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Back�tting in Smoothing Spline ANOVABy Zhen Luo1Department of Statistics, the Pennsylvania State University,326 Thomas Building, University Park, PA 16802, U.S.A.AbstractA scheme to compute smoothing spline ANOVA estimates for large data sets with a (near)tensor-product structure is proposed. Such data sets are common in spatial-temporal analysis andimage analysis. This scheme combines back�tting algorithm with iterative imputation algorithm inorder to save both computational space and time. The convergence of this algorithm and variousways to further speed it up, such as collapsing component functions and successive over-relaxation,are discussed. Issues related to its application in spatial-temporal analysis are discussed too. Anapplication to a global analysis of historical surface temperature data is described.Key words and phrases. The Gauss-Seidel algorithm, the Gibbs sampler, spatial-temporalmodeling, additive models, tensor-product data structure, global climate change.1 IntroductionSmoothing spline ANOVA (SSANOVA) is a multivariate function estimating procedure that baseson an ANOVA type decomposition of the function to be estimated. It generalizes the decompositionof multiple factor e�ects in the ordinary ANOVA and the univariate smoothing spline estimatingprocedure. It has been applied in many areas, for example, see Gu and Wahba (1993a,b) in anenvironmental study and Wahba, Wang, Gu, Klein and Klein (1996) in epidemiology. In this article,an application to a climate study will be discussed.A major di�culty with SSANOVA is a computational one. Gu (1989) carefully implemented anapproach for generic smoothing spline estimation problems. It works well with small and moderate1This research supported in part by a startup fund provided by the Pennsylvania State University, and by NSFunder Grant DMS-9121003 and NASA under Grant NAGW-2961.1



size data sets. But since it does not assume any special data structure, it is inevitably slow andmemory-demanding for large data sets.A subclass of SSANOVA models is those without any kinds of interactions, i.e., smoothingspline additive models. Buja, Hastie and Tibshirani (1989) studied these models (and other addi-tive models) and proposed a back�tting algorithm to transform a multivariate function estimatingproblem into many univariate function estimating problems. Since there is a sparse matrix repre-sentation of the univariate (polynomial) smoothing spline estimate (O'Sullivan, 1985), it speeds upthe computation considerably and saves memory as well.When interactions are non-negligible, other kinds of special structure in the data sets may beused to save computational space and time. In this article, a tensor product structure is the featureof large data sets that our algorithm makes use of. The key to our algorithm is also back�ttingwhich enables us to �t a SSANOVA model with the decompositions of much smaller matrices thanthose without consideration of the special data structure. Because of that, we may reduce memoryrequirement greatly. But unlike that in additive models, correlations (in a loose sense) betweencomponent functions very often make the convergence of back�tting too slow to be feasible. Inthose cases, we may use some speeding-up techniques that will be a topic of this article too. Also,in many cases, the tensor-product structure is only approximately hold usually due to missingvalues, hence we include an iterative imputation procedure to get around with the problem.We will use a spatial-temporal analysis of global historical surface air temperature data toillustrate, also as a primary application of, this method. To get accurate estimates of global tem-perature history based on scattered data, we have to avoid various biases which can be introducedthrough the way we collect and analyze the data. In this respect, the method proposed in thisarticle is for correcting the biases resulting from statistical analyzing method given incompletesampling. Techniques proposed here could be used in some other applications of spatial-temporalanalysis too. Other data sets having a tensor product structure such as image data may also usethe methods discussed in this article.Section 2 introduces SS ANOVA estimates. Section 3 describes our computational strategy,2



i.e., back�tting combined with iterative imputation. Various issues such as the convergence ofback�tting and the validity of imputation will be addressed. Section 4 discusses several speeding-up techniques such as collapsing component functions and Successive Over-Relaxation. Section 5describes an application to a historical global surface temperature data set. Section 6 discussessome issues related to SSANOVA procedure especially in the case of spatial-temporal analysis.2 Smoothing spline ANOVAIn this section, we introduce smoothing spline ANOVA (SSANOVA) approach through its ap-plication to a spatial-temporal analysis of historical global surface temperature data. A generalformulation of SSANOVA approach may be found in Wahba (1990), Gu and Wahba (1993a, b) andWahba et. al. (1996).Consider a variable, for example, winter mean surface air temperature, as a function of ge-ographical location and year. Suppose that year is indexed by x taking values in f1; 2; � � � ; n1gcorresponding to a period of n1 years, and location is denoted by P = (latitude; longitude) takingvalues on the unit sphere S. The goal is to estimate function f based on scattered noisy data:yk = f(tk) + �k; tk 2 T ; k = 1; :::; n (1)where T = f1; 2; :::; n1g � S, and �k's are independent noise terms. (In the case of temperature�eld, �k's contain not only measurement errors but also representation errors that are associatedwith some high frequency signal parts of this �eld.)De�ne two averaging operators on a function of x and P over time and space respectively by:(Exf)(x; P ) := n1Xx=1 f(x; P )=n1 (2)(EP f)(x; P ) := ZS f(x; P )dP=4�: (3)A direct sum decomposition of the space of function f(x; P ) satisfying some minimal conditions3



may hence be de�ned byI = (Ex + (I � Ex))(EP + (I � EP ))= ExEP + (I � Ex)EP + Ex(I � EP ) + (I � Ex)(I � EP ) (4)This decomposition singles out the average over years and the average over the globe. Suppose thatwe also want to single out the linear trend along the year, we may just de�ne another averagingoperator in addition to the two de�ned above:(E 0xf)(x; P ) := Pn1�1x=1 (f(x+ 1; P ) � f(x; P ))n1 � 1 �(x)= (f(n1; P )� f(1; P ))n1 � 1 �(x) (5)where �(x) = x � (n1 + 1)=2. Similar to (4), these three averaging operators de�ne six uniquecomponent functions through: d1 := (ExEP )fd2� := (E 0xEP )fg1 := (I � Ex � E 0x)EP fg2 := Ex(I � EP )fg�;2(P )� := E 0x(I � EP )fg12 := (I � Ex � E 0x)(I � EP )fThis is equivalent to saying that f is decomposed in the following way:f(x; P ) = d1 + d2�(x) + g1(x) + g2(P ) + g�;2(P )�(x) + g12(x; P ) (6)
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where the component functions satisfy8>>>>><>>>>>: Pn1x=1 g1(x) = g1(n1)� g1(1) = 0Pn1x=1 g12(x; P ) = g12(n1; P )� g12(1; P ) = 0RS g2(P )dP = RS g�;2(P )dP = RS g12(x; P )dP = 0 (7)for any x and P . This generalizes the decomposition of multiple factor e�ect in the ordinaryANOVA. Conditions in (7) are side conditions that make the decomposition unique, just like in theordinary ANOVA.These component functions are of interest because they have clearly de�ned practical meanings.d1 is the grand average winter temperature over both years and the globe; d2 is the grand lineartrend of winter temperature over years (averaging over the globe); d1+d2�(x)+g1(x) is the historyof global average winter temperature. The rest three terms are the locational adjustments to thethree global average terms. For example, g�;2(P ) is the locational adjustment to the grand lineartrend. In other words, d2 + g�;2(P ) is the linear trend at location P . A map of d2 + g�;2(P ) wouldgive us a clear idea of where the warming areas are and where the cooling areas are over thoseyears. Our estimating procedure is de�ned through this decomposition too.In order to make inference about the function at points other than data points, we have tomake some \smoothness assumption" about the function we want to estimate. We do this �rst byrestricting our focus on a class of functions (e.g., functions with some degree of di�erentiability),and then penalizing extra 
exibility in terms of a norm in that class.In the class of functions of x, an inner product may be de�ned as< f; g > := ( n1Xx=1 f(x))( n1Xx=1 g(x)) + (f(n1)� f(1))(g(n1)� g(1))+ n1�2Xx=1 (f(x+ 2)� 2f(x+ 1) + f(x))(g(x + 2)� 2g(x+ 1) + g(x)): (8)
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The corresponding decomposition of the function space is denoted by:H(1) = [1]� [�]�H(1)a (9)with three subspaces corresponding to the three terms in (8). The �rst subspace consists of allconstant functions, the second one consists of all linear functions summed to zero (i.e. all functionsof the form c� for some constant c), and the third one of all the functions perpendicular to theprevious two.In the class of functions of P with adequate di�erentiability, an inner product is de�ned as< f; g >:= (ZS f(P )dP )(ZS g(P )dP ) + ZS(�f)(�g)dP (10)where � is the Laplace-Beltrami operator, the analogue on the sphere of the Laplacian in Euclideanspaces. The corresponding decomposition of the function space is denoted by:H(2) = [1]�H(2)a (11)where H(2)a contains all the functions in H(2) which satis�es RS f(P )dP = 0.Now we restrict the function f(x; P ) into H which is de�ned as:H = H(1) 
H(2)= [1]
 [1] � [�]
 [1] � H(1)a 
 [1] �[1]
H(2)a � [�]
H(2)a � H(1)a 
H(2)a (12)The �rst two subspaces in the direct sum are combined as H0 with dimension 2. The last four aredenoted by H�, for � = 1; 2; 3; 4, in order. A corresponding decomposition of f in H isf = f0 + f1 + f2 + f3 + f4 (13)6



Comparing with (6), f0 here is the combination of the �rst two terms in (6), the rest have aone-to-one correspondence.A smoothing spline estimate is then de�ned as the minimizer ofnXi=1(yi � f(xi; Pi))2 + 1�1J1(g1) + 1�2J2(g2) +1�3J3(g�;2) + 1�4J4(g12); (14)where �'s are some positive numbers called smoothing parameters, J1; J2; J3 and J4 are norms inH(1)a ;H(2)a ;H(2)a and H(1)a 
H(2)a respectively, i.e., J1(g1) =Pn1�2x=1 (g1(x+2)� 2g1(x+ 1) + g1(x))2,J2(g2) = RS(�f)2dP , J3 is the same as J2, and J4 is derived from J1 and J2 as the norm of thetensor-product space.The choices of J 's given here are not the only choices we may have. Choosing J 's and �'sappropriate to the data will be discussed in Section 5 and 6. For now, suppose that the appropriateones have been chosen. Let us move our attention to the computational aspect of this procedure.3 Computing smoothing spline ANOVA estimates with back�t-tingThe smoothing spline estimate de�ned by the minimizer of (14) has a representation (see Wahba,1990, p.12) f�(x; P ) = d0 + d1�(x) + nXi=1 ci 4X�=1 ��R�((xi; Pi); (x; P )); (15)
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where each R� is a nonnegative de�nite function decided by the choice of J�, d := (d1; � � � ; dM )Tand c := (c1; � � � ; cn)T are the solution of8><>: 0 = ST c(Q� + I)c = (y � Sd): (16)where y = (y1; � � � ; yn)T , S is a n � 2 matrix with i-th row (1; �(xi)), Q� = P4�=1 ��Q�, andQ� = (R�(ti; tj))i;j=1;2;:::;n. R�'s are given in Table 1.The nonnegative de�nite function Rt corresponding to the norm in H(1)a is de�ned as follows.Let L be 0BBBBBBBBBBBBB@
1 �2 1 � � � 00 1 �2 � � � 00 0 1 � � � 0� � �0 0 0 � � � 1

1CCCCCCCCCCCCCA (17)
Thus J1(f) = fTLTLf . Then Rt(j; j0) is the jj0-th entry of (LTL)y where y denotes the Moore-Penrose generalized inverse.Table 1: The nonnegative de�nite functions in the SS estimate representation (15)that correspond to the four subspaces containing the four nonparametric componentsin Model (6). � H� R�1 H(1)a 
 [1] R1(x; P ;x0; P 0) = Rt(x; x0)2 [1]
H(2)a R2(x; p;x0; P 0) = Rs(P; P 0)3 [�]
H(2)a R3(x; P ;x0; P 0) = �(x)�(x0)Rs(P:P 0)4 H(1)a 
H(2)a R4(x; P ;x0; P 0) = Rt(x; x0)Rs(P; P 0)The nonnegative de�nite function Rs corresponding to the norm in H(2)a is de�ned as:Rs(P; P 0) = 12� [12q2(z)� 16 ]; (18)8



where z = cos(
(P; P 0)), 
(P; P 0) is the angle between P and P 0, andq2(z) = 12fln0@1 +s 21� z1A [12�1� z2 �2 � 4�1� z2 �]�12�1� z2 �3=2 + 6�1� z2 �+ 1g (19)(See Wahba 1981, (3.3) and (3.4). Note that this Rs does not correspond to RS(�f)2dP , but a normtopologically equivalent to it. In other words, we are not computing the minimizer of (14), but (14)with slight changes to J 's. The reason is computational since Rs corresponding to RS(�f)2dP istoo expensive to compute. By the results of Stein (1990), these changes will not make the resultsmuch di�erent when su�cient data are available. )When the sample size (n) is not too large, the system (16) can be solved through matrixdecompositions of S and Q�. This approach has obvious limitations in terms of both computationalspeed and memory requirement. When the sample size gets larger, we have to utilize some specialstructures in our data set. One structure we have here is the tensor product structure of Q�'s whenthe data have a tensor-product design, i.e., when we have an observation at every point (xi; Pj) fori = 1; 2; :::; n1 and j = 1; 2; :::; n2. (Hence the sample size n = n1n2.) Then the S and Q�'s havethe following forms: S = 1
 ~SQ1 = 11T 
QtQ2 = Qs 
 11TQ3 = Qs 
 ��TQ4 = Qs 
Qtwhere 1 is a vector of ones of appropriate length, � = (�(1); :::; �(n1))T , ~S = (1 �)n1�2, Qs is ann2�n2 matrix with (i; j)-th element Rs(Pi; Pj), and Qt is an n1�n1 matrix with (i; j)-th element9



Rt(i; j).However, even when Q�'s have such structures, their linear combination Q� does not haveto. Therefore, instead of solving (16), we consider an equivalent linear system derived from arepresentation f�(x; P ) = d0 + d1�(x) + 4X�=1 �� nXi=1 ci;�R�((xi; Pi); (x; P )) (20)where ci;� di�ers for di�erent �. Using this representation in (14) and denoting the componentfunctions evaluated at data points by f0 = Sd; f� = ��Q�c� for � = 1; 2; 3; 4, we have:f� = S�(y �X�6=� f�); for � = 0; 1; � � � ; 4; (21)where S0 := S(STS)�1ST and S� := (Q� + 1�� I)�1Q� for � = 1; 2; 3; 4.System (21) suggests a natural iterative method to solve itself, i.e.f (k)� = S�(y � X�<� f (k)� � X�>� f (k�1)� ); for � = 0; 1; � � � ; 4: (22)This is exactly the back�tting algorithm studied by Buja, Hastie and Tibshirani (1989) in whichadditive models are �tted by back�tting where each S� (one dimensional smoother) has a sparsematrix representation. Each S� here has a tensor product structure because S and Q� have.Therefore, updating in (22) can be done with the decompositions of matrices Qs and Qt which aremuch smaller than Q�'s. In this way, we may save computational memory and time required justlike what sparsity structure does to additive models.Buja et. al. (1989) discussed the properties of back�tting in a more general setup. Chen,Gu and Wahba (1989) pointed out the possibility of applying back�tting in SSANOVA. Anotherinteresting discussion about the convergence of back�tting is given by Ansley and Kohn (1994). Inthe case of smoothing spline, the back�tting algorithm is equivalent to an alternating minimization10



procedure to the problem minf02L(S);f�2L(Q�) ky � pX�=0 f�k2 + pX�=1 1�� fT�Qy�f� (23)where Qy� is the Moore-Penrose generalized inverse of Q�, and L(A) denotes the space spanned bythe columns of A. Because of this equivalence, we know immediately that this iterative methodconverges to the solution of (21) using results in the optimization literature. (See, for example,Lunerberg (1984), Section 7.9 on pp. 227-228).Rewrite equations (21) as0BBBBBBBBB@ I S0 � � � S0S1 I � � � S1� � �Sp Sp � � � I
1CCCCCCCCCA
0BBBBBBBBB@ f0f1...fp

1CCCCCCCCCA = 0BBBBBBBBB@ S0yS1y...Spy
1CCCCCCCCCA : (24)

It is clear that the back�tting algorithm we have just described, i.e., (22), is a (block) Gauss-Seidelalgorithm.Having known f0 (= Sd), we know d immediately. By (16), (Q� + I)c = y � Sd, hencec = y � Sd�Q�c = y � pX�=0 f�: (25)Therefore c is available after we get the f�'s.So far we have assumed that our data are complete in the sense that at every tensor productgrid point there is an observation. But frequently in observational studies, we have data missinghere and there. For example, in the climate study to be described in Section 5, nearly one thirdof the complete data is missing. In such cases we can still use the above computational procedurewith the help of an iterative imputation procedure.For simplicity reason, suppose that we have reordered the data in such a way that the complete11



data y can be written in two parts y = 0B@ y(1)y(2) 1CA ; (26)where y(2) = (yi1 ; � � � ; yiK )T is the missing part, and y(1) is the observed part. The iterativeimputation procedure is to impute the missing part with any initial values (of course, if we startwith good ones, we will be able to converge to the results faster), then �t a smoothing spline modelto the complete \data" using back�tting. After that, calculate the model's prediction at the missingpart, say, g(2), then impute y(2) with these newly predicted g(2) and go back to �t the same SSmodel again. Keep going through this cycle until the �tted values do not change anymore.It can be shown that this iterative imputation procedure is equivalent to the EM algorithm. SeeDempster, Laird and Rubin (1977) and Wu (1983) for the EM algorithm and its properties. Alsosee Green (1990) for its use in penalized likelihood estimation. The convergence results about EMalgorithms may be used to show convergence here. In Wahba and Luo (1996), a simple necessaryand su�cient condition is derived directly for the validity of this iterative imputation algorithm.Let �1 be an n�M matrix of orthonormal columns which span the column space of S, partitionedafter the �rst n�K rows to match y in (26) as0B@ �11�21 1CA : (27)A necessary and su�cient condition for the iterative imputation solution with arbitrary initialvalues to converge to the smoothing spline estimates based on the real data is \ �21�T21 does nothave 1 as its eigenvalue". This condition can be checked easily for a given S. Yates (1933) used asimilar idea to �t an ordinary ANOVA model to the data with a few missing values without solving
12



a general linear model equation. An interpretation of this condition is based on the observationS(STS)�1ST = �1�T1 = 0B@ �11�T11 �11�T21�21�T11 �21�T21 1CA : (28)We see that �21�T21 is in the same position as the diagonal elements of a \hat" matrix are in anordinary linear regression. Hence it can be interpreted as a measure of in
uence of those missingdata points on the SS �t. Since the largest possible eigenvalue of �21�T21 is 1, this condition justexcludes the most extreme in
uential case.4 Techniques to speed up back�ttingA straight-forward implementation of the back�tting algorithm often needs many iteration stepsto converge. There are many discussions about speeding up the Gauss-Seidel algorithm in thenumerical analysis literature, especially about a technique called Successive Over-Relaxation. See,for example, Young (1971). Here we would like to discuss some techniques in the context of �ttinga smoothing spline ANOVA model.4.1 OrthogonalityRoughly speaking, the main reason for the slowness of convergence of the back�tting algorithm is thecorrelation between components. To illustrate the point, consider a trivial problem of minimizingf(c1; c2) = c21+2�c1c2+c22 where � is between �1 and 1. The spectral radius of the updating matrixof the alternating minimization (i.e.,back�tting, also Gauss-Seidel) algorithm is easily veri�ed to be�2. Hence the larger \correlation coe�cient" � is, the slower the back�tting algorithm converges. If� is zero, then the back�tting algorithm converges in one step. Therefore, if possible, we may wantto formulate the original problem in such a way that as many o�-diagonal elements as possible arezero and thus the problem may be reduced into smaller ones.Recall that Qt = (LTL)y where L is given by (17), hence Qt1 = Qt� = �T 1 = 0. Therefore, all13



Q�Q� for � 6= � and Q�S are zero except Q1Q4, Q2S, and Q3S. Thus the minimization problem(23) can be separated into two smaller ones. For f0 2 L(S); f� 2 L(Q�), we know that fT� f� = 0for any � 2 f0; 2; 3g and � 2 f1; 4g, henceky � 4X�=0 f�k2 + 4X�=1 1�� fT�Qy�f�= ky � f0 � f2 � f3k2 + 1�2 fT2 Qy2f2 + 1�3 fT3 Qy3f3 +ky � f1 � f4k2 + 1�1 fT1 Qy1f1 + 1�4 fT4 Qy4f4�kyk2: (29)Therefore, (23) is equivalent to solving the following two problems separately:minf02L(S);f22L(Q2);f32L(Q3) ky � f0 � f2 � f3k2 + 1�2 fT2 Qy2f2 + 1�3 fT3 Qy3f3 (30)and minf12L(Q1);f42L(Q4) ky � f1 � f4k2 + 1�1 fT1 Qy1f1 + 1�4 fT4 Qy4f4: (31)They correspond to solving the following two systems respectively:0BBBBB@ I S0 S0S2 I 0S3 0 I
1CCCCCA0BBBBB@ f0f2f3

1CCCCCA = 0BBBBB@ S0yS2yS3y
1CCCCCA ; (32)and 0B@ I S1S4 I 1CA0B@ f1f4 1CA = 0B@ S1yS4y 1CA : (33)The key for such a reduction is that the x variable has an equally-spaced design. If the design14



of every variable is equally-spaced, then choosing appropriate J�'s, hence R�'s, can make all Q�Q�for � 6= � and Q�S zero, hence f� = S�y. That is to say that we only need to apply marginalsmoothers to the data once in order to get all component functions including interaction terms.4.2 Grouping and CollapsingConsider problem (23). Instead of minimizing it with respect to one component by one componentwhich leads to the back�tting algorithm (22), we may minimize it with respect to more than onecomponent at a time. This is called \grouping". In many cases grouping will reduce the numberof iterations needed in the back�tting algorithm (see Varga, 1962, for a discussion and a counter-example, p. 80). Of course, each updating step is more complicated in this case due to the higherdimension of each updating step. A compromise between the cost of updating and the number ofiterations needed has to be considered.Another way in a similar spirit of grouping in order to reduce the number of iterations is to usewhat we call a \collapsing" technique. As mentioned before, very often the slowness of back�ttingalgorithm is due to a strong \correlation" between two component functions. Suppose f�1 and f�2are such two components. By manipulatingf� = (Q� + 1�� I)�1Q�(y � X�6=� f�); for � = �1; �2;we get f�1 + f�2 = (Q�1+�2 + I)�1Q�1+�2(y � X�6=�1;�2 f�) (34)whereQ�1+�2 denotes ��1Q�1+��2Q�2 . WhenQ�1+�2 has a tensor-product structure, this updatingstep can be done in a similar way as in (22). Thus f�1 and f�2 are collapsed into one component.In this way, the strong correlation between f�1 and f�2 would not a�ect the speed of the back�ttingalgorithm. f�1+f�2 can then be used in (25) to compute c and then f�1 and f�2 . Similar techniques15



have been proposed in Markov Chain Monte Carlo literature to speed up the Gibbs sampler (Liu,1994), but seemingly not in numerical analysis literature. The properties of this technique may bestudied in a similar manner as in the work done for the Gibbs sampler.In the case of f1 and f4, due to the orthogonality,f1 + f4 = (Q1+4 + I)�1Q1+4y; (35)where Q1+4 = �1(11T 
Qt) + �4(Qs 
Qt) = (�111T + �4Qs)
Qt. In the case of f2 and f3,f2 + f3 = (Q2+3 + I)�1Q2+3(y � f0); (36)where Q2+3 := �2(Qs 
 11T ) + �3(Qs 
 ��T ) = Qs 
 (�211T + �3��T ). Sincef0 = S0(y � f2 � f3)= S0(y � (Q2+3 + I)�1Q2+3(y � f0));Simple manipulate leads tod = (ST (I +Q2+3)�1S)�1ST (I +Q2+3)�1y; (37)which can be computed directly using the eigen-decomposition of Q2+3 = Qs 
 (�211T + �3��T ).Then f2 and f3 can be computed using f2 = S2(y � f0); f3 = S3(y � f0).If the iteration of back�tting converges too slowly, then the extra cost of matrix decompositionsand matrix products may be worthwhile if we want to save overall computing time. Note that ifwe apply the same argument to all four f�'s, we will end up with (16), where Q�, unlike Q1+4 orQ2+3, does not have a tensor product structure, thus it is much more di�cult to invert (Q� + I)than to invert, say (Q1+4 + I). Therefore the problem here is also to decide how much further wewant to break down the original problem. If too much, we may end up with too many back�tting16



iterations. If not enough, the updating equations may be impossible or too expensive to solve.4.3 Successive Over-RelaxationA very important technique to speed up the back�tting (Gauss-Seidel) algorithm is through Succes-sive Over-Relaxation (abbreviated SOR). See, for example, Golub and Van Loan (1989), or Young(1971).Suppose we want to solve0BBBBBBBBB@ I S0 � � � S0S1 I � � � S1� � �Sp Sp � � � I
1CCCCCCCCCA
0BBBBBBBBB@ f0f1� � �fp

1CCCCCCCCCA = 0BBBBBBBBB@ S0yS1y� � �Spy
1CCCCCCCCCA : (38)

The Gauss-Seidel (back�tting) updating scheme isf (k+1)� = S�(y � X�<� f (k+1)� �X�>� f (k)� ): (39)The SOR scheme isf (k+1)� = !fS�(y � X�<� f (k+1)� �X�>� f (k)� )g+ (1� !)f (k)� ; (40)where ! is a real number known as the relaxation factor. With ! = 1, we are back to the Gauss-Seidel algorithm. When ! < 1 or ! > 1, we have underrelaxation or overrelaxation respectively.The trick is to �nd a good !. In general a prescribed optimal ! is available only for some specialkinds of matrix. Fortunately our case falls into this category. Consider system (32), and denote:A := 0BBBBB@ I S0 S0S2 I 0S3 0 I
1CCCCCA :17



Obviously A is consistently ordered (see Young 1971, pp. 144-145). If we can show that all theeigenvalues of B := I � (diag A)�1A are real and have absolute values less than 1, then accordingto Theorem 2.2 on page 172 of Young (1971), SOR will converge for any ! in (0; 2).Since jB � �Ij = �����������0BBBBB@ ��I �S0 �S0�S2 ��I 0�S3 0 ��I
1CCCCCA�����������= (�1)3n�2n ��������I � (S0 S0)(�I)�10B@ S2S3 1CA�������= (�1)3n�nj�2I � S0(S2 + S3)j(this is true for all nonzero �, hence for all �, because both sides are continuous.)Therefore all the eigenvalues of B aref0; �p�i; i = 1; :::; ng;where f�1; :::; �ng are eigenvalues of S0(S2 + S3) and 0 has a multiplicity n.They are certainly real, since all S0; S2; S3 are non-negative de�nite. We only need to showthat their absolute values are less than 1. We know S0 has eigenvalues either 0 or 1 since it is aprojection matrix. So we just need to show S2 + S3 has all its eigenvalues less than 1 in absolutevalue.Let Qs = �s�s�Ts , Qt = �t�t�Tt , �s = diag(�sj)n2j=1;�t = diag(�ti)n1i=1. Since Qt1 = Qt� = 0,and �T 1 = 0, we can choose �t so that its �rst two columns are 1=pn1 and �=k�k, where k�k =qPn1x=1 �2(x). SoS2 = (Q2 + 1�2 I)�1Q2 = (�s 
 �t)((�s 
 �2 + 1�2 I)�1(�s 
 �2))(�s 
 �t)T ;S3 = (Q3 + 1�3 I)�1Q3 = (�s 
 �t)((�s 
 �3 + 1�3 I)�1(�s 
 �3))(�s 
 �t)T ;18



where �2 is a n1�n1 matrix with all its elements being zero except the �rst diagonal one which isn1, �3 is a n1 � n1 matrix with all its elements being zero except the second diagonal one which isk�k2. Hence, we can see that the eigenvalues of (S2 + S3) aref0; �sjn1�sjn1 + 1=�2 ; �sjk�k2�sjk�k2 + 1=�3 ; j = 1; 2; :::; n2g;where 0 has a multiplicity (n1 � 2)� n2. Therefore, all (S2 + S3)'s eigenvalues are in [0; 1).According to Theorem 2.2 of Young (1971, p.172), SOR converges for any choice of ! between0 and 2. Furthermore, according to Theorem 2.3 on the same page, the best choice of ! is!b = 21 +p1� �2where � is the spectral radius of B. It can be shown (Young 1971, Theorem 2.2, p. 142) that �2 isthe spectral radius of the Gauss-Seidel iteration matrix which can be estimated by the power methodafter some Gauss-Seidel iteration steps are taken. See Young (1971, p. 206) for an explanation.It is even easier to show that SOR for the system (33) converges too. Moreover, its optimalover-relaxation parameter also can be computed given the estimate of the spectral radius of thecorresponding Gauss-Seidel iteration matrix.Note that the cited results of Young (1971) are only for the (point) Gauss-Seidel or SORalgorithms. In our case, however, point and block versions are the same because the diagonalblocks in our linear system are all identity matrices, hence updating elements in one block one byone is the same as updating them simultaneously.5 An application to global temperature change studyAn accurate and easily accessible description of what has happened in earth climate is alwaysof interest. It is of greater interest especially in recent years when scientists start to model theglobal climate and use their models to predict future climate. An important step in getting more19



con�dence in these models is to compare their \prediction" of the past climate with what wasactually observed. This is an important reason why an accurate account of the past climate isdesirable.Temperature is certainly one of the most important variables in the climate. It is also themost intensively recorded variable so far. For a long time we only have surface station temperaturerecords. Therefore, we have to reconstruct the whole temperature history over the sphere usingthese records scattered in both time and space. Various biases such as the relocation of a surfacestation, the change of instrument and so on exist. Another important source of bias is the incompletetime and space coverage. All these potential biases make the seemingly easy summarization jobcomplicated. Many people have taken di�erent approaches to correct these biases. See, e.g., Hansenand Lebede� (1987), Jones et. al. (1986), and Vinnikov et. al. (1990). Some have also studied thee�ect of incomplete sampling on the estimates of the climate history. See Madden et. al. (1993)and Karl et. al. (1994).To compare global means across time (the crudest way to look at global temperature change),we encounter biases resulting from incomplete sampling, i.e., the stations having records henceincluded in calculating global means are di�erent from one year to another. If in one year therelative number of stations in a cold area is bigger than in the next year, then we do not knowwhether an increase in average temperature is due to a real global change, or just due to thedi�erence between two sets of stations used in two years. The way the studies cited above chooseto correct this bias is through the use of anomalies which is de�ned as the di�erence between theraw records and the average over a pre-speci�ed reference period. While it is satisfactory in somesense, this approach has a limitation in correcting the biases resulting from incomplete sampling. Ithas considered the variation of mean temperatures, but not the variation of temperature change atdi�erent places. In essence, the anomaly approach has implicitly assumed that the last two terms in(6) are negligible. Figure 1 shows three estimates of the global average winter temperature historybased on the averages of each year's raw records, the averages of each year's anomalies, and thesmoothing spline estimate de�ned by (14). We can see that the smoothing spline ANOVA approach20



can correct such biases without even using anomalies.
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Figure 1: Estimates of global average winter temperatures (oC). Squares: yearly averages of rawdata; squares with cross inside: yearly averages of anomaly; solid squares: based on the smoothingspline estimate de�ned by (14).The data set we used is so called Jones-Wigley data set (see Jones, et. al., 1991). We ob-tained this data set from http://cdiac.ESD.ORNL.GOV/ftp/. It is a combination of four �les:ndp020r1/jonesnh.dat, ndp020r1/jonessh.dat, ndp032/ndp032.tm1 and ndp032/ndp032.tm2.This data set is assembled from di�erent sources of monthly temperature records at about 2000stations distributed across the world over the period from 1851 through 1991. There are only a fewstations with records dating back that far. Most of the stations started recording in this century.The stations are concentrated heavily in Europe and North America. Jones et. al. (1991) have donesome cleaning and homogenizing to the original data. Only winter average temperature, de�nedas the average of December, January and February temperatures, is considered here. The subsetof the most recent 30-year period (1961-1990) is chosen. Instead of using all the stations in this21



data set, we selected 1000 stations such a way that they cover the sphere as uniformly as possible.We �rst choose �1 = 10�0:1 and �2 = 104:5 which correspond to the case that little smoothing isdone to g1 and g2, then choose �3 and �4 by a crude grid search according to a randomized GCVcriterion (see Girard, 1989), which gave us a choice of �3 = 101:25 and �4 = 104:1. The estimated g2and g�;2 are plotted in Figure 2 and Figure 3 respectively. Full details about this application maybe found in Luo (1996).6 DiscussionPenalty terms in (14) are crucial elements in deciding a smoothing spline estimate. The mostimportant factors in those terms are the smoothing parameters (�'s). They control the overallbalance between the goodness of �t and the extra complexity measured by the penalty norms.Various ways of choosing these parameters including di�erent subjective and objective ones arediscussed in Luo (1996).Even though smoothing parameters are of the most importance in deciding the features of SSestimates, they are not the only factors in those penalty terms that matter. The choices of thosenorms (J�'s) are also important. These norms, induced usually by inner-products, correspond tothe covariance functions of the Gaussian processes as priors we put on the component functions,if we adopt a Bayesian point of view. The features of these covariance functions such as theirrange and di�erentiability can also a�ect the SS estimates signi�cantly. The Rs given in (18)has approximately the same range as the empirical correlogram does. However, we may alsoconsider a parsimonious parametric family that can represent a wide range of practically di�erentrandom �elds, and use the data to formally select the parameters in this family as we did withsmoothing parameters. For the temporal component, besides the penalty de�ned by that the 2-nd(or m-th) order di�erences are independent and identically distributed normal variables, whichrepresents a class of short-range memory dependence, long-range memory dependence modeledthrough fractional di�erencing (Hosking 1981, Haslett and Raftery 1989) may also be used in our22



model (see, Taam and Yandell, 1989). For the spatial component, the one we used (18) is in afamily developed by Wahba (1981). Other families such as Matern's (1986) and Vecchia's (1985)may be used too. Both families are generalizations of Whittle's (1953).When the spatial domain is large enough, we frequently face a problem of spatial inhomoge-neousness. Taking this into consideration may provide us more accurate estimates for the globalanalysis we intend to do. Spatial adaptive regression has been a topic discussed a lot in recentyears. There are three basic types of approaches. One is to select (usually stationary) basis func-tions adaptively according to the data. The other two approaches are to use wavelet basis functionsand to use a variable smoothing parameter across space (hence a function). A variable smoothingparameter is usually very di�cult to estimate from data. It is closely related to the problem ofestimating a nonhomogeneous covariance function (see Sampson and Guttorp, 1992 and Smith,1996 for some recent studies). In Luo and Wahba (1997), we have proposed a method in the �rstcategory and obtained some promising results in univariate cases (though the variable can be morethan one-dimensional). While wavelet bases on the sphere have not been well studied yet, it isstraightforward to apply HAS on the sphere. We may use this approach to consider the nonhomo-geneous problem in this spatial-temporal modeling setup. The �rst issue needs to be addressed isalso a computational problem, since data sizes in this kind of applications are usually too large tobe handled directly by the algorithm proposed in Luo and Wahba (1997). Again we may have totake advantage of the tensor-product structure of this kind of data. The question is how to blendtechniques in section 1 and adaptive selecting algorithm together. Another issue is how to dealwith di�erent spatial-adaptation requirements in di�erent terms of (6). We note that choosing basisfunctions can, to some degree, automatically play the role of smoothing parameters (�'s). That is, components with more features tend to get more basis functions.In many cases, con�dence statements about the smoothing spline estimates are needed. Whenthe computation for �tting a model is su�ciently fast, we may always consider bootstrapping.For SS estimates, there is another choice, i.e., Bayesian con�dence intervals proposed by Wahba(1983) and further studied by Nychka (1988, 1990). It is derived through a Bayesian interpretation23
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Figure2:Wintermeantemperatureof1961-1990basedonthesmoothingsplineestimatede�ned
by(14).
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Figure3:Lineartrendcoe�cientofwintertemperatureduring1961-1990basedonthesmoothing
splineestimatede�nedby(14).
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