 d.f. resulting a p-value of p = 0.046.

Here insert Table 1.

10



3.2 Two-Factor Mixed Models / Nested Designs

The nonparametric model. In the mixed model where the random factor B is nested
under the fixed factor A, the observations X;1s, 2 =1,...,a, k=1,....,n;, s=1,...,mj
are made on N = 3°% | n; randomly chosen subjects which are repeatedly (s = 1,...,m)
measured under the same treatment :. The random variables X;;, and X,y are inde-
pendent if ¢ £ ¢/ or if k # k' where X35 and X,y are identically distributed according
to Fi(x). Note that the random variables X, and Xz may be dependent. Thus, the
nonparametric model may be written by independent random vectors

Xik = (Xikla---aXikm,‘k)la izl,...,a, kzl,...,ni (14)

where Xjps ~ Fi(x), k=1,...,n;, s =1,...,m.

Hypotheses. In the linear model, the expectations p; = E(Xips), k= 1,...,n;, s =
I...,
HY : Py = 0 where g = (p1,..., ). In the nonparametric model, the hypothesis
is analogously formulated as H! : P,F = 0 where F = (Fy,..., F,). It is obvious that
the hypotheses HI and [} are equivalent in the linear model.

m;. are considered and the hypothesis of no treatment effect is formulated as

Derivation of the Statistic. Here, like in the case of the cross-classification, un-
equal numbers my, of replications for subject & under treatment ¢ are admitted. The
statistic will be based on the generalized mean vector p = (p1,...,p.) = | HdF where
H = N'3% lzk'lmikFi and N = 3% S0 my,.  Let F = (Fl,...,ﬁa)’ where
F = n_l SrL lmlk Yook e(x — Xiks). Then the components p; = fHalFZ of p are es-
timated by an unwelghted sum of cell means p; = fHdF = N7 YR, — 1/2) where
Ri.. = n_l S, Rip. and R = mzkl Tk Rips. Here, R, 1s the rank of Xiks among all
N =30, >0t my observations.

Let Y. = (Yi.,...,Y,.) = [ HdF where Y. = nj ' S0 Vi = ni ' 0L, m3,! 4 Yiks
and Y, = H(Xiﬁs) is the ART. It follows from Theorem 2.2 that the statistics \/_C f HdF
and vVNC [ HdF = /NCY. are asymptotically equivalent under H : CF = 0.

Note that the random variables Y;;. are independent and thus, V, = Cov(VN ?) =
N . — ) )
@ —0' where o7 = n;l S o and o3 = Var(Yi.). To estimate the variances o
i=1 U

consistently, let S? = 37 (R — ];)2)2 and o7 = [N*(n; — 1)]7'S2
To derive a statistic for testing " : CF = 0, let W = VY1, = J, V! /trace(V;')),

—~ @ N o —~ —~ —~ o .
V. = @ _5-22 and W = Va_l (Ia - Java_l/trace(va_l)). Then W V.W =W and
=1 U

WF =0 iff P,F = 0. It follows from Theorem 2.4 that the quadratic form

~ 2
~t T~ a4 n;(n; —1 ~ 1 ¢ nTRT..
Qv = Np WP:Z%(&f DD ) (15)

i=1 (/o) (= of
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has asymptotically (n; — o0) a X?—distribution with f = a —1 d.f. under H! : P,F = 0.
For small samples, the null distribution of the statistic Q& /(a — 1) may be approximated
by the F-distribution with f; = a —1 and f; = n. —a d.f. where n. =37 | n;. Note that
QX has the RT-property with respect to a parametric statistic for the hierarchical mixed
model and it can be computed from the ranks by any appropriate statistical software
package.

In case of an eqilal number of replications m;, = m, Ry = m™" Yooy Rigs, R =
(mn)'Ri. = R, R=R;.. = (N+1)/2and 6> = (n. —a) ' 2, S0 (Rip. — Ri)?. In

this case, the quadratic form Q¥ given in (15) reduces to
il — 2
S (R — (N +1)/2)
Q% = (n'_a)'ZZIa e B 2
S (R — R

=1 k=1

which has been given by Brunner and Neumann (1982) for the case of no ties.

Example 2.

We analyze the data set given by Brunner (1991) where the surface-to-volume ratio of
the mitochondria in the AV-nodes in the hearts of dogs under two treatments is observed
three times for each dog and for 5 dogs per treatment. For the data set and the description
of the trial, we refer to Brunner (1991). Note that in this example, m;; = 2 and thus,
0? = 0% 1 =1,2 under Hl". The result is Q¥ = 47.65 and since the sample size is small,
QX is compared with an F-distribution with fj = a—1 =1 and fo = n. —a = 8 d.f.
which yields p = 0.00012.

3.3 Three-factor Mixed Models with Two Factors Fixed
3.3.1 Partially Nested Designs

The nonparametric model. In this section, we consider two-factor repeated measure-
ments designs where the repeated measurements are only taken on one factor, factor B
with 7 = 1,...,b levels say, and the subjects are nested within the : = 1,...,a levels of
factor A. Therefore, this design is called "partially nested’” design. In medical and psy-
chological studies it appears either when different groups of subjects are observed under
the same treatments for each subject or when subjects are divided randomly into several
treatment groups and the outcomes are observed sequentially at several time points.

Nonparametric procedures for this design have been considered by Brunner & Neu-
mann (1984, 1986a) for the 2 x 2 design with heteroscedastic distributions. Designs with
a,b > 2 levels have been considered by Thompson & Ammann (1990), Thompson (1991)
and Akritas (1993). Rank tests for some joint hypotheses are derived in these papers
which will be explained below. First, the model shall be stated.

12



For the partially nested design, the nonparametric model is derived from the general
mixed model (6) by letting r = a and ¢ = b and is formulated by independent vectors

Xik:(XglkV"?X;bk)/v izlv"'vavkzlv"'vni (16)
Where X;]k = (Xijkh . 7Xijkmi]k)/ and Xijks ~ FZ']‘(J}), k = 1, e Ny, 8§ = 1, . .,mijk.

Hypotheses. The hypotheses are formulated in terms of the marginal distribution func-
tions Fj;. Let F = (Fiy,..., Fu)', then the hypotheses are:

HF( ) (P, ®+1;)F = 0, (no main group effect),
HI(B): (31, ® Py)F = 0, (no main treatment effect),
HI(AB): (P,®@P,)F = 0, (no interaction),

Hy (A|B): (P,
Hy (BlA): (L,

The common hypotheses for the linear model are formulated in the same way by

@I,)F = 0, (no simple group effect within the treatments),
@ P,)F = 0, (no simple treatment effect within the groups) .

replacing the vector F of the distribution functions by the vector g = [ xdF of the means.
Some relations between the hypotheses stated above are given in the next Lemma.

Lemma 3.1
1. In the nonparametric model (16),

Hy (A|B) = Hy (A), Hy (B|A) = 1 (B).
2. In the linear model,

Hy (A) = Hy(A), Hy(B) = Hi(B), Hy(AB) = H{(AB),
Hy (A|B) <= H§(A|B), Hy (B|A) <= HE(B|A).
If (P,@Py)pu=0, then HJ(A) < HY(A) and HY(B) < HY(B).

The proofs of these statements are obvious and therefore omitted. For details, we refer to
Brunner & Puri (1996). For the interpretation of the nonparametric hypotheses it may be
noted that for the main effects the linear hypotheses and the nonparametric hypotheses
are equivalent if there are no linear interactions, i.e. if the linear main effects are well

defined.

Note that the model is not symmetric in the factors A and B since the subjects
are nested under the groups. Therefore, two hypotheses for the simple factor effects are
stated. We like to point out that in the general model no special pattern of the covariances
between the observations Xj;;, and X5 within one subject k is assumed.

For the general (multivariate) model, Thompson (1991) derived a rank test for the
simple treatment effect, i.e. a test for HI (B|A) and Akritas (1993) derived rank tests for
both simple factor effects, i.e. for HI'(A|B) and for HI'(B|A). In both papers, ties were
excluded. In what follows, we will derive rank tests for the nonparametric hypotheses
HEI(A), HE(B), HI (A|B) and HI'(B|A) from the unified approach in Section 2 and we

do not assume that the distribution functions are continuous.
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Estimators and notation. The statistics will be based on the vector of the generalized
means p = (p11,...,pw) = [HdF where F = (Fiy,...,Fy), ¢ = 1,...,a and j =
L,...,b. We will use the notation introduced in Section 2 putting r = a , ¢ = b and

deﬁneR —(R’l,.. R’) (RH,... Rab)’andR (Rl,...,R )WhereR
_1 Zz lzk 1 Z]k and n. = ZZ:I n;.

Let C be any suitable contrast matrix, then under H{" : CF = 0, the statistics
\/NCfﬁdF = N-Y2CR.. and \/NCfHdF = V/NCY.. are asymptotically equivalent
which follgyvs from Theorem 2.2. A consistent estimate of the covariance matrix V; =
Cov(v/N Y;.) is given in Theorem 2.3. We will use the contrast matrix

W, = V7' (L -3V LVi) (17)

and the corresponding matrix to W; where V! is replaced by ?;1 will be denoted by

s

W, = V! (Ib—Jﬁ;l/gﬁﬁ) (18)

where §0) = Zb, 18 Z] L Z 1 ];, and 3( ), is the (7, j')-element of V;l. Note that
W, V,W, = W and W,F, = O iff P,F; = O i =1,...,a where F; = (Fa,..., Fp).
Further notation will be explained along with the different test statistics which are given
below. The derivation of theses statistics follows from the results given in section 2.

Statistics
Test for the Treatment Effect B

Hypothesis: H'(B) : (%1{1 ® Pb) F=o0.
Notation: N - - -
V = Cov(\/ﬁ (%1{1 ® Ib) Y.)=a?Y" V,and V = a 2%, V; where V; is given in
Theorem 2.3. Let W = V-YI, —J,V~1/1;V~11,) and W = ?—1(15 — Jﬁ—l/g..) where
5. = 2?‘21 22/21 5, and s;; is the (7, 7')-element of V1.
Statistic:
1 —
Qn(B) = RLWR.

1

2
b b N R N 1 -
= ﬁ Z Z RJ S45 R.]‘/.. — §_ S]‘.R.]‘.. (19)
j=14'=1 - =

ECH
[~
I

has asymptotically a X?—distribution with f =b—1 d.f. and Qn(B) has the RT-property
with respect to a parametric statistic in a repeated measurements model with an unspec-
ified covariance structure.

14



Test for the Group Effect A

Hypothesis: HI'(A): (P, ® H1,)F = 0.

Notation:
N - - -
7-22 = ;0‘2»2 , 02»2 =Var(Yir), Y= bt Z ijkes
7 7=1
~2 1 52 q2 i(é é )2 ﬁ{ 1 f:zb:ﬁ
T, = 0, ;= ik — 4. 5 I ijke -
Nng(n; — 1) 1 bn; ;= =1 !

Let V. = Cov (\/N (Ia ® %12) ?) = diag{r{,..., 72 and W = V" {(I,=J, V~'/ > [1/77])
7=1

and let W be the matrix corresponding to W where 77 is replaced by 77.

Statistic:
1

On(A) = N(él..., Ry )W Ry R,
_ oyl =Y L * n,(n, — DR, \’
= S (R e S ) o

has asymptotically a X?—distribution with f = a—1 d.f. and Qn(A) has the RT-property
with respect to a parametric statistic in a repeated measurements model where V is a
diagonal matrix.

Test for the Interaction AB

Hypothesis: HI'(AB): F;; = F;. + F; — F.. or equivalently H'(AB): (C4 @ Cg)F =0
where C4 = (1,-1: — L,_1) and Cg = (14—1: — I,_1) which are of full row rank.
Notation: . .

Let V=Cov (\/ﬁ ?) = @Vi and V = @VZ where VZ is given in Theorem 2.3.
Statistic: =1 =1

-1

Qx(AB) = {R(CL oGy [(C1o CaViCho Gyl (CroCRe (21

=1

has a central x}-distribution with f = (a — 1)(b — 1) d.f. under HI(AB) and Qn(AB)
has the RT-property with respect to a parametric statistic in a repeated measurements
model with an unspecified covariance structure.

Test for HI'(B|A)

Hypothesis: HI'(B|A): Fyy = -+ = Fy = F;. or equivalently HI' (B|A) : (I, @ Py)F = 0.

Notation:

15



Let V = @Vi and W = @WZ where W, is given in (17). V, is estimated by \Z given

=1 =1
in Theorem 2.3 and W, is estimated by W, given in (18).
Statistic:
1 T L (2 N
Qn(BlA) = —R.WR.= =3 | Y R sDR; — — [ Ry 30 (22)
N N =1 |j=14'=1 v g(l) 7=1 !

has asymptotically a y3-distribution with f = a(b—1) d.f. under HI'(BJA). The quantities
§§Zj), are given along with (18). Note that Q)n(B|A) has the RT-property with respect to
a parametric statistic in a repeated measurements model with an unspecified covariance
structure.

Test for HI'(A|B)

Hypothesis: HI'(A|B): Fy; = --+-= F,; = F; or equivalently Hl'(A|B): (P, ®I,)F = 0.
Notation:

Let V =1, ® Vg where Vg = V;, 2 = 1,...,a under Hé?. Let if\o =a 'YL, V\Z where
V, is given in Theorem 2.3. Let W = P, @ V' and let 3 be the (j,5')-element of "

Statistic:
1~ B T
Ox(4]B) = R.[P,oVi'|R. =3 (R. ~-R.) V;' (R..-R.)
=1
1 & b b N N R N N
= ﬁ Z (RZ] - R]) S]‘]‘/ (Rij’~~ - R.]‘/..) (23)
=1 | j=15'=1

has asymptotically a x}-distribution with f = b(a —1) d.f. under HE(A|B) and Qn(A|B)
has the RT-property with respect to a parametric statistic in a repeated measurements
model with an unspecified structure of the covariance matrix V.

Example 3.

We apply the procedures derived in this Section to the data given by Zerbe (1979) where
for 13 control and 20 obese patients plasma inorganic phosphate (PIP) was measured
0, %, 1, 1%,2,3,4 and 5 hours after a standard dose oral glucose challenge. For the de-
scription of the trial and the data set, we refer to Zerbe (1979). An adequate model for
this trial is the 3-factor mixed model with two crossed fixed factors, namely the factor
‘group’ (control, obese) and the factor 'time’ (8 fixed time points). The 33 subjects are
the levels of the random factor and are nested under the factor ’group’. Since PIP is
8 times repeatedly measured during 5 hours, a multivariate model is appropriate. Two
standard questions are commonly to be answered for such a trail: (1) Do the two time

curves have the same shape? - (2) Is there any influence of the factor time?
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The first question can be answered by testing the interaction (21) between the two
fixed factors. The time effect is analyzed by testing the treatment effect B (19). Since
both quadratic forms have the RT-property with respect to a parametric repeated mea-
surements model with an unspecified covariance structure, they can be easily computed
from the overall ranks by any suitable statistical software package. The rank means for
the PIP data are given in Table 2.

Here insert Table 2.

The results are Qn(AB) = 60.29 and Qn(B) = 329.44. For small sample sizes, the
null distribution of (ny + ny — )QN(AB)/[(b— 1)(n1 + ny — 2)] = 6.946 is approximated
by an F-distribution with fi = b—1 =7 and f; = ny + ny — b = 25 d.f. (see Section 4)
which yields p = 0.00012 and a highly significant different pattern for the two time curves
is detected. Similarly, 25Qn(B)/217 = 37.95 is compared with the same F-distribution
which yields p < 1075 and a highly significant influence of the time on PIP is detected.

3.3.2 Cross-Classified Designs

The nonparametric model. Here we consider the case where each randomly chosen
subject k receives all level combinations (¢,j), ¢ =1,...,a, 7 = 1,...,b of two treatments
A and B. The vector of all ab factor level combinations for subject &k is denoted by

Xk = ( /llkv"'v fzbk)/v kzl,...,n Where Xijk:(Xijkla---aXijkmi]k)/7
XiijNFij(x),izl,...,a,jzl,...,b,kzl,...,n,szl,...,mijk
(24)

and the vectors X, are assumed to be independent. The assumption that the covariance
matrix of Xy in the nonparametric model (24) is not changed under the treatment seems to
be unrealistic. Therefore, the multivariate model with an arbitrary dependence structure
of the observations within one subject seems to be the only reasonable assumption for the
covariance matrix in the nonparametric model (24).

Rank tests for the two-way multivariate model have been considered by Thompson
(1991) and Akritas & Arnold (1994) for the case of m;;; = 1 replication per subject and
treatment combination (¢,7) and for continuous distribution functions. The first named
author considered a rank test for the hypothesis Hy : I, = F;, g =1,...,b,0 =1,...,a
which is in fact the hypothesis Ho(B|A) : (I, @ Py)F = 0 where F = (Fiq,..., Fy;)'. Note
that this hypothesis is a ’joint hypothesis’, i.e. main and interaction effects are tested
together. Such joint hypotheses are useful in practice and have been considered already
by Koch (1970) in the context of a complex split-plot design. Akritas & Arnold (1994)
stated the hypotheses of the linear two-way layout model in terms of distribution functions
HE(A) : (P, @ 11,)F =0, HY (AB) : (P, @ P,)F = 0 and I} (A|B) : (P, @ L,)F =0,
i.e. they replaced simply the mean vector p = (g11,...,tq)" in the linear model by
the vector of distribution functions F = (Fi1,..., Fu,)" and based the statistics on a

consistent estimate of p = [ HdF where H = N~'3% Z?Zl M Fyj, My = 30 myjk
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and N =3¢, 2?‘21 M;;. In this setup, it is possible to test nonparametric main effects,
interactions and simple factor effects separately in the general model (24).

Below, the results of Thompson (1991) and Akritas & Arnold (1994) will be generalized
to unbalanced designs (m;;;z > 1). The statistics follow from the general approach derived
in Section 2 and are also valid in the case of ties.

Hypotheses. The hypotheses for the three-way mixed model with two crossed fixed
factors as well as the relations between the hypotheses in the different models are the
same as for the partially nested design discussed in subsection 3.3.1 since the formulation
of the hypotheses does not imply the structure of the covariance matrix of Xy.

Notation. Asin the previous section, we will base the statistics on a consistent estimate
of the vector of the generalized means p = [ HdF which is estimated consistently by p =
fﬁdf‘ where F = (FH, . ,Fab)’ and FZ](J}) =n 'Y, ka(:p) =n LY ST e —
Xijks)-

Let R;;xs be the rank of X;;z, among all N observations and let Ry. = (Ryip., - - -, Rapr.)’
be the vector of the rank means for subject & and denote by R. =n"! S Ry =
(Ri1. ..., Rap..)" the vector of the unweighted rank means over all subjects.

Let ?k = (Yuk., PN ,Yabk.)/ Where ka = m;}g Z;n:”lk i/ijks and i/ijks = H(X”ks) Let
Y. =n"! S7_, Ri. and let C be any suitable contrast matrix, then under Hy : CF = 0,
the statistics /nC [ HdF = \/uCR../N and /nC [ HdF = \/nCY.. are asymptotically
equivalent which follows from Theorem 2.2. The covariance matrix of y/n Y.. is denoted
by V and it is assumed that V is nonsingular. A consistent estimate of V., namely

v - ﬁ Z (R.-R.) (R.-R.) (25)

follows from Theorem 2.3 and thus, C V C’ is a consistent estimate of Cov (\/ﬁ C ?)
where C is a suitable contrast matrix by which the hypothesis is formulated. Further
notation will be explained along with the different test statistics.

Statistics
In general mixed models, where no compound symmetry is assumed, one can not expect

that statistics can be given in terms of sums of squares like in the special ANOVA mixed
models under the restrictive assumptions on the random effects.

Test for the Main Effect A

We note that the design is symmetric in A and B and therefore, only a test for the main
effect A is derived. The test for B will follow by interchanging the indices 2 and j.
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Hypothesis: HI'(A) : (Pa ® %12) F=o0.

Notation:
V(: ilgr‘l)v (\/ﬁ (Ia ) %12) ?) = (Ia ® %12) VvV (Ia ® %lb) is estimated by
Vo= (o) V(Lo i) = gy 3 (RE-RY (R - R

where ﬁf = (]él.k., .. .,E’a.k,)’, Rip = bt 2?‘21 R;;r. and RA = ! Py ﬁf Let W =
v\a_l (Ia — JaV;l/lnglla) and denote the elements of Va_l by 8, 4,4 = 1,...,a, and
let §Z == Z?’:l g“'/ and § == Z?:l §Z

Statistic:
Qu(4) = VilL o 31)p) W |(L o {1) | va

- | RV (R - RV v

(26)

a a a 2

s\

has asymptotically (n — o0) a central y}-distribution with f = a — 1 d.f. under HI(A)
and Q2 has the RT-property with respect to a parametric statistic for a two-way repeated
measurements model with an unspecified structure of the covariance matrix.

Test for the Simple Factor A Effect

Hypothesis: HI'(A|B): (P, @1,)F = 0 or equivalently HI'(A|B): (C4 @ I,)F = 0 where
Ca=(1,01:—I,01)isa (a—1) X a contrast matrix of full row rank.
Statistic:

Q.(A|B) = %ﬁ{, (C,®L) [(CaoT) V (chb)]‘l (CaoL)R. (27

has a central y%-distribution with f = (a — 1)b d.f. under H{(A|B) and Q¥ has the
RT-property with respect to a parametric statistic for a two-way repeated measurements
model with an unspecified structure of the covariance matrix.

Test for the Interaction AB

Hypothesis: HI'(AB): (P,@P;)F = 0 or equivalently HI (AB): (C4®Cg)F = 0 where
Ca=(1,01:—1I,_1) and Cp = (1p—1: — I,_1) are both contrast matrices of full row rank.
Statistic:

Qu(AB) = <5R.(CL @ Cp) [(Ca0Cr) V (ChaCh)]  (CaoCy)R. (29)

has a central y3-distribution with f = (¢ —1)(b—1) d.f. under HI(AB) and Q45 has the
RT-property with respect to a parametric statistic for a two-way repeated measurements
model with an unspecified structure of the covariance matrix.
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Example 4.

We apply the procedures derived in this Section to the data given by Koch (1969) in
Example 2, where repeated measurements on two crossed fixed factors for 8 pairs of
animals are observed. Both fixed factors have two levels, namely ’ethionine’ (E) and
"control’ (C) for factor A (diet) and 'oxygen’ (O) and ’nitrogen’ (N) for factor B (gas).
For the description of the trial and for the data set, we refer to Koch (1969), Example 2.
Note that in this paper only the hypothesis of equality of all 4 treatment combinations
(EO, EN, CO, CN) is considered. The statistics given in this Section in (26) and (28)
however allow to consider separately the nonparametric hypotheses of no diet effect, of
no gas effect and of no interaction. The ranks R;j; of all 32 observations, the rank means
for the four treatment combinations and the results are given in Table 3. Since the
statistics Q4, QF and QAP have the RT-property, they can be computed from the ranks
by any suitable statistical software package. Note that the statistic QP is obtained by
interchanging the indices 7 and j in Q# which follows from the symmetry of the design.
The p-values are obtained from the F-distribution with f{ =1 and f, =n -1 =7 d.f.
which is used as a small sample approximation of the null distribution of the statistics.

Here insert Table 3.

3.4 Higher-Way Layouts

Here, we will give a brief outline on the application of the general results given in Section
2 to higher-way layouts. The results in Section 2 have been given in a general form which
enables the extension to higher-way layouts in the same way as for the experimental
designs in the theory of linear models. The hypotheses are formulated by means of the
marginal distribution functions Fi;, ¢ = 1,...,r, 3 = 1,...,¢c. The factor levels which
are applied to a whole subject (whole-plot-factor) are numbered from ¢ = 1,...,r and
the factor levels which are applied only to a part of each subject (sub-plot-factor) are
numbered from j = 1,...,¢. If there is only one whole-plot-factor with : = 1,..., a levels,
factor A say, then r = @ and similarly, if there is only one sub-plot-factor with j = 1,...,b
levels, factor B say, then ¢ = b.

The case of two crossed sub-plot-factors, factor A with « = 1,...,a levels and factor
B with j =1,...,blevels and one whole-plot-factor with one level only (two factor block
design) has been considered in Section 3.3.2. Here, r = 1 and ¢ = ab where the index j
is split into two indices j; = 1,...,a and j, = 1,...,b which are renamed to j; = ¢ and
J2 = j. Below, it will be indicated how to apply the results of Section 2 to derive statistics
for a split-plot-plot design, i.e. a design with three crossed factors A, B and C'. The factors
AG=1,...,a)and B (j =1,...,b) are applied to the whole subjects which are nested
under the A B-interaction while the levels of the factor C' (I = 1,...,¢) are applied within
each subject (sub-plot-factor). The observations are written by independent vectors

Xijk = (Xijlka---aXijck)/a izl,...,a,jzl,...,b, kzl,...,nij

20



where Xy ~ Fij, [ = 1,...,¢c. To keep notation simple, only the case of one repli-

cation my;;; = 1 per factor level and subject combination is considered. Now, let
F = (Fi11,..., Fae)” where the last index [ = 1,...,¢ is running faster than the sec-
ond index j = 1,...,b which is running faster than the first index : = 1,...,a. Let

M, denote the contrast matrix for the levels of factor A, i.e. My = (1,-1: — Li—1)
or My =P, =1, — %Ja for testing the main effect of factor A, e.g. Let similarly,

Mp=(1-1:—Ly)or Mg =P, =1, — %Jb and let M. be defined analogously for factor
C'. Then the nonparametric hypotheses in this design are:

Ho(A): (My @61, @ ¢c"1)F = C4F =0, (main effect A)

Ho(B): (a1, @ Mp @ ¢ '1))F = CgF =0, (main effect B)

Ho(C): (a7, @ b7'1, @ M¢ )F = C¢F =0, (main effect C)
Ho(AB): (My ® Mg @ ¢ '1))F = CugF =0, (interaction AB)
Ho(AC): (My @b7'1; @ Mg )F = CucF =0, (interaction AC)
Ho(BC): (a™'1, @ Mp @ M¢ )F = CpcF =0, (interaction BC)

Ho(ABC): (M4 ®@ Mp @ M¢ )F = CapcF =0, (interaction ABC)

Ho(AIBC): (M4 @ I, ® L )F = CypcF =0, (simple factor A effect)
Ho(B|AC): (I, ©® Mp @ L )F = CpscF =0, (simple factor B effect)
Hy(C|AB): ( I, @ I, ® Mg )F = CgupF =0, (simple factor C effect).

Let H=N"1%, . gk Fijr = N=LS jamijIijpwhere N = ¢35, i n;; and let H and le denote
the empirical dlstrlbutlon functions. Let R, be the rank of Xijir and let Y = H(Xiuk)
denote the ART of Xj;;;. Let

Vij = (Cov (\/N ?Z]) = Cov (\/ﬁ (YijLa ce 7?ijc~)/)
and since the vectors Y,;. are independent by assumption,

V = Cov (\/ﬁ ?) = Cov (\/ﬁ (7111., ... ,Yabc.)/)
= éé‘%

=1 7=1

and V;; is estimated consistently by

— 1 I — —
Vi = D) ;; (Riji — Rij.) (R — Ry;.)’

=1
where Rijk == (Riﬂlm ce 7Rijck) and R” == n kgl R”k

The statistics for testing the nonparametric main effects A and C', e.g., can be derived
by straightforward computation from Theorem 2.4 where C is taken as C = Cy =
(P, ® %12 ® %12) and C = Cp = (%1{1 ® %12 @ P.), respectively.

21



Test for the Group Effect A

Hypothesis: Hé?(A) (P, ® 112 ® 11’)]5‘ = 0.

Notation:

Nij

Tfj = Nafj , afj =Var(Yi.), n” ;Y” o
1
1 Ty . . . 1 N5 .
2 R — R R. = R
Tij Nnij(nij—l) kZ:l( ij-k ij ) ) ij n”kZ:I ijk
. 1
Ti2: Zz]? Ti:b_QZZ‘
7=1

Let Va = Coo (VN (L@ {10 11)Y.) = diag{}.....
VI /)
=1

and let Wa be the matrix corresponding to W 4 where

by 77
Statistic:
1 - N . _
Qn(A) = N(Rl..., coiy Ro) Wy (Ryy .o Ry
~ 2
1~ 1 * R,
- S s )

72} and W, = V (I, —

2 .
77 is replaced

has asymptotically a X?—distribution with f = a—1 d.f. and Qn(A) has the RT-property
with respect to a parametric statistic for a split-plot-plot design with unspecified covari-

ance matrices V;; which may be also unequal.

Test for the Treatment Effect

Hypothesis: HI(C) : (%1{1 ®:l, ® Pc) F=o0.

Notation:

Ve = Cov(\/ﬁ(%lg@@llg@I) = szZZV”

=1 7=1
VO = 262 Z Z VZ]
=1 j5=1

We = VoML —J.VZY/1'VZ'1), We=V (L -J3.V;'/5.)
where 5. = Y7_, >5_, S and Sy is the (I, I')-element of Vgl.
Statistic:

1 —
Qn(C) = WR/ W R




has asymptotically a x}-distribution with f = ¢ — 1 d.f. under HE(C) and Qn(C) has
the RT-property with respect to a parametric statistic for a split-plot-plot design with
unspecified covariance matrices V;; which may be also unequal.

4 Small Sample Approximations and Simulation Re-
sults

In this Section, some simulations results for small samples in special designs shall be
given. The following designs are analyzed:

1. Paired sample design with b = 2 treatment levels and mj; = 1 replication (see
Section 3.1).

2. Two-factor nested design with a > 2 treatment levels and m;; > 1 replications per
subject (see Section 3.2).

3. Two-factor cross-classified design with b > 2 treatment levels and mj; = 1 replica-
tion (see Section 3.1).

4. Three-factor cross-classified design (two-factor block design) with ¢ = b = 2 levels
for both fixed factors and m,j; = 1 replication (see Section 3.3.2).

5. Partially nested design (split-plot design) with @ = 2 levels of the whole-plot factor
A, b > 2 levels of the sub-plot factor B and m;;; = 1 replication (see Section 3.3.1).

The following distributions have been used for the simulations: (1) rectangular, R0, 1]
(2) standard normal, N(0,1), (3) exponential, Fz(1), (4) log-normal, exp(N(0,1))

For each sample size and situation, N = 5000 simulations have been performed.

Y

Results

1. Paired sample design
Xjp = cAy+ €, k=1,...,n, 3 = 1,2. The random variables A; and ¢;; are
independent and identically distributed according to the distributions (1) - (4),
¢c=0,1,2 and n =7, 10.

Here insert Table 4.
2. Two-factor nested design
Xips =cAy+ s, 2 =1,...,a, k=1,...,n,s=1,...,my. The random variables
A and €5 are independent and identically distributed according to the distribu-
tions (1) - (4),¢=0,1,2, a =2,4,6,10, n = 5,10 and m;, = 1,3, 5.
Here insert Table 5.
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3. Two-factor cross-classified design
The covariance structure is generated by an additive model

X]‘ = cAk—I—ejk,kzl,...,n,jzl,...,b

like in the paired sample design. Simulations are performed for n = 6,10 and b = 4,
n = 15,20 and b = 10 and for ¢ = 0,1,2 where Ay and ¢j; are distributed as in
the paired sample design. The small sample approximation is motivated by the
distribution of Hotelling’s T under the assumption of multivariate normality where
the hypothesis I}y : g = -+ = pp is tested. Thus, (n—b+1)QM(B)/[(b—1)(n—1)] ~
Iy 4, where f{ = b—1 and f, =n — b+ 1. The simulations have been performed
for the distributions (1) - (4).

Here insert Table 6 and Table 7.

4. Three-factor cross-classified design (2 x n)

Here, the covariance structure is generated as in the previous paragraph. Moreover,
the null distributions of the statistics for the main effect A and for the interaction
AB are simulated also when there is an additive effect of factor B. The case of
an additive effect of one factor and of the interaction is also simulated. Let yp;; =
E(Xijr), k=1,...,n,1,5 = 1,2, then four cases are considered:

M1l M1z H21 H22
0 0 0 0 no effect

1 0 1 0
1 0 0 1 interaction
2 0 1 1 main effect B and interaction

(1)
(2)
(3)
(4)

main effect B

The additive model is: X5 = pi; + cAg + € where Ay and ¢, are distributed as
described in the previous paragraph. The null distribution of Q,(A) given in (26)
is simulated in the cases (2), (3) and (4). In case (1), the null distribution of @,,(A)
and Q,(AB) given in (28) is simulated. Since there are only two levels for each fixed
factor, the statistics are univariate statistics and the F'-distribution with f; = 1 and
f2 =n—1d.1. is used as a small sample approximation. Simulations are performed

forn ="7,10 and ¢ = 0,1, 2.
Here insert Table 8.

5. Partially nested design 2n(2) x b

Only the case of @ = 2 groups has been considered. The covariance structure is
generated by an additive model

Xijk = ﬂj—I-(Oéﬂ)ij—I-CAik—l-Q]‘k, i:1,2,jzl,...,b,kzl,...,nizn
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like in the paired sample design. Simulations are performed for b = 4 and ny =
ny =n = 7,10 and for b = 10 and ny = ny = n = 15,20 where ¢ = 0,1,2 and
Ay and ¢, are independent and identically distributed according to the distribu-
tions (1) - (4). The small sample approximation is motivated by the distribution of
the two-sample MANOVA-statistic under the assumption of multivariate normality
(with equal covariance matrices) where the hypotheses Ho(B) : 1 = -+ = 3, and
Ho(AB) : (aff)11 — (aB)ar = -+ = (o)1 — ()2 ave tested. The approximation
may be not so satisfactory as in the two-factor mixed model since in the nonpara-
metric model, the covariance matrices are unequal in general. However, the approx-
imation turned out to be rather good when Fg = (2n—0)Q,(B)/[(b—1)(2n—2)] and
Fap = (2n—-0)Q,(AB)/[(b—1)(2n — 2)] were compared with the F), ;s -distribution
with fi = b—1and f; = 2n—b d.f. where @,(B) and Q,(AB) are given in (19) and
(21), respectively. The null distribution of Fg was also considered in the presence
of the interaction 5, = (j — 1)/bfor i =1 and 8; = (1 — 7)/b for ¢ = 2. Similarly,
the null distribution of Fsyp was also considered in the presence of the main effect
B, 3; =(j —1)/bfor i = 1,2. The approximation by the limiting y7_,-distribution
turned out to be very poor. The results are displayed in Tables 9 and 10.

Here insert Table 9 and Table 10.

In all simulations, the approximation by the asymptotic y2-distribution turned out
to be liberal. If more parameters of the covariance matrix had to be estimated the
approximation became worse - as was to be expected. The approximation by the null
distribution of the respective statistic under normality assumption however, turned out
to be extremely good even when the sample sizes are rather small. It may also be noted
that the simulation results were almost the same for all distribution functions used in our
study. Thus, it can be recommended to use the small sample approximations that have
been examined here. The question is however, which approximation should be used in
other designs than analyzed in this study.

Primarily, this question is not a problem of the nonparametric theory rather than a
problem which is also open in many cases in parametric mixed models. In recent years,
many authors have considered this problem in parametric models under the assump-
tion of multivariate normal distributions, see e.g. Huynh & Feldt (1979), MclLean &
Sanders (1988), Schluchter & Elashoff (1990), Fai & Cornelius (1993) and references cited
therein. The p-values produced by the different approximations suggested in the afore
mentioned papers may differ considerably. Nevertheless, these approximations are avail-
able in the new SAS-procedure 'PROC MIXED’ as options in the MODEL-statement
and in the SAS/STAT manual (Changes and Enhancements, Release 6.10, 1994) it is
stated: ”The Satterthwaite method implemented here is intended to produce an accurate
F-approximation; however, the results may differ from those produced by PROC GLM.
Also, the small-sample properties of this approximation have not been extensively inves-
tigated for the various models available with PROC MIXED.” This can really not be
considered as a satisfactory solution of the problem, not even for parametric models. It
is apparent that future research is necessary in this area.
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Appendix

A Matrix Algebra and Handling of Ties

Lemma A.1 Let V, be any non-singular symmetric (a X a) matriz and let
W, = V'L -1V /1 V'L
Then, W, 1, =0 and V, is a generalized inverse of W, i.e. W, V, W, =W,
Proof: Both statements follow easily by observing that
V', /1 v, ', =11V, '1,/1'V 1, =1, .
Note that 1"V 11, = trace(V;?') if V, is diagonal. 0

Next, we show that the hypotheses Hl" : W,F = 0 and H! : P,F = 0 are identical.
It suffices to show that the solution spaces of the homogeneous linear equations systems
are identical.

Lemma A.2 Let W, and V, as in Lemma A.1 and let x € IR*. Then the solution spaces
of Wx =0 and P,x = 0 are identical.

Proof: The solution spaces are given by x; = (I, =W, W, )z and x5 = (I, — P, P, )z where
z is an arbitrary vector and W7 denotes a generalized inverse of W, and P a generalized
inverse of P,. Note that V, is a generalized inverse of W, and P, = P, since P, is a
projection matrix. Thus, I, - W; W, =1, — [I, - J,V;}/1'V11,] =3,V 1/1/V 11,
and I, — [I, — %Ja] = %Ja. Then x; = 1,2, and x3 = 1,22 where z; = 1!V 1z/1/V 11,
and zo = 1/ z/a are arbitrary constants which proves the result. O

Below we give the simple results which are needed for the handling of ties.

Lemma A.3 Let X;; ~ F;, 1 =1,...,¢, 3 =1,...,n; independent random variables and
let F; as given in (1) and let c(u) = [T (u) + ¢ (u)]/2 as defined in connection with (2).
Then

1. E [C(l‘ - XZ]) - FZ(J})] = 0,
2. Ele(Xiy — Xis) = Fi(Xy)] =0, if s # 7,
1
3. /FidFZ» ==
Proof: (1) By definition, F [c(x — X;;) — Fi(x)] = P(Xi; < )+ %P(Xij =ua)— Fi(x) =

1 1
F7(a) + 5 [FF () = By (2)] = Fi(e) = 5 [FH) + B (2)] = Fi(e) = 0.
(2) follows by noting that £ ([e(X,;; — Xis) — Fi(Xi)] | Xy = 2) =0, if s # 5.
(3) The result follows using integration by parts (see Hewitt & Stromberg (1969), p. 419).
O
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B Moment Inequalities

To prove the asymptotic results, we give first some moment inequalities for empirical
processes which are needed in several places.

Consider the notation in (6). For convenience, the two indices ¢, k, ¢ = 1,...,r and
k=1,...,n; are collapsed to one index " = 1,...,n where n = Y_/_; n,. Also the two
indices j = 1,...,cand s = 1,...,my; are collapsed to one index j' = 1,..., M; where

M; = 375_; my;. For simplicity, however, we will use 2, j instead of #', j'. Note that with
this notation, the random variables X;; and X,, are independent if ¢ # r and may be
dependent if : = r. Moreover, we generalize the assumptions of the general mixed model
(6) and assume that X;; ~ Fj; for i =1,...,nand j =1,..., M; where |M;| < M < .
Since the random variables X;; and X;; may be dependent, we will use the Cramer-Wold
device to state asymptotic normality.

Let A;; be suitable weights with [A\;;| < Ay < oo and let N = Y%, M,;. Then we
define

n  M;

H(z) =3 > Fyle)  H(z) =3 > clo—X)
N = = N ==
=1 j5=1 =1 7=1 (29)
1 » M; N 1 » M;
GN(J}) == NZ )\”F 5 GN(J}) == NZ )\ C XZ]) .
=1 j5=1 =1 7=1

Finally we denote by
= [ Hdtiy = Z Z Ay [ HdE
=1 j5=1

a linear combination of the generalized means p;; = [ HdFj;.

Definition B.1 Let R;; be the rank of X;; among all N observations. Then the statistic

[t = L35 (B - 3)

=1 j5=1

s called a linear rank statistic’ in the mized model.

Next we state the basic moment inequalities.

Lemma B.2 With the notation introduced in (29), we have
)\2 n
8

(2) EB[Gy(Xy)—Gy(Xy)] < e kZsz -

=1

(1) E[Gy(a) = Gu(o)] <34
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Proof: To prove (1), note that

E [Gy(z) - G(a)]”

1 n n M; Mg

= q7 2 22 Ak E (lelr = Xig) = Fiy(@)] [e(x — Xio) = Fro(2)])

=1 k=1 j7=1 s=1

1 & (& 2
— m;E(;)\” [C(J?—Xz)_Fz(x)])

1 n M;
S _22E MZ )\22] [C(l’ _Xij) — FZ(J})]Q
N =1 7=1
< & Zn: M2
N N2 =1 '

by independence of X;; and X, for ¢ # k and using Jensen’s inequality. Statement (2)
follows in the same way by noting that

E([e(Xyj = Xop) = Fur(Xi) ] [e(Xij = Xos) = Foo(Xyg)]) = 0
if a # b since either ¢ £ @ or ¢ # b in this case. O

C Asymptotic Results

Proof of Lemma 2.1

We first restate Lemma 2.1 according to the condensed (and more general) notation
introduced in Appendix B.

Lemma C.1 Let X; = (Xi,..., X)), ¢ = 1,...,n, be independent random wvectors
where Xi; ~ Fy;, 9 =1,...,M; < M < co. Then the linear rank stalistic pn given in
Definition B.1 is ‘consistent” for py = [ HdGy in the sense that py —py = 0 as n — oo.

L 2
Proof: We will show that F (/ HdGy — /HdGN) — 0. By the same arguments as in
the proof of Lemma B.2, (4) it follows

N 2
E(px —pn)* = E[/HdGN_/HdGN]

203, & M; — 2 N ,
< TS R (HX) - H(X)) —|—2/E(GN _ Gy)2dH
=1 j5=1
IMX, 1
= TN _O<ﬁ) '

O
The statement of Lemma 2.1 follows by a suitable choice of the weights A;; for the linear
rank statistic py.
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Proof of Theorem 2.2

To prove Theorem 2.2, we state the asymptotic equivalence of a linear rank statistic and
a statistic which can be written as a sum of independent random variables. Theorem 2.2
follows from this more general result by a suitable choice of the weights A;; for the linear
rank statistic py.

Theorem C.2 Let X; be as in Lemma C.1 and assume that M; < M < oo. Then
1 VN | [Tty — [ HaGy] = VR | [ HdGy + [ HaGy 2 [ 113Gy | = VNBy,
2, \/ﬁ/ﬁd(éN—GN) = \/N/Hd(GN—GN) — VNDx

as n — 0.

Proof: First, we decompose

/ﬁdéN - /HdGN - /HdéN n /ﬁdGN - Q/HdGN n /(ﬁ ~ H)d(Gy — G) .
o N 2
It will be shown that F (\/ﬁ/([{ — H)d(Gy — GN)) — 0.

(\/ﬁ/(ﬁ — H)d(Cy — GN))2

1nMa . 2

N (WZZM [ﬁ(Xas)—H(Xas)—/(H(w)—H(l‘)) dFas(“f)D

a=1s=1
n Ma Mb

_ N (NL Y A [e(Xas = Xi) = FulXas) = [ (el = Xi0) = Fie) dFas<x>])

a=1b=1 s=11=1
1 n n n Mg My M. My

=) 5 330 ) 3D 3) 3D S WECHENECHE N

a=1bh=1 c=1 d=1 s=1 t=1 u=1 v=1

where o(Xaus, Xit) = e(Xas — Xit) — Fre(Xos) — / (el — Xpt) — Fie()) dFys(x). If one of

the indices a, b, c or d is different from all three others, then Flo(Xqs, Xpt)o( Xew, Xaw)] =0
since it follows by independence and from Lemma A.3 that £ (¢( X, Xpt)| Xes = 2) =0
and F (o(Xas, Xot)| Xpe = ) = 0. Thus,

E (W/(ﬁ — H)d(Cy — GN))2

1 ~n Mo Mo M. M.
< FLLILLE S Pkl
a=1c=1 s=11t=1 u=1 v=1
Mo () M
< m(alea) < N =o(l) ifn— o
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where the Vinogradov symbol "< is used instead of the O(-)-notation, for simplicity.
Next, note that the relation in statement (2) follows by subtracting /N [(H — H)dGy
from both sides of the relation (1). Thus, statement (2) follows from (1). O

Remark: The statement of Theorem 2.2 follows by a suitable choice of the weights A;;
for py and using the condition minn; — oco.

The asymptotic normality of v/ Npy under the hypotheses HI : Gy = 0 and H, :
[ HdGyx = 0 is stated in the next Theorem.

Theorem C.3 Let By and Dy as in Theorem C.2 and let 03 = Var (NBy) and 7% =
Var (NDy). If 0% — oo as n — oo, then

1. under Hy : Gy =0,

N [~ -
= [ HdGy =55 U ~ N(0,1)

N

2. under Hy : [ HIGN =0,

N —~
— [ HdGx -5 U ~ N(0,1) .

ON

Proof: (1) Under Hy : Gy = 0, it follows from Theorem C.2 that By = Dy and 0% = 3.
The result follows by the Lindeberg-Feller Theorem since H(-) is uniformly bounded and
0% — oo, by assumption. The result for (2) follows directly from Theorem C.2, (1) and
by the Lindeberg-Feller Theorem. For details see Brunner & Denker (1994). O

Proof of Theorem 2.3

Next, the consistency of the estimator for the covariance matrix will be shown.

N Let f/” == fHdF”, f/” == fﬁdE], ka == fHElﬁ”k and ?”k == fﬁdﬁ”k where
FZ]k(IL') = mfj}g Z;n:lik C(l' - Xz’jks) and Fiy = ni_l Zi:1 Fij.

We want to estimate

- 1 &N
o} = Var (\/ﬁ Yij~~) = E,; n—isfjk

where S?jk = Var(Yijx) = Var (ml_]}g STk H(Xijks)). First, we define an ’estimator’
with unobservable random variables.

- N . ~ N2
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and 1t will be shown that 5% —U?j 2 0. Note that the random variables Yig, k=1,...,n
are independent and that [V < 1. Let Zip = (Y — pi;)* where pi; = E(Yin),
k=1,...,n;. Note that S?jk = F(Ziji). Then

52'2]‘ — Ufj = n(iN—l) i: (Yijk. — 2]‘..)2 — %k:ll S?jk
- N ni o ~
= 22 kZ:l [( ijk- — - (K] - ,Mij))z — S?jk] + m kzz:l (Y”k — K]‘..)z
= ]\; kZl ik — E(Zijr)) — nﬁ (Vi - /w)2 + n?(njf_ N kZ::l (Vijr — Vi )2

= A — B+ .
We consider the three terms separately and note that N/n; is uniformly bounded by
assumption (Theorem 2.2) and S?jk = E(Zijr) <1 and Var(Z;) < 1 since |Z;1| < 1.

By the strong law of large numbers it follows that A;; = 0 if minn; — oo since
Kolmogorov’s condition 372, k™ *Var(Z;;) < oo follows from Var(Z;;x) < 1.

For the second term, we note that Kolmogorov’s condition 372, k=257, < oo follows

from s3;, <1 and thus, by the strong law of large numbers,
N ~ 2 N ~ 1 A a.s.
o (Vi = i) = o (Vi — i) - kZ::l (Vik = pi) =50

if minn; — oo since |1~/” — wi;] < 1. For the last term, note that |Y;;. — 37”| <1 and

thus, Cy; < N/[ni(n; — 1)] — 0.
Putting everything together, it follows that 5% — afj Z0.

Next, the unobservable random variables Yi;rs = H(X,jks) are replaced by observable
random variables Yi;rs = H(Xjrs) = N7Y(Rijks — 1/2) where R,y is the rank of Xk,

among all N random variables. To this end, define

N 1 N Y N s 2y
Uizj = an(nl _ 1) Z (Rijk' o Rij") - nl(nl — 1) Z_: (Yijk' B Yij“)

k=1 k=1
N o~ 2 =2
= Z Vi —niY,
ni(”z - 1) k=1 ! !



IA

SNV SN v N e ([ maE
n2(n; — 1)2 ”,;( igk: f’“) T (/( —H) ])
N

n?(n; — 1)?

7

using Jensen’s inequality. Finally, it follows
2 ~2)\2 16N? — e 16¢* M*? o 1
E (3% -5%) < o1t (/(H—H) de) S o1 T 0 (n—)

by Lemma B.2. The covariances are estimated in the same way and the result follows. O

Outline of the Proof of Theorem 2.4

Statement (1) follows from Theorem 2.2 and Theorem C.3 by the Cramer-Wold device for
a suitable choice of the weights \;; for py and using the assumptions Al and A3. Note
that the condition 0% — oo in Theorem C.3 is satisfied since the Y,.. are independent

and Var(Nd.Y,;.) = Nd:V,d; > N||d;||A\nin — oo for any fixed vector d; with ||d;|| # 0
where A, > k{ > 0 is the smallest eigenvalue of V;. Note also that A, > k{ > 0 is
equivalent to the assumption |V;| > kg > 0.

To prove (2), note that X'S™X ~ x} with f = rank(S) if S~ is a symmetric reflexive
generalized inverse of S and if X ~ N(0,8S), see e.g. Rao & Mitra (1971), Theorem 9.2.3.
Let X = v/ NCp, then under HY', X has asymptotically a multivariate normal distribution
with mean 0 and covariance matrix S = CVC’ and the result follows by noting that the
matrix product C'[CVC’]” C is invariant for any choice of the generalized inverse where

rank (C’ [CVC']” C) = rank(C) if rank (CVC’) = rank(C) which follows from the fact
that V is of full rank (see e.g. Rao & Mitra (1971), Lemma 2.2.6). Therefore, the result is

true for any choice of the generalized inverse [CVC']”. (Remark: If C is symmetric and
if CVC’' = C, then Np'CC~Cp = Np'Cp has asymptotically a central X?—distribution
with f = rank(C) d.f. under il : CF = 0.)

(3) From Theorem 2.3 it follows that HV—vH % 0 and that ||V~! —V_IH 2 0. Thus,
- — 4| — 0 since C 1s of full row rank which proves the statement.
CVC')~™!' — (CVC')~| 5 0 since C is of full k which h

To prove (4), we note that W is symmetric and it follows from (2) and Lemma A.1 that
QW) = NpPW(WVW)"Wp = Np'Wp has asymptotically a central x3-distribution
with f = rank(W) d.f. under H : WF = 0. Since V is regular by assumption, it follows
from (3) and Theorem 2.3 that ||[W — W|| 2 0 and the result follows. O

Proof of Theorem 2.5

First it will be shown that \/NCf) = \/NC/ﬁdf‘ = \/NC/de‘ = V/NCY.. for the
sequence Fy defined in (9). Consider the difference

VNC /(ﬁ _Hy)dF = VNC /(ﬁ ~ Hy)d(F — Fy) + VNC /(ﬁ — Hy)dFy .
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Arguing as in the the proof of Theorem 2.2, it follows that
Wc/(ﬁ— Hy)d(F —Fy) 5 0.
Moreover, VVNC [(H — Hy)dFy = C [(H — Hy)dK 2 0 since
E (/(ﬁ - HN)dKij)z < /E(ﬁ ~ Hy)ME <
by Jensen’s inequality and by Lemma B.2,(1). Thus,
\/Nc/ﬁdﬁ = \/NC/HNdF:\/NC/HdF—C/(H—G)dF

where G = N7' 3070 526, Yoply myKi;. Consider now the (1, j)-component Ej of F.
Let Zijr = miy L STR(H (Xijks) — G(Xijrs ). Then it follows that

1
Var (/(H G dFZ]) = Z VCLT 2]k — =0 (ELS minni — OO)

Zkl ni

since Z;;; and Z;;, are independent for k # k' and |Z;;1| < 1. Moreover,

B ([ -cyr;) = n—zgl(l—\/—ﬁ)/(H—G)dFij—l—\/_/H Gdlx”]

= /(H — GYdF;; + O (\;—N) , as minn; — 0o.

Thus, E(C [(H — G)dF) — C[(H — G)dF = 0 as minn; — oo. Finally, it follows
that \/_C fHdF VNCY.. which has asymptotically a multivariate normal distribu-
tion with mean ¥ and covariance matrix CVC/ since v = = V/NC [ HdFy = [ Hd(CK)
and the result stated in (1) follows. Statement (2) follows immediately from (1). O
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Table 1

Probe Word
Subject | 1 2 3 4 5
1 55 40 54 36.5 50
2 21 6 17 3 21
3 43.5 9.5 48.5 43.5 27
4 50.5 40 32 35 21
5 21 4 34 1 25
6 52.5 32 52.5 36.5 47
7 48.5 9.5 40 13.5 45
8 455 8 29 6 2
9 40 11 21 135 24
10 7 29 29 32 40
11 255 6 135 17 135
R.; 382 177 337 216 288
Table 1. Ranks Rj; and rank means R.; for the probe word data.
Table 2
Group Time points
1 2 3 4 5 6 7
control | 185.3 | 99.6 | 47.7 | 42.6 | 79.0 | 109.6 | 122.7 | 170.7
obese | 212.0 | 180.0 | 150.5 | 123.5 | 95.1 | 115.3 | 144.0 | 172.3
Table 2. Rank means for the PIP data.
Table 3
Diet
(E) (C) Results
Pair gas gas
O N O N Effect | Statistic | p-value
1 30 7 26.5 |12
2 26.5 5 19 1 Diet effect 4 = 21910.182
3 21 22 28 3 Gas effect | QP =46.62 | 0.00025
4 29 31 32 15 Interaction | Q4= 6.47 | 0.0385
5 23 13.5 |18 4
6 11 13.5 | 25 2
7 9 10 24 8
8 17 16 20 6
mean | 20.81 | 14.75 | 24.06 | 6.38

Table 3. Ranks, rank means and results for the diet data.
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Table 4

Simulated type I error
level n="110
20% 0.189—0.208
10% 0.092—0.110
5% 0.046—0.056
1% 0.007—0.013

Table 4. Range of the simulated type I error probability for the distributions (1) - (4)
for n = 7,10 and for ¢ = 0,1,2. The RT of the statistic for the paired ¢-test is compared

with the [y ,_;-distribution.

Table 5
Simulated type I error
F-distribution x2_y-distribution

level n=>5,10 n=> n =10 n = 20
20% | 0.189—0.213 | 0.236—0.245 | 0.216—0.230 | 0.204—0.215
10% |0.094—0.108 | 0.139—0.152 | 0.116—0.124 | 0.106—0.113

5% | 0.044—0.058 | 0.072—0.090 | 0.061—0.072 | 0.055—0.062

1% [0.009—0.016 | 0.029—0.035 | 0.017—0.022 | 0.014—0.016

Table 5. Range of the simulated type I error probability for the distributions (1) - (4).
The statistic Q¥ given in (15) is compared with the F-distribution with f; = ¢ — 1 and
fo =n.—1 d.f. and with the asymptotic y2-distribution.

Table 6
Simulated type I error / F-Approximation
level  n=6,10 b=4|n=1520 b6=10
20% | 0.188—0.213 0.184—0.206
10% | 0.095—0.108 0.084—0.111
5% |0.042—0.057 0.032—0.055
1% | 0.006—0.015 0.004—0.013

Table 6. Range of the simulated type I error probability for the distributions (1) to (4).
The statistic (n—b+1)QM(B)/[(b—1)(n—1)] is compared with the F},_; ,,_;,-distribution
where QM (B) is given in (13).
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Table 7

Simulated type I error

Xi_,-Approximation, b = 4

level

n =230

20%
10%
5%
1%

0.513 | 0.400 |0.284
0.423 1 0.284 |0.175
0.350 | 0.207 | 0.106
0.249 |1 0.109 |0.040

0.245
0.137
0.078
0.024

Table 7. Range of the simulated type I error probability for normally distributed errors
and subject effects. The statistic Q*(B) given in (13) is compared with the asymptotic
Xi_,-distribution.

Table 8
Simulated type I error
level n="17,10
20% 0.177—0.215
10% 0.080—0.115
5% 0.027—0.057
1% 0.004—0.014

Table 8. Range of the simulated type I error probability for the distributions (1) - (4)
for n = 7,10 and for ¢ = 0,1,2. The statistics Q,(A) and Q,(AB) are compared with
the Iy ,_;-distribution.

Table 9

Simulated type I error / F-Approximation

level

n="17,10 b=4]|n=1520 b=10

20%
10%
5%
1%

0.181-0.212 0.188—-0.234
0.078—0.106 0.085—-0.112
0.033—0.052 0.036—0.057

0.004—-0.013 0.004—0.009

Table 9. Range of the simulated type I error probability for the distributions (1) to (4).
The statistics g and Fyp are compared with the F,_; 3,,_4-distribution.
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Table 10

Simulated type I error

Xi_,-Approximation, b = 4
level  n=T|n=10|n=20|n =30
20% [0.322 10.290 |0.243 |0.228
10% | 0.208 | 0.170 |0.126 |0.122
5% | 0.146 | 0.114 | 0.070 | 0.069
1% {0.067 | 0.047 |0.020 |0.015

Table 10. Range of the simulated type I error probability for normally distributed errors
and subject effects. The statistics @,(B) and Q,(AB) given in (19) and (21), respectively,
are compared with the limiting y#_,-distribution.
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