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We discuss the estimation of the asymptotic covariance matrix of semiparametric max-
imum likelihood estimators by the observed profile information. We show that a dis-
cretized version of the second derivative of the profile likelihood function yields con-
sistent estimators of minus the efficient information matrix.

1. Introduction

In many semiparametric models, “regular” parameters can be estimated by (semiparamet-
ric) maximum likelihood estimators. The asymptotic theory for such estimators has been
developed for a number of models of practical interest, and is similar to the asymptotic
theory for maximum likelihood estimators in classical parametric models. In particular,
the maximum likelihood estimators are asymptotically normal, where the inverse of the
“efficient Fisher information matrix” gives the asymptotic covariance matrix. The latter
matrix is the Fisher information matrix corrected for the presence of an infinite dimensional
nuisance parameter. See e.g. Bickel, Klaassen, Ritov and Wellner (1993) for an extensive
review of information bounds. See Gill (1989), Chang (1990), Gu and Zhang (1993), van
der Vaart (1994, 1996), van der Laan (1993), Huang (1996), Murphy (1995), Gill, van der
Laan and Wijers (1995), Qin (1993), Qin and Lawless (1994), Qin and Wong (1996), Mam-
men and van de Geer (1995), and Parner (1996) for results on the asymptotics of particular
maximum likelihood estimators.

It is natural to use the asymptotic normality of the estimator in order to form confidence
intervals and test statistics. This requires an estimator of the standard error or equivalently
of the Fisher information matrix. In some specific cases the efficient Fisher information
matrix is of closed form. For example, under the assumption that the observation time is
independent of the covariates, Huang (1996) gives an explicit estimator of the asymptotic
variance in proportional hazards model applied to current status data. Sometimes the

“efficient influence function” is explicit. Then since the efficient Fisher information matrix
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is the covariance of the efficient influence function, one may estimate the efficient influence
function and use the average over the sample of the estimated efficient influence function
to estimate the asymptotic variance. This is done in a mixture model by Gaydos and
Lindsay (1996) and also by Huang (1996) when the independence assumption does not hold.
In the latter case, the efficient influence function is a function of the ratio of conditional

means. Huang uses nonparametric smoothing to estimate each of the conditional means.

However, in general, the asymptotic covariance is not given by a closed formula, or
even as an expectation of a known function (see van der Laan (1993), van der Vaart (1994),
Murphy (1995) and Huang and Wellner (1995) for some examples). One possible option
is to consider a discretized, for instance at observed data points, version of the efficient
information matrix. Then, to calculate the asymptotic covariance matrix, one must invert
the matrix of high dimension. This is true, for instance, in the semiparametric frailty model
considered by Murphy (1995), where estimators for the standard error of the estimated
frailty variance are found by inverting a matrix, which is of the same dimension as the data.
In some models, the special structure of the model leads to other estimators (Parner (1996)).
However, a general methodology for the estimation of the asymptotic covariance is lacking.

In this paper, we consider the natural method to use the “observed profile information”.

A popular estimator for the asymptotic covariance of a maximum likelihood estimator
in classical parametric models is the inverse of the “observed information matrix”. The

latter matrix is defined as
1S
i=1

and is equal to —(1/n) times the second derivative of the log likelihood function, evaluated
at the maximum likelihood estimator. As is well known, this estimator is asymptotically
consistent for the inverse of the asymptotic variance under some regularity conditions. In
practice, one might replace the analytic derivative in the preceding display by a discretized

derivative, which can be computed directly from the likelihood function.

In a semiparametric model the full parameter is partitioned in a parameter of interest
and an infinite dimensional nuisance parameter. The observed information matrix for the
full parameter would be a linear operator, and its inverse may not exist in the models
where a part of the nuisance parameter is not estimable at \/n-rate. Thus, estimating
the asymptotic covariance matrix of the maximum likelihood estimator of the parameter
of interest by inverting this linear operator appears impractical. Instead, we propose to
replace the likelihood function by the profile likelihood function, and use the “observed

profile information”.

More precisely, suppose that we observe a sample Xy,..., X,, from a distribution de-

pending on a parameter ¢»p = (0,7n), ranging over a set ¥ = © x H. The parameter of
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interest is # € © C RP. Given a “likelihood” lik(6, n)(z) for one observation z, define

(1.1) 1, () = sp =3 log k(6. 7) (X:).

This is the profile likelihood function for estimating the parameter . The maximum like-
lihood estimator @ is the point of maximum of the map 6 — M), (A). As an estimator for
the asymptotic covariance matrix of 6 one could propose minus the inverse of the second
derivative of 6 — M, (9) evaluated at 6.

A heuristic explanation that this method might provide a consistent estimator of the
inverse of the asymptotic covariance matrix is as follows. If 7jy achieves the supremum in
(1.1), then the map 6 — (0,174) ought to be an estimator of a least favorable submodel for
the estimation of  (See Severini and Wong (1992)). By definition, differentiation of the
likelihood along the least favorable submodel (if the derivative exists) yields the efficient
score function for . The efficient information matrix is the covariance matrix of the efficient
score function, and, as usual, the expectation of minus the second derivative along this
submodel should yield the same matrix.

The observed profile information is already used as an estimator in practice. For a
simplistic example, consider estimation of the regression coefficient 6 in Cox’s proportional
hazards model (with right-censoring). Relative to a convenient choice of the likelihood,
the estimator 7y of the cumulative baseline hazard function is an explicit function of the
data and 6, and the profile likelihood function can be computed explicitly. In fact, this is
Cox’s partial likelihood. (See Cox (1975), Andersen et al. (1993), pages 481-482).) The
usual estimator of the inverse of the asymptotic variance, minus the second derivative of
the partial likelihood, is precisely the observed profile information.

Severini and Wong (1992) and Severini and Staniswalis (1994) consider a particular
class of semiparametric models, and use a “generalized” observed profile information to
estimate the covariance matrix of §. Their estimator of the nuisance parameter for a fixed
f is not a maximum likelihood estimator, but a weighted maximum likelihood estimator.
However, considered as a function of # this estimator is an estimator of the least favorable
submodel and is differentiable in 8. As a result, the likelihood evaluated at 6 behaves as a
profile likelihood for 6.

It is not clear from the definition of the profile likelihood 6 — M, () that a second
derivative matrix exists. If it does, then it may not be easily computable in models in
which the estimator of the nuisance parameter is not explicit. To overcome these problems,
discretized versions of the observed profile information are proposed by Nielsen et al. (1992),
Huang and Wellner (1995) and Murphy and Van der Vaart (1996). The main purpose of this
paper is to prove the asymptotic consistency of such a discretized version. More precisely,
under conditions, we show that, for every h,, B 0 such that (y/nh,)~! = Op(1),

Mn(é+hnvn)_Mn(é) P T

(1.2) —2 = B T Iy,
n




for every sequence of “directions” v,, B v € RP, where I is the efficient information matrix
for estimating 6, evaluated at the “true” parameter ¢y = (6g,70). Note that the display
for h, — 0 and fixed n gives minus the second derivative of 6 — M, (f) (if this exists)
at 0 = é, since its first derivative at this point vanishes by the definition of 6. The result
(1.2) establishes the consistency of most discretization schemes for calculating the second
derivative matrix. For instance, with e; the ith unit vector in RP,

M, (0 + hye; + hye;) — My, (0 + hye;) — M, (0 + hpey) + M, (0) p -
_ 3 = (Lo)i,j-

We check our conditions for a number of examples, using the theory of empirical pro-
cesses. We believe that the approach works also for most of the other examples of semi-
parametric likelihood estimators that have been treated in the literature so far. The proof
is based on “sandwiching” the profile likelihood, using approximately least favorable sub-
models. This is a similar device as employed by Murphy and Van der Vaart (1996) on
semiparametric likelihood ratio statistics.

The definition of a semiparametric likelihood estimator requires the definition of a
likelihood function for the model. In some models this is just a suitable version of the density
of the observations, as in classical parametric models. In other models we use an empirical
likelihood, which is a density (of the absolutely continuous part) with respect to counting
measure, even though counting measure may not dominate the model. Combinations of
these two extremes, as well as modifications may be useful as well. For the theory it is
sufficient that the function of the parameter and the observation that is designated to
be “the likelihood” satisfies certain regularity conditions. In the fourth example, “the
likelihood” is actually a penalized likelihood.

The organization of the paper is as follows. In Section 2 we formulate and prove the
main result. One condition of the main theorem concerns a rate of convergence. In Section 3
we give two general approaches to establish this type of rate of convergence. In Sections 4-7
we verify the conditions for four nontrivial examples.

The notations P,, and G,, are used for the empirical distribution and the empirical pro-
cess of the observations, respectively. Furthermore, we use operator notation for evaluating

expectations. Thus, for every measurable function f and probability measure P,
1 ¢ 1 &
Baf =23 f(X). P [fap Gof = =3 (X0 = Puf),
i=1 1=1

where P, is the true underlying measure of the observations. A distance function on the

nuisance parameter space, H, is denoted by d(n,n’).



2. Main Result

The maximum likelihood estimator for (6,7) is the parameter (6,7) that maximizes the log
likelihood (6,7) — P, loglik(d,n) defined in (1.1). The estimator § maximizes the profile
likelihood 6 +— M, (f). We shall assume that this has been shown to be asymptotically

normal already, and that
(2.1) VB, —00) = I;'Gply + op(1).

We refer to 4y as the “efficient score function”, and to Iy as the “efficient Fisher informa-
tion matrix”. This is assumed to be the covariance matrix of EO(X) under Py and to be
nonsingular.

For a fixed # denote by 7y a random element at which the supremum in the definition
of M, () is (nearly) achieved, and set 1)y = (6, 7). Then (6, f)4) is the maximum likelihood
estimator of (0, 7).

Our assumptions all relate to the existence of approximately least favourable p-dimens-
ional submodels. We assume that, for each 9 = (6, 7), there exists a map, which we denote
by t — n,(¢), from a fixed neighbourhood of € to the parameter set for n such that the
map ¢ — £(t,1)(z) defined by

U(t, ) (z) = loglik(¢, m, (4)) (2)

is twice continuously differentiable, for all x. We denote the derivatives by é(t,z/;)(:z:) and
E(t, 1) (x), respectively. The p-dimensional submodel with parameters (t, nt(z/))) should pass
through v = (0,7) at t = 6:

(2.2) ng(0,n) =1, every (6,1).

The second important structural requirement that should lead the construction of this

submodel is that it be least favorable at (6y, 7o) for estimating 6 in the sense that

(2.3) £(6o, 1b0) (z) = Lo.

More precisely, we need this equality together with some regularity conditions. Similar
conditions are used by Murphy and Van der Vaart (1996) to prove the validity of the
likelihood ratio test. Assume that for any random sequences such that 8 & 6y and ¢ B

(2.4) Gnl(0,1) = Gply + op(1),
(2.6) Pob(0,1p5) = —Io(6 — o) + op (10 — 6ol| +n~1/2).

Here the assumption 1) 5 1 implicitly assumes a topology on the set of nuisance parameters
n. In applications of the following theorem this topology should be chosen such that 7j; P o
for every 0 & 6.



THEOREM 2.1.  Suppose that (2.1)-(2.2) and (2.4)-(2.6) are satisfied and that 7z £ no for
every 6 2, 0. Then (1.2) is valid for every random sequence h,, B, 0 such that (v/nh,)~" =
Op(1).

Proof. For 6 = 0 + h,v,, we have, by (2.2),

M, () — M, () = PP, log lik(6, ) P, log lik(, 7))
> P, loglik (6, n;(4;)) — P loglik (6, m; (45))
< P, loglik(8, 5 (1h5)) — P log lik (8, 1y (thg)).

Both the upper and the lower bound are differences P, £(6, 1)) — Pnﬁ(é, ), with ¢ = 2/39- and
P = 1/39, respectively. We apply a two-term Taylor expansion to these differences, leaving 1)
fixed.

For the lower bound we expand around 6 and obtain that this is equal to

~

hnv I P b(0,4hg) + 1h20I P, 68, ;) vy,

2nn

for # a convex combination of 6 and 6. The first term is zero because the map t —
P, log lik(t,nt(z/;é)) is maximized at ¢ = 6, since 1/39 = (0,7), whence né(z/;é) =1, by (2.2).
The second term is —1h2 (vl Tgv, +0p(1)) by assumption (2.5).

For the upper bound we expand around # and obtain that this is equal to
hnvgj]pﬂg(éa 2[)9_) - %hivzpﬂg(éa 1:;0_)7)“’

for 6 a convex combination of # and 6. The second term is —h2( ngvn + 0p(1)) by

assumption (2.5). The first term is equal to

h N - A
NG 0L G (0, 4D5) + hnvD Pyl(8, 1)

= %(”g%\/ﬁ(é —6p) + op(1)) — hy, [vffo(é —6o) +op(||6 — 6o + n_1/2)},

by (2.1) and (2.4), and (2.6), respectively. This reduces to —h2 (v?:l:ovn + op(1)) by the

assumptions on h,. m

Conditions (2.4) and (2.5) are regularity conditions on the least favorable submodel.
They can be verified using the theory of empirical processes. See e.g. Lemma 2.2 ahead.
These conditions can be slightly relaxed. To obtain the best result in one of our examples,

we shall need to relax (2.4)—(2.5) to the conditions that for every £ 6y and 6 & 6,

(2.4 G £(0,45) = Gy lo + op(1+ v/nl|f — 6ol]).
(2.57) P.l(0.45) & — I,
The theorem goes through under this latter pair of conditions.
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Condition (2.6) is more involved. There are several reasons why it ought to be valid.
First, by its definition, 1,@9 maximizes the log likelihood for a fixed value of the parameter
6. It should be close to the maximizer of the Kullback-Leibler information Py loglik(y) for
a fixed parameter 6. As shown by Severini and Wong (1992), the latter maximizers should
yield a least favorable submodel 6 — 1)y for the estimation of 6. In other words, the score
function at 6y of the model 0 — lik(@@g) should be close to the efficient score function /.

Thus, we may expect
Pol(8.4h5) = (Po — P, (8, 4b5)
= —Po(é — QU)Tgoé(éa 1,@9") + OP(Hé - 90”)-

This would yield (2.6), because by our construction £(6, 1/35) approaches £y. This is probably
the best intuitive justification of the condition. However, it is hard to make it precise.
For instance, it appears already hard to show that the path 6 — log lik(i/Sg) would be
differentiable.

The second intuitive justification of (2.6) is as follows. Since £(6, ’([)g) is constructed to

converge to Zg, we may expect
Pyl(0,45) = (Po — Py )E(, 1by)
= (P — Py )l +op (116 — 6o]))
= —Py[(6 = 00)" o + Ao (il — m0)] 20 + 0p (1|6 — 6s])),

where £y and Ag are the derivatives of the log likelihood with respect to 6 and 7, respectively.
Since the efficient score function £y is obtained by subtracting from the score £, for 6 its
projection onto the score space for the parameter 1 (the range of Ag), the factor involving
Ag(fj5 — no) can be cancelled and the inner product of £y and A yields the matrix Io.

The third approach is the least insightful one, but is the easiest one to implement in
some examples. We start by proving that Py/(6,, 1,@5) =op (||§— 0|l +n~1/2). This requires
special properties of the model and/or a rate of convergence on the nuisance parameter, or,

alternatively, an approach as in the preceding paragraphs. Then we may expect

Pol(0,1h5) = Po(€(0.15) — £(60,4p5)) + op (|6 — Ool| +n~/?)
= Pol(0,%5) (0 — 80) + op (|0 — 6o]| + n~/?)
= —1o(0 — o) + op (|0 — Oo] +n"1/?).

Here the last step follows by the usual identity relating the second derivative of the log
likelihood to the square of the first derivative, and is the population version of (2.5).

We summarize this last method, together with conditions to verify (2.4) and (2.5) in
the following lemma. See e.g. Van der Vaart and Wellner (1996) for the definitions and
examples of Glivenko-Cantelli and Donsker classes. The lemma assumes implicitly that
exp £(t,1)(x) is a probability density with respect to some dominating measure, up to a

factor that does not depend on ¢, in order to verify equation (2.8).
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LEMMA 2.2.  Suppose that there exists a neighborhood V' of (0y,) such that the class
of functions {é(t, p): (t, ) € V} is Py-Donsker with square-integrable envelope function,
and such that the class of functions {é(t, ¥): (t,9) € V} is Py-Glivenko-Cantelli and is
bounded in Li(Py). Furthermore, suppose that the functions (t,1) — £(t,)(z) and
(t,9)) — U(t,9)(z) are continuous at (8g,1)g) for Py-almost every z, and suppose that
0(60,10) = £y. Then (2.4) and (2.5) are satisfied. Furthermore, if ’([)g B wbg, then (2.6) is

equivalent to
(2.7) Pol(0o,1b5) = op ([0 — 6o +n~/3).

Proof. Since 4(t,1)) — fy as (t,1) — (0o, ), and the functions £(¢, 1) are dominated by

a square-integrable function, we have by dominated convergence
sos o 52
Po(i(0,9) — )" B 0.

Together with the assumption that the functions é(t,zp) belong to a Donsker class, this
yields (2.4). See e.g. Lemma 3.3.5 in Van der Vaart and Wellner (1996).

Similarly, using the Glivenko-Cantelli assumption, we have

Pﬂg(éadj) E) POE(GUJ)[)U)a
Png(éﬂ/;) E) POE(GUJ)[)U)'

Since t — exp £(t,1) is proportional to a smooth one-dimensional submodel, its derivatives

satisfy the usual identity
(2.8) Pyl (0o, 10) = —Pof* (00, o) = —Io.

This completes the proof of (2.5).
For the proof of (2.6) we have, by Taylor’s theorem, for f a point between 6 and 6,

Pol(0,45) = Pol(0o.5) + Pol(8,4p5)(0 — ).

The expectation in the second term on the right converges in probability to —I). =



3. Rates of Convergence

The verification of (2.6) or (2.7) may require a rate of convergence of the “estimators” 7;. In
this section we present two theorems that yield such a rate. Both theorems extend general
results on M-estimators to M-estimators with estimated nuisance parameters, and are also
of independent interest.

In our first theorem, consider estimators 7); such that
Pn,{éaﬁ§ah = 0’

for a collection of measurable functions = — kg, ,(z) indexed by the parameter (6,7)
and an arbitrary index h € H. In examples, these functions often take the form Ag ,h or

Agnh — Py Ag ,h for a “score operator” Ay ,. Define
Wia(0,m)h = Prkgp.h,
Wa(0,n)h = Pog o t6,m,h-
(The index 2 is superfluous here, but makes the notation consistent with proofs of asymp-
totic normality of the maximum likelihood estimators, and our examples.) We assume that
the maps h — Wy,5(0,n)h and h — W5(6, n)h are uniformly bounded, so that W5 and W5
can be viewed as maps from the parameter set © x H into £°°(H). The parameter set H

for n is viewed as a subset of a Banach space I with norm d. We impose the following

regularity conditions. For some ¢ > 0,

(3.1) {Ko.yn: |0 — 6ol < d.d(n,no) < 6,h €H} is Py, y,-Donsker,
(3'2) }?u’;l?[ Pog.mo (’%ﬂ?;h - ’womo,h)z — 0, 6 — 6o,m — m0.
€

THEOREM 3.1.  Suppose that W5:© x H C RP x L — ¢°°(H) is Fréchet-differentiable at
(60,10) with derivative Wa: RP xlin H — £>°(H) such that the map W5(0,-):lin H — £ (H)
is invertible with an inverse that is continuous on its range. Furthermore, assume that (3.1)
holds, that Wy(0o,m0) = 0, that 6 2 6y and that 775 2 ny. Then d(ij,m0) = Op(n=/? +
16 — 0o||) and when (3.2) holds also,

W2 (0,75 — no) = —(Waz — Wa) (0o, m0) — Wa(0 — 05,0) + op ([0 — 0o +n~/2).

Proof. By the definition of 7,
W2(éa ﬁé) - W2(901 770) = W2(éa ﬁé) - Wn2(éaﬁ§)
= —(Wn2 — W2)(60,m0) + 0p(n™'/?),
by (3.1)-(3.2). (See e.g. Lemma 3.3.5 in Van der Vaart and Wellner (1996).) By the
differentiability of W,
Wa (6 — 6o, 115 — m0) = Wa(0,735) = Wa(00,m0) + 0p (1|6 — boll + d(ig,m0)),
= —(Wnz — W5)(8,%5) + 0p (|0 — 6ol + d(15,m0))

(3.3)
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by the first line in (3.3). Since Wy is linear, the left side is equal to W5 (0, g —No) + Wo (6 —
69,0). The first term on the right in the preceding display is of the order Op(n~'/2) by
(3.1). In view of the continuous invertibility of W, it follows that d(73,m0) is of the order
Op(n~t2 + 16 — 0ol), thus verifying the first assertion of the theorem. Reinsert this on
the right side of the preceding display and use the second line of (3.3) to find the second

assertion. m

The preceding theorem is a variation on the theorem used by Van der Vaart (1994)
and Murphy (1995), among others, to prove the asymptotic normality of the maximum
likelihood estimator (é,ﬁ). Actually, its conditions are implied by the conditions imposed
in these papers, so that, at least in these cases, the estimator 7; behaves well whenever
(O, fin) behaves well and 6 behaves well. Of course, not using the maximum likelihood
estimator for § may cause that the estimator fg for n is inefficient.

In our second theorem, consider estimators 7y contained in a set H,, that, for a given
0, satisfy

Prnmg sy > Prnmg g,

for given measurable functions  — mg ,(z). This is valid, for example, for 7jy equal to the
maximizer of the function n — P,mg , over H,, if this set contains 7.

Assume that the following conditions are satisfied for every 6 € ©,,, every n € H,, and
every 0 > 0. The notations 2 and < mean greater than, or smaller than, up to a constant

that may depend on the true parameter or the model, but not on any other parameter

values.
(3.4) Py (mg.y —ma.n,) < —dg(n,m0) + 110 — 6ol|?,
(3.5) E* sup ‘Gn (me,n — mG,no)‘ S én(0).

9€@n,n€Hna||9—90 ||<6ad9 (nan0)<5

Here d3(n,no) may be thought of as the square of a distance, but the following theorem is
true for arbitrary functions n — d3(n,m0). (Contrary to what the notation suggests, this
function may even take negative values. In the latter case, set dg(n,m0) = (d2(n,n0) V0)*/2.)
In particular, it may be set equal to the infimum over 6 of minus the left side of (3.4), thus
rendering this to be trivially satisfied. Usually dy does not depend on 6 but in this form the
following theorem is flexible enough to apply to penalized minimum contrast estimators,

where the smoothing parameter can be included in 6. See Section 7.

THEOREM 3.2.  Suppose that (3.5) is valid for functions ¢, such that 6 — ¢,(6)/d"
is decreasing for some a < 2 and sets ©, x H, such that P(é € 0,,1; € H,) = L

Then dg(ijg,n0) < Op (0n + 16 — 0o||) for any sequence of positive numbers 6,, such that
¢n(0n) < \/nd2 for every n.
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Proof. Foreachn €N, j € Z and M > 0 define a set
Sn.j.M = {(9,77) € 0, x Hy: 29710, < dg(n,m0) < 270,, 10 — 6o < Z‘Mda(n,no)}-

Then the intersection of the events § € ©,,,7; € H,, and dj(ij;,n0) > 2™ (6n + 16 — Bol|) is
contained in the union of the events {(é, ng) € Sn,j,M} over j > M. By the definition of 7,
the variable sup g .\, . ., Pn(ma,; —mgy,) is nonnegative on the event {(é, fig) € Snj }-
Conclude that, for every § > 0,

pP* (dé(ﬁéaUO) Z 2M (5n + Hé - OOH)aé € Gnaﬁé € Hn)

< P, s Palmay —man) 20)
i>M (0,m)ES)n,Mm

For every j involved in the sum, we have, for every (6,7) € S;, m and every sufficiently
large M,
Py(mo.y —mg,y,) S —dj(n.10) + 116 — 6o
S —(1=272") dj(n,no) S —2%7%47,.

Thus, using Markov’s inequality, we see that the series is bounded by

Z P*( y sup ‘Gn (mg ., — mgmo)‘ 2 \/522j_2(5,21> Z $n(27 0n)

j>M n)ESj,n,M

0 (29415,)
/no22%
< Z 23'&—2]"
j>M
in view of the definition of §,, and the fact that ¢,(cd) < ¢, (d) for every ¢ > 1 by the

assumption on ¢,. This expression converges to zero for every M = M,, — 0c. =

For dgy = d not depending on 6 condition (3.4) is implied by the conditions
(36) PO(mG,no _maomo) Z _||0_00H2a
(37) Py (mgm - m%,ng) 5 —d2(777 770)7

The two conditions are the natural requirement that the criterion function (6,n) — Pymg,,
behaves quadratically (relative to a distance) around the point of maximum (6, 79). There
is more chance that this is true in a neighborhood of (6y,70). Thus, it is useful to note
that the theorem remains true if the conditions (3.5), (3.6) and (3.7) hold only for (0,7)
in this neighborbood and every sufficiently small §, provided that (9~, 7)) are known to be
consistent. We shall use this observation in our examples without much comment.

Condition (3.5) concerns the modulus of continuity of the empirical process and is more
technical. A simple method to verify this condition is given by the following lemma. Let
M be the set of all functions = — myg, (z) —mg ,, (z) with dg(n,n0) < d and [|§ — || < §
and write J(é, Ms, LQ(PO)) for its entropy-with-bracketing integral

J (8, M, Ly (Py)) / \/1 + log Njj (e, Ms, Lo (Py)) de.
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LEMMA 3.3. Suppose that the functions (z,6,n) — mg ,(z) are uniformly bounded for
(0,n) ranging over a neighbourhood of (6y,1n0) and that

2
(3:8) Py(mg.y —me.n,)” < dg(n.1m0) + 116 — bo|*.

Then condition (3.5) is satisfied for any functions ¢,, such that

J(57 M57 L2(P0)) )
52\/n '

Consequently, in the conclusion of the preceding theorem we may use J((S,M(;,LQ(P(]))

instead of ¢, ().

bn(0) > J (6, Ms, La(Py)) (1 +

Proof. The first assertion is an immediate consequence of Lemma 3.4.2 in Van der Vaart
and Wellner (1996).

For the second assertion, let ¢,, be equal to the right side of the preceding display, and
note that the equations ¢, (8) < y/ndé? and J(§) < /nd? are equivalent. m

4. Cox’s Regression Model for Current Status Data

In current status data, n subjects are examined each at a random observation time and at
this time it is observed whether the survival time has occurred or not. The survival time,
T, is assumed independent of the observation time, Y, given the covariate, Z. Suppose
that the hazard function of T' given Z = z is given by Cox’s regression model: the hazard
at time y is eeTZ)\(y). Then the cumulative hazard at time y of T given Z = z is of the
form e Ji A(s)ds = €?*A(y). The unknown parameters are 6, a vector of regression
coefficients, in a known compact subset of RP, and A € A, the set of nondecreasing, cadlag
functions from the positive real line to [0, M], for a known M. We observe n i.i.d. copies of
X =(Y,0,Z), where 6 = 1 if T <Y and zero otherwise.
The density of X is given by

poa(X) = (1 —exp(—e? ZA(V)))" (exp(—e® ZA(Y)))' ™ f2(Y, Z)

where fY+Z is the joint density of (Y, Z). Since we are interested in inference for (6, A) only,
we take the likelihood lik(f, A, X) equal to this expression, but with the term f¥:#(Y, Z)
omitted.

We make the following assumptions. The observations times Y are in an interval
[0, 7] and possess a Lebesgue density which is continuous and positive on [0, 7]. The true
parameter 6y is an interior point of the parameter set, and the true parameter Ay satisfies

Ao(oc—=) > 0 and Ao(7) < M, and is continuously differentiable on [o,7]. The covariate
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vector Z is bounded and Ecovar(Z]Y) > 0. Finally, we assume that the function hg given
by (4.1) has a version which is differentiable with a bounded derivative on [o, T].

Under these assumptions the maximum likelihood estimator of (6, A) exists, 0 is asyp-
totically efficient in the sense of (2.1) and ||[A — Ag||s = Op(n=1/3). Here ||-| is the Ly-norm
on [0, 7]. See Huang (1996), and Murphy and van der Vaart (1996).

In this model the score function for 6 takes the form

lo,a(z) = zA(y)Q(z; 0, A),
for the function Q(x;6, A) given by

T
o=’ AW

1— e—eeTzA(y)

Q(z:0,A) = e #(5 — (1=

Inserting a submodel ¢ — A; such that h(y) = —0/0t,—gA¢(y) exists for every y into the

log likelihood and differentiating at ¢ = 0 we obtain a score function for A of the form

Ag.ah(z) = h(y)Q(z; 0, A).

For every nondecreasing, nonnegative function i the submodel A; = A +th is well defined if
t is positive and yields a (one-sided) derivative h at ¢ = 0. Thus the preceding display gives
a (one-sided) score for A at least for all h of this type. The linear span of these functions
contains £g ph for all bounded functions h of bounded variation. The efficient score function
for 0 is defined as £y = Lo A — Ag ,aho for the vector of functions hy minimizing the distance
Pyalllg.n — Ag.ahl|>. In view of the similar structure of the scores for § and A, this is a
weighted least squares problem with weight function Q(z;6,A). The solution at the true

parameters is given by the vector-valued function

Eg,0, (ZQ*(X;60,M0)|Y)
Egya, (Q2(X;00.A0)|Y)

As the formula shows (and as follows from the nature of the minimization problem), the

(4.1) ho(Y) = Ao(¥ )hoo(Y) = Ao (V)

vector of functions hg(y) is unique only up to null sets for the distribution of Y. However, it
is an assumption that (under the true parameters) there exists a version of the conditional
expectation that is differentiable with bounded derivative.

Thus we define, for ¢ a vector in RP,
Ai(0,A) = A+ (0 —t)Tp(A)(hog o Ayt o A)
2(t, 0, A) = loglik(t, A¢ (6, A)).
Here ¢: [0, M] + [0, 00) is a fixed function such that ¢(y) = y on the interval [Ag (o), Ao (7)],
such that the function y — ¢(y)/y is Lipschitz and such that ¢(y) < e(y A (M —y)) for
a sufficiently large constant ¢ specified below (and depending on (6y,Ag) only). (By our
assumption that [Ag(o),Ag(7)] C (0, M) such a function exists.) The function A(6,A)

is essentially A plus a perturbation in the least favorable direction, but its definition is
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somewhat complicated in order to ensure that A;(f, A) really defines a cumulative hazard
function within our parameter space, at least for ¢ that are sufficiently close to 6. First, the
construction using hgg o Ag* o A, rather than hgg, (taken from Huang (1996)) ensures that
the perturbation that is added to A is absolutely continuous with respect to A; otherwise
A¢(0,A) would not be a nondecreasing function. Second, the function ¢ “truncates” the
values of the perturbed hazard function to [0, M].

A precise proof that A;(0,A) is a parameter is as follows. Since the function ¢ is
bounded and Lipschitz and by assumption, hgg o Aal is bounded and Lipschitz, so is their
product and hence, for u < v and ||§ — ]| < &,

A4(0.A)(v) = A4(8, M) (u) > (A(v) = Aw)) (1 = ellphoo © Ag || Lipschit=)-
For sufficiently small £ the right hand side is nonnegative. Next, for ||§ — ¢ < e,
Ay(0,A) < A+ ed(A)]|hoolloo-

This is certainly bounded above by M (on [0,7] ) if ¢(y) < (M — y)/(€|lhoolls) for all
0 <y < M. Finally, A;(0,A) can be seen to be nonnegative on [0, 7] by the condition that

P(y) < cy.
It is proved below that

(4.2) 1A5 = Aollz = Op (16 — 6ol +n /).

Thus, we shall use the Ls-norm on the nuisance parameter set.
Differentiating £(¢, 0, A) with respect to t yields

; $(A)(y)

Uait,0.0) = |2 = g pioshon o Ayt o )] 446, M) )Q (w51, 41(6, 1),

For (t,0,A) = (0o, 0, Ao) this reduces to £y, since Ag(7) < M by assumption, thus verifying
equation (2.3). Murphy and van der Vaart (1996) verify the conditions of Lemma 2.2 when
0 a scalar; the verification for a vector 6 is similar.

All that remains for the application of Theorem 2.1 is a verification of equation (2.7).

Abbreviating £(-; 0y, 0, A) to £(A), we have

(4.3) Pyl(00, 00, Ag) = (Py = Py, 5 )e(Ao) + (P — Py, 5 ) (£(Ag) — £(A)).

Since é(AU) is the efficient score function for # and hence is orthogonal to every A-score, the

first term on the right can be rewritten as

Pof(A0) [(po = Py, 1,)/P0 — £ (60, o) (Ao — A5)].

Here the term in square brackets is exactly the linear approximation in Ag — Ag of the first.
Taking the Taylor expansion one term further shows that the term in square brackets is

bounded by a multiple of (Ag — A;)? and hence the display is bounded by a multiple of
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Py(Ay — Aé)z, which is negigible to the right order by (4.2). The second term in (4.3) can
be bounded similarly, since both A — pg, o and A — é(GU,GU,A) are uniformly Lipschitz
functions. This verifies (2.7) with a op(n~2/3) remainder term, but with (6p, A;) in place
of 1/;5 = (0, Aé). The difference of these two expressions can be seen to be Op(Hé —oll).
and (2.7) follows. (Note that Pyd/d0 £(0,0,10) evaluated at § = 6, vanishes, by the usual
manipulations with (efficient) score functions.)

Finally, we prove (4.2). Since Ay maximizes the log likelihood for fixed #, and since

z +— log z is concave,

0<P,log 2o —p_ (log Pok. _ 1o, POt )

Po,Aq Poo, Ao Poo,Ao
Py A, T Pbo,A
< 2P, log % — P, log P68
Poo, Ao Doy, Ao

With this in mind, we may apply Theorem 3.2 with n = A and

log 2820 if A = Ag
——— Pog Ao
b - +
2log pig’zl‘pg:’j\o(;/‘o else.

This choice of mg, s has the advantage over the more obvious choice logpg a/ps.a, that
the functions my A are uniformly bounded, thus permitting the application of Lemma 3.3.
(Note that, by our assumptions, lik(6, Ag)(x) is bounded away from 0 and oo, uniformly in
x and 6.)

Equation (3.7) holds for # in a neighbourhood of 6y and every A, with d equal to
the Ls-norm, by Lemma 8.5 of Murphy and van der Vaart (1996) and the well-known
relation Plog(q/p) < —h2(p, q), relating Kullback-Leibler divergence and squared Hellinger
distance. A Taylor series argument in 6 suffices to verify equation (3.6). To verify (3.5) we
use Lemma 3.3. Arguments as the proof of Lemma 3.1 of Huang (1996) and Lemma 8.4 of
Murphy and van der Vaart (1996) show that J(§) < §/2. A Taylor series argument can be
used to verify (3.8). Thus, Theorem 3.2 shows that (4.2) is satisfied.
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5. Proportional Odds Model for Right Censored Data

In the proportional odds model, the survival function is parameterized such that the ratios
of the odds of survival for subjects with different covariates are constant with time: the

conditional survival function Sz(u) of the event time, T', given the covariates Z satisfies,
—logit(Sz(u)) = logn(u) + 276,

where logit(z) = log(z/(1 — z)). The unknown parameters are 6, a vector of regression
coefficients ranging over a known compact subset of R, and 7, a nondecreasing, cadlag
function from the positive real line to the positive real line, with n(0) = 0. We observe n
i.i.d. copies of X = (Y,4,Z), where Y =T A C is the minimum of 7" and a censoring time
C which, given a vector of covariates Z, are independent. The censoring indicator § is 1 if
T < C and 0 otherwise.

For dn a density of n with respect to some dominating measure, the density of X is

e—zTG _ — |z J e—zTG 1=0
Po() = U-Felw=12) o) (" fowle)] e,
(n(y n(y

)+ e ") (n(y=) +e*"7) ) +e="?
where Fz is the marginal distribution of Z, F¢ is the conditional distribution of C given
Z, and lowercase letters denote the respective densities. This density is not suitable for use
as a likelihood. Instead, we use the empirical likelihood, which is obtained by replacing the
densities f¢, dn and fz by the point probabilities Fo{Y }, n{Y'} and Fz{Y'}. Since we are
interested in inference about (6, 7n) only, we drop the terms involving Fo and Fz, and define
the likelihood to be

: _ e=* In{y} e N
k(0w = <(n<y> ¥ e inly—) + e—z”)) <n<y) ¥ 9) |

Murphy, Rossini and Van der Vaart (1996) show that the maximum likelihood estimator

of (6,n) exists, is consistent, and is asymptotically normal and efficient under the following
assumptions. First, for a finite number 7, both P(C > 7) = P(C = 7) > 0 and P(T >
7) > 0. Thus, the study ends at a time 7 such that, on the average, a positive fraction of
individuals are still at risk. Second, P(T" < C|Z) > 0 almost surely; so, for any possible
covariate pattern, the chance of observing a true event is positive. Finally, it is assumed
that the support of Z is bounded, the true regression coefficient, 8y, belongs to the interior
of the parameter space and that the covariance matrix of Z is positive definite.

The maximum likelihood estimator of 7, 7, is a nondecreasing step function with sup-
port points at the observed event time. Consistency of 7 is relative to the supremum norm
7lloc = supyeqo,|n(y)|-

In order to define an approximately least favorable submodel, we calculate the score

functions for  and 1. The score function for 8 is given by

—2To —2To

e de
lop(x)=—2|1— = — — | -
! < n(y) +e2"0  nly-)+e 9)
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The score operator for 7 in the direction of A (an arbitrary bounded function) is

Y hdn § [Y7 hdn
Agoh(a) = oh(y) - — DD O hdn
n(y) +e n(y—) +e

This score operator is a linear operator from Ly(n) to La(P,,). Let Aj  denote its adjoint.

Some calculations show that

H{y > u} 6I{y > u} ]
n(y) + e nly=) +e ="
Hy>wu} [y hdn  0I{y > u} [/” hdn
(n(y) +e="0)2 ~ (n(y—) +e=2"%)2 |

. _ Hy > u} §I1{y > u} o270,
iatan=Pon | (50 e * Ty r )

(These equations are easiest established in this form by differentiating the two identities

 Agyh(u) = h(u)Po, [

6,m

Pylg, , =0 and PyAg, ,h = 0 with respect to n under the expectation Py, or by calculating
the variance of the score function as in Murphy, Rossini and van der Vaart (1996).) The
first equation gives the information operator for the nuisance parameter 1 when 6 is known.
This is shown to be continuously invertible on the space of functions of bounded variation

on [0, 7] in Lemma 4.3 of Murphy, Rossini and van der Vaart (1996). Thus, we can define

ho = ( *0,n0A90;770)_1A;0,n0£90ﬂ70’
dn,(0,m) = (1+ (6 — )T ho) dn,
0(t,0,m) = loglik(t,n,(0,7)).

Then (2.3) holds, with the efficient score function for estimation of 6 given by

£y (I) = 6901770 (:12) - A90,770h0($)'

See equation (4.12) of Murphy, Rossini and Van der Vaart (1996) for a verification of (2.1)
with the above g(] and fg the variance of 570.

Let 7j9 be the maximizer of the log likelihood for a fixed . We must verify that if
0 E 6y, then 115 —mollso 5 0. To do this restrict attention to a subsequence of n for which
the convergence of 6 is almost surely. Then a similar proof to the proof of Theorem 2.2 in
Murphy, Rossini and van der Vaart (1996) can be employed. Replace 7, 6y and 6 in their
equations by 7, 6 and 6 respectively. This proof implies that 115 — nolloo converges almost
surely to zero along the subsequence. Since for any sequence of n such a subsequence can
be found, we have the convergence in probability.

Next, we employ Lemma 2.2 to verify (2.4) and (2.5). The function ¢ is given by

ho(z
i(:0.0)(5) = o, 00 ~ Ao (1577 ) ()

The set of all functions of the type z — £(¢,0,n)(z) and z — £(t,0,n)(z), with ¢ and

f varying in a compact set in R and 7 varying in the set of nonnegative nondecreasing
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functions with n(7) < 2nq(7), is Donsker and uniformly bounded. This can be seen by noting
that the above functions can be written as a Lipschitz function of members of uniformly
bounded Donsker classes and next employing Theorem 2.20.6 in van der Vaart and Wellner
(1996). Note that [ hd(n,(6,n)—no) is uniformly bounded by a constant times the product
of the variation of & and ||1,(6,7) — 7o||e- As a result, the maps (¢,0,1) — £(t,0,7)(z) and
(t,0,n) — £(t,0,n)(z) are continuous at (6,0, 70) relative to the uniform topology on 7.
Thus, an application of Lemma 2.2 serves to verify (2.4) and (2.5).

To verify (2.6) in Theorem 2.1, we first derive a rate of convergence for the profile
estimators 7jg via Theorem 3.1. Define H to be the set of all functions h: [0, 7] — [0, 1] that

are of variation bounded by 1. Define
War(6,1) = Puly.,
Wy2(0,m)h =P, Apg,h, heH.
Then W,,(0,n) € R? x £°(H). Since 7y maximizes the likelihood for fixed #, we have that
Wna(6,76) = 0.
The expectation of W, is given by
Wi(0,m) = Polg,y,
W2 (0. n)h = PoAg yh.

It is implicit in the proof Theorem 2.2 of Murphy, Rossini and Van der Vaart (1996) that the
map W:RP x lin H — RP x />°(H) is differentiable at (6, 7o) with continuously invertible

derivative W given by
Wi Wia) (60— 60
0—0h,n— e .
( 0,7 770) <W21 W22> <n_n0>7

Wll(g - 90) = _POKGQ,TIQEZL,HO (0 - 00)1
Wialty = 0) == [ 43, o0 1 = )
Wa1 (0 — 00)h = —Po(Agy o )05, 1 (8 = 6o),

an—nwhz—/’amA%mhan—m»

where

Consequently, the W(0,7 — 7o) in Theorem 3.1 is given by Was(n — 1), and 175 — ol o 1s
of the order [0 — 0| + n~/2
The left side of (2.6) is equal to

Pol(0,0,75) = W1(0,75) — Wa(B,1i5) ho
= Wi1(0 — 0o) + Wiz (i — m0) — Wa1(0 — 69) — Waa(ii5 — no)ho
+0p (16— boll + 1155 — moll o)
= —Io(0 — 60) + op (10 — b0l + 715 — moloo),
by the definitions of W and hq. This verifies (2.6).
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6. Logistic Regression with a Missing Covariate

The following model is considered by Roeder, Carroll and Lindsay (1996), who use the profile
likelihood to set a confidence interval in a study of the effect of cholesterol on heart disease.
The model is expressed in terms of a basic random vector (D, W, Z), whose distribution
is described in the following way (our parameterization is slightly different from Roeder,
Carroll and Lindsay (1996)):

- D is a logistic regression on exp Z with intercept and slope v and 3, respectively;

- W is a linear regression on Z with intercept and slope «( and «;, respectively, and an

N(0, 0?)-error;

- Given Z the variables D and W are independent;

- Z has a completely unspecified distribution 7.
The unknown parameters are § = (3, g, 1,7, 0) ranging over © C R* x (0,00) and the
distribution 7 of the regression variable with support contained in a known, compact interval
Z C R The likelihood for the vector (D, W, Z) takes the form pg(d,w|z)dn(z), with ¢

denoting the standard normal density,

pe(d,w|z) = (1 - exp(i,}, - ﬁez)>d<1 _T_X:X(I)_(fy_;ﬁeﬁziz)y_d%(ﬁ(w)

and dn denoting the density of n with respect to a dominating measure.

Roeder, Carroll and Lindsay (1996) and Murphy and van der Vaart (1996b) consider
both a prospective and retrospective (or case-control) model. In the prospective model
we observe two independent random samples of sizes ng and ng from the distributions
of (D,W,Z) and (D, W), respectively. (The indexes C and R are for “complete” and
“reduced”, respectively.) In the terminology of Roeder, Carroll and Lindsay (1996), the
covariate Z in a full observation (D, W, Z) is a “golden standard”, but, in view of the
costs of measurement, for a selection of observations only the “surrogate covariate” W is
available. In their example W is the natural logarithm of total cholesterol, Z is the natural
logarithm of LDL cholesterol, and we are interested in heart disease D = 1.

We shall consider the situation that the number of complete and reduced observations
are of comparable magnitude. More precisely, the proof applies to the situation that the
fraction n¢/ng is bounded away from 0 and co. For simplicity of notation, we shall hence-
forth assume that nc = nr. Then the observations can be paired and the observations in
the prospective model can be summarized as n i.i.d. copies of X = (Y¢, Z¢,Yg) from the

density

T = (yc, 20,YR) = po(ycl zc) dn(zc) /pa(yR| z)dn(z) =:pg(yc| zc) dn(zc) pe(yr|n)-

Here we denote the complete sample components by Yo = (D¢, W) and Z¢ and the re-
duced sample components by Yr = (Dg, Wg). In the complete sample part of the likelihood
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we use an empirical likelihood with n{z}, the measure of the point {z},

lik(0, 1) (2) = po(ye| 20) n{zc) / po(yr] 2) dn(2).

We shall concentrate on the regression coefficient, 3, considering both the remaining
coordinates of 6 and 7 as nuisance parameters. (Thus, the parameter 6 in the general results
should be replaced by (3 throughout this section.) Note that the assumption of a known
support means that in the maximum likelihood estimation, 7 is constrained to have support
contained in Z. Assuming that Fj is nondegenerate, Murphy and Van der Vaart (1996b)
show that the maximum likelihood estimator (é,ﬁ) is asymptotically normal. Consistency
of 7) is relative to the weak topology. Here we shall verify that the conditions of Theorem 2.1
are satisfied, so that the asymptotic variance of the sequence \/ﬁ(,@ — [3) can be consistently
estimated by minus the inverse of the curvature of the profile likelihood function. Since
only the prospective model falls under the i.i.d. set-up of this paper, we shall concentrate
on this model. However, since the profile likelihoods of the prospective and retrospective
models are algebraically identical, the result can be extended to the retrospective model,
as is shown for the maximum likelihood estimator in Murphy and Van der Vaart (1996b).

We start by introducing a least favorable submodel. The score function for 0, ¢4 ,, is

the sum of the score functions for 6 for the conditional density pg(yc|2¢) and the mixture

density pg(yr|n), given by,

iolycl 20) = 0/00 Vogpolyc| zc),  daymolyn) — L 2RI Polml ) dnz)
pe(yr|m)

Furthermore, the score operator for 1 in the direction h (a bounded function satisfying
[ hdn=0) is

4 LRCIPo(us =) dnte)

Agnh(z) = h(zc) + Bonh(yr) = h(zc va (Rl )

The operator By, La(n) — La(pe(-|n)) is the score operator for the mixture part of the
model. A version of the Hilbert space adjoint By ,, of this operator is given by

B 0(z) = / 9(yr) pa(yr| 2) du(yr).

The efficient information matrix for # when 7 is unknown is given by
. . - R . I -
Iy = P0€90J)0€90,770 + Pﬂggogéo i (A90:7IO (I + B90ﬂ70 Baﬂmﬂ) 1B90,n0€9077l0)€90,770'

As in the proportional odds model, the least favorable direction, hg, for the estimation of
6 in the presence of the unknown 7 is given by (Aj, . Agyn,) " Af, 1, L60no, however it is
easily shown that Ay . lo; n, = Bp . lo,.n, and Ag . Agyn, =1+ Bg . Bgyn,- The latter
is the information operator for  when 6 is known; in Section 8 of Murphy and van der Vaart

(1996) it is shown that this operator is continuously invertiable on the space of Lipshitz
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continuous functions. Additionally partition 6 into § = (83,65), where 6, = (ag, ay,7,0?),

and partition I, for 6 in four submatrices, accordingly. Then,

= (1, —Io12(l0,22)7"),
=+ Beo noBGO,no) 1390 nog%moa
dny(8,m) = (1 + (8 — t)ag (ho — nho)) dn,
0:(0,m) =6 + (t — B)ao,

where nh = [ hdn and nohg = 0. In Section 5 Murphy and Van der Vaart (1996) show that
the function hg is bounded. Thus n,(6,n) has a positive density with respect to 7 for every
sufficiently small |3 — ¢| and hence defines an element of the parameter set for . Now we

use the least favourable path

= (et(ga 77)2’ 'r’t(gv 77))

in the parameter space for the nuisance parameter (62,7). This leads to £(t,0,n) =
loglik(0:(6,m),n,(0,m)). This submodel is least favorable at (g, n0) in that (2.3) is sat-

isfied in the form

0

— U0 =al’,
6t\t:50 (, 07770) g 2o,

where

lo(z) = Lo, (ye| 20) + Loy my (UR) — Aby moho(YR)-

The function /o is the efficient influence function for the parameter 6 in the presence of
the nuisance parameter 7, while the function aggg is the efficient score function for § in
the presence of the nuisance parameter (62,7n), both evaluated at (6y,7n0). See Section 7 of
Murphy and Van der Vaart (1996). For the present purpose, the relevant information is
that (2.1) is satisfied for the maximum likelihood estimator 3 substituted for 6, £, equal to
aOTgU and fg equal to agfoag = I~g,11 — I~g,121:0_’212I~0,21.

Let (A2,8,73) be the profile likelihood estimator for (62,7) when § is given so that
05 = (B,02,8). The profile likelihood estimator (%, fl3) can be shown to be consistent for
(6o, mo) as B B By, by the same proof as used for the full maximum likelihood estimator in
Murphy and Van der Vaart (1996b). (Replace (g by £, B by 3 and (ég,ﬁ) by (HAQ’B,%).) It
now suffices to verify the conditions of Lemma 2.2. By direct calculation, the abbreviations
6; = 0:(0,n) and n, = n,(0,n),

. . . ho — n,ho
i(t,0,n) = aTi T —dTA ( 0 — M ) .
( 77) Qg Ot (yC| Zc) + Qg et,'r]t (yR) Qg Ot,'r’t 1 + (,5 . t)ag’(ho . nth[]) (yR)
The class of functions é(t, 0,n), with ¢ varying in a neighborhood of 8, and (6,7) varying
in a neighborhood of (g, 7)), is shown to be Donsker in Section 4 of Murphy and Van der
Vaart (1996b). That the class of second derivatives, z — £(t,8,1)(z), is Glivenko-Cantelli

follows by similar, but simpler, arguments.
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To verify condition (2.6), we apply Theorem 3.1 to study the profile estimators 7jg.
Let H be the set of measurable functions h: Z — [0, 1] that are uniformly Lipschitz. Let
W,, = (W,1, W,2) be the element of R> x £>°(H) given by

Wai(0.n) =P, (fg(yc| 2c) + Loy (yr)),
Wi2(0,m)h =P, A ,h(z, 2) — Py, Ag ph.

The maximum likelihood estimators (8,7) are zeros of the maps W,,

W, (0,9) = 0.

Similarly the profile maximum likelihood estimator, (é@, n3) satisfies,
Wnl,Z(éﬂa ﬁﬂ) = Oa Wn2(é57f/5) =0.

We shall identify each probability measure n on Z with an element of ¢°°(#) through
nh = [hdn. Then W, can be viewed as a map from the space R®> x ¢>°(H) into itself
with as domain the product of ® and the set of probability measures in £°°(#H) under the
given identification. The expectation of W, under the true distribution, Py = Py, ,, is the
element W = (Wi, W3) of R® x £°°(H) given by

Wi(0.n) = Po(fo(yc|zc) + Lo, (yr)),

(6.1)
WQ(Q, n)h = P()Agmh — PgmAg’nh.

With this choice of centering function, we have W (6gy,n9) = 0.
Conditions (3.1) and (3.2) are verified in Section 4 of Murphy and Van der Vaart (1996).
Furthermore, by Lemma 5.1 in the same paper, the map W is differentiable at (6, 7), with

continuously invertible derivative

Wi Wi\ (66
6.2 0 —0y,n— . .
( ) ( 0,7 770) = <W21 W22> <n_n0>a

where

Wi (0 — o) = — (Poégmoé{omo + Poégoég;) (6 — ),
Wia = 10) = = [ B ol = o).
Wa1 (0 — 00)h = —PyAgy o hly (6 — ),

Was (1 — o) = — / (I + By, . By hd(n — o).

The above combined with consistency of the profile maximum likelihood estimator implies
that ||6A‘5~ — 0ol + %5 — moll3 is of the order 18 — fBoll +n~/2 by Theorem 3.1.
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The left side of (2.6) is equal to
5:113) — Wa(03,75)ho)
05 — 00,715 — mo) — Wa(03 — 60,75 — mo)ho)
+ OP(H% —60oll + 115 — moll%),
= —ag To(0;5 — 00) + op (1105 — Ooll + 15 — moll2)
= —(Io,11 — j0,12I~(]_,212j0,21)(B —Bo) + OP(H% —boll + 105 — moll#),

by the definitions of W, ho and ag. This verifies (2.6), because I~g,11 — ioylgjo_’%QIN(]’gl is the

efficient information for estimating (3 in the presence of the nuisance parameter (62, 7).

7. Semiparametric Penalized Logistic Regression

In this model the observations are n i.i.d. copies of X = (Y, W, Z) for a 0-1 variable Y such
that
P(Y =1|W, Z) = F(6W +1(Z2)),

where F(u) = e"/(1 + €") is the logistic distribution. Both W and Z are assumed to have
bounded support, which we take to be a subset of [0,1]2. The unknown parameters are
the scalar 6, and 7, a function in the Sobolev class of functions on [0,1] whose (k — 1)st

derivative exists and is absolutely continuous with J(n) < oo, where

1) = / (1 (2))? d.

Here, k > 1 is a fixed integer and n¥) is the jth derivative of  with respect to z. Mammen
and van de Geer (1995) study the estimators for 6§ and 7 obtained by maximizing the
penalized log likelihood, given by

IP)n Ingﬂ,n - 5\2‘]2(77)
where ) is a “smoothing parameter” and
1—
pon(z) = F (0w + n(z))y(l — F(0w + n(2)) VI () 2).

The smoothing parameter may depend on the data and hence can, for instance, be chosen
by cross validation. The estimator 7 of 1 is a weighted sum of a finite number of basis
functions determined by {Z1,...,Z,} (O’Sullivan, Yandell and Raynor (1986)).

For the purpose of (first order efficient) inference concerning 6, there is a considerable
freedom in the choice of the smoothing parameter. Following Mammen and van de Geer
(1995), we assume that

(7.1) A2 = op(n~Y?) and A7t = Op(nF/(k+1),
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To ensure the identifiability of the parameters we assume that Eq var(W| Z) is positive, and
that the support of Z (the smallest closed set with mass one) contains at least &k distinct
points in [0,1]. Finally, we assume that the function hy given by (7.2) has a version with
J(ho) < oc.

Under the above assumptions, the arguments of Mammen and van de Geer (1995)
can be refined to prove that || — noll2 = Op(An), where ||a|l; = Eqa®(Z), and that 6 is
asymptotically efficient in the sense of (2.1).

Our purpose is to show that the second derivative of the profile penalized log likelihood
yields a consistent estimator of minus the inverse of the asymptotic variance of 6. To do this,
we follow the general scheme of the paper, with the log likelihood equal to the penalized
log likelihood

log lik(6, ) (z) = log ps,n(z) — X*J*(n).

Assumption (7.1) ensures that even though this function depends on n and possibly on the
observations through An, the arguments are unaffected, in the sense that Theorem 2.1 and
its proof go through with minor notational adaptations.

The score function for 0 takes the form

by n(z) = (y — F(6w + n(z)))w

As in the previous examples, for h a function with J(h) < co, we may differentiate the log
likelihood (the true one, with A = 0) along the submodel 7, = 1 + th at t = 0 to obtain a

score function for 7, given by

A&ﬂumzz(y—ﬁ(mu+n@n)h@y
The efficient score function is given by
ZU = 690,770 - A90,770h0 = (y - F(Gow + 770(2))> (’U) - ho(z))

Here ho minimizes the distance Py(£g, o — Agg.noP0)?, and is given by

_ Eo[Wf(6W +m0(2))|Z = 2]
(7.2) o) = %u%%+m&m2=d'

(Note that F'(1— F) = f, the derivative of F'.) Thus, we define as least favorable submodel
n:(0,n) =1+ (6 = 1)ho,
£(t,0,m) = loglik(t,n,(0, 7).

Differentiation of £(t, 6y, n0) with respect to ¢ and evaluation at ¢ = 6y and Ay =0 yields

the efficient score function 570.
Let g be the maximizer of the penalized log likelihood for a fixed 8 and the same
stochastic smoothing parameter A as the one used to arrive at the estimator (é, 7). Recall

that ¢y = (6,74). In Lemma 7.1 we prove that
(73) M (i) + |Iliig = mol A1l = Or (A + 16 = Goll).
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We shall verify (2.4')-(2.5") and (2.6), where we take ¢ B 1y to mean 6 & 6, and
17— nol AL]|, B 0. We have

it ) (@) = (3= F(tw+n(z) + (0~ ho(2)) ) (w — ho(2))

+2)2 /1(77 + (0 = t)ho)®) (2) (ho) ¥ (2) dz,
0
Ut ) = —f(tw +n(2) + (0 — t)ho(2)) (w — ho(2))? — 222 T (hy).

The penalty terms do not play a role for the verification of (2.4’)-(2.5’) and (2.6), since

A2 = op(n~1/2) by assumption and
A2J () = Op (N2 + A6 — 6o]).

Therefore, without loss of generality we may set A = 0 for this part of the argument. If
(6,9) — (6o,10), then, in view of the continuity of F and f, E(é,zﬁ) converges a.e. to /g
and £(6,1)(z) converges a.e. to —f(Byw + 10(2))(w — ho(2))?, at least along subsequences.

By the dominated convergence theorem —Py/(0,1)) converges to the efficient information
= 2
Iy = ng(ﬁgw + 7’](](2)) (w — hg(z)) )

Thus, for (2.4)-(2.5) it certainly suffices to show that the classes of functions £(t,1)) and
0(t, 1), respectively, with (¢, 1)) ranging over a neighbourhood of (6, ), are Py-Donsker and
Py-Glivenko-Cantelli with square-integrable and integrable envelope functions, respectively.
In the case that Ay, in (1.2) is chosen such that h, = Op(Ay,), we have that J(13) = Op(1)
by (7.3). Since it suffices to prove (2.4)—(2.5) for 1 of the form 1 = (6,75) with |6 — | <
|0+ hy, — 60|, we may then a-priori assume that J(7) = Op(1). Under the condition that .J()
is uniformly bounded, the classes of functions é(t, ) and E(t, 1) can be seen to be Donsker
and Glivenko-Cantelli by entropy calculations as in Lemma 7.2, and the uniform entropy
central limit theorem and uniform entropy Glivenko-Cantelli theorem, respectively. (Cf.
e.g. Van der Vaart and Wellner (1996), Theorems 2.5.2 and 2.4.3.) Without the condition
that h, = Op(),), we must refine the argument and can verify (2.4’)~(2.5") rather than
(2.4)-(2.5). This is done in Lemma 7.5 below.

In order to verify (2.6) we follow the second intuitive justification given in Section 2.
We may still assume that A = 0. By the formula for ¢, with gs(w,z) = Ow + n5(z) and

go(w, z) = Oow + 1o (2),

Pob(6,4p5) = Po(y — F(gg)) (w — ho(2))
= Py(F(g0) — F(45)) (w — ho(2)).

By Taylor’s formula,
[F(9) = F(go) = f(90)(9 — 90)| < 311" loclg — g0|*.
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The function f(go) ™ (F(g0) — F(g) — f(go)(6 — Op)w) is uniformly bounded. Consequently,

for a sufficiently large constant M,

(7.4)  |F(g) = F(g0) = f(90)(8 — bo)w — f(go)[n — molaa| < "0 (10 — b0f” + |0 —m0[*),

where [77]ps is 7 truncated to the interval [—M, M]. Since the left side is bounded, the right
side can be truncated at a sufficiently large constant as well. Since Py f(go)a(z)(w — ho(z))

is zero for every a,

Pof(B, ) = —Po(F(35) = F(g0) = F(90)[(0 = Bo)w + [ — molas] ) (w = ho(2))
— (60— 00) Po f (90)w(w — ho(2)).

The first term on the right is bounded by a multiple of |§ — 6y|> + Py(fi5 —mo)* A 1. This is
negligible to the desired order by (7.3). The second term is equal to —(8 — 6y) 1.

We finish this section with a careful proof of the rate of convergence (7.3). For a
function g of (y,w,z) let ||g|2 denote the square of Pyg?(Y,W, 7). This norm does not

depend on the parameters (6,7) and can be taken fixed in the following.

LEMMA 7.1. Let (7.1) hold and assume that P,var(W|Z) is positive. Furthermore,
suppose that the support of Z contains at least k distinct points. If |0~ — 6| & 0, then

1Pg,5, — Péomall2 + A (7i5) = Op (X + 10 — 6o]).

This implies (7.3). If § — 6y = Op()\), then this also implies that J(15) = Op(1), and next
that ||5i; — mol|, = Op (A + 10 — 65]).

Proof. We apply Theorem 3.2, where we let the 8 of this theorem include the smoothing
parameter A\, and where

6,n + Do
g = log P — 42 (2 (1) — 2 ()
s710

Within this context we write 7\ rather than 7y. By the concavity of the logarithmic
function and the definition of 7y,

Do .
1P, log =2 — LX2(J2(g,0) — J?(m0)) = 0 = Ppmg,xm,-

angyAaﬁg,A 2 2
97”0

In view of (7.1), we may restrict (6, ) a-priori to the set ©,, = {|§ — 6o| < £,A > X, }

—k/(2k+1)  Quppose that it

for a small ¢ > 0 and for A, a sufficiently large multiple of n
can be shown that [ 5[lcc = Op (J(ﬁg’;) +1). Then we may also restrict 7 to the set
H, = {n:|nllsc < CJ(n)+ C} for a large constant C. (Strictly speaking, we must let
A, nk/k+1) and C tend to infinity, but it is not a loss of generality to give the proof for a
fixed, but arbitrary large constant only.)

The function pg, ,, (z)/f"?(w,z) is bounded away from zero and infinity uniformly

in z. Therefore, by continuity pg ,, (z)/f""#(w, z) is bounded away from zero and infinity,
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uniformly in z and € varying over a neighbourhood of 6,. This implies that mg g, (z) is
uniformly bounded in 0, n and z. Since G, mg x, = G,mg,0,,, this shows that Lemma 3.3
can be applied to verify (3.5).

By the well-known inequality relating Kullback-Leibler divergence and Hellinger dis-

tance,

Po(mexm — mexm) = Po(mexg — meg.xme) — Po(me xn, — mag,xm)
S~ (Po,ns Pooo) — A2 T2 (1) + (10 — Go]|* + N
< — s = Poo.molls = A2T2(1) + 16 — 0o + X2,

since pgomo/fW’Z is bounded away from zero. This suggests the choice of

3 \(1,10) = |1Pa.y — Peo.mo I3 + N2T2(n)

and the Euclidean norm for (6, )). Since the derivative of the function p — log(p + po) is

bounded, uniformly in py that are bounded away from zero,

PO(mﬁOm - m90101ﬂ0)2 5 Hpgm _p90,770H§ + ‘9 - 00|2'

If (0,)\) € ©,, and dg\(n,m0) < 0, then ||pg, — Pog,noll2 < ¢ and J(n) < 0/A,, and
hence ||n]|s < 0/A, by our working assumption that n € H,,. By a result of Birman and
Solomjak (1967),

M\ 1/k
log N (e, {n: J(n) < M, llnlloc < M} ) S (=) "
The class of functions w — wl for O varying over a compact has polynomial bracketing
numbers. Since the transformation (6,7n) — myg g, is Lipschitz and essentially monotone,
it follows that
14+6/X,\1/k
log Ny (€, (M0 (0, 0) € O € Hodg(,m0) < 8}, Ln(Py)) S (0L2) "
Thus, by Lemma 3.3 condition (3.5) is satisfied with ¢,, and J = J,, related as in Lemma 3.3
and 5 N1/
< o 1-1/2k
T (8) < (1+ An> 5 .
By Theorem 3.2 we obtain that
dé‘y:\(’ﬁg’:\, 7]0) =0Op (5\ + |9~ — 90‘ + (’rl)\rll/k)_l/2 + n_k/(2k+1)) =0p (5\ + ‘é — 90|)

This is the first assertion of the lemma. The other assertions follow by Lemma 7.4.

To show that || 5/l = Op (J(ﬁgy;\)+1) we apply Theorem 3.2 in a crude manner, with
a different maximal inequality. We still assume that (6,\) € ©,,, but drop the assumption
that n € H,. By Lemma 7.2, and a maximal inequality due to Kim and Pollard (1990) (See
Theorem 2.14.1 of van der Vaart and Wellner (1996)), condition (3.5) is satisfied for

J,(6) < (14_%)1/2@
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In view of Theorem 3.2 this means that dj 5(1); 5.
6 > (nFX,)~Yk=1 " In particular, d; 5.5 5 M0
Lemma 7.3(i). m

no) = Op(d,) for any 4, | 0 such that
) &

0. The result next follows from

LEMMA 7.2.

1—|—M)1/k.

Suplog N (e, {poyi 6 € R, J(n) < M}, 12(Q) 5 (—

Proof. The functions pg, are transformations of the functions F (6w + 7(z)) (and the 0-1
variable y). It suffices to give the same bound for the entropy of the latter collection of
functions.

For every n with J(n) < oo, there exists a polynomial 7 of degree at most & — 1 such
that || — 7||ec < J(n). (By the Cauchy-Schwarz inequality [~V (z) —n* =1 (0)| < J(n)
for every z. Next integrate this & — 1 times.) For a fixed function 7 let .7:,7 be the set of
all functions F (0w + p(z) + n(z)) with 6 ranging over R and p ranging over the set of all
polynomials of degree at most & — 1. Then our set of functions is the union of all F,, with
n ranging over the set H of all functions with J(n) < M and ||7||e < M.

By Birman and Solomjak (1967) the || - ||oc-entropy of the class H is of the order
(1/e)M/*.

Each class F,, is Vapnik-Chervonenkis of index at most k¥ + 3 and uniformly bounded.
(Cf. e.g. Lemmas 2.6.15 and 2.6.18(viii) of Van der Vaart and Wellner (1996).) Thus its
covering numbers are polynomial.

We can construct a net over U,cpF, by first choosing an e-net over the set H, and
next, for every 7 in the net, choosing an e-net over F,. The total number of functions will
be bounded as in the lemma, and will constitute an ’-net over the functions of interest, for

¢’ a fixed multiple of €. =

LEMMA 7.3.  (i). For every sufficiently small 6 > 0 there exists a constant C' depending
only on Py such that ||n|le < C(J(n) + 1) whenever |0 — 6o < § and |pg, — ey, ll2 < 6.
(ii). For any n we have ||nljo < J(n) + [|1n]]2.

Proof. (i). By assumptlon there exist disjoint intervals [a;, b;] such that Fz(b;) — Fz(a;) >
0 foreach i =1,... k. If |[pgy, — Poy.moll2 < 0, then, for every 0 <a <b < 1,

/ab/ (F (0w + () — F (0w + no(z)))2 Funyz (dw|2) Fy (dz) < 82,

Therefore, there exists z; € (a;, b;] for which,

/(F(Qw +n(2i)) — F (6w + 770(21')))2 Fy z(dw|z;) (Fz(bi) — Fz(a;)) < 62
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for each i = 1,..., k. Next for each z; there exists a w; which satisfies,
52
— Fz(a;)

(F(Hwi +1(2i)) — F(Gow; + 770(2"))) S Fz(b;)

Since F(Gowi +770(Z¢)) is bounded away from zero and one, this implies that, for sufficiently
small 4 > 0, the numbers F(Gw,- + 77(21)) are bounded away from zero and one as well,
whence the numbers 6w; + n(z;) are uniformly bounded by a constant that depends on
§ and (6g,mo) only. Since ||§ — || < 6, this in turn implies that |n(z;)| < Kj for some
constant Kj.

For every 7 there exists a polynomial 7 of degree smaller than k—1 such that ||n—7| s <
J(n). See the proof of Lemma 7.2. It follows that the numbers ‘ﬁ(zz)‘ are bounded by
Ks+J(n). I i(z) =Y a2 = (1,2,...,2F71) - a, then

1 2z - zf_l -t 7(21)
lall < I : : ; < LVE(Ks + J(n)),

Loz o) 1(21)

3

3

where L can be chosen to correspond to the worst possible choice of the points z; € (a;, b;].
Consequently, |7l < |lal| < Ks + J(n), and ||n||s is bounded similarly.

(ii). Since ||n —N]le < J(n), we have ||7||2 < J(n)+ ||n]|2. By the nonsingularity of the
matrix Pypgl, for ¢ = (1,z,--+,2¥71), this implies that ||al| < J(n) + ||n]l2, whence |7

is bounded similarly. =

LEMMA 7.4. (i) lps.y — Pooumoll2 2 (|9 — 00| A1+ ||In — no| A 1\\2) AL
(ii). There exists a constant C' depending on M only such that, whenever J(n) < M,

Hpﬂm _pgo,noHQ > C(|9 - 90‘ + Hn - 770”2) AL

Proof. (i). If pg,, — po,,n, in Lo, then § — 6y and n — 1y in measure, whence H\n —
Mo| A 1H , — 0. Thus it suffices to prove the inequality for small values of |6 — 6| and

llm = mol A 1]l
By a Taylor expansion (cf. equation (7.4)), uniformly in (w, z),

F(0uw+n(2)) = F (Bow+m0(2)) = £ (90) [(0= 00w+ [n—=nolas] | S (10— 002+ I —nol®) AT.
Conclude that
Py (F (6w +n(2)) - F (60w + 77(](2)))2
2 (Pa((6 = 00y + Iy~ molar) — 00— 80l A1)* = O(Poln —ml* A1)
210 = 00[2 + Poln — ol — 0(10 = 80| A 1)* = o(Poln — nol? A1),

by the assumption Py var(W|Z) > 0. Inequality (i) follows.
(ii). If pg,, = Payme in Lo and J(n) = O(1), then, by Lemma 7.3, ||n||oc = O(1). Hence
the conclusion in the first paragraph of the proof of (i) can be strengthened to 6 — 6,
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and ||n — noll2 = 0. The proof proceeds along the same lines, substituting ||n — 7|2 for
17 = nol AL][,. m

LEMMA 7.5. Under (7.1) we have for every random sequences 6 B, 6 and 6 2, 6y,

Gy (0, 4g) — £o) = op (1 + v/n|f — o)),

(P — Po)(6,4p5) 5 0

Proof. In view of (7.1) it is no loss of generality to assume that )\ is bounded below by

n~k/(2k+1) and bounded above by en~!/4 for an arbitrary ¢ > 0. By

a multiple of A\, =
combining Lemma 7.3(i) and Lemma 7.1, ||7j5]| is bounded in probability by a multiple
of J(fi3) + 1, which by (7.3) is bounded by a multiple of 1+ |f — 6y|/\,. Furthermore, by

Taylor series arguments as used for the proof of (7.4),

/(0,5) — € Pyl — 1 .
P( (0,5 — &y ) < = 10— 60|” + Poliig = m0[* A _Op(lJr)\z):OP(gzn—uz)_

L+ v/nlf — 6| (1+ v/nl6 — 6,))2 n
Define F,, as the class of functions
e(gagan) - Z(] |9 B 90‘
BBV 0 gy <1 o SLHTM), 10— 00 <6
(T vmg a7 S 1+ 5l S 1+ 700,10 = 0] <

N {f S L2(P0):P0f2 5 82’)7,_1/2}.

Then it follows that on a set of probability arbitrarily close to 1 we can bound G, ( (é @B )—

fo)/(1+ v/nlf = 60]) by |Gul7,.
We now apply the maximal inequality Lemma 3.4.2 in Van der Vaart and Wellner (1996)
t0 |Gy || £, - Since £(0,0,n) depends on (6, ) in a Lipschitz and essentially monotone manner,

log N} (g,fn, L2(P0)>

n |0 — 6|
< log N, : <1 o S14+J , Lo (P,
1o Ny (e { g 70 S 1y Il 14 T0) L (Py)
1
1 _
—i—og6

3

by Birman and Solomjak (1967), since

L = A7 14—

Therefore, the relevant entropy integral is equal to

—1/4

en -1, 1/2k _ 1/2k
/ (1+(\/§>‘n) ) / de < (en1/4) 371/ (H(\/mn)_l) _
0
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By Lemma 3.4.2 in Van der Vaart and Wellner (1996), we conclude that E*||G, |z, — 0.
This concludes the proof of the first assertion, which is the verification of (2.4").

To prove the second assertion we need a Glivenko-Cantelli theorem for classes of func-
tions that change with n. A suitable extension of the uniform entropy Glivenko-Cantelli
theorem is as follows. If F,, are suitably measurable classes of functions with uniformly
integrable envelope functions and log N (¢, F,, L1(Py,)) = op(n), then |P, — Po|z, 5 0
for every € > 0. The proof of Theorem 2.4.3 in Van der Vaart and Wellner (1996) applies
with minor notational changes. We apply this theorem to the set F,, of functions E(t, 0,1n)
with ¢ and 0y ranging over a neighbourhood of 6y and A, J(n) bounded by a constant. By

arguments as in Lemma 7.2,

1—|—)\;1)1/k.

sup logN(tS,]:n, Ll(Q)) N (
P €

Thus the present classes F,, certainly satisfy the entropy condition. Moreover, they are
uniformly bounded. Since the functions E(é, 6,75) are contained in F, with probability

tending to one, the second assertion of the lemma follows. =
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