
SEMIPARAMETRIC LIKELIHOOD RATIO INFERENCEBY S.A. MURPHY1 AND A.W. VAN DER VAARTPennsylvania State University and Free University AmsterdamJuly, 1996 (revision)Likelihood ratio tests and related con�dence intervals for a real parameter in the pres-ence of an in�nite dimensional nuisance parameter are considered. In all cases, theestimator of the real parameter has an asymptotic normal distribution. However, theestimator of the nuisance parameter may not be asymptotically Gaussian or may con-verge to the true parameter value at a slower rate than the square root of the samplesize. Nevertheless the likelihood ratio statistic is shown to possess an asymptotic chi-squared distribution. The examples considered are tests concerning survival probabil-ities based on doubly censored data, a test for presence of heterogeneity in the gammafrailty model, a test for signi�cance of the regression coe�cient in Cox's regressionmodel for current status data and a test for a ratio of hazards rates in an exponentialmixture model. In both of the last examples the rate of convergence of the estimatorof the nuisance parameter is less than the square root of the sample size.
1. IntroductionIn the past decade considerable progress has been made with the study of maximum likeli-hood estimators in in�nite dimensional statistical models, sometimes called nonparametricmaximum likelihood estimators (NPMLE) or semiparametric maximum likelihood estima-tors. See for instance Gill (1989) or van der Vaart (1994a) for reviews of work in thisdirection and Gu and Zhang (1993), Huang (1996), Murphy (1995a), Van der Laan (1993),Van der Vaart (1994c, 1996), Gill, van der Laan and Wijers (1995), Huang and Well-ner (1995) and Wijers (1995) for more recent results. Most of this work is directed atproving the asymptotic normality and e�ciency of the maximum likelihood estimator ofsmooth parameters of the model. In contrast, very little progress has been made toward ageneral likelihood ratio theory for semiparametric models. Here the term `semiparametricmodel' is used in a loose sense as a model which is not �nite dimensional (as in classicalstatistics), nor fully nonparametric. (Cf. Bickel et al. (1993), pages 1{2.) In this paperwe give a general approach for the asymptotic analysis of hypothesis tests and associatedcon�dence regions based on the (semiparametric) likelihood ratio test.The results of this paper can be viewed as a step in �lling the large gap between classicalparametric likelihood ratio theory and empirical likelihood as considered by Thomas and1 Research partially supported by NSF grant DMS-9307255.MSC 1991 subject classi�cations: 62G15, 62G20, 62F25.Keywords and phrases: Least favorable submodel, pro�le likelihood, con�dence interval.1



Grunkemeier (1975), Owen (1988), Qin and Lawless (1994) and Murphy (1995b) amongothers. These authors are concerned with situation where the model for the data is fullynonparametric, in the sense that it contains every possible probability distribution on thesample space, or is restrained by �nitely many constraints (as in Qin and Lawless (1994) ifr > p). Each time the `likelihood' is taken the product Qi PfXig of the masses given tothe observational points, referred to as the `empirical likelihood'. Qin (1993) and, Qin andWong (1996) extend the above theory to speci�c semiparametric models. However in all ofthe above cases, the likelihood ratio statistic reduces to a function of a vector statistic (oftena Lagrange multiplier), simplifying the asymptotic analysis greatly. General semiparametricmodels, of the type we consider in this paper, appear to require a di�erent approach. Forexample, this simpli�cation will not occur in the mixture model considered by Roeder etal. (1996) in which they invert a likelihood ratio test to form a con�dence interval for aregression coe�cient.In the classical parametric case likelihood ratio con�dence regions are generally pre-ferred over Wald type con�dence regions, except perhaps from a computational perspective.Advantages mentioned by many authors are small sample coverage probabilities closer tothe nominal values, the possibility of asymmetric con�dence regions and regions that aretransformation respecting (Hall and La Scala, 1990). Though we do not give a proof inthis paper, many of these advantages may be expected to carry over to the semiparametricsituation. This appears to be particularly the case when the small sample distribution ofthe estimator is highly skewed. A concrete example in the nonparametric setting is in theconstruction of con�dence intervals for a survival probability based on the Kaplan-Meier es-timator. The Wald con�dence interval for a survival probability performs poorly and muchwork has been done on �nding a transformation of the estimator which has an approximatenormal distribution for small samples (Andersen et al. (1993)). In this case inversion of thelikelihood ratio test as in Thomas and Grunkemeier (1975), Li (1995) and Murphy (1995b)illustrate how the resulting con�dence intervals perform as well as con�dence intervals basedon widely accepted \best" transformations of the estimator. In their comparison of empir-ical likelihood con�dence intervals with bootstrap con�dence intervals, Hall and La Scalaargue, that in situations in which both methods can be applied, the empirical likelihoodcon�dence intervals are to be preferred to bootstrap con�dence intervals. They state that\the power of the bootstrap resides in the fact that it can be applied to very complexproblems and this feature is not available for empirical likelihoods." Usually inference forsemiparametric models is a complex problem, however as we shall demonstrate, likelihoodratio inference will, in general, be available.The traditional advantage of a Wald con�dence interval, ease of computation, does notappear to be valid any more due to the computational di�culty of estimating asymptoticvariances. In general the asymptotic variance of in�nite dimensional maximum likelihoodestimators is not given by a closed formula, or even an expectation of a known function,2



but can only be characterized as the variance of the e�cient in
uence function. The latteris the solution of an in�nite dimensional minimization problem and its computation mayrequire the inversion of an in�nite dimensional operator. Even in a discretized form, forinstance at observed data points, the inversion may still involve inverting a matrix of highdimension. This is true for instance in the semiparametric frailty model considered byNielsen et al. (1992) and Murphy (1995a), where estimators for the standard error of theestimated frailty variance are found by inverting a matrix which is of the same dimensionas the data.Furthermore in cases where the e�cient in
uence function can be written down rela-tively explicitly, the estimation of its variance may involve nonparametric smoothing. Thismeans that the researcher must deal with the di�cult choice of a smoothing parameter.This is the case in estimating the regression coe�cient in Cox's regression model subjectto current status type censoring, considered by Huang (1996), where the e�cient in
uencefunction depends on a ratio of conditional means.For the above reasons setting Wald type tests and associated con�dence regions insemiparametric models may be computationally harder than in the classical situation, whereone can use a plug-in estimator based on an expression for the Fisher information or theobserved information. Therefore due to the expected gain in quality, likelihood ratio basedinference appears doubly attractive in semiparametric settings.The de�nition of a likelihood ratio statistic requires the de�nition of a likelihood func-tion. In classical parametric models this is the density of the observations, while empiricallikelihood theory uses the product QPfXig. We do not o�er a general de�nition of anin�nite dimensional likelihood function in this paper. In some examples the observationshave a well-de�ned density and a likelihood is de�ned much as in the classical situation.In other examples one uses the empirical likelihood (which however is maximized only overthe model). Mixtures of these situations occur as well in the literature and in some missingdata situations a `partial likelihood' appears appropriate. Some of these possibilities areillustrated in our four examples. With this formulation a semiparametric likelihood estima-tor is not necessarily discrete (though it can often be taken to be discrete) and it is oftennot supported on the observed data. Restricting the estimator to a null hypothesis mayintroduce new support points.We consider the situation that the observations X1; : : : ;Xn are a random sample froma distribution P indexed by a parameter  that is known to belong to a set 	. Given aparameter (map) �: 	 ! IR and a de�nition of a likelihood lik( ;X) for one observation,the likelihood ratio statistic for testing the null hypothesis �( ) = �0 is given bylrtn(�0) = 2�sup 2	 nXi=1 ln lik( ;Xi)� sup 2	;�( )=�0 nXi=1 ln lik( ;Xi)�= 2nPn ln lik( ̂)� 2nPn ln lik( ̂0):Here Pn is the empirical distribution of the data and  ̂ and  ̂0 are the maximum likelihood3



estimators under the full model and the null hypothesis, respectively. In the �rst example  is a distribution function F and �( ) = F (t0) is its value at a �xed point. In the remainingthree examples the parameter  takes the form  = (�;�) or  = (�; F ) for an unknowncumulative hazard function, �, or distribution function, F , and �( ) = �.For simplicity we restrict ourselves to one-dimensional parameters �. Then we wishto prove that under the null hypothesis the sequence lrtn(�0) converges in distribution toa �2-distribution on one degree of freedom. Having proved this for every value of �0, theregion f�: lrtn(�) � z2�=2g is the associated con�dence region of asymptotic level 1� �.The organization of the paper is as follows. In Section 2 we present four rather dif-ferent examples for which we discuss the meaning of the likelihood and state theorems onthe likelihood ratio test. The examples include the double censoring model considered inChang (1990), regression for current status data considered by Huang (1996), the gammafrailty model of Murphy (1994, 1995a) and a mixture model studied by Van der Vaart (1996).Section 3 starts with a discussion of the �nite dimensional situation to gain intuition andnext gives a general approach to prove the asymptotic validity of the semiparametric like-lihood ratio test. The basic scheme given by Theorem 3.1 leaves some nontrivial work forspecial examples. However our impression is that it works in the situations where also theasymptotic normality of the maximum likelihood estimator of the parameter of interest canbe proved. The last sections contain detailed treatments of our four examples.
2. Examples and resultsThis section contains four examples. For each example we give the de�nition of the likelihoodand state a theorem on the likelihood ratio statistics. Proofs are given in Sections 4{7.Example (Doubly censored data). Doubly Censored Data arise when event times aresubject to both right and left censoring. The event time T is observed only if it falls betweenthe left and right censoring times, L and R. Otherwise all that is observed is L and thatT � L in the case of a left censoring or R and that T > R in the case of a right censoring.It is assumed that T is independent of (L;R) and that L � R. Thus the observations aren i.i.d. copies of X = (U;D) where U = L and D = 1 if T � L, U = T and D = 2 ifL < T � R and U = R and D = 3 if T > R. If GL and GR are the marginal distributionsof L � R and F the distribution of T , then, with lowercase symbols denoting densities, thedensity of X is given bypF (X)=�F (U)gL(U)�IfD=1g�f(U)(GL �GR)(U�)�IfD=2g�(1� F (U))gR(U)�IfD=3g:When F is completely unknown, the above density is not suitable for use as a likelihood.Instead we use the empirical likelihood PF fXg, which is obtained by replacing the densities4



gL, f and gR by the point probabilities GLfUg, FfUg and GRfUg. For inference about Fwe can drop the terms involving GL and GR and de�ne the likelihood to belik(F;X) = �F (U)�IfD=1g�F (U)IfD=2g�1� F (U)�IfD=3g:We maximize the above \likelihood" over discrete distribution functions with steps at theU 's. The parameter of interest will be �(F ) = Fg = R g dF for some known function g ofbounded variation. Of particular interest is g(t) = 1ft > t0g, which leads to a con�denceset for 1 � F (t0), the probability of survival longer than t0. The concavity in F of thedensity in X along with the continuity of � in F implies that the con�dence set will be acon�dence interval (see the appendix).We shall prove the following theorem.THEOREM 2.1. Suppose that (GL �GR)(u�) = P(L < u � R) is positive on the convexhull [�; � ] � [0;1) of the support of F0. Furthermore, assume that F0, GL and GR arecontinuous, with GL(�) = 1 and GR(��) = 0. Let g be a left continuous function ofbounded variation which, on [�; � ], is not F0-almost everywhere (equal to a constant. IfF0g = �0, then the likelihood ratio statistic for testing that Fg = �0 satis�es lrtn(�0)  �21under F0.The asymptotic consistency and normality of the unrestricted maximum likelihoodestimator in this model was proved under stronger conditions by Chang and Yang (1987),Chang (1990) and under weaker conditions by Gu and Zhang (1993).Example (Cox regression for current status data). In current status data, n subjectsare examined each at a random observation time and at this time it is observed whetherthe event time has occurred or not. The event time, T , is assumed to be independent ofthe observation time, Y , given the covariate, Z. Then the observations are n i.i.d. copies ofX = (Y; �; Z), where � = 1 if T � Y and zero otherwise. Suppose that the hazard functionof T given Z = z is given by Cox's regression model: the hazard at time t is e�z�(t). Thenthe cumulative hazard at time t of T given Z = z is of the form e�z R t0 �(s)ds = e�z�(t) andthe density is given byp�;�(X) = �1� exp(�e�Z�(Y ))��� exp(�e�Z�(Y ))�1�� fY;Z(Y;Z):The parameter of interest is the regression parameter, �; the nuisance parameter � isassumed completely unknown. A test of regression would be a test of H0: � = 0.The likelihood lik(�;�;X) is taken equal to the density, but with the term fY;Z(Y;Z)omitted. To estimate � and � we maximize the likelihood over � in a bounded parameterset � � IR and over � ranging over all nondecreasing cadlag functions taking values in[0;M ], for a known M . We shall prove the following theorem.5



THEOREM 2.2. Let �0 be an interior point �. Let Y have a Lebesgue density which iscontinuous and positive on its support [�; � ] for which �0(��) > 0 and �0(�) < M , andzero otherwise. Let �0 be di�erentiable on this interval with derivative bounded away fromzero. Let Z be bounded and E var(ZjY ) > 0. Finally assume that the function h�� givenby (5.1) has a version which is di�erentiable with a bounded derivative on [�; � ]. Then thelikelihood ratio statistic for testing H0: � = �0 satis�es lrtn(�0)  �21 under (�0;�0).The asymptotic normality of the maximum likelihood estimator for � in this model isconsidered by Huang (1996). The maximum likelihood estimator for the cumulative hazardfunction converges at an O(n�1=3) rate in an L2 norm. Under the hypothesis H0: � = 0this model reduces to the \case 1 interval censoring" considered by Groeneboom (1987),who obtains the limit distribution of F̂0(t) for the distribution function corresponding to�̂0 (with a n�1=3-standardization). See Groeneboom and Wellner (1992).Example (Gamma frailty). In the frailty model, subjects occur in groups such as twins orlitters. To allow for a positive intra-group correlation in the subjects event times, subjectsin the same group are assumed to share the same frailty, Z. In the one-sample problem, weobserve n i.i.d. groups where for a given group the observations are J and (Tj ^Cj ;Dj) forj = 1; : : : ; J , where Tj is the event time associated with the jth subject in the group, Cj iscensoring time, Dj = 1 if Tj � Cj and J is the random group size. The unobserved frailty Zis assumed independent of J and to follow a gamma distribution with mean one and variance�. Given J , (Cj ; j = 1; : : : ; J) is assumed independent of both Z and (Tj ; j = 1; : : : ; J).Given Z and J , the (Tj ; j = 1; : : : ; J) are independent, with hazards Z�(�); j = 1; : : : ; J .Put N(t) = Pj IfTj ^ Cj � t; Dj = 1g and Y (t) = Pj IfTj ^ Cj � tg. So theobservation for a group is X = (N;Y ). For our statistical inference we shall only usethe values of this counting process on a given �nite interval [0; � ]. Since the censoring isindependent and noninformative of the Z, we have that given Z = z, the intensity of N attime t is zY (t)�(t) and the conditional density is proportional to,p�(XjZ = z) =Yt��(zY (t)�(t))�N(t) expf�z Z �0 Y d�g;where �(�) = R �0 �(s)ds. (See Andersen et al., (1993), pages 138{150 and Nielsen et al.,(1992).) To form the marginal density for a group multiply by the gamma density of Z andintegrate over z to get,p�;�(X) = Qt�� �(1 + �N(t�))Y (t)�(t)��N(t)�1 + � R �0 Y (t)d�(t)�1=�+N(�) :When � is unknown, the associated likelihood has no maximizer. A convenient extensionis(2:1) lik(�;�;X) = Qt�� �(1 + �N(t�))Y (t)��(t)��N(t)�1 + � R �0 Y (t)d�(t)�1=�+N(�) :6



This is not the only possible extension; see Andersen et. al. (1993)) and Murphy (1995a).We are particularly interested in an hypothesis test of zero intra-group correlation, i.e.H0: � = 0.The likelihood is also well-de�ned for negative � close to zero, even though � can thennot be introduced through a gamma variable as previously. We de�ne the likelihood ratiostatistic and the maximum likelihood estimators relative to the parameter set consistingof � ranging over the interval [��;M ] for a small � > 0; and � ranging over all �nitenondecreasing functions on [0; � ].THEOREM 2.3. Assume that �0 2 [0;M) and that �0 is continuous, strictly increasing and�nite on [0; � ]. Furthermore, assume that J has �nite support, P0�SJj=1fCj � �g� > 0, andthat the distribution of (Cj ; j = 1; : : : ; J) has at most a �nite number of discontinuities.Then the likelihood ratio statistic for testing H0: � = �0 satis�es lrtn(�0)  �21 under(�0;�0).The maximum likelihood estimator (�̂; �̂) for this model was shown to be asymptoticallyconsistent and normal by Murphy (1994, 1995a) under slightly more general conditions.Example (Mixture model). This is another version of the frailty model. The group sizeis two. As before, we allow for intra-group correlation in the event times by assuming thatthe pair share the same unobserved frailty, Z. Given Z, the two event times, T1 and T2are assumed to be independent and exponentially distributed with hazard rates Z and �Z,respectively. In contrast to the gamma frailty model, the distribution F of Z is a completelyunknown distribution on (0;1). The observations are n i.i.d. copies of X = (T1; T2) fromthe density p�;F (X) = Z ze�zT1 �ze��zT2 dF (z):We use this as the likelihood lik(�; F;X) and are interested in a con�dence set for the ratio� of the hazards and testing that this ratio equals 1.THEOREM 2.4. Suppose that R (z2+ z�6:5) dF0(z) <1. Then the likelihood ratio statisticfor testing H0: � = �0 satis�es lrtn(�0)  �21 under (�0; F0).The maximum likelihood estimator for � was shown to be asymptotically normal byVan der Vaart (1996). The maximum likelihood estimator for the distribution function Fis known to be consistent from Kiefer and Wolfowitz (1956). Van der Vaart (1991) provedthat the information for estimating F (t) is zero, so that the rate of convergence of the bestestimators is less than the square root of n. A reasonable conjecture is that the optimalrate is n�� for some � > 0. 7



3. IntuitionIn the case that the parameter  is Euclidean a classical approach to derive the asymptotic�2-distribution of the likelihood ratio statistic is to expand the di�erence2nPn�ln p ̂ � ln p ̂0�in a two-term Taylor expansion around  ̂. The linear term vanishes and algebraic manipu-lations involving the joint normal limit distribution of  ̂ �  0 and  ̂0 � 0 yield the result.A more insightful derivation can be based on the approximation(3:1)  ̂ �  ̂0 =  i�1 0 _�0_�T0 i�1 0 _�0 + "! (�̂ � �0);where _�T0 i�1 0 _�0 is the asymptotic variance of pn(�̂ � �0), i is the information matrix, _�0is the derivative of �( ) with respect to  , and � converges to zero in probability. If  ̂ ismultivariate normal and � is linear, then � = 0. More concretely, if  = (�; �) and �( ) = �,then(3:2) (�̂; �̂)T � (�0; �̂0)T = �1;� i�1�0�0 i�0�0 + "�T (�̂ � �0)where the information matrix i is partitioned ini 0 = � i�0�0 i�0�0i�0�0 i�0�0 � :Under regularity conditions both (3.1) and (3.2) can be justi�ed by Taylor series argumentsor by analogy to the case of a multivariate normal observation (Cf. Cox and Hinkley (1974),pages 308, 323). If, as in Cox and Hinkley (1974), we neglect the error term ", then wecan replace  ̂0 in the likelihood ratio statistic by a constant times �̂� �0, and next performa two-term Taylor expansion in the one-dimensional parameter �̂ � �0. This yields theapproximation2nPn�ln p�̂�̂ � ln p�0;�̂+( i�1�0�0 i�0�0 )T (�̂��0)� � �n(�̂ � �0)2 Pn �̀(�; �̂; �̂);where �̀(�; t; �̂) is the second derivative of the map t ! ln pt;�̂+(i�1�0�0 i�0�0)T (�̂�t). The �rstderivative of this function at �̂ can be expressed in the score functions, ( _̀�; _̀�), for (�; �) as_̀(�; �̂;  ̂) = _̀�̂ � (i�1�0�0 i�0�0)T _̀�̂ :By the usual identities the expectation of the second derivative should be minus the expec-tation of the square of the �rst derivative and, under regularity conditions,�Pn �̀(�; �̂;  ̂) P! P�0�0� _̀�0 � (i�1�0�0i�0�0)T _̀�0�2 = i�0�0 � i�0�0 i�1�0�0 i�0�0 :8



This is exactly the (1,1)-element of the inverse of i 0 , which is the inverse of the asymptoticvariance of pn(�̂ � �0). The chi-squared limit distribution follows.We might expect that, at least to the �rst order, the di�erence between the full andnull maximum likelihood estimator in our semi-parametric setting satis�es a generalizationof (3.2). Then the di�erence is �nite dimensional (the dimension of �), and a standardTaylor expansion in � can be used to prove the asymptotic chi-squared distribution. Forexample, Murphy (1995b, equation (6) and the appendix) proves a result of this type for alikelihood ratio test based on the binomial likelihood for right censored data. There, � isthe probability of survival past time t0 and  is the cumulative hazard function �, so that� = �(�) =Qs�t0 �1� d�(s)�. For t � t0,�̂(t)� �̂0(t) = R t0 �0=(Y (s) + ��0)d�̂(s)var(pn(�̂ � �0)) + � (�̂ � �0);where Y (s) is the number of individuals who have not failed or been censored up to times, divided by the sample size and both � and � converge in probability to zero.When  can be estimated at a square root n rate, then an analog to i�1 exists and(3.2) can be extended appropriately. This approach can be used in both the gamma frailtyand the double censoring examples. On the other hand, in many semiparametric models,including our current status and mixture examples, the nuisance parameter is not estimableat square root n rate. Then an extension of (3.2) requires more care. Note for instance that(3.2) implies that the di�erence �̂ � �̂0 is of order O(n�1=2), often much smaller than thedi�erences �̂ � �0 and �̂0 � �0 (depending on the distance). In any case the two-step prooffocusing �rst on the di�erence �̂��̂0 and next on expanding the log likelihood requires carefulchoice of a norm in which the error " is shown to converge to zero, since semi-parametriclikelihoods often contain ill-behaved terms.In view of these potential di�culties our approach to proving the chi-squared limitdistribution of semiparametric likelihood ratio statistics will be motivated by the approx-imation (3.2), but not based on it. Fundamental is the observation that the submodelt ! pt;�0�(i�1�0�0 i�0�0 )T (t��0) is least favorable at (�0; �0) when estimating � in the presenceof the nuisance parameter �, in the sense that of all submodels t! pt;�t this submodel hasthe smallest information about t. This information is precisely the asymptotic variance ofpn(�̂ � �0). Thus (1;� i�1�0�0 i�0�0) is the least favorable direction of approach to (�0; �0)when estimating � in the presence of the unknown �. Approximation (3.2) shows that �̂approaches �̂0 approximately along the least favorable direction.The derivative of the logarithm of the least favorable submodel with respect to t atzero is called the e�cient score function and takes the form~̀�0 = _̀�0 � (i�1�0�0i�0�0)T _̀�0 :The sequence �̂ is asymptotically linear in this function in thatpn(�̂ � �0) = pnPn�~̀�0�=� i�0�0 � i�0�0 i�1�0�0 i�0�0�+ oP (1):9



The e�cient score function can also be seen to be equal to _̀�0 � cT _̀�0 for the vector c thatminimizes P�0�0( _̀�0 � cT _̀�0)2.The notion of a \least favorable submodel" has been extended to semiparametric mod-els. Given a semiparametric model of the type fp�;�: � 2 �; � 2 Hg, the score function for� is de�ned, as usual, as the partial derivative with respect to � of the log density. Thee�cient score function for � is de�ned as~̀� = _̀� �� _̀�where �` minimizes the squared distance P���`�k)2 over all functions k in the closed linearspan of the score functions for �. The inverse of the variance of ~̀� is the Cram�er-Rao boundfor estimating � in the presence of �. A submodel t ! pt;�t with �� = � is de�ned to beleast favorable at (�; �) if ~̀� = @@t jt=� ln pt;�t :Since a projection �` on the closed linear span of the nuisance scores is not necessarily anuisance score itself, least favorable submodels may not always exist. (Problems seem toarise in particular at the maximum likelihood estimator (�̂; �̂), which may happen to be`on the boundary of the parameter set'.) However, in all our examples a least favorablesubmodel exists or can be approximated su�ciently closely.In the case that the parameter  does not factorize naturally into a parameter of interest� and a nuisance parameter, an e�cient score function can be de�ned and calculated moreelegantly in the following manner. (We use this in the example of doubly censored datawith  = F the distribution function and � = Fg.) Assume that score functions for the fullmodel can be written in the form@@t jt=0 ln p t(x) = ` h(x);where h is a `direction' in which  t approaches  , running through some Hilbert space H,and ` :H ! L2(P ) the `score operator'. (In the example of doubly censored data H is theset of all functions in L2(F ) with mean Fh zero.) Furthermore, assume that the parameter�: 	! IR is di�erentiable in the sense that for some _�0 2 H@@t jt=0�( t) = h _�0; hi :Then the Cram�er-Rao bound for estimating �( ) equals(3:3) suph h _�0; hi2 P (` h)2 :This supremum can be given a more concrete form by introducing the adjoint operator`� :L2(P )! H, which is characterized by the requirementP (` h)g = h` h; giP = hh; `� gi ; every h 2 H; g 2 L2(P ):10



With this notation the e�cient in
uence function for � is de�ned as the element g0 of theclosure of ` H such that `� g0 = _�0:If g0 can be written in the form ` h0 for some h0 2 H (it cannot always), and the `infor-mation operator' `� ` is invertible, this readily yields the representation(3:4) g0 = ` h0; h0 = (`� ` )�1 _�0:In this formulation the variance of the e�cient in
uence function g0 is the Cram�er-Raobound for estimating �; the inverse of this variance could be de�ned as the informationabout �. Thus g0 corresponds to ~̀�= var ~̀� in the case that  = (�; �) is partitioned. Thedirection h0 is the least favorable direction in H; the derivative of the logarithm of a leastfavorable submodel t! p t , in t at t = 0 is equal to ` h withh = (`� ` )�1 _�0h _�0; (`� ` )�1 _�0i :Note the similarity to (3.1). The Cram�er-Rao bound for the submodel in the least favorabledirection gives the supremum in (3.3).3.1. A general theoremIn this section we discuss our approach towards obtaining the asymptotic distribution of thelikelihood ratio statistic, which is partly motivated by the preceding discussion. Of course,for any ~ and any ~ 0 2 	0 = f : �( ) = �0glrtn(�0) = 2nPn�ln lik( ̂)� ln lik( ̂0)�8<: � 2nPn�ln lik( ~ )� ln lik( ̂0)�� 2nPn�ln lik( ̂)� ln lik( ~ 0)�If both the upper and lower bounds converge to a chi-squared distribution on one degree offreedom, then this also holds for the likelihood ratio statistic. We use (3.2) as motivationto de�ne suitable perturbations ~ and ~ 0 of  ̂ and  ̂0. We de�ne ~ 0 by perturbing  ̂ ina least favorable direction (so that in view of (3.2) it can be expected to resemble  ̂0); wede�ne ~ by perturbing  ̂0 in a least favorable direction (so that in view of (3.2) it can beexpected to resemble  ̂). Thus, the perturbations are constructed as elements of submodelsthat are approximately least favorable.The following theorem gives a general framework for our approach. Denote P 0 by P0.We assume that as n tends to in�nity, the maximum likelihood estimator �̂ = �( ̂) satis�es(3:5) pn(�̂ � �0) = pnPn ~̀=~I + oP (1); ~I = P0 ~̀2;11



for a mean zero function ~̀with �nite and positive variance ~I under P0. In all our examplesthe maximum likelihood estimator is asymptotically e�cient and ~̀=~I is the e�cient in
uencefunction for estimating �.Furthermore, we assume that there exist \approximately least favorable submodels".For every t and  suppose that there exists a curve t!  t( ) in 	 indexed by the parameterof interest t, and passing through  at t = �( ). Technically this means that(3:6) �( t( )) = t; and  t( )jt=�( ) =  (The proof below uses these curves only for t close to �0 and for  =  ̂ or  =  ̂0.) Thecurve t!  t( ) should be approximately least favorable in that the submodel(3:7) t! `(x; t;  ) = ln lik( t( ); x)should be twice continuously di�erentiable for every x, with derivatives _̀ and �̀ satisfying,(3:8) �Pn �̀(�; ~�; ~ ) P! P0 ~̀2; for any random ~� P! �0; ~ P!  0(3:9) pnPn( _̀(�; �0;  ̂0)� ~̀) P! 0:The idea is to construct the submodel such that the �rst derivative _̀(�; �0;  0) is equal to thee�cient score function ~̀, whence the expectation of its second derivative should be minusthe e�cient information for �.The preceding conditions presume a topology on the set 	, and we assume that themaximum likelihood estimators are consistent with respect to this topology.THEOREM 3.1. Suppose that the maps t! `(x; t;  ) are twice continuously di�erentiableand satisfy (3.5){(3.9), and suppose that  ̂ and  ̂0 are consistent. Then lrtn(�0)  �21.Proof. Since by (3.6)  ̂ =  �̂( ̂),lrtn(�0) = 2nPn� ln lik( ̂)� ln lik( ̂0)�� 2nPn� ln lik( �̂( ̂))� ln lik( �0( ̂))�= 2nPnh� _̀(�; �̂;  ̂)(�0 � �̂)� 1=2�̀(�; ~�;  ̂)(�0 � �̂)2i;for some ~� between �0 and �̂. Here the linear term vanishes, because t! Pn ln lik( t( ̂)) ismaximized at t = �̂. An application of (3.8) and (3.5) shows that the right side convergesin distribution to a chisquared distribution.Since by (3.6)  ̂0 =  �0( ̂0),lrtn(�0) = 2nPn� ln lik( ̂)� ln lik( ̂0)�� 2nPn� ln lik( �̂( ̂0))� ln lik( �0( ̂0))�= 2nPn� _̀(�; �0;  ̂0)�(�̂ � �0) + nPn��̀(�; ~�;  ̂0)(�0 � �̂)2�;12



for some ~� between �0 and �̂. Apply (3.9) to get that the �rst term on the right is equalto 2pn(�̂ � �0)pnPn ~̀+ oP (1) and apply (3.8) to get that the second term is �P0 ~̀2n(�̂ ��0)2 + oP (1). An application of (3.5) shows that the right side converges in distribution toa chisquared distribution.The combination of the preceding two paragraphs yields the theorem.We note that it is su�cient that the conditions of the theorem are true \with probabilitytending to one". Similarly, it su�ces that the `paths' f t( ̂): t 2 Ug and f t( ̂0): t 2 Ugbelong to the parameter set with probability tending to one for a �xed neighborhood of Uof �0 (not depending on n). We keep this in mind when discussing our examples.Example (Doubly censored data). The theorems are applied with the submodel,  t( ) =Ft(�; F ), where(3:10) Ft(�; F ) = F + (� � t)Z �(g� � Fg�) dF=(�IF ); IF = Z g(g� � Fg�) dF:(Note that � = Fg by de�nition.) The function g� is the least favorable direction in the F -space at the true distribution F0 for estimating Fg and is de�ned by equation (4.1). It willbe shown to be bounded and of bounded variation. The expression IF0 is the inverse of theinformation ~I and is positive. The expression Ft(�; F ) does not truly de�ne a probabilitydistribution for every t � � and F , though it always has total (signed) mass 1. However,in view of the boundedness of g�, if t � �, Fgg� � F0gg�, Fg� � F0g� and Fg � F0g aresu�ciently close to zero, then Ft(�; �) has a positive density 1 + (�� t)(g� � Fg�)=IF withrespect to F and hence de�nes a probability distribution.Example (Cox regression for current status data). The theorems are applied with t( ) = (t;�t(�;�)), where(3:11) �t(�;�) = � + (� � t)�(�)h�� � ��10 � �Here the function �0h�� is the least favorable direction for estimating � in the �-space at thetrue parameter (�0;�0) and is de�ned by equation (5.1), and �: [0;M ] ! [0;1) is a �xedfunction such that �(y) = y on the interval [�0(�);�0(�)], such that the function y ! �(y)=yis Lipschitz and such that �(y) � c(y ^ (M � y)) for a su�ciently large constant c speci�edbelow (and depending on (�0;�0) only). (By our assumption that [�0(�);�0(�)] � (0;M)such a function exists.) The function �t(�;�) is essentially � plus a perturbation in theleast favorable direction, but its de�nition is somewhat complicated in order to ensure that�t(�;�) really de�nes a cumulative hazard function within our parameter space, at least fort that are su�ciently close to �. First, the construction using h�� ���10 ��, rather than h��,(taken from Huang (1996)) ensures that the perturbation that is added to � is absolutely13



continuous with respect to �; otherwise �t(�;�) would not be a nondecreasing function.Second, the function � \truncates" the values of the perturbed hazard function to [0;M ].A precise proof that �t(�;�) is a parameter is as follows. Since the function � isbounded and Lipschitz and by assumption, h�� � ��10 is bounded and Lipschitz, so is theirproduct and hence, for u � v and j� � tj < ",�t(�;�)(v) � �t(�;�)(u) � ��(v)� �(u)��1� "k�h�� � ��10 kLipschitz�:For su�ciently small " the right hand side is nonnegative. Next, for j� � tj < ",�t(�;�) � � + "�(�)kh��k1:This is certainly bounded above by M (on [0; � ] ) if �(y) � (M � y)=("kh��k1) for all0 � y �M . Finally, �t(�;�) can be seen to be nonnegative on [�; � ] by the condition that�(y) � cy.Example (Gamma frailty). The theorems are applied with  t( ) = (t;�t(�;�)), where(3:12) �t(�;�) = � + (� � t)Z � k�d�:The function k� is the least favorable direction in the �-space at the true parameter (�0;�0)and is de�ned by equation (6.1). This function will be shown to be bounded, so that thedensity 1+ (�� t)k� of �t(�; �) with respect to � is positive for su�ciently small j�� tj. Inthat case �t(�; �) de�nes a nondecreasing function and is a true parameter of the model.Example (Mixture model). The theorems are applied with  t( ) = (t; Ft(�; F )), where(3:13) Ft(�; F )(B) = F�B�1 + � � t2� ��1�:This will be shown to be an exact least favorable submodel at F and is well de�ned wheneverj� � tj < 2�.Having de�ned suitable submodels, we next need to check the technical conditions ofTheorem 3.1. Regarding condition (3.8), we note that�̀(�; t;  ) = @2lik� t( )�=@t2lik� t( )� � _̀2(�; t;  ):In one of our four examples we use paths such that the maps t! lik( t) are linear in whichcase the �rst term on the right is zero. In the other examples the �rst term has the form@2=@t2pt=pt, which is a mean zero function under pt and can be shown to give a negligiblecontribution:(3:14) Pn @2lik� t( )�=@t2lik� t( )� jt=~� P! 0; every ~� P! �0:14



This could be proved by classical arguments or with the help of the modern Glivenko-Cantelli theorem: if the functions are contained in a Glivenko-Cantelli class, the empiricalmeasure can be replaced by the true measure.Conditions (3.8) and (3.9) can often be checked with help of the following lemma, whichuses concepts from the theory of empirical processes. See for instance Van der Vaart andWellner (1996) for a review and methods to check the conditions.LEMMA 3.2. Suppose that there exist neighborhoods U of �0 and V of  0 such that theclass of functions � _̀(�; t;  ): t 2 U; 2 V 	 is P0-Donsker with square-integrable envelopefunction. Furthermore, suppose that _̀(x; t;  )! ~̀(x) for P0-almost every x, as t! �0 and !  0. Then for every random sequences ~�n and ~ n that converge in probability to �0and  0 we have Pn _̀2(�; ~�n; ~ n) P! P0 ~̀2;pn(Pn � P0)� _̀(�; ~�n; ~ n)� ~̀� P! 0:Proof. Assume without loss of generality that ~�n and ~ n take their values in U and V ,respectively.By Theorem 4.6 of Gin�e and Zinn (1986) or Lemma 2.10.14 of Van der Vaart andWellner (1996) the class of squares f2 of functions f ranging over a Donsker class withsquare integrable envelope is Glivenko-Cantelli. It follows thatsupt2U; 2V ���(Pn � P0) _̀2(�; t;  )��� P! 0:Thus in the �rst statement the empirical measure may be replaced by the true underlyingmeasure. By assumption ~̀(x) = _̀(x; �0;  0) almost surely under P0. Next the result followsby the dominated convergence theorem.For the second statement de�ne a stochastic process Gn = �pn(Pn � P0)� _̀(�; t;  ) �~̀�: t 2 U; 2 V 	. The Donsker assumption (and the square integrability of the envelopefunction) entails that the sequence Gn is asymptotically uniformly continuous in probability,i.e. for every " > 0lim�#0 lim supn!1 P�� sup��(t; );(t0; 0)�<���Gn(t;  ) �Gn(t0;  0)�� > "� = 0;where � is the semi-metric given by its square�2�(t;  ); (t0;  0)� = P0� _̀(�; t;  ) � _̀(�; t0;  0)�2:By dominated convergence and consistency of (~�n; ~ n) we have�2�(~�; ~ ); (�0;  0)� P! 0:15



Conclude that the sequence Gn(~�n; ~ n)�Gn(�0;  0) converges in probability to zero. Thisis the second assertion of the lemma.Once (3.14) is veri�ed and if the preceding lemma is applicable, the conditions ofTheorem 3.1 e�ectively reduce to the condition(3:15) pnP0 _̀(�; �0;  ̂0) P! 0:Whereas the conditions of the lemma can be viewed as regularity conditions, this is astructural condition. An `unbiasedness' condition of this type may be expected in view ofresults of Klaassen (1987), who shows that if � can be estimated e�ciently, then there mustexist (consistent) estimators ^̀ of the e�cient score function such that pnP0 ^̀ P! 0. Thepreceding display requires that the plug-in estimator _̀(�; �0;  ̂0) has the latter property.A similar condition (with  ̂ instead of  ̂0) also shows up in proofs of the asymp-totic normality of the maximum likelihood estimator �̂. See e.g. Huang (1996) or Van derVaart (1996).At �rst, condition (3.15) appears to require a rate of convergence of  ̂0. This is nottrue, as in many cases _̀(�; t;  ) is of a special form. For instance, in semiparametric modelsin which the density is convex linear in the nuisance parameter, the e�cient score functionfor � is unbiased in the sense that P�� ~̀�(�; �0) = 0 for any �, � and �0. In our mixturemodel example we construct the submodel t !  t( ) in such a way that the derivative isexactly the e�cient score function, and the unbiasedness condition is trivially satis�ed.In the worst situation (3.15) should not require more than an oP (n�1=4)-rate for thenuisance parameter. For instance, if  = (�; �) and _̀(�; �0;  ̂0) is the e�cient score function,then the expression in (3.15) is equal topn(P0 � P ̂0)~̀(�; �0;  ̂0) � �pnP ̂0 ~̀(�; �0;  ̂0)`�̂0(�̂ � �0) +pnO�k�̂ � �0k2�:Here the �rst term should vanish, because the e�cient score function for � is orthogonal toall scores for the nuisance parameter.
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4. Doubly censored dataThe path de�ned by dFt = (1 + th) dF for a bounded function with Fh = 0 yields a scorefunction of the form`Fh(u; d) = R[0;u] h dFF (u) Ifd = 1g+ h(u)Ifd = 2g+ R(u;1) h dF1� F (u) Ifd = 3g:For g and h bounded, we have that PF `F (h)`F (g) = h`F (h); `F (g)iPF = hh; `�`F giF =F (h `�`F (g)). So we may use Fubini's theorem to derive the adjoint operator `�:L2(PF )!L2(F ),̀ �g(s) = Z[s;1) g(u; 1) dGL(u) + g(s; 2)(GL �GR)(s�) + Z[0;s) g(u; 3) dGR(u):Thus the information operator takes the form`�`Fh(s) = Z[s;1) R[0;z] h dFF (z) dGL(z) + h(s)(GL �GR)(s�) + Z[0;s) R(y;� ] h dF1� F (y) dGR(y):Since the function g used to de�ne the null hypothesis Fg = �0 is assumed to bebounded and of bounded variation, part (i) of the Lemma 8.2 shows that the function(4:1) g� = (`�`F0)�1g;is well de�ned, bounded and of bounded variation. We use this function to de�ne the(approximately) least favorable submodel (3.10).In Lemma 8.3, we prove consistency of F̂0 and that (F̂ � F̂0)(h) = F0�h(g� � F0g�)�(�̂ � �0)=F0�g(g� � F0g�)� + oP (n�1=2) uniformly for uniformly bounded h of uniformlybounded variation. Since the asymptotic variance of pn(�̂ � �0) is F0�g(g� � F0g�)�, thiscon�rms the intuition expressed in section 3. In the veri�cation of Lemma 8.3(ii) we showthat, kF̂�F0k1 = OP (n�1=2) and kF̂0�F0k1 = OP (n�1=2) and that (�̂��0) = Pn`F0(g��F0g�) + oP (n�1=2) so ~̀=~I = `F0(g� � F0g�).Recalling equations (3.7) and (3.10), we have_̀(u; d; t; F ) = `F (g� � Fg�)(u; d)=IF1 + (t� Fg)`F (g� � Fg�)(u; d)=IF ; IF = Fg(g� � Fg�):Given a bounded, monotone function h the function `Fh is composed of three bounded andmonotone functions, with the same uniform bound. Since g� is bounded and of boundedvariation, it follows that the class of functions `F g� with F ranging over all distributionson [�; � ] consists of uniformly bounded functions of uniformly bounded variation, hence isa Donsker class. For kF � F0k1 su�ciently small we have that IF is close to IF0 , Fg isclose to F0g and Fg� is close to F0g�. Given Donsker classes F1; : : : ;Fk and a Lipschitzfunction �: IRk ! IR, a uniformly bounded class of functions x! ��f1(x); : : : ; fk(x)�; fi 217



Fi; i = 1; : : : ; k, is Donsker by Theorem 2.10.6 of Van der Vaart and Wellner (1996). Itfollows that the class of functions _̀(u; d; t; F ) with t su�ciently close to �0 = F0g andkF � F0k1 su�ciently small is Donsker. As (t; F ) ! (�0; F0) these functions convergea:s:PF0 to ~̀= _̀(�; �0; F0). Thus the conditions of Lemma 3.2 are satis�ed. Note that (3.14)is trivially satis�ed, since the derivative of _̀((u; d; t; F ) with respect to t is �( _̀(u; d; t; F ))2 .For the application of our Theorem 3.1 it su�ces to show thatpnP0`F̂0(g� � F̂0g�) = pn(P0 � PF̂0)`F̂0g� = pn(F0 � F̂0)`�`F̂0g� P! 0:Since (F̂0�F0)g = 0 the absolute value of this expression is equal to, in view of the de�nitionof g� and that the support of F̂0 is contained in [�; � ],pn��(F0 � F̂0)�`�`F̂0g� � `�`F0g���� � 2pnkF̂0 � F0k1 

`�`F̂0g� � `�`F0g�

BVwhere jj � jjBV is the sum of the supremum and total variation norms. The �rst term on theright is bounded in probability; the second converges to zero in probability by Lemma 8.2(ii).
5. Regression for current status dataIn this model the score function for � takes the form`�(�;�)(x) = z�(y)Q(x; �;�);for the function Q(x; �;�) given byQ(x; �;�) = e�zh� e�e�z�(y)1� e�e�z�(y) � (1� �)i:Inserting a submodel t ! �t such that h(y) = �@=@tjt=0�t(y) exists for every y into thelog likelihood and di�erentiating at t = 0 we obtain a score function for � of the form`�(�;�)h(x) = h(y)Q(x; �;�):For every nondecreasing, nonnegative function h the submodel �t = � + th is well de�nedfor t � 0 and yields a (one-sided) derivative h at t = 0. Thus the preceding display givesa (one-sided) score for � at least for all h of this type. The linear span of these functionscontains `�h for all bounded functions h of bounded variation. The e�cient score functionfor � is de�ned as `� � `�h� for h� minimizing the distance P��(`� � `�h)2. In view of thesimilar structure of the scores for � and � this is a weighted least squares problem withweight function Q(y; �; z; �;�). The solution at the true parameters is given by(5:1) h�(Y ) = �0(Y )h��(Y ) = �0(Y )E�0�0�ZQ2(X; �0;�0)jY �E�0�0�Q2(X; �0;�0)jY � :18



As the formula shows (and as follows from the nature of the minimization problem) the func-tion h�� is unique only up to null sets for the distribution of Y . However, it is an assumptionthat (under the true parameters) there exists a version of the conditional expectation thatis di�erentiable with bounded derivative. Following Huang (1996) this version is used tode�ne the least favorable submodels (3.11). By the assumption that P0 var(ZjY ) > 0, thee�cient score function ~̀= `�(�0;�0)� `�(�0;�0)h�, the di�erence between the �-score andits projection, is non-zero, whence the e�cient information ~I for � is positive (at (�0;�0)).The consistency of (�̂; �̂) and �̂0 can be proved by a standard consistency proof, wherewe may start from the inequality Pn ln(lik( ̂) + lik( 0)) � Pn ln 2lik( 0), rather than fromthe more obvious inequality Pn ln lik( ̂) � Pn ln lik( 0). (The latter inequality impliesthe �rst by the concavity of ln.) See, for instance, the consistency proof in Huang andWellner (1996), or also the appendix. The identi�ability of the parameters is ensured by theassumption that P0 var(ZjY ) > 0. More precisely, it can be shown under our conditions thaton a set of probability one, �̂ and �̂0 converge to �0 uniformly on the interval [�+ "; � � "],for every " > 0. Of course, the estimators and the true distribution are not identi�ableoutside the interval [�; � ]. The consistency of the estimators at � and � seems dubious,even though this is used by Huang (1996) in some of his proofs. In the appendix, weshow that the asymptotic normality and e�ciency (3.5) of �̂ remains valid even without theuniform consistency on [�; � ]. We also show that both R �� (�̂(�) � �0)2(y) dy (as assertedby Huang (1996)) and R �� (�̂0(�) � �0)2(y) dy converge to zero at the rate OP (n�2=3). Weshall use this to verify condition (3.15).In view of (3.11), we have_̀(x; t;�; �) = hz � �(�)(y)�t(�;�)(y)h�� � ��10 � �(y)i�t(�;�)(y)Q�x; t;�t(�;�)�:For (t;�; �) tending to (�0;�0; �0) this function converges almost everywhere to its valueat (�0;�0; �0), which, by construction, is the e�cient score function ~̀ for � at (�0;�0).Furthermore, the class of functions _̀(x; t;�; �) with (t; �) varying over a small neighborhoodof (�0; �0), and � ranging over all nondecreasing cadlag functions with range in [0;M ] canbe seen to be a Donsker class by repeated application of preservation properties for Donskerclasses (cf. Chapter 2.11 of Van der Vaart and Wellner (1996)). Note here that, since thefunction u! ue�u=(1 � e�u) is bounded and Lipschitz on [0;1), we can write�(y)Q(x; t;�) =  �etz ;�(y)�for a function  that is bounded and Lipschitz in its two arguments. Thus, since theclasses of functions z ! etz and y ! �(y) are Donsker, so is the class of functions x !�(y)Q(x; t;�). Next, since the function �(y)=y is bounded and Lipschitz, and h� � ��10 isassumed bounded and Lipschitz,�(�)�t(�;�) = �(�)=�1 + (� � t)�(�)=�h�� � ��10 � � = �(� � t;�)19



for a function � that is bounded and Lipschitz on an appropriate domain. Next, the productof the two classes of functions in the preceding displays, which are both uniformly boundedand Donsker, is Donsker, etc.Thus, the assumptions of Lemma 3.2 are valid, whence the assumptions of Theorem 3.1have been veri�ed, except for (3.14) and (3.15). For the �rst of these two conditions wecompute that@2lik�t;�t(�;�)�=@t2lik�t;�t(�;�)� = Q��; t;�t(�;�))� hz2�t(�;�)� 2�(�)h�� � ��10 � �� etz�z�t(�;�)� �(�)h�� � ��10 � ��2i:By the same arguments as before these functions are in a Donsker class, hence certainly ina Glivenko-Cantelli class. Thus the empirical measure Pn in (3.14) can be replaced by thetrue measure P0. As (t; �;�) converges to (�0; �0;�0) the functions in the preceding displayconverge almost everywhere to @2=@t2pt;�t(�0;�0)=pt;�t(�0;�0) evaluated at t = �0. This hasmean zero. We can conclude the proof of (3.14) by the dominated convergence theorem.Abbreviating _̀(�; �0;�; �0) to _̀(�), we can rewrite the expectation in (3.15) in the form(5:2) P0 _̀(�̂0) = (P0 � P�0;�̂0) _̀(�0) + (P0 � P�0;�̂0)� _̀(�̂0)� _̀(�0)�:We shall show that both terms on the right are of the order OP (n�2=3) and hence certainlyoP (n�1=2). Since _̀(�0) is the e�cient score function for � and hence is orthogonal to every�-score, the �rst term can be rewritten asP0 _̀(�0)�(p0 � p�0;�̂0)=p0 � `�(�0;�0)(�0 � �̂0)�:The second term in square brackets is exactly the linear approximation in �0 � �0 of the�rst. Taking the Taylor expansion one term further shows that the term in square bracketsis bounded bounded by a multiple of (�0 � �0)2 and hence the display is bounded by amultiple of P0(�0 � �̂0)2. The second term in (5.2) can be bounded similarly, since both�! p�0;� and �! _̀(�0;�; �0) are uniformly Lipschitz functions.
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6. Gamma frailtyThe natural log of (2.1) is given byln lik(�;�;X) = Z �0 ln�1 + �N(u�)�dN(u) � �1 + �N(�)���1 ln�1 + � Z �0 Y d��+ Z �0 ln �Y (u)��(u)� dN(u);where if � = 0, ��1 ln�1 + � R �0 Y d�� is set to its limit, R �0 Y d�. The score function for �is `�(�;�) = Z �0 N(u�)1 + �N(u�) dN(u)� ��1 Z �0 Y d� 1 + �N(�)1 + � R �0 Y d� + ��2 ln�1 + � Z �0 Y d�� ;where in the case that � = 0 the last two terms above are replaced by their limit,�N(�)Z �0 Y d� + 1=2�Z �0 Y d��2 :The path de�ned by d�t = (1 + th2) d� for a bounded function, h2, yields a score functionfor � of the form,`�(�;�) �R �h2d�1)� = Z �0 h2 dN � 1 + �N(�)1 + � R �0 Y d� Z �0 Y h2 d�1:Also de�ne three second derivatives. The second derivative `��(�;�) is obtained bysimply di�erentiating `�(�;�) with respect to �. For bounded h2 and g2, the remainingsecond derivatives are de�ned as,`��(�;�) �R �h2d�1� = � R �0 Y h2 d�11 + � R �0 Y d�  N(�)� 1 + �N(�)1 + � R �0 Y d� Z �0 Y d�!`��(�;�) �R �h2 d�1; R �g2d�2� = 1 + �N(�)�1 + � R �0 Y d��2 Z � h2Y d�1 Z � g2Y d�2� 1 + �N(�)1 + � R �0 Y d� Z �0 h2g2Y d�2:Finally, letting BV[0; � ] denote the functions h: [0; � ] ! IR which are bounded and ofbounded variation, equipped with the norm jj � jjBV = jj � jj1 + jj � jjvar , de�ne operators���: BV[0; � ]! BV[0; � ] and � = (�1; �2): IR� BV[0; � ]! IR� BV[0; � ] by��� [h2] (u) = P0 "�Y (u)�0 1 + �0N(�)�1 + �0 R �0 Y d�0�2 Z � h2Y d�0#+ h2(u)P0 "Y (u) 1 + �N(�)1 + � R �0 Y d�0 # ;�1(h1; h2) = �h1P0`��(�0;�0)� P0`��(�0;�0) �R �h2d�0��2(h1; h2)(u) = h1P0 " Y (u)1 + �0 R �0 Y d�0  N(�)� 1 + �0N(�)1 + �0 R �0 Y d�0 Z �0 Y d�0!#+ ��� [h2] :21



These operators arise in the proof of asymptotic normality of the maximum likelihoodestimators given in Murphy (1995a). They also appear in information calculations in thismodel. Indeed the operator ��� is the information operator `��`� connected to the nuisanceparameter �; that is, 
g2; ���[h2]�� = D`�(�0;�0)[R � g2d�0]; `�(�0;�0)[R � h2d�0]EP0 . Thisfollows from the identityZ �0 g2���(h) d�0 = �P0`��(�0;�0) �R �h2d�0; R �g2d�0�= P0`�(�0;�0) �R �h2 d�0� `�(�0;�0) �R �g2 d�0� :Similarly, the operator � is the information operator `� ` ( 0) for the full parameter  =(�;�) of the model, for which the score function can be written as ` ( )(h1; h2) and isde�ned as h1`�(�;�)+ `�(�;�)[R : h2 d�]. The parameter of interest �( ) = � has derivative_�0 = (1; 0), since ddt jt=0�(� + th1;�t) = h1 = 
(h1; h2); (1; 0)�IR��:Thus by the general theory (see (3.4)) we can �nd the in
uence function for estimating �,letting ~� = (~�1; ~�2) be the inverse of �, as` ( 0)(`� ` ( 0))�1(1; 0) = ~�1(1; 0)`�(�0;�0) + `�(�0;�0) �R �~�2(1; 0) d�0� :The following lemma shows that this function is well-de�ned. Denote the subset of BV[0; � ]with norm bounded above by p by BVp[0; � ].LEMMA 6.1. Under the conditions of Theorem 2.3(i) ���: BV[0; � ]! BV[0; � ] is continuously invertible with inverse ~���,(ii) �: IR� BV[0; � ]! IR� BV[0; � ] is continuously invertible with inverse ~�,(iii) pnk�̂� �0k1 is OP (1),(iv) pn(�̂0(�) � �0(�))  Z(�) on l1(BVp[0; � ]), where Z is a tight Gaussian process withmean zero and covariance process, covar�Z(h2); Z(g2)� = R �0 g2~���(h2) d�0, and(v) pn(�̂ � �0) = ~�1(1; 0)Pn �`�(�0;�0)� `�(�0;�0) �R �k�d�0��+ oP (1), where(6:1) k�(u) = �~�1(1; 0)�1~�2(1; 0)(u):Proof. Under the assumptions (i)-(iii) of Theorem 2.3 the conditions of Murphy (1994,1995a) are satis�ed implying that (ii), (iii) and (v) hold. Items (i) and (iv) can be provedby following virtually identical steps to those in Murphy (1994, 1995a).The continuous invertibility in (i) and (ii) imply that ~�1(1; 0) > 0. From (v) we havethat ~̀ of (3.5) is equal to `�(�0;�0)� `�(�0;�0) �R �k�d�0� and ~I is equal to ~�1(1; 0)�1.22



The least favorable submodels are given by (3.12). The continuous invertibility of �implies that the function k� is uniformly bounded on [0; � ]. Thus these submodels de�netrue cumulative hazard functions for �̂ and t su�ciently close to �0.Recalling equations (3.7) and (3.12), we see that_̀(�; t; �;�) = `��t;�t(�;�)�� `��t;�t(�;�)� �R �k� d���̀(�; t; �;�) = `���t;�t(�;�)�� 2`���t;�t(�;�)� �R �k� d��+ `���t;�t(�;�)� �R �k� d�; R �k� d�� :To verify (3.8), note that� P0h`��(�0;�0)� 2`��(�0;�0)� Z � k� d�0�+ `��(�0;�0)� Z � k� d�0;Z � k� d�0�i= �1(1;�k�) + Z �2(1;�k�)(u)(�k�(u)) d�0= ~�1(1; 0)�1 ��1���1(1; 0)� + Z �2���1(1; 0)�(u)(�k�(u))d�0�= ~�1(1; 0)�1(1 + 0):Recall that Y is nonincreasing and bounded and N is nondecreasing and bounded. Thisimplies that the derivatives `�(�;�), `�(�;�)[R h2 d�1], `��(�;�), `��(�;�)[R h2 d�1] and`��(�;�)[R h2 d�1; R g2 d�2] are continuous in (�;�;�1;�2), uniformly in (N;Y ), with re-spect to the Euclidean topology on � 2 [�";M ] and the uniform norm on the cumulativehazard functions, which range over all cumulative hazard functions in BVp[0; � ] for somep <1. Thus, (3.8) is veri�ed.The remaining condition (3.9) takes the formpnPn h _̀(�; �0; �0; �̂0)� `�(�0;�0) + `�(�0;�0)hR �k�d�0iiconverges to zero in probability. To do this, substitute in for _̀ and add and subtract�`��(�0;�0)��̂0 � �0�+ `��(�0;�0)�R �k�d�0; �̂0 � �0� to get(6.2) pnPn h`�(�0;�0)� `�(�0; �̂0)� `��(�0;�0)��̂0 � �0�i(6.3)+pnPn h�`�(�0; �̂0)hR �k�d�̂0i+ `�(�0;�0)hR �k�d�0i+ `��(�0;�0)�R �k�d�0; �̂0 � �0�i(6.4) �pnPn h�`��(�0;�0)��̂0 � �0�+ `��(�0;�0)�R �k�d�0; �̂0 � �0�i :We show that each of the three terms converges in probability to zero. Via tedious algebraicarguments, we get that for �0 6= 0, (6.2) is equal topnPn "��20 (ln"1 + �0 R �0 Y d(�̂0 � �0)1 + �0 R �0 Y d�0 #� �0 R �0 Y d(�̂0 � �0)1 + �0 R �0 Y d�0 )#
+pnPn 264 1 + �0N(�)�1 + �0 R �0 Y d�0�2 �R �0 Y d(�̂0 � �0)�21 + �0 R �0 Y d�̂0 375 :23



If �0 = 0 then (6.2) is pn2Pn hR �0 Y d(�̂0 � �0)i2. Using more tedious arguments, we havethat (6.3) is equal to,pnPn"�0 1 + �0N(�)�1 + �0 R �0 Y d�0� �1 + �0 R �0 Y d�̂0��Z �0 Y d(�̂0 � �0)Z �0 Y k�d(�̂0 � �0)� �0 Z �0 Y k�d�0�R �0 Y k�d(�̂0 � �0)�21 + �0 R �0 Y d�̂0 �#:Recall that the total variation norms of both Y and k� are bounded by constants and thatN(�) is also bounded by a constant. So both (6.2) and (6.3) are OP (1)pnk�̂0 � �k21.All that is left is to prove that (6.4) converges to zero in probability. This term is equalto pn R �0 hn(u) d(�̂0 � �0)(u) where hn is the functionhn(u) = Pn" 1 + �0N(�)1 + �0 R �0 Y d�0  k�(u)� �0 R �0 Y k�d�01 + �0 R �0 Y d�0!� Y (u)1 + �0 R �0 Y d�0  N(�)� Z �0 Y d�0 1 + �0N(�)1 + �0 R �0 Y d�0!#:Note that the expectation of hn is ��2(1;�k�) which is �~�1(1; 0)�1�2���1(1; 0)� = 0.Apply Rao's (1963) strong law of large numbers to get that khnk1 converges almost surelyto zero. Also note that the total variation norm of hn is uniformly bounded in n by aconstant. Put Zn(h) = pn R �0 h d(�̂0 � �0), for h 2 BVp[0; � ], then (iv) implies thatZn is asymptotically uniformly �2-equicontinuous in probability (See for instance Van derVaart and Wellner (1996)), where �2(h; g)2 = R �0 (h(u) � g(u))��1��(h � g)(u) d�0(u). Notethat �2(hn; hn) converges to zero in probability. This combined with the asymptoticallyuniformly equicontinuity of Zn implies that Zn(hn) converges in probability to zero.
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7. A mixture modelThe score function for �, the derivative of the log density with respect to �, is given by`�(�; F )(u; v) = R (��1 � zv)z2e�z(u+�v) dF (z)R z2e�z(u+�v) dF (z) :In this model the statistic T1 + �T2 is su�cient for F . The `conditional score function'~̀�(�; F ) is de�ned as~̀�(�; F )(u; v) = `�(�; F )(u; v) � E��`�(�; F )(T1; T2)jT1 + �T2 = u+ �v�= R 12 (u� �v)z3e�z(u+�v) dF (z)R �z2e�z(u+�v) dF (z) :By an easy calculation we see that, with Ft(�; F ) the submodel given by (3.13)~̀�(�; F )(u; v) = @@t jt=� ln pt;Ft(�;F )(u; v):The conditional expectation E��`�(�; F )(T1; T2)jT1+ �T2 = u+ �v� minimizes the distanceto `�(�; F )(u; v) over all functions of u + �v. Since all score functions for F are functionsof u + �v, and this function is a score function for some submodel, it must be the closestF -score. This, in addition to the preceding equations, implies that the path t ! Ft(�; F )indexes a least favorable submodel for �.The maximum likelihood estimators �̂, F̂ and F̂0 can be shown to be consistent (forthe Euclidean topology and the weak topology) by the method of Wald (cf. Kiefer andWolfowitz (1956)). The asymptotic e�ciency (3.5) of �̂ is shown by Van der Vaart (1996)(with ~̀= ~̀�(�0; F0)).Recalling (3.7) and (3.13), we see that_̀(u; v; t; �; F ) = R _̀(u; v; t; �; F j z) z2 e�z(3��t)(2�)�1(u+tv) dF (z)R z2e�z(3��t)(2�)�1(u+tv) dF (z) ;where _̀(u; v; t; �; F j z) = (� � t)�3t�1(3� � t)�1 + zv��1�+ z(2�)�1(u� �v):Lemma 7.1 below shows that these functions belong to a Donsker class for (t; �; F ) varyingover a su�ciently small neighborhood of (�0; �0; F0). Furthermore, for (t; �; F )! (�0; �0; F0)these functions converge for every (u; v) to ~̀�(�0; F0)(u; v). The function _̀(u; v; �0; �0; F̂0)equals the e�cient score function ~̀�(�0; F̂0)(u; v). From the representation of the e�cientscore function as a conditional score, we see that P�0F0 ~̀�(�0; F ) = 0 for every �0, F0 andF ; this veri�es (3.15). In view of Lemma 3.2 all conditions of Theorem 3.1 are satis�ed,except possibly (3.14), which takes the form: as (t; �; F )! (�0; �0; F0)(7:1) Pn @2pt;Ft(�;F )=@t2pt;Ft(�;F ) P! 0:25



The second partial derivative in this expression can be written in the formZ R(u; v; t; �j z) z2 e�z(3��t)(2�)�1(u+tv) dF(z);for R(u; v; t; �j z) =3t� 6�2�2 + z�3(t� �)4�2 (u+ tv)(t� 3�)+ (t� 3�)28�3 (5t� 3�)v + 3(t� �)8�3 (t� 3�)�u� v(3� � 2t)��+ z2t (t� 3�)216�4 (u� v(3� � 2t)�2:By the lemma below the functions in (7.1) are contained in a P0-Glivenko-Cantelli class.This implies that it su�ces to prove (7.1) with the empirical measure replaced by the truemeasure P0. If (t; �; F ) ! (�0; �0; F0), then the functions in (7.1) converge for every (u; v)to the functionR ��3(2�0)�1 + zv + z2(u� �0v)2(4�0)�1� z2e�z(u+�0v) dF0(z)R z2e�z(u+�0v) dF0(z) :This function has mean zero under P0. An application of the dominated convergence theo-rem concludes the proof.LEMMA 7.1. Suppose that R (z2 + z�6:5) dF0 < 1. Then there exists a neighborhood Vof F0 for the weak topology such that the class of functions(u; v) 7! R (a1 + a2zu+ a3zv + a4z2u2 + a5z2uv + a6z2v2) z2 e�z(b1u+b2v) dF (z)R z2 e�z(b1u+b2v) dF (z) ;where (a1; : : : ; a5) ranges over a bounded subset of IR5, (b1; b2) ranges over a compact subsetof (0;1)2 and F ranges over V is P�0;F0-Donsker with square integrable envelope.Proof. By applying Lemma L.23 of Pfanzagl (1990) repeatedly, it follows that there existconstants and a weak neighborhood V of F0 such that(7:2) supF2V R zm+2e�zs dF (z)R z2e�zs dF (z) � �Cms�mj log sjm if s � 1=2Cm if s � 1=2.Since a symmetric convex hull of Donsker classes is Donsker, (See e.g. Example 2.10.7and Theorem 2.10.3 in Van der Vaart and Wellner (1996)), it su�ces to prove for everynonnegative integers k and l with k + l � 2 that the class of functionsukvl R zk+l+2e�z(b1u+b2v) dF (z)R z2e�z(b1u+b2v) dF (z) ;26



with F ranging over V and b = (b1; b2) over a compact subset of (0;1)2 is Donsker. For�xed b let Fb the class of these functions with only F varying.Since b is bounded away from zero, the functionukvl(b1u+ b2v)k+lis uniformly bounded in u, v and b. The functions in Fb are the product of this functionand the function hF (b1u+ b2v) forhF (s) = sm R zm+2e�zs dF (z)R z2e�zs dF (z) ; m = k + l:Let Qb be the distribution of b1T1 + b2T2 under P0. Then it is not hard to see that thebracketing numbers of Fb satisfy for some constant C(7:3) N[]�";Fb; L2(P0)� � N[]�C"; fhF :F 2 Vg; L2(Qb)�:For a de�nition of bracketing numbers see e.g. De�nition 2.1.6 Van der Vaart and Wellner(1996) or Ossiander (1987). We shall bound the right side by application of Theorem 2.1in Van der Vaart (1994b). Let . denote less than or equal up to a multiplicative constant.In view of (7.2) we have for every 1=2 < � < 1��hF (s)�� . j log sjm; 0 < s < 1=2;��hF (s1)� hF (s2)�� . js1 � s2j� sups1�s�s2��h0F (s)���j log s1jm(1��). js1 � s2j� s��1 j log s1jm+�; 0 < s1 < s2 � 1=2:Thus the restrictions of the functions hF to an interval [a; b] � (0; 1=2] belong to the spaceC�M [a; b] for M a multiple of a��j log ajm+�. Similarly, again in view of (7.2) we have��hF (s)�� . sm; s � 1=2;��hF (s1)� hF (s2)�� . js1 � s2j�sm2 ; 1=2 � s1 < s2:Thus the restrictions of the functions hF to an interval [a; b] � [1=2;1] belong to the spaceC�M [a; b] for M a multiple of bm. Theorem 2.1 of Van der Vaart (1994b) applied with thepartition (0;1) = [i(2�i; 2�i+1] [i (i; i + 1] shows that for every V � 1=�(7:4) logN[]�"; fhF :F 2 Vg; L2(Qb)� � KK(V+2)=2b �1"�V ;for a constant K depending only on �, V and Kb de�ned byKb =Xi hj log 2�ij2(m+�)22i�Qb(2�i; 2�i+1]iV=(V+2) +Xi hi2mQb(i; i+ 1]iV=(V+2):27



By a straightforward calculation we see that Qb has a Lebesgue density which is boundedabove by �0s(b1b2)�1F0z2. Thus Qb(2�i; 2�i+1] is bounded above by a multiple of 2�2i.Furthermore Qb(i; i + 1] � Qb(i;1) is bounded above by i�lF0z�l for any l � 0. Insertthese upper bounds in the de�nition of Kb to obtain thatKb .Xi hi2(m+�)2�2i(1��)iV=(V+2) +Xi �i2m�l�V=(V+2);provided F0(z�l+z2) <1. Here the multiplicative constant depends on F0, but is uniformin b ranging over our compact.For V su�ciently close to 2 this series converges for l > 2m+ 2. Thus we have provedthe existence of V < 2 and constants Kb that are uniformly bounded such that (7.4) holds.In view of (7.3) the same estimate is valid for the bracketing numbers of Fb in L2(P0).Writing the elements of Fb in the form fF;b we see, using (7.2)��fF;b � fF;b0�� . ukvlhsupb ���log(b1u+ b2v)��jb1u+ b2vj �m+1 + 1i(u+ v)kb � b0k. �j log(u+ v)jm+1 + (u+ v)ukvl� kb� b0k:The function in square brackets, say G, on the far right is square integrable under P0. Wecan now form brackets over the class of functions of interest [bFb by �rst choosing an "-netover the set of all b. The number of points in this net can be chosen smaller than (K=")2for some constant K. For every bi in the "-net take a minimal number of brackets [li;j ; ui;j ]over Fbi . Then the brackets [li;j � "G; ui;j + "G] cover F = [bFb and have size boundedby "�1 + 2kGkP0;2�. The logarithm of the total number of brackets obtained in this way isbounded by 2 log(K=") + supb logN[]�";Fb; L2(P0)� . �1"�V :This is an upper bound for N[]�"0;F ; L2(P0)�, where "0 = "�1 + 2kGkP0;2�. Apply thetheorem of Ossiander (1987) to conclude that F is Donsker.
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8. Appendix8.1. Convexity of the Con�dence SetIn general, a con�dence set obtained by inverting the likelihood ratio test is not guaranteedto have a \nice" shape. In simple cases it can be seen to be convex.LEMMA 8.1. Suppose that  ! lik( ; x) is a concave function on a convex subset 	 of alinear space. Furthermore suppose that for all  1,  2 in 	 the map "! �(� 1 + (1� �) 2)is continuous on [0; 1]. Then the con�dence region ��: lrtn(�) � z2�=2	 is convex.Proof. De�ne a set A by A = � :Pn ln lik( ) � z2�=2 + Pn ln lik( ̂)	. Since the map ! lik( ) is concave, the set A is convex. The con�dence region is composed of those � forwhich there exists an  2 A for which �( ) = �. If �1 and �2 are in the con�dence region,then there exist  1 and  2 both in A for which �( 1) = �1 and �( 2) = �2. Let "0 2 (0; 1).Consider �(� 1+(1� �) 2), which for � = 0 is equal to �2 and for � = 1 is equal to �1. Thecontinuity in � implies that there exists an �� for which �(�� 1+(1���) 2) = �0�1+(1��0)�2.Since �� 1+(1� ��) 2 is in A, the convex combination �0�1+(1� �0)�2 is in the con�denceregion.8.2. Double Censoring: Technical ComplementsIn the following two lemmas, BV[�; � ] denotes the set of functions h: [�; � ] ! IR that arebounded and of bounded variation, equipped with the norm jj � jjBV = k � k1 + k � kvar.LEMMA 8.2. Suppose that (GL �GR)(s�) is bounded away from zero for s in [�; � ] con-taining the support of F and GL is continuous at �.(i) Then the operator `�`F : BV[�; � ] ! BV[�; � ] is one-to-one, onto and continuously in-vertible.(ii) If Fn are distribution functions, with support contained in [�; � ] such that kFn�Fk1 !0, then `�`Fn ! `�`F in operator norm, i.e. `�`Fnh! `�`Fh in bounded variation norm on[�; � ], uniformly in uniformly bounded functions h of uniformly bounded variation.Proof. (i). The operator `�`F can be written as the sum K1+A+K2 of three operators.The operator Ah = h(GL�GR) is continuously invertible (with inverseA�1h = h=(GL�GR)under the condition that GL �GR is bounded away from zero. Since we can write `�`F inthe form A(A�1K1 + I +A�1K2) it now su�ces by Theorem 4.25 in Rudin (1973) to showthat A�1K1 + A�1K2 is compact and that K1 + A+K1 is one-to-one. The �rst is true ifboth K1 and K2 are compact. 29



Consider K1. Given a uniformly bounded sequence hn of monotone functions, thefunctions gn = R[�;u] hn dFF (u)are a uniformly bounded sequence of monotone functions. By Helly's theorem there existsa subsequence and a monotone function g such that gn0(u) ! g(u) for every u. Then bydominated convergence R jgn0 � gj dGL ! 0. This implies thatkK1hn0 � Z[�;1) g dGLk1 � supu Z[u;1) jgn0 � gj dGL ! 0kK1hn0 � Z[�;1) g dGLkvar = supX��Z[ti+1;1)(gn0 � g) dGL � Z[ti;1](gn0 � g) dGL��� Z jgn0 � gj dGL ! 0:It follows that any given sequence hn as before has a subsequence along which K1hn0converges in BV[�; � ]. Since any uniformly bounded sequence hn of uniformly boundedvariation can be written as the di�erence of two sequences of this type, it follows that K1is compact.The operator K2 can be shown to be compact in the same manner.To see that K1 + A + K2 is one-to-one, note �rst that both A�1=2K1A�1=2 andA�1=2K2A�1=2 are nonnegative de�nite operators on L2(F ) in the Hilbert space sense.Thus the spectrum of these operators is nonnegative and it follows that the spectrum ofA�1=2K1A�1=2 + I +A�1=2K2A�1=2 is contained in the interval [1;1). Thus this operatoris invertible as an operator on L2(F ). The same is true forK1+A+K2, so that the equation(K1 + A +K2)h = 0 (everywhere) for a bounded variation function h, implies that h = 0almost surely under F . Substitute in the de�nitions of K1 and K2 to see that Ah = 0,whence h = 0 everywhere.(ii). Since kFn � Fk1 ! 0, we have that Fnh � Fh ! 0 uniformly in uniformlybounded functions h of uniformly bounded variation. Thus for any sequence hn of suchfunctions we have that `Fnhn � `Fhn ! 0 pointwise in (u; d). By dominated convergenceand the continuity of GL at �,Z[�;� ]��`Fnhn(�; 1) � `Fhn(�; 1)�� dGL ! 0; Z[�;�)��`Fnhn(�; 3) � `Fhn(�; 3)�� dGR ! 0:As in the proof of (i) this implies that `�`Fnhn � `�`Fhn ! 0 in bounded variation norm.LEMMA 8.3. Assume that, for all u such that F0(u) > 0 and F0(u�) < 1,(8:1) (GL �GR)(u�) > 0;30



and suppose that g is left continuous, bounded and of bounded variation, and is not identi-cally zero almost surely under F0. Furthermore, assume that F0, GL and GR are continuous.(i) Then kF̂0 � F0k1 ! 0, almost surely under P0.Under the more restrictive assumptions of Theorem 2.1,(ii) as n!1 the support of F̂0 belongs to [�; � ] almost surely under P0 and(F̂ � F̂0)h = F0�h(g� � F0g�)�(�̂ � �0)F0�g(g� � F0g�)� + oP (n�1=2);uniformly in h 2 BV [�; � ] of norm less than or equal to one.Proof. (i). To keep the proof of (i) simple, let �0 = 0. The estimator of F under theconstraint, Fg = 0, is a F̂0 which maximizes Pn[ln pF (X)]. There exists a random variable�̂ for which(8:2) Pn h`F̂0hi� F̂0h = �̂Z hgdF̂0for all bounded functions h. Note that the form of the likelihood implies that a maximumlikelihood estimator F̂0 must have positive jumps at the observed event times.Since F0 is continuous, to verify (i), we need only show that F̂0(t) converges to F0(t)for all t a.s. De�ne the processesQ1n(t) = Pn[1fd = 1g1fu � tg]; Q1(u) = Z u0 F0 dGL;Q2n(t) = Pn[1fd = 2g1fu � tg]; Q2(u) = Z u0 (GL �GR)(v�) dF0(v);Q3n(t) = Pn[1fd = 3g1fu � tg]; Q3(u) = Z u0 (1� F0)dGR:By the Glivenko-Cantelli theorem each of the sequences Qin converges uniformly to thecorresponding function Qi, almost surely. Fix a sample point within the set of probabilityone on which kQ2n �Q2k1 ! 0, kQ3n �Q3k1 ! 0, and kQ1n �Q1k1 ! 0.We �rst prove that all limit points of �̂ are �nite. Since F0g = 0 yet g is not a.s. F0zero, there exist � > 0 such that the sets A = fg > �g and B = fg < ��g have positivemeasure. For large n there exists at least one observed event time in the set A (by (8.1)),say xn. Put h(u) = 1fu = tg in (8.2) to get,(8:3) �F̂0(t)�1� Z 1t� 1=F̂0dQ1n � Z t��1 1=(1 � F̂0)dQ3n + �̂g(t)� = �Q2n(t):Evaluate (8.3) at t = xn. Since �F̂0(xn) > 0 and �Q2n(xn) > 0, we have that �̂ cannotdiverge to minus in�nity. Likewise for large n there exists at least one observed event timein the set B, say yn. Since �F̂0(yn) > 0 and �Q2n(yn) > 0, we have that �̂ can not divergeto in�nity. 31



Let h(s) be 1fs � tg for arbitrary nonnegative t. Write F̂0(hg) as g+(t)F̂0(t) �R t�1 F̂0(u) dg+(u) where g+(u) = g(u+) so that g+ is right continuous. From equation(8.2) we get, F̂0(t) + �̂�g+(t)F̂0(t)� Z t�1 F̂0dg+� =(8:4) 3Xi=1 Qin(t) + F̂0(t)Z 1t 1=F̂0dQ1n � (1� F̂0(t))Z t�1 1=(1 � F̂0)dQ3n:Use Helly's selection theorem to get a subsequence of n for which F̂0 converges pointwise,say to ~F , and �̂ converges to a �nite value, say �. From equation (8.3) we see that Q2n isabsolutely continuous with respect to F̂0. This along with assumption (8.1) implies thatthe convex hull of the support of ~F contains the support of F0. This allows us to use thedominated convergence theorem along with the uniform convergence of the Qin's, the factthat both F (t)=F (u) as a function of u > t and (1�F (t))=(1�F (u)) as a function of u � thave total variation bounded above by one, to+ show that~F (t) + ��g+(t) ~F (t)� Z t�1 ~Fdg+� = 3Xi=1Qi(t) + ~F (t)Z 1t 1= ~FdQ1� (1� ~F (t))Z t�1 1=(1 � ~F )dQ3:We would like to write most of the terms in the above equality as integrals with respectto ~F but, ~F although nondecreasing, may not be right continuous. Instead we consider ~F+which is the right hand limit of ~F . In the following we derive an equation, similar to theabove but for ~F+.Since the total mass of ~F is bounded above by one, ~F has at most a countable numberof discontinuities and therefore ~F+ di�ers from ~F at at most a countable number of points.Evaluate the above equality at t+ h and let h decrease to zero to get~F+(t) + ��g+(t) ~F+(t)� Z t�1 ~Fdg+� =(8:5) 3Xi=1 Qi(t) + ~F+(t)Z 1t 1= ~F+dQ1 � (1� ~F+(t))Z t�1 1=(1 � ~F+)dQ3:Now � ~F+(t) satis�es,� ~F+(t)(1 + �g(t)) + �( ~F+(t)� ~F (t))�g+(t) =� ~F+(t)Z 1t 1= ~F+dQ1 +� ~F+(t)Z t�1 1=(1 � ~F+)dQ3:32



Suppose that at t, ~F+(t)� ~F (t) > 0, then subtracting the equation in ~F from the equationin ~F+ we get,(8:6) 1 + �g+(t) = Z 1t 1= ~F+dQ1 + Z t�1 1=(1 � ~F+)dQ3:Combine the last two equations to get that if ~F+(t)� ~F (t) > 0, then�g+(t)���� ~F+(t) + ~F+(t)� ~F (t)� = 0:Let J be the countable set of points, t, for which ~F+(t) � ~F (t) > 0. Then for arbitraryt, � R t�1 ~F dg+ = � R t�1 ~F+dg+ � � R t�1( ~F+ � ~F )1Jdg+ which by the above argument isequal to, � R t�1 ~F+dg+ � R t�1 ��g+(u)1J (u)d ~F+(u). Equation (8.5) becomes,~F+(t) + Z t�1��g(u) + ��g+(u)1J (u)� d ~F+(u) + � ~F+(�1)g+(�1) =3Xi=1 Qi(t) + ~F+(t)Z 1t 1= ~F+dQ1 � (1� ~F+(t))Z t�1 1=(1 � ~F+)dQ3:For h(s) = 1fs � tg, this impliesZ h �1 + �g + ��g+1J�d ~F+ =(8:7) Z R u0 hd ~F+~F+(u) dQ1(u) + Z h(u)(GL �GR)(u�)dF0(u) + Z R1u hd ~F+1� ~F+(u)dQ3(u):Indeed the above holds for all bounded h.Use integration by parts to rewrite (8.7) as(8:8) Z h(u)(GL �GR)(u�) dF0(u) = Z h(u)A(u) d ~F+(u)where A(u) = �g(u) + ��g+(u)1J (u) + 1� Z 1u� 1= ~F+dQ1 � Z u�0 1=(1 � ~F+)dQ3and h is bounded. Note that (8.1) and the above implies that F0 is absolutely continuouswith respect to ~F+. Put h equal to the indicator of the set fu:A(u) < 0g to see thatthis set has ~F+ mass zero. Next use approximating simple functions and the monotoneconvergence theorem to show that (8.8) holds for all nonnegative h. For arbitrary t, puth(u) = 1fu � tg(GL � GR)(u�)�1 so that F0(t) = R t�1A(u)=(GL � GR)(u�)d ~F+(u) forall t � 0. We see that a version of the Radon-Nikodym derivative is,(dF0=d ~F+)(u) = A(u)=(GL �GR)(u�):33



Since g is a bounded function, we may put h(u) = g(u)=(GL � GR)(u�) to yield 0 =R g(u) dF0(u) = R g(u)A(u)=(GL � GR)(u�) d ~F+(u). In the following we will need that(8.7) holds for h = (dF0=d ~F+), however (dF0=d ~F+) is not necessarily bounded. Nowthe left hand side of (8.7) evaluated at h = (dF0=d ~F+) is �nite and is equal to one.Therefore by approximating (dF0=d ~F+) by simple functions and using the monotone con-vergence theorem we get that PF0 [l ~F+h�] = 1 or equivalently ln (PF0 [l ~F+h�]) = 0 forh� = dF0=d ~F+. Since the natural logarithm is strictly concave, PF0 [ln ` ~F+h�] � 0. How-ever l ~F+h� = pF0=p ~F+ . But PF0� ln(pF0=p ~F+� � 0 with equality if and only if pF0=p ~F+is equal to one with PF0 probability one. So pF0=p ~F+ is one with PF0 probability one.This means that R 1f ~F+(u) 6= F0(u)gF0(u)dGL(u) = 0, and R 1f ~F+(u) 6= F0(u)g(1 �F0(u))dGR(u) = 0. So, 1 � R1u� 1= ~F+dQ1 � R u�0 1=(1 � ~F+)dQ3 = (GL � GR)(u�) forall u. Since R 1f(dF0=d ~F+)(u) 6= 1g(GL � GR)(u�)dF0(u) = 0, we get R 1f�g(u) 6=0g(GL � GR)(u�)dF0(u) = 0. Then � = 0 and (dF0=d ~F+) is identically one. So ~F+is identically equal to F0. In this case equation (8.6) yields a contradiction, implying that~F is right continuous and identically equal to F0.(ii). Finally we prove (ii). Assumption (8.1) made on the interval [�; � ] implies that forlarge n the largest U will not have D = 3 and the smallest U will not have D = 1. Recallthat the support points of F̂0 are restricted to the U 's. This, along with the additionalassumptions that GL(�) = 1 and GR(��) = 0, implies that the convex hull of the supportof F̂0 is at most [�; � ] for large n PF0 -almost surely.For a given function h 2 BV [�; � ] de�neĥ� = (`�`F̂0)�1h; ĝ� = (`�`F̂0)�1g:Lemma 8.2 shows that these functions are well-de�ned and uniformly bounded and ofbounded variation. For t close to zero, de�ne the submodeldFt = dF̂0�1 + t�(ĥ� � F̂0ĥ�)� F̂0(ĥ�g)F̂0(ĝ�g) (ĝ� � F̂0ĝ�)��:This satis�es the null hypothesis and di�erentiation with respect to t at zero yields theequation Pn`F̂0�(ĥ� � F̂0ĥ�)� F̂0(ĥ�g)F̂0(ĝ�g) (ĝ� � F̂0ĝ�)� = 0:Because the information operator preserves expectations we have F̂0ĥ� = F̂0h for every h.So the preceding display can be rewritten asF̂0h = Pn`F̂0 ĥ� � F̂0(ĥ�g)F̂0(ĝ�g)Pn`F̂0 ĝ�:Combine this with F0h = F0`�`F̂0 ĥ� = PF0`F̂0 ĥ�34



and 0 = F0g = PF0`F̂0 ĝ�to �nd that (F̂0 � F0)h = (Pn � PF0)�`F̂0 ĥ� � F̂0(ĥ�g)F̂0(ĝ�g) `F̂0 ĝ��:The functions on the right are in a Donsker class by Lemma 8.2(ii). Given consistency,asymptotic normality follows. Asymptotic equicontinuity of the sequence of empirical pro-cesses implies that for h� = (`�`F0)�1h, (F̂0 � F0)h = (Pn � PF0)�`F0h� � F0(h�g)F0(g�g) `F0g��+oP (n�1=2) uniformly for h 2 BV [�; � ] of norm less than or equal to one.In a similar fashion, using the submodel,dFt = dF̂�1 + t�(ĥ�� � F̂ ĥ��)��where h�� = (`�`F̂ )�1h, we derive, (F̂ �F0)h = (Pn �PF0)`F0h�+ oP (n�1=2) uniformly forh 2 BV [�; � ] of norm less than or equal to one. Combining this result with the correspondingresult for F̂0, we have,(F̂ � F̂0)h = (Pn � PF0)�F0(h�g)F0(g�g) `F0g��+ oP (n�1=2)uniformly for h 2 BV [�; � ] of norm less than or equal to one.8.3. Current Status Data: Technical ComplementsIn this subsection, we show that �̂0 and �̂ have a rate of convergence OP (n�1=3) with respectto the L2-norm on [�; � ]. Furthermore, we sketch the proof of the asymptotic normality of�̂. These results complement the arguments of Huang (1996).We shall derive the rate of convergence of the estimators �̂ and �̂0 from the rate ofconvergence of the density estimators p�̂;�̂ and p�0;�̂0 with respect to the Hellinger distance.Rates for maximum likelihood estimators in the Hellinger distance were expressed, in gen-eral, in the entropy of a model by Birg�e and Massart (1993) and Wong and Shen (1995).See Section 3.4.1 of Van der Vaart and Wellner (1996) for an exposition. We compute therelevant entropy in the following lemma (Cf. Huang (1996), Theorem 3.3.)Recall that we take the parameter set 	 for (�;�) equal to the product of a compactsubset � of IR and the set of all nondecreasing, cadlag functions �: [0; � ] ! [0;M ]. Giventhe density p0 = p�0;�0 , the relevant metric in our entropy calculation is h0 given byh20(p�1;�1 ; p�2;�2) = Z �pp�1;�1 + p�0;�0 �pp�2;�2 + p�0;�0�2 d�:This is the Hellinger distance between the densities p�;� + p�0;�0 . (See Theorem 3.4.4 ofVan der Vaart and Wellner (1996). The \ordinary" Hellinger distance can be used as well,and will lead to an upper bound on the rate of convergence, but may yield a suboptimalresult. The addition of the term p0 helps to keep the densities bounded away from zero.)35



LEMMA 8.4. Under the conditions of Theorem 2.2, there exists a constant C such that, forevery " > 0, logN[]�"; fp�;�; (�;�) 2 	g; h0� � C�1"�:Proof. First consider the class of densities for a �xed �. We can write p�;� + p0 =��1��(y); z�+ (1� �)�0��(y); z� for functions �i that are montone in their �rst argument.Thus a bracket �1 � � � �2 for � leads, by substitution, readily to a bracket for p�;�+ p0.Since the partial derivatives @=@up�i(u; z) are uniformly bounded in (u; z; �) (note thatp0 is bounded away from zero), there exists a constant D such thatZ ��1=2i ��1(y); z�� �1=2i ��2(y); z��2 dF Y;Z(y; z) � D Z �� ��1(y)� �2(y)�2 dy:Thus, brackets for � of L2-size " translate into brackets for p�;�+p0 of h0-size proportionalto ". By, for instance, Theorem 2.7.5 of Van der Vaart and Wellner (1996), we can coverthe set of all � by expC(1=") brackets of size ".Next, we allow � to vary freely as well. Since � is �nite-dimensional and @=@� p�;�(x)is uniformly bounded in (�;�; x), this increases the entropy only slightly. Cf. the argumentgiven at the end of the proof of Lemma 7.1.In view of the preceding lemma and Theorem 3.4.4 of Van der Vaart and Wellner (1996)(see the conclusions after the theorem), the rates of convergence of p�̂;�̂ and p�0;�̂0 inHellinger distance to p0 are at least OP (n�1=3). By the following lemma this result impliesrates for �̂ and �̂0 in the L2-norm. (It also implies an upper bound for the rate of �̂, butthis is suboptimal.)LEMMA 8.5. Under the conditions of Theorem 2.2, there exist constants C; " > 0 such that,for all � and all j� � �0j < ",Z �p1=2�;� � p1=2�0;�0�2 d� � C Z �� (�� �0)2(y) dy +Cj� � �0j2:Proof. The left side of the lemma can be rewritten asZ [p�;� � p�0;�0 ]2�p1=2�;� + p1=2�0;�0�2 d�:Since p�0;�0 is bounded away from zero, and the densities p�;� are uniformly bounded, bothby assumption, the denominator can be bounded above and below by positive constants.Thus the Hellinger distance is equivalent to the L2-distance between the densities. Thelatter is equal to Z he�e�z�(y) � e�e�0z�0(y)i2 dF Y;Z(y; z):36



Let g(t) be the function exp(�e�z�(y)) evaluated at �t = t�+(1�t)�0 and �t = t�+(1�t)�0,for �xed (y; z). Then the integrand is equal to �g(1)�g(0)�2, and hence, by the mean valuetheorem, there exists 0 � t = t(y; z) � 1 such that the preceding display is equal toP0 �e��t(y)e�tze�tzh(�� �0)(y)�1 + zt(� � �0)�+ (� � �0)z�0(y)i�2 :Here the multiplicative factor e��t(y)e�tze�tz is bounded away from zero. By dropping thisterm we obtain, up to a constant, a lower bound for the left side of the lemma. Next,since the function Q(�; �0;�0) is bounded away from zero and in�nity, we may add a factorQ2(�; �0;�0), and obtain the lower bound, up to a constant,P0�`�(�0;�0)(�� �0)(y)�1 + zt(� � �0)�+ (� � �0)`�(�0;�0)�2:Here the function h = (1+zt(���0)) is uniformly close to 1 if � is close to �0. Furthermore,for any function g�P0`�(�0;�0)g`�(�0;�0)�2 = �P0`�(�0;�0)g(`�(�0;�0)� ~̀)�2 � P0�`�(�0;�0)g�2 (I0 � ~I);by the Cauchy-Schwarz inequality. Since the e�cient information ~I is positive, the termI0 � ~I on the right can be written I0c for a constant 0 < c < 1. The lemma now follows byapplication of the lemma below.LEMMA 8.6. Let h, g1 and g2 be measurable functions such that c1 � h � c2 and (Pg1g2)2 �cPg21Pg22 for a constant c < 1 and constants c1 < 1 < c2 close to 1. ThenP (g1h+ g2)2 � C(Pg21 + Pg22);for a constant C depending on c, c1 and c2 that approaches 1�pc as c1 " 1 and c2 # 1.Proof. We may �rst use the ineqalities(g1h+ g2)2 � c1g21h+ 2g1hg2 + c�12 g22h= (g1 + g2)2h+ (c1 � 1)g21h+ (1� c�12 )g22h� c1(g21 + 2g1g2 + g22) + (c1 � 1)c2g21 + (c�12 � 1)g22 :Next, we integrate this with respect to P , and use the inequality for Pg1g2 on the secondterm to see that the left side of the lemma is bounded below byc1(Pg21 � 2qcPg21Pg22 + Pg22) + (c1 � 1)c2Pg21 + (c�12 � 1)c2Pg22 :Finally, apply the inequality 2xy � x2 + y2 on the second term.Finally, we sketch a proof that the maximum likelihood estimator for � is asymptoticallye�cient. Since �̂ maximizes the function t! Pn ln lik�t;�t(�̂; �̂)� over t, we havePn _̀(�; �̂; �̂; �̂) = 0:37



By the Donsker property of the class of functions _̀(�; t;�; �) and the consistency of (�̂; �̂),we have, with G n = pn(Pn � P0) the empirical process,G n� _̀(�; �̂; �̂; �̂)� _̀(�; �0;�0; �0)� P! 0:Combining these two equations, we see that�pnP0 _̀(�; �̂; �̂; �̂) = G n _̀(�; �0;�0; �0) + oP (1):By the same argument as used for the veri�cation of (3.15), we can use the OP (n�1=3)-rateof �̂ in L2 to prove that pnP0 _̀(�; �0; �̂; �0) P! 0:We add this equation to the preceding display, and next use the mean value theorem on theleft side to obtain that, for some point ~� between �̂ and �0 and ��(�; t;�) = @=@t _̀(�; t;�; t),�pn(�̂ � �0)P0��(�; ~�; �̂) = G n _̀(�; �0;�0; �0) + oP (1):Here, P0��(�; ~�; �̂) converges to �~I. (Note that the identity P�;� _̀(�; �;�; �) = 0 implies thatP0��(�; �0;�0) = �P0`�(�0;�0) _̀(�; �0;�0; �0).) Equation (3.5) follows, since _̀(�; �0;�0; �0) =~̀.
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