
MLE IN THE PROPORTIONAL ODDS MODELBY S.A. MURPHY1, A.J. ROSSINIAND A.W. VAN DER VAARTPennsylvania State University, University of South Carolinaand Free University AmsterdamJune, 1996 revisionWe consider maximum likelihood estimation of the parameters in the proportional oddsmodel with right censored data. The estimator of the regression coe�cient is shown tobe asymptotically normal with e�cient variance. The maximum likelihood estimatorof the unknown monotonic transformation of the survival time converges uniformly at aparametric rate to the true transformation. Standard errors of the estimated regressioncoe�cients are estimated by di�erentiation of the pro�le likelihood and are shown tobe consistent. A likelihood ratio test for the regression coe�cient is also considered.
1. IntroductionThe proportional odds model represents an important alternative to the proportional haz-ards model in survival analysis. In the two sample problem, the proportional odds modelconstrains the ratio of odds of survival to be constant with time, whereas the proportionalhazards model constrains the ratio of hazards to be constant with time. The proportionalityconstraint on the odds ratio implies that the ratio of the hazards converges to unity as timeincreases. A constant e�ect in terms of the odds ratio, yet a hazards ratio converging toone, can occur if the treatment e�ect on the hazard of failure dissipates with time. To gen-eralize the proportional odds model to multiple samples and continuous covariates, Bennett(1983a, 1983b) parameterizes the survival function, SZ , given the vector of covariates, Z,as �logit(SZ(t)) = G(t) + ZT�;where logit(x) = log(x=(1�x)). The unknown parameters are G, where G(t) is the baselinelog odds of failure at time t, and �, is a p-vector of regression coe�cients. When G isstrictly increasing, this model is a linear transformation model; that is, for T the survivaltime, G(T ) = �ZT� + �;1 Research partially supported by NSF grant DMS-9307255.MSC 1991 subject classi�cations: 62G15, 62G20, 62F25.Keywords and phrases: Survival analysis, pro�le likelihood, semiparametric model.1



where � is distributed according to a standard logistic distribution. Consideration of thelinear transformation model lead Cheng et al. (1995) to estimate � by an estimating equa-tion. Cheng et al. show that the resulting �̂ is consistent and asymptotically normal.The proportional odds model has been studied by many other authors. Both Dabrowska& Doksum (1988) and Wu (1995) provide estimators in the two sample problem. Otherauthors include Cuzick (1988) who, in considering estimation in the linear transformationmodel, proposes a method based on ranks, and Pettitt (1984), who minimizes a marginallikelihood of the ranks in order to estimate the regression coe�cient. Both Shen (1995)and Huang and Rossini (1995) use sieve maximum likelihood, the former for right censoredfailure times and the latter for interval censored failure times. Additionally, Bennett (1983)estimates both � and G via semiparametric maximum likelihood.Bennett's estimator of � is the maximum pro�le likelihood estimator of � (G is pro�ledout). In this paper we demonstrate that the pro�le likelihood for � can be treated muchas a parametric likelihood for �. In particular, the maximum pro�le likelihood estimatorof � is consistent, asymptotically normal and e�cient. Di�erentiation of the pro�le likeli-hood yields consistent estimators of the e�cient information matrix. Additionally, a pro�lelikelihood ratio statistic can be compared to percentiles of the chi-squared distribution toproduce asymptotic hypothesis tests of the appropriate size. Section 2 contains a descrip-tion of the asymptotic results and Section 3 gives a numerical comparison of the maximumpro�le likelihood estimator with the estimator of Cheng et al. (1995).
2. ResultsAs in Bennett (1983), it is convenient to use a slight reparametrization, H(t) = eG(t),so that H is the baseline odds of failure. The parameter, H, is a nondecreasing, right-continuous function with left-hand limits, from the positive real line to the positive realline, and H(0) = 0. In terms of the reparametrization, we haveSZ(t) = e�ZT�H(t) + e�ZT � :We want to allow SZ to be either a continuous or discrete or possibly a mixed distribution.Therefore we specify the conditional probability density with respect to the sum of theLebesgue and the counting measure, bye�ZT �(H(t) + e�ZT �)(H(t�) + e�ZT�)h(t);where H(t�) is the left-hand limit of H at t. If H is absolutely continuous, then h is thederivative of H; or if H is discrete, then h(t) = �H(t) = H(t) � H(t�). Bennett (1983)2



assumes that SZ is continuous, so that the denominator reduces to the square of H(t) +e�ZT� .We consider the use of this model for right censored data. That is, the observationsare n i.i.d. copies of X = (Y = T ^ C; �; Z), where T denotes the failure time, and C is acensoring time. Conditional on Z, T is independent of C. The censoring indicator, �, isone if T � C and zero otherwise. Then the contribution of X ispH;�(x) =  e�zT�(1� FC(y � jz))(H(y) + e�zT�)(H(y�) + e�zT�)h(y)!�  e�zT�H(y) + e�zT� fC(yjz)!1�� fZ(z);where FZ is the marginal distribution of Z, FC is the conditional distribution of C givenZ, and lowercase letters denote the respective densities. If H is known to be absolutelycontinuous, then, as in the case of density estimation, there is no maximizer of the likelihood.However, if H is known to be discrete then a maximizer exists (as is proved below). Toentertain a maximum likelihood estimator, we take the contribution to the likelihood forone observation to be,lik(X;H;�) =  e�ZT �(H(Y ) + e�ZT �)(H(Y�) + e�ZT�)�H(Y )!�  e�ZT�H(Y ) + e�ZT�!1�� ;where we have replaced h by �H. An alternative approach is to use a sieve; see Shen(1995) and Huang and Rossini (1995) for examples using the proportional odds model. Themaximum likelihood estimator of H will be a nondecreasing step function with steps at theobserved failure times.The pro�le log likelihood for � is given by Prlikn(�) =Pni=1 log lik(Xi; Ĥ� ; �), whereĤ� maximizes the log likelihood for a �xed �. The maximum pro�le likelihood estimator,�̂, maximizes Prlikn(�). This estimator is a function of the survival times only throughtheir ranks. To see this, order the observed survival times from smallest to largest so thatt(1) < t(2) < : : : < t(k), where k is the number of unique observed survival times. Assignthe ranks 1 through k to these times. Censored times are assigned the rank correspondingto the largest t(i) less than or equal to the censored time. It turns out that the pro�lelikelihood is the same, whether we use the Yi's, or replace them by their ranks. For a �xed�, the log likelihood evaluated at Ĥ� is maximal. The log likelihood with Yi's replaced bytheir ranks can attain the same maximum by setting �Ĥ�(ij) equal to �Ĥ�(Yj), whereij is the rank of Yj . The same argument can be made in the opposite direction hence thepro�le likelihood is invariant under any rank preserving transformation, and subsequently�̂ is a function of the Yi's only through their ranks.In the theorems below we make the following assumptions. For � a �nite time point,assume P [C � � ] = P [C = � ] > 0. That is, the study ends at time � , and any remaininglive individuals are considered censored at time � . Also assume that, on the average, someindividuals are at risk at time � , that is P [T > � ] > 0. Finally, for any possible covariate3



pattern, the chance of observing a survival time should be positive, i.e. P [T � CjZ] > 0almost surely under FZ . Two technical conditions (that should not be necessary) are that �is known to lie in a compact set, say B, and that the support of Z is bounded. In order for� to be identi�able, we need to assume that the covariance matrix of Z is positive de�nite.Since the maximum pro�le likelihood estimator of � is also the �-coordinate of the maximumlikelihood estimator (Ĥ; �̂), the existence and consistency results can be expressed in termsof the joint maximum likelihood estimators.THEOREM 2.1. (Existence). There exists a pair (H;�) that maximizesQni=1 lik(Xi;H;�)over the set of nondecreasing functions H with H(0) = 0 by B.If we constrain H(�) to be bounded by a constant, then the continuity of the likelihoodin H and � can easily be seen to imply the existence of the maximum likelihood estima-tors. As a result, the proof of (2.1) needs to show only that the likelihood evaluated atany sequence Hm with Hm(�) diverging to in�nity as m increases will not approach themaximum value of the likelihood. This proof is omitted, as it is similar to the proof thatthe estimator of H(�) does not diverge as n increases; this is done in Theorem 2.2. Denotethe supremum norm on the interval [0; � ] by k � k1 and the Euclidean norm by k � k2.THEOREM 2.2. (Consistency and Asymptotic Normality). The maximum likelihoodestimator is consistent; kĤ�H0k1 and k�̂��0k2 converge almost surely to zero as n!1.Additionally if �0 is in the interior of B, then pnkĤ �H0k1 is bounded in probability andpn(�̂��0) converges in distribution to a p-variate normal distribution with mean zero ande�cient variance, ��1.The e�cient variance, ��1 (see (4.9), (4.10) and (4.11)), is not expressible in an explicitform. Estimation of this matrix is considered below. In the proof of the preceding theorem,we give an asymptotic normality result for pn(Ĥ �H0) considered as a functional on thespace of uniformly bounded functions of uniformly bounded variation. This implies, forexample, that the asymptotic distribution of pn(Ĥ(t)�H0(t)) is normal.Since Ĥ� is not an explicit function of �, we are unable to di�erentiate the pro�le loglikelihood explicitly in � to form an estimator of �. Instead, we numerically di�erentiate thisfunction, using forward �nite di�erences for the o�-diagonal elements, and a combinationof a forward and backward �nite di�erences for the diagonal elements. Let h1; : : : ; hp berandom variables, all converging in probability to zero as n increases. Denote the p-vectorwith a one in the ith location and zeros elsewhere by ei.THEOREM 2.3. (Estimation of the Standard Errors). For i 6= j let��̂ij = 1nhihj �Prlikn(�̂ + hiei + hjej)� Prlikn(�̂ + hiei)� Prlikn(�̂ + hjej) + Prlikn(�̂)�4



and put ��̂ii = 1nh2i �Prlikn(�̂ + hiei)� 2Prlikn(�̂) + Prlikn(�̂ � hiei)�:If, for each i; j, hi P! 0 and both hi=hj and (pnhi)�1 are bounded in probability as n!1,then �̂ij converges in probability to the (i; j)th component of �.In the simulations, we use hi = max(j�̂ij; 1) � sign(�̂i)=pn or hi = sign(�̂i)=pn. Theproof of this theorem is given in Murphy and van der Vaart (1996). Other, more complex,numerical methods could be considered. One possibility is to �t a higher order spline tothe pro�le log likelihood, and to di�erentiate the spline. However the simulations belowdemonstrate that this simple approach works well.In the following theorem we verify the use of the pro�le likelihood ratio statistic forhypothesis testing and for obtaining, via inversion, con�dence intervals. For example, con-sider a test of H0:�j = �j0 versus H1:�j 6= �j0. Denote the maximum likelihood estimatorof (H;�) under the null hypothesis by (Ĥ0; �̂0), ie., Ĥ�̂0 is Ĥ0.THEOREM 2.4. (Likelihood Ratio Inference). Under H0:�j = �j0 the pro�le likelihoodratio statistic, lrtn(�j0) = 2�Prlikn(�̂)� Prlikn(�̂0)�has an asymptotic chi-squared distribution with one degree of freedom.
3. Computation and Simulation ResultsThe likelihood can be written asnYi=1 e�ZTi �H(Yi) + e�ZTi �! �H(Yi)H(Yi�) + e�ZTi �!�i :The presence of the terms �H(Yi) forces the estimator of H to have positive jumps at theobserved failure times. Further considerations (see e.g. the representation for Ĥ below)show that Ĥ does not have jumps at any other points. Thus, the number of parameters is pplus the number of observed failure times. If the largest Y , say Y(n), is an observed failuretime and there are no censorings at this time, then �H(Y(n)) appears in the likelihoodonly through the term �H(Y(n))=�H(Y(n))+e�ZT(n)��. This term is increasing in �H(Y(n))(when keeping H(Y(n)�) �xed), and maximally one for �Ĥ(Y(n)) =1. By our stipulationthat P (T > �) > 0, the largest Y will be censored at � with probability tending to one.Hence in our proofs we need not worry about this case. In practice the largest Y may be5



an observed failure time, and then the likelihood is given bynYi=1Yi<Y(n)  e�ZTi �H(Yi) + e�ZTi �! �H(Yi)H(Yi�) + e�ZTi �!�i nYi=1Yi=Y(n) 0B@ e�ZTi ��H(Y(n)�) + e�ZTi ���i1CA :We see that all observed failure times equal to the largest Y enter the likelihood as if theywere censored failure times. So when the largest Y is an observed failure time, we set�Ĥ(Y(n)) equal to positive in�nity, and for estimation of the remaining jumps of H we actin the computations as if all observed failure times equal to the largest Y are censored. Inthe computations the number of parameters is p + k, where k is the number of observedfailure times not equal to the largest Y .To maximize the log likelihood, we use the IMSL routine, UMIAH, which employs amodi�cation of the Newton-Raphson algorithm. This routine requires both the speci�cationof the gradient and the Hessian. The gradient is a p + k dimensional vector found bydi�erentiating the log likelihood with respect to the p-dimensional vector � and with respectto the k jumps, �H. Similarly, the Hessian is a p + k � p+ k matrix. In a problem withtwo covariates, estimation of the parameters requires one maximization, estimation of thestandard errors requires �ve maximizations, and a likelihood ratio test requires an additionalmaximization. However, the routine works quite fast as can be seen from the CPU timesin Table 1. These are the average times to simulate a sample, calculate the estimatorsand their standard errors, and to perform a likelihood ratio test for the �rst regressioncoe�cient.In the simulations we compared the pro�le likelihood approach with the estimatingequation approach of Cheng et al. Cheng et al. allow for a variety of weight functions. It wasour experience that the method using the suggested optimal weight function occasionallylead to computational di�culties and when there were no computation di�culties, theresults were virtually identical to using a weight function of 1. As a result we used Cheng etal.'s estimator based on a weight function of 1 in the following comparisions. We consideredtwo sample sizes, 50 and 100, along with two levels of censoring, 10% and 20% censoring.There are two covariates: the �rst covariate is a Bernoulli(.5) variable and the secondcovariate is either a uniform or an exponential variable. When the censoring is independent,the failure times are censored at a �xed time point. Furthermore, we considered two typesof dependent censoring. In the �rst type of dependent censoring, the censoring varied by thecovariate pattern, but was at a �xed time point corresponding to 10% or 20% censoring,conditionally on the covariate pattern. In the second type of dependent censoring, thefailures with the �rst covariate equal to zero were not censored, and the failures withthe �rst covariate equal to one were censored at a �xed time which corresponded to 20%censoring. Two possibilities were considered for the function H: H(t) = t and H(t) = t2.The two regression coe�cients were set to either 1 or 0.6



To compare the two methods, we calculated the mean square errors of the estimators(Cheng et al.'s estimator and the pro�le estimator), and constructed Wald 95% con�denceintervals for the regression coe�cients. In general, the mean square errors as the estimatorsof �1 are comparable, with the Cheng et. al estimator apparently slightly more accurate.For the estimators of �2 the results depend on the distribution of the covariate. For auniformly distributed covariate the estimators were comparable, whereas for an exponentialdistribution the pro�le likelihood estimators appears to be between 10 % and 13 % moree�cient. Both methods produce con�dence intervals with slightly lower con�dence than95%. However, the con�dence level of the Wald interval based on the pro�le estimator israrely signi�cantly di�erent from 95%, whereas the con�dence of the Wald interval basedon Cheng et al.'s estimator is often signi�cantly di�erent from 95%. The reason for this isthat, although the Cheng et al. estimator is accurate, the estimator of its standard errortends to be too low. Tables 1 and 2 give the results of six representative simulations, eachof 1000 samples. In all six simulations, �̂ = (0; 1), H(t) = t, and n = 100.Our example is from the Veterans Administration lung cancer trial (Prentice, 1973).This data set has been analyzed by many authors; in particular, Bennett (1983ab), Pettitt(1984) and Cheng et al. (1995) �t a proportional odds model. All of these authors use thesubgroup of 97 patients with no prior therapy. The response is patient survival time andthe four covariates are performance status (PS) and a factor with four levels, (large, adeno,small and squamous tumor types). Cheng et al. present a table comparing their estimatesand estimated standard errors with the other two methods. Estimates, standard errors andlikelihood ratio test p-values for the pro�le method are given in Table 3. The likelihoodratio tests are for the null hypothesis that the parameter is zero. Figure 1 gives a contourplot of 2 times the pro�le log likelihood ratio for the coe�cient of small (vs. large tumortype) and PS. Each contour corresponds to a constant value of 2 times the log likelihood,maximized over the entire parameter space minus 2 times the log likelihood, maximizedover H and the two remaining regression coe�cients. The dark contour is at 6, the 95thpercentile of a chi-squared on two degrees of freedom. As a result, the collection of covariatevalues corresponding to the interior of the dark contour forms a 95% con�dence region forsmall tumor type and PS. Figure 2 gives a similar plot for adeno (vs. large tumor type)and PS. Both plots illustrate the degree to which the data indicates that the parameters arenonzero. Additionally both plots lend support to the asymptotic normality results given inthe last section.
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4. AppendixWe denote expectation with respect to the empirical distribution of the data by Pn anddenote expectation with respect to the true underlying distribution of the data by PH0;�0or, more brie
y, by P0. In general, for a function g of the data, X, and estimators, (Ĥ; �̂),Pn[g(X;H;�)] evaluated at (H;�) = (Ĥ; �̂) is written as Pn[g(X; Ĥ; �̂)] and likewise forexpectation with respect to P0. The supremum norm on the interval [0; � ] is denoted byjj � jj1.We �rst show that the maximum likelihood estimator, Ĥ, satis�es the equation,(4:1) Ĥ(t) = Z t0 1Wn(u; Ĥ; �̂)dGn(u);where (1=Wn)(u) and Gn(u) are nondecreasing functions in u de�ned byWn(u;H;�) = Pn � IfY � ugH(Y ) + e�ZT� + �IfY > ugH(Y�) + e�ZT � � ; Gn(u) = Pn�IfY � ug:The equations (4.1) are a reexpression of the likelihood equations for H. To derive theseequations, de�ne a path through Ĥ, indexed by �, as dH�(t) = (1 + �h1(t))dĤ(t), whereh1 is an arbitrary nonnegative bounded function. Since the log likelihood is maximized at(Ĥ; �̂) over the whole model, it is maximized at " = 0 when evaluated on the submodelgiven by (H�; �̂). The derivative of the log likelihood with respect to � evaluated at � = 0yields a score function for H in the \direction" h1, given by`1H�(X)[h1] = �h1(Y )� R Y0 h1dHH(Y ) + e�ZT� � � R Y�0 h1dHH(Y�) + e�ZT� :The preceding argument shows that Pn`1Ĥ;�̂(X)[h1] = 0 for all h1. Putting h1(u) = Ifu �tg and changing the order of integration results in (4.1). In a similar fashion, de�ne a paththrough �̂, indexed by �, as �� = �̂ + �h2, where h2 is a �xed vector in Rp. Di�erentiationof the log likelihood with respect to � and evaluation at � = 0 yields the score function for� in the direction h2,hT2 `2H�(X) = �hT2 Z 1� e�ZT�H(Y ) + e�ZT� � �e�ZT �H(Y�) + e�ZT �! :As before, Pn`2Ĥ;�̂(X) = 0.We shall repeatedly use the following lemma, taken from Chapter 2.10 of van derVaart and Wellner (1996). The general de�nition of a Donsker class can be found in thisreference as well. However, we shall need only the result that the class BVM of all functionsf : [0; � ] ! R that are uniformly bounded by a constant M and are of variation boundedby M is Donsker (for each �xed M < 1). We note that every Donsker class F withintegrable envelope function x ! supf jf(x)j, in particular a uniformly bounded class, isGlivenko-Cantelli. This means that supf2F jPnf � Pf j ! 0, almost surely.8



LEMMA 4.1. For a Lipschitz function �: IRk ! IR and classes Fi of functions fi:X ! IRlet �(F1; : : : ;Fk), denote the set of all functions x! ��f1(x); : : : ; fk(x)� as fi ranges overFi, for each i. If each class Fi is Donsker with integrable envelope function, then the class�(F1; : : : ;Fk) is Donsker, provided that it consists of square-integrable functions.One use of Lemma 4.1 is in the analysis of random step functions of the formZ �0 1Wn(u;Hn; �n) dGn(u);where Hn and �n could be random. The functions u ! Wn(u;H;�) are contained inBVM 0 for some M 0 and uniformly bounded away from zero as H ranges over the set H ofnonnegative, nondecreasing elements of BVM and �n ranges over B. Suppose that Hn iscontained in H and converges pointwise to a function H� almost surely and �n convergesto an element �� of B almost surely. Then two applications of Lemma 4.1 yield


Z �0 1Wn(u;Hn; �n) d(Gn(u)�G(u))


1 as! 0and supu2[0;� ];H2H;�2B ��Wn(u;H;�) �W (u;H;�)�� as! 0;whereW (u;H;�) andG are the expectations ofWn(u;H;�) andGn, respectively, evaluatedat H0 and �0. The above displays, combined with the dominated convergence theorem, yield(4:2) 


Z �0 1Wn(u;Hn; �n)dGn(u)� Z �0 1W (u;H�; ��)dG(u)


1 as! 0:Note that H0(t) = R t0 W (u;H0; �0)�1dG(u).LEMMA 4.2. Both H0 and �0 are identi�able. If H is absolutely continuous with respectto H0, H(0) = 0 and pH;�(x) = pH0;�0(x) almost everywhere under PH0;�0 , then H = H0and � = �0.Proof. Considering the densities pH;� = pH0;�0 on � = 1, we see that(4:3) dHdH0 (y) = ezT (���0) �H(y) + e�zT���H(y�) + e�zT���H0(y) + e�zT�0��H0(y�) + e�zT�0� ;for almost every (y; z) such that P(C � yjZ = z) > 0.If H0 has a jump at its left endpoint t� = infft:H0(t) > 0g, then we can insert y = t�and obtain that �H(t�)�H0(t�) = �H(t�) + e�zT��H0(t�) + e�zT�0 ;9



for FZ -almost every z. This implies that ezT (�0��) = �H(t�)=�H0(t�) and hence thatthe variable zT (�0 � �) is degenerate. Thus, � = �0 under our assumption that covZ isnondegenerate.If H0 does not jump at t�, then (4.3) is valid for every ym in a sequence ym # t�, foralmost every z in the set Am = �z: P(C � ymjZ = z) > 0	. Then Am " A = �z: P(C >t�jZ = z) > 0	, which has probability 1 under FZ by assumption. The limit as m!1 ofthe right hand side of (4.3) when evaluated at ym is ezT (�0��). Apparently, the left-handside converges as well, to a limit that is not dependent on z. Again we obtain that � = �0.Now on � = 1 and the set of z for which P (C � � jz) > 0,1(H(t) + e�zT�0)(H(t�) + e�zT�0) (dH=dH0)(t) = 1(H0(t) + e�zT�0)(H0(t�) + e�zT�0) ;for almost every t 2 [0; � ] under H0. By assumption, the set of z for which this holds haspositive measure and hence is nonempty. Integrating both sides from 0 to u, yields1H(u) + e�zT�0 = 1H0(u) + e�zT�0for all u � � . Therefore H(u) = H0(u) for all u � � .Proof of Consistency in Theorem 2.2. First we show that the sequence Ĥ(�) isbounded, almost surely. Then, using (4.1) we show that the sequence (Ĥ; �̂) is relativelycompact. Finally, using the above lemma on identi�ability, we prove that any convergentsubsequence of (Ĥ; �̂) must converge to (H0; �0).De�ne a random step function~H(t) = Z t0 1Wn(u;H0; �0) dGn(u):Note that ~H relates to Gn in a similar manner as Ĥ, but with Wn evaluated at (H0; �0),rather than at (Ĥ; �̂). Since H0 is bounded on [0; � ] and � is restricted to a compact set,the functions u ! Wn(u;H0; �0) are uniformly bounded away from zero and in�nity andof uniformly bounded variation. By the argument in the beginning of the appendix, we seethat k ~H �H0k1 converges almost surely to zero.Since (Ĥ; �̂) maximizes the log likelihood,(4:4) Pn hlog lik(X; Ĥ; �̂)� log lik(X; ~H;�0)i � 0:By the de�nition of the likelihood, the left side of this display can be rewritten as(4:5) � Pn� log � ~H(y)�Ĥ(y) Ĥ(y) + e�zT �̂~H(y) + e�zT�0 Ĥ(y�) + e�zT �̂~H(y�) + e�zT�0!+ PnzT (�0 � �̂)� Pn(1� �) log Ĥ(y) + e�zT �̂~H(y) + e�zT�0 :10



Here, by the de�nition of ~H and (4.1),(4:6) � ~H(y)�Ĥ(y) = Wn(y; Ĥ; �̂)Wn(y;H0; �0) � Wn(y; Ĥ; �̂)m+ o(1) ; a:s:;uniformly in y, for a su�ciently small constant m > 0, because Wn(y;H0; �0) convergesalmost surely toW (y;H0; �0), which is bounded away from zero on [0; � ]. Similarly, many ofthe other terms in (4.5) are bounded as well, by the uniform convergence of ~H to H0 and theassumption of compact ranges for Z and �. For instance, ~H(y) + e�zT�0 is bounded above(and below), uniformly in y, and Ĥ(y) + e�zT �̂ is bounded below by a positive constant,uniformly in y. It follows that, for a su�ciently small m > 0 and a su�ciently large M , theexpression (4.5) is bounded above by(4:7) � Pn� log�Wn(y; Ĥ; �̂)�Ĥ(y) +m��Ĥ(y�) +m��� log�Ĥ(�) +m�Pn(1� �)fy = �g+M + o(1); a:s::Since Gnf(y) = Pn�f(Y ) by de�nition, and Gn has a density Wn(y; Ĥ; �̂) with respect toĤ by (4.1), the �rst term can be rewritten as� Z log�Wn(y; Ĥ; �̂)�Ĥ(y) +m��Ĥ(y�) +m��Wn(y; Ĥ; �̂) dĤ(y)� supx (�x log x)Z dĤ(y)�Ĥ(y) +m��Ĥ(y�) +m� ;which is bounded above. Since the expression in (4.7) is bounded below by zero and thesequence Pn(1��)fy = �g converges almost surely to a positive number under our assump-tions, we conclude that the sequence Ĥ(�) is almost surely bounded as n!1.For � ranging over B and for H1 and H2 ranging over the set of bounded (by a constantM) monotone step functions on [0; � ] all of which satisfy y ! �H1=�H2(y) 1) with variationbounded by M , 2) bounded above by M , and 3) bounded below by a constant m > 0, theset of functions x ! log lik(x;H1; �) � log lik(x;H2; �0) is Glivenko-Cantelli. Since Ĥ and~H satisfy all these constraints as n!1, almost surely, (4.4) implies that(4:8) P0 hlog lik(X; Ĥ; �̂)� log lik(X; ~H;�0)i � �o(1); a:s::Now �x an ! in the underlying probability space such that Ĥ(�) is bounded by aconstant M for every n, such that Gnf � Gf ! 0 uniformly in the functions of variationbounded by M and such that the preceding display is valid for this !. The functionsu ! Wn(u; Ĥ; �̂) are decreasing and bounded away from zero and in�nity. By Helly'slemma and the compactness of B, every subsequence of n has a further subsequence alongwhich �̂ ! �� for some �� and Wn(u; Ĥ; �̂) ! W �(u) for every u and some monotone11



function W �. Then, uniformly in t,Ĥ(t) = Z t0 1Wn(u; Ĥ; �̂) dGn(u) = Z t0 1Wn(u; Ĥ; �̂) dG(u) + o(1)! Z t0 1W �(u) dG(u) =:H�(t);by the dominated convergence theorem. Hence Ĥ ! H� uniformly on [0; � ] and H� isabsolutely continuous with respect to G and thus alsoH0. Consequently (see the expressions(4.5) and (4.6)),log lik(x; Ĥ; �̂)� log lik(x; ~H;�0)! log lik(x;H�; ��)� log lik(x;H0; �0); every x:By the dominated convergence theorem and (4.8), we conclude that the last function hasa nonnegative mean under P0, which is the Kullback-Leibler divergence of the measuresPH�;�� and P0. Hence H� = H0 and �� = �0 by Lemma 4.2.Since every subsequence of n contains a further subsequence for which (Ĥ; �̂) convergesuniformly to (H0; �0), we have convergence for the entire sequence. Uniform convergenceof Ĥ follows from a lemma stated in Chung (1974, pg. 133), since, for any u a jump pointof H0, we have �Ĥ(u) converges to �H0(u) (note that �Ĥ(u) = Wn(u; Ĥ; �̂)�1�Gn(u)).Let h1 be a bounded function of bounded variation and h2 a p-dimensional vector.For h = (h1; h2), denote the information operator by �(h) = (�1(h); �2(h)) where �1(h)is a bounded function of bounded variation and �2(h) is a p dimensional vector. Thename information operator comes from the fact that P0[`1H0;�0(X)[h1] + hT2 `2H0;�0(X)]2= R �1(h)(u)h1(u)dH0 + hT2 �2(h). The forms are:�1(h)(u) = h1(u)W (u;H0; �0)� P0 "IfY � ug R Y0 h1dH0(H0(Y ) + e�ZT�0)2 + �IfY > ug R Y�0 h1dH0(H0(Y�) + e�ZT�0)2 #+(4:9) hT2 P0 �� IfY � ug(H0(Y ) + e�ZT �0)2 + �IfY > ug(H0(Y�) + e�ZT �0)2� e�ZT�0Z�and �2(h) = P0 " R Y0 h1dH0(H0(Y ) + e�ZT�0)2 + � R Y�0 h1dH0(H0(Y�) + e�ZT�0)2! e�ZT�0Z#+(4:10) P0 �� H0(Y )(H0(Y ) + e�ZT�0)2 + �H0(Y�)(H0(Y�) + e�ZT�0)2� e�ZT�0ZZT�h2:De�ne the space BV to be the set of uniformly bounded functions of bounded variation,equipped with the norm k � kBV, which is de�ned as the maximum of the supremum normand the total variation norm both on the interval [0; � ]. We equipped the space BV � Rpwith the norm k � k equal to the maximum of k � kBV and the Euclidean norm.12



LEMMA 4.3. The linear operator, �: BV � Rp ! BV � Rp is onto and continuouslyinvertible.Proof. The operator � can be written as the sum of A + K of two operators, whereAh = (h1W (�;H0; �0)�1; h2). The operator A(h) is continuously invertible (with inverseA�1(h) = (h1W (�;H0; �0)�1; h2)), since W is bounded away from zero. Since we can write� in the form A(I+A�1K), it su�ces by Theorem 4.25 in Rudin (1973) to show that A�1Kis compact and that A+K is one-to-one. The �rst is true if K is compact.ConsiderK. Since a bounded linear operator with �nite-dimensional range is compact,we need only show that the operator K1: BV! BV, given byK1(h1)(u) = P0 "IfY � ug R Y0 h1dH0(H0(Y ) + e�ZT�0)2 + �IfY > ug R Y�0 h1dH0(H0(Y�) + e�ZT �0)2 #is compact. Thus, given a sequence of functions h1n with khn1kBV � 1, we must show thatthere exists a subsequence and an element g 2 BV such that kK1hn1 � gkBV ! 0. Now K1is a linear operator with kK1h1kBV � C R jh1j dH0 for every h1, and a �xed constant C.Hence, it su�ces to show that there exists a subsequence of h1n that converges in L1(H0).This is an easy consequence of Helly's lemma. We can split h1n in its positive and negativevariation, and select a subsequence along which both parts converges pointwise. Then h1nconverges to the di�erence of the limits in L1(H0) by the dominated convergence theorem.To prove that � is one-to-one, we prove that if k�(h)k = 0 for an h with a boundednorm then khk = 0. Suppose that k�(h)k = 0, then R h1�(h)dH0 + hT2 �2(h) = 0, and both�1(h) and �2(h) are identically zero. As in the proof of Lemma 4.2, consider two cases,corresponding to �H0(t�) equal to zero or positive, in order to prove that h2 is zero (inLemma 4.2 the goal was to prove that � = �0). We omit the details, as they are very similarto the method given in Lemma 4.2. Since 0 = �1(h1; 0) = P0[`1H0�0(X)[h1], we have thatwhen P0(C = � jZ) > 0, R �0 h1dH0H0(�) + eZT �0 = 0:Since P0(C = � jZ) > 0 on a set of positive probability, we may use the above alongwith a proof that h1 is either nonnegative or nonpositive, to infer that h1 is almost every-where (a:e:) equal to zero. This plus the form of equation (4.9) and h2 = 0 implies thath1(u)W (u;H0; �0) is identically equal to zero and thus h1 is identically equal to zero.To prove that h1 is either nonnegative or nonpositive, we use �1(h1; 0) = 0. Byrestricting ourselves to the portion of the sample space for which � = 1 and Z is in aset A of positive probability for which P [C = � jZ] > 0, we have thath1(T ) = R T0 h1dH0(H0(T ) + e�ZT�0)2 + R T�0 h1dH0(H0(T�) + e�ZT �0)213



for almost every T 2 [0; � ] and Z 2 A. Rearranging terms results in,h1(T ) = R T�0 h1dH0H0(T�) + e�ZT�0  1 + H0(T ) + e�ZT �0H0(T�) + e�ZT�0! :Replace h1 by a function g which has both right and left hand limits (g = h1 a:e:H0), givenby, g(t) = R t�0 h1dH0H0(t�) + e�zT0 �0  1 + H0(t) + e�zT0 �0H0(t�) + e�zT0 �0!for an arbitrary z0 in A. The function g can be expressed as a sum of integrals with respectto H0, g(t) = Z t0 R u�0 gdH0(H0(u�) + e�zT0 �0)2 dH0(u) + Z t�0 R u�0 gdH0(H0(u�) + e�zT0 �0)2 dH0(u):A proof by contradiction su�ces to show that g must be either nonnegative or nonpositive.Since g is a:e: equal to h1, we have that h1 is a:e: (H0) nonnegative or nonpositive.Write the inverse of � as ~�. So ~�(h) = (~�1(h); ~�2(h)) with �rst component a functionin BV and second component a p dimensional vector. Denote the p dimensional vector witha one in the i location and zeros elsewhere by ei. De�ne the p� p matrix,(4:11) ��1 = (~�2(0; e1); : : : ; ~�2(0; ep)) :The matrix is symmetric and Lemma 4.3 implies that hT2 ��1h2 = hT2 ~�2(0; h2) > 0 for h2nonzero; hence ��1 is invertible.LEMMA 4.4. The e�cient score function for the estimation of � is the vector~̀(X) = `2H0�0(X)� `1H0�0(X)[g�]where `1H0�0 is applied component wise to the p dimensional vector of functions g� and,g� = ��0B@ ~�1(0; e1)...~�1(0; ep)1CA :Proof. We must show that ~̀ is orthogonal to the score for H, given by `1H0�0(X)[g1] forany bounded function g1. Consider eTi ��1P0 ~̀̀ 1H0�0(X)[g1] which is equal to,P0 �eTi ��1`2H0�0(X) � `1H0�0(X)[eTi ��1g�]� `1H0�0(X)[g1]Now eTi ��1 = ~�2(0; ei)T so the above is equal toP0 �~�2(0; ei)T `2H0�0(X) + `1H0�0(X)[~�1(0; ei)]� `1H0�0(X)[g1]:14



This is equal to R g1�1(~�(0; ei))dH0 = 0.Proof of Asymptotic Normality in Theorem 2.2. In the following, \uniformboundedness" refers to the norm k � k on BV�Rp equal to the maximum of k � kBV and theEuclidean norm. Let G n = pn(Pn � P0) be the empirical process of the observations.We prove that(4:12) pn�Z h1d(Ĥ �H0) + hT2 (�̂ � �0)�= G n�(~�2(h))T `2H0�0(X) + `1H0�0(X)[~�1(h)]� + oP (1);where the remainder term converges to zero in probability uniformly over h 2 BVM � Rp.Since Lemma 4.3 implies that ~�(h) is uniformly bounded for all h 2 BV � Rp which areuniformly bounded, setting h1 = 0 results inpnhT2 (�̂ � �0) = G n�~�2(0; h2)T `2H0�0(X) + `1H0�0(X)[~�1(0; h2)]�+ oP (1);which is asymptotically normal with mean zero and variance hT2 ~�2(0; h2) = hT2 ��1h2 foreach h2 in Rp. Indeed, we may set h2 equal to each of the unit vectors, ei to get thatpn(�̂ � �0) = G n��1=2 ~̀(X) + oP (1), where ~̀ is the e�cient score function as given inLemma 4.4.Alternatively, we may put h2 = 0 in (4.12) to getpnkĤ �H0k1 � pn supkh1kBV�1 ����Z h1d(Ĥ �H0)����= supkh1kBV�1 ���G n�~�2(h1; 0)T `2H0�0(X) + `1H0�0(X)[~�1(h1; 0)]����+ oP (1);which is bounded in probability, since the integrand with h1 varying over BV1 belongs to aDonsker class.Setting h�2 = ~�2(h) and h�1 = ~�1(h), we have that0 = Pn�(h�2)T `2Ĥ�̂(X) + `1Ĥ�̂(X)[h�1 ]�0 = P0�(h�2)T `2H0�0(X) + `1H0�0(X)[h�1 ]�:Furthermore, simple algebra using the consistency of (Ĥ; �̂), the assumption that Z hasbounded support and the fact that h = �(h�) shows that(4:13) P0�(h�2)T `2Ĥ�̂(X) + `1Ĥ�̂(X)[h�1]�� P0�(h�2)T `2H0�0(X) + `1H0�0(X)[h�1]�= �Z h1 d(Ĥ �H0)� hT2 (�̂ � �0) +OP �kĤ �H0k21 + k�̂ � �0k22�:15



Combination of the three equations yields thatpn�Z h1 d(Ĥ �H0) + hT2 (�̂ � �0)� = G n�(h�2)T `2Ĥ�̂(X) + `1Ĥ�̂(X)[h�1]�+pnOP �kĤ �H0k21 + k�̂ � �0k22�:The set F of functions of the type x! hT2 `2H�(x)+`1H�(x)[h1], with h2 and � varyingin a compact set in Rp, h1 varying over BVM , and H varying in the set of nonnegativenondecreasing functions with H(�) � 2H0(�), is Donsker and uniformly bounded. Thefunction x! (h�2)T `2Ĥ�̂(x) + `1Ĥ�̂(x)[h�1] belongs to F with probability converging to one.Furthermore,�(Ĥ; �̂; h;H0; �0; h) = P0 �hT2 `2Ĥ�̂(X) + `1Ĥ�̂(X)[h1]� hT2 `2H0�0(X) � `1H0�0(X)[h1]�2converges to zero almost surely, uniformly over bounded h, by the consistency of (Ĥ; �̂) andthe dominated convergence theorem. Hence, by the asymptotic uniform equicontinuity ofthe empirical process,pn�Z h1 d(Ĥ �H0) + hT2 (�̂ � �0)� = G n�(h�2)T `2H0�0(X) + `1H0�0(X)[h�1 ]�+ oP (1) +pn oP �kĤ �H0k1 + k�̂ � �0k2�:Take the norm left and right, and conclude �rst that pnkĤ �H0k1 and pnk�̂ � �0k2 arebounded in probability, and next that the remainder term in the display is oP (1).Proof of Theorem 2.4. For a p-dimensional vector, denote the �rst entry by thesubscript of 1 and the vector of the remaining p� 1 entries by the subscript, (1). We proveTheorem 2.4 with j = 1 (i.e., H0:�1 = �10). The unconstrained MLE of � is given by�̂ = (�̂1; �̂T(1))T and the constrained MLE of � is �̂0 = (�10; �̂T(1)0)T . Partition the matrix �into � = � �11 �1(1)�(1)1 �(1)(1) � :We verify the conditions of Theorems 3.1 and 3.2 of Murphy and van der Vaart (1995)with  Ut = (t; �(1)t(�̂; Ĥ);Ht(�̂; Ĥ)) Lt = (t; �(1)t(�̂0; Ĥ0);Ht(�̂0; Ĥ0))where �(1)t(�;H) = �(1) + (�1 � t)k�(1) and Ht(�;H) = H + (�1 � t) R �0 k�dH. The p � 1dimensional vector k�(1) is given by �~�2(0; e1)�11 ~�2(0; e1)(1) and the bounded function ofbounded variation k�(u) is �~�2(0; e1)�11 ~�1(0; e1)(u). Put`(x; t; (�;H)) = log lik(x;Ht(�;H); (t; �(1)t(�;H))):16



By di�erentiating with respect to t we get the _̀ in their equation (3.16)_̀(x; t; (�;H)) = ~�2(0; e1)�11 h~�2(0; e1)T `2Ht(�;H)(t;�(1)t(�;H))(x)+ `1Ht(�;H)(t;�(1)t(�;H))(x)[~�1(0; e1)]i+ (�1 � t)k�(y)21� (�1 � t)k�(y) :It can be shown that k�(1) = ��1(1)(1)�(1)1 and that k�(u) = (1;��1(1)��1(1)(1))g�(u). There-fore, _̀(x;�10; (�0;H0)) is the e�cient score for the estimation of �1 given by,(1;��1(1)��1(1)(1))(~̀);where ~̀ is the e�cient score for the estimation of � as given in lemma 4.4. This agrees withthe intuition given in Section 3 of Murphy and van der Vaart (1995).Consideration of the form of `(x; t; (�;H)) along with an application of Lemma 4.1su�ces to verify the conditions of Murphy and van der Vaart's Lemma 3.3.All that remains is to verify equations (3.15) and (3.17) of Murphy and van der Vaart.Equation (3.15) can be veri�ed with the help of Lemma 4.1. To verify (3.17) we must provethat pnP0 �~�2(0; e1)T `2Ĥ0�̂0(x) + `1Ĥ0�̂0(x)[~�1(0; e1)]�converges to zero in probability. From the above we subtractpnP0 �~�2(0; e1)T `2H0�0(x) + `1H0�0(x)[~�1(0; e1)]�which is equal to zero and we subtractpn(�̂0��0)T�2(~�(0; e1))+pn R �1(~�(0; e1))d(Ĥ�H0)which is equal to (�̂0 � �0)T e1 and is also zero. Simple algebra su�ces to show that thecombination of the three terms is pnOP (1)(kĤ0�H0k21+k�̂0��0k22). Theorem 2.2 impliesthat this converges to zero in probability.
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Table 1: Average CPU Time for the Pro�le Estimator and the Ratio of Mean Square ErrorsDesign CPU Time (Pro�le)a MSE (Pro�le)/MSE (Cheng)Uniform Z2 and, �1 33 1.0010% independent censoring �2 1.01Uniform Z2 and, �1 24 1.0320% independent censoring �2 1.04Uniform Z2 and, �1 34 1.0110% dependent censoring(1) �2 1.01Uniform Z2 and, �1 38 1.0210% dependent censoring(2) �2 1.03Exponential Z2 and, �1 36 0.9910% dependent censoring(1) �2 0.87Exponential Z2 and, �1 38 0.9710% dependent censoring(2) �2 0.90aAverage CPU Time in Seconds on a Sun Sparc Station 10, 32mb RAM, 264mb swap space
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Table 2: Error rates of Likelihood Ratio Testaand Wald Con�dence Intervals (Pro�le, Cheng et al. (1995))Design LRT (Pro�le) 95% CI (Pro�le) 95% CI (Cheng)Uniform Z2 and, �1 0.051 0.050 0.05510% independent censoring �2 0.053 0.069�Uniform Z2 and, �1 0.067� 0.064� 0.068�20% independent censoring �2 0.066� 0.074�Uniform Z2 and, �1 0.058 0.054 0.06010% dependent censoring(1) �2 0.053 0.063Uniform Z2 and, �1 0.046 0.045 0.05210% dependent censoring(2) �2 0.058 0.062Exponential Z2 and, �1 0.059 0.056 0.06010% dependent censoring(1) �2 0.057 0.078�Exponential Z2 and, �1 0.044 0.042 0.04810% dependent censoring(2) �2 0.065� 0.076�aType I error is .05�Error rates signi�cantly di�erent from .05
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Table 3: Analysis of the Veteran Administration Lung Cancer DataCovariate Estimator Estimated Standard Error LRT p-valuePS -0.055 0.010 2.2�10�8adeno vs. large 1.339 0.556 0.015small vs. large 1.440 0.525 0.006squamous vs. large -0.217 0.589 0.715
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Small vs Large Tumor Type
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Figure1. 2*Profile Log Likelihood Ratio for PS and Small Tumor Type
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Adeno vs Large Tumor Type
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Figure 2: 2*Profile Log Likelihood Ratio for PS and Adeno Tumor Type
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