
OBSERVED INFORMATIONIN SEMIPARAMETRIC MODELSBY S.A. MURPHY1 AND A.W. VAN DER VAARTPennsylvania State University and Free University AmsterdamDecember 1996We discuss the estimation of the asymptotic covariance matrix of semiparametric max-imum likelihood estimators by the observed pro�le information. We show that a dis-cretized version of the second derivative of the pro�le likelihood function yields con-sistent estimators of minus the e�cient information matrix.
1. IntroductionIn many semiparametric models, \regular" parameters can be estimated by (semiparamet-ric) maximum likelihood estimators. The asymptotic theory for such estimators has beendeveloped for a number of models of practical interest, and is similar to the asymptotictheory for maximum likelihood estimators in classical parametric models. In particular,the maximum likelihood estimators are asymptotically normal, where the inverse of the\e�cient Fisher information matrix" gives the asymptotic covariance matrix. The lattermatrix is the Fisher information matrix corrected for the presence of an in�nite dimensionalnuisance parameter. See e.g. Bickel, Klaassen, Ritov and Wellner (1993) for an extensivereview of information bounds. See Gill (1989), Chang (1990), Gu and Zhang (1993), vander Vaart (1994, 1996), van der Laan (1993), Huang (1996), Murphy (1995), Gill, van derLaan and Wijers (1995), Qin (1993), Qin and Lawless (1994), Qin and Wong (1996), Mam-men and van de Geer (1995), and Parner (1996) for results on the asymptotics of particularmaximum likelihood estimators.It is natural to use the asymptotic normality of the estimator in order to form con�denceintervals and test statistics. This requires an estimator of the standard error or equivalentlyof the Fisher information matrix. In some speci�c cases the e�cient Fisher informationmatrix is of closed form. For example, under the assumption that the observation time isindependent of the covariates, Huang (1996) gives an explicit estimator of the asymptoticvariance in proportional hazards model applied to current status data. Sometimes the\e�cient in
uence function" is explicit. Then since the e�cient Fisher information matrix1 Research partially supported by NIDA grant A P50 DA 10075-01.MSC 1991 subject classi�cations: 62G15, 62G20, 62F25.Keywords and phrases: Least favorable submodel, standard errors, pro�le likelihood.1



is the covariance of the e�cient in
uence function, one may estimate the e�cient in
uencefunction and use the average over the sample of the estimated e�cient in
uence functionto estimate the asymptotic variance. This is done in a mixture model by Gaydos andLindsay (1996) and also by Huang (1996) when the independence assumption does not hold.In the latter case, the e�cient in
uence function is a function of the ratio of conditionalmeans. Huang uses nonparametric smoothing to estimate each of the conditional means.However, in general, the asymptotic covariance is not given by a closed formula, oreven as an expectation of a known function (see van der Laan (1993), van der Vaart (1994),Murphy (1995) and Huang and Wellner (1995) for some examples). One possible optionis to consider a discretized, for instance at observed data points, version of the e�cientinformation matrix. Then, to calculate the asymptotic covariance matrix, one must invertthe matrix of high dimension. This is true, for instance, in the semiparametric frailty modelconsidered by Murphy (1995), where estimators for the standard error of the estimatedfrailty variance are found by inverting a matrix, which is of the same dimension as the data.In some models, the special structure of the model leads to other estimators (Parner (1996)).However, a general methodology for the estimation of the asymptotic covariance is lacking.In this paper, we consider the natural method to use the \observed pro�le information".A popular estimator for the asymptotic covariance of a maximum likelihood estimatorin classical parametric models is the inverse of the \observed information matrix". Thelatter matrix is de�ned as � 1n nXi=1 �̀̂�(Xi);and is equal to �(1=n) times the second derivative of the log likelihood function, evaluatedat the maximum likelihood estimator. As is well known, this estimator is asymptoticallyconsistent for the inverse of the asymptotic variance under some regularity conditions. Inpractice, one might replace the analytic derivative in the preceding display by a discretizedderivative, which can be computed directly from the likelihood function.In a semiparametric model the full parameter is partitioned in a parameter of interestand an in�nite dimensional nuisance parameter. The observed information matrix for thefull parameter would be a linear operator, and its inverse may not exist in the modelswhere a part of the nuisance parameter is not estimable at pn-rate. Thus, estimatingthe asymptotic covariance matrix of the maximum likelihood estimator of the parameterof interest by inverting this linear operator appears impractical. Instead, we propose toreplace the likelihood function by the pro�le likelihood function, and use the \observedpro�le information".More precisely, suppose that we observe a sample X1; : : : ;Xn from a distribution de-pending on a parameter  = (�; �), ranging over a set 	 = � � H. The parameter of2



interest is � 2 � � Rp . Given a \likelihood" lik(�; �)(x) for one observation x, de�ne(1:1) M n(�) = sup� 1n nXi=1 log lik(�; �)(Xi):This is the pro�le likelihood function for estimating the parameter �. The maximum like-lihood estimator �̂ is the point of maximum of the map � 7! M n (�). As an estimator forthe asymptotic covariance matrix of �̂ one could propose minus the inverse of the secondderivative of � 7! M n(�) evaluated at �̂.A heuristic explanation that this method might provide a consistent estimator of theinverse of the asymptotic covariance matrix is as follows. If �̂� achieves the supremum in(1.1), then the map � 7! (�; �̂�) ought to be an estimator of a least favorable submodel forthe estimation of � (See Severini and Wong (1992)). By de�nition, di�erentiation of thelikelihood along the least favorable submodel (if the derivative exists) yields the e�cientscore function for �. The e�cient information matrix is the covariance matrix of the e�cientscore function, and, as usual, the expectation of minus the second derivative along thissubmodel should yield the same matrix.The observed pro�le information is already used as an estimator in practice. For asimplistic example, consider estimation of the regression coe�cient � in Cox's proportionalhazards model (with right-censoring). Relative to a convenient choice of the likelihood,the estimator �̂� of the cumulative baseline hazard function is an explicit function of thedata and �, and the pro�le likelihood function can be computed explicitly. In fact, this isCox's partial likelihood. (See Cox (1975), Andersen et al. (1993), pages 481{482).) Theusual estimator of the inverse of the asymptotic variance, minus the second derivative ofthe partial likelihood, is precisely the observed pro�le information.Severini and Wong (1992) and Severini and Staniswalis (1994) consider a particularclass of semiparametric models, and use a \generalized" observed pro�le information toestimate the covariance matrix of �̂. Their estimator of the nuisance parameter for a �xed� is not a maximum likelihood estimator, but a weighted maximum likelihood estimator.However, considered as a function of � this estimator is an estimator of the least favorablesubmodel and is di�erentiable in �. As a result, the likelihood evaluated at � behaves as apro�le likelihood for �.It is not clear from the de�nition of the pro�le likelihood � 7! M n (�) that a secondderivative matrix exists. If it does, then it may not be easily computable in models inwhich the estimator of the nuisance parameter is not explicit. To overcome these problems,discretized versions of the observed pro�le information are proposed by Nielsen et al. (1992),Huang and Wellner (1995) and Murphy and Van der Vaart (1996). The main purpose of thispaper is to prove the asymptotic consistency of such a discretized version. More precisely,under conditions, we show that, for every hn P! 0 such that (pnhn)�1 = OP (1),(1:2) �2M n (�̂ + hnvn)� M n (�̂)h2n P! vT ~I0v;3



for every sequence of \directions" vn P! v 2 Rp , where ~I0 is the e�cient information matrixfor estimating �, evaluated at the \true" parameter  0 = (�0; �0). Note that the displayfor hn ! 0 and �xed n gives minus the second derivative of � 7! M n(�) (if this exists)at � = �̂, since its �rst derivative at this point vanishes by the de�nition of �̂. The result(1.2) establishes the consistency of most discretization schemes for calculating the secondderivative matrix. For instance, with ei the ith unit vector in Rp ,�M n(�̂ + hnei + hnej)� M n (�̂ + hnei)� M n (�̂ + hnej) + M n (�̂)h2n P! (~I0)i;j :We check our conditions for a number of examples, using the theory of empirical pro-cesses. We believe that the approach works also for most of the other examples of semi-parametric likelihood estimators that have been treated in the literature so far. The proofis based on \sandwiching" the pro�le likelihood, using approximately least favorable sub-models. This is a similar device as employed by Murphy and Van der Vaart (1996) onsemiparametric likelihood ratio statistics.The de�nition of a semiparametric likelihood estimator requires the de�nition of alikelihood function for the model. In some models this is just a suitable version of the densityof the observations, as in classical parametric models. In other models we use an empiricallikelihood, which is a density (of the absolutely continuous part) with respect to countingmeasure, even though counting measure may not dominate the model. Combinations ofthese two extremes, as well as modi�cations may be useful as well. For the theory it issu�cient that the function of the parameter and the observation that is designated tobe \the likelihood" satis�es certain regularity conditions. In the fourth example, \thelikelihood" is actually a penalized likelihood.The organization of the paper is as follows. In Section 2 we formulate and prove themain result. One condition of the main theorem concerns a rate of convergence. In Section 3we give two general approaches to establish this type of rate of convergence. In Sections 4{7we verify the conditions for four nontrivial examples.The notations Pn and G n are used for the empirical distribution and the empirical pro-cess of the observations, respectively. Furthermore, we use operator notation for evaluatingexpectations. Thus, for every measurable function f and probability measure P ,Pnf = 1n nXi=1f(Xi); P f = Z f dP; G nf = 1pn nXi=1�f(Xi)� P0f�;where P0 is the true underlying measure of the observations. A distance function on thenuisance parameter space, H, is denoted by d(�; �0).
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2. Main ResultThe maximum likelihood estimator for (�; �) is the parameter (�̂; �̂) that maximizes the loglikelihood (�; �) 7! Pn log lik(�; �) de�ned in (1.1). The estimator �̂ maximizes the pro�lelikelihood � 7! M n(�). We shall assume that this has been shown to be asymptoticallynormal already, and that(2:1) pn(�̂n � �0) = ~I�10 G n ~̀0 + oP (1):We refer to ~̀0 as the \e�cient score function", and to ~I0 as the \e�cient Fisher informa-tion matrix". This is assumed to be the covariance matrix of ~̀0(X) under P0 and to benonsingular.For a �xed � denote by �̂� a random element at which the supremum in the de�nitionof M n(�) is (nearly) achieved, and set  ̂� = (�; �̂�). Then (�̂; �̂�̂) is the maximum likelihoodestimator of (�; �).Our assumptions all relate to the existence of approximately least favourable p-dimens-ional submodels. We assume that, for each  = (�; �), there exists a map, which we denoteby t 7! �t( ), from a �xed neighbourhood of � to the parameter set for � such that themap t 7! `(t;  )(x) de�ned by`(t;  )(x) = log lik�t;�t( )�(x)is twice continuously di�erentiable, for all x. We denote the derivatives by _̀(t;  )(x) and�̀(t;  )(x), respectively. The p-dimensional submodel with parameters �t;�t( )� should passthrough  = (�; �) at t = �:(2:2) ��(�; �) = �; every (�; �):The second important structural requirement that should lead the construction of thissubmodel is that it be least favorable at (�0; �0) for estimating � in the sense that(2:3) _̀(�0;  0)(x) = ~̀0:More precisely, we need this equality together with some regularity conditions. Similarconditions are used by Murphy and Van der Vaart (1996) to prove the validity of thelikelihood ratio test. Assume that for any random sequences such that ~� P! �0 and � P!  0(2.4) G n _̀(��; � ) = G n ~̀0 + oP (1);(2.5) Pn �̀(~�; � ) P! � ~I0;(2.6) P0 _̀(~�;  ̂~�) = �~I0(~� � �0) + oP �k~� � �0k+ n�1=2�:Here the assumption � P!  0 implicitly assumes a topology on the set of nuisance parameters�. In applications of the following theorem this topology should be chosen such that �̂~� P! �0for every ~� P! �0. 5



THEOREM 2.1. Suppose that (2.1)-(2.2) and (2.4){(2.6) are satis�ed and that �̂~� P! �0 forevery ~� P! �0. Then (1.2) is valid for every random sequence hn P! 0 such that (pnhn)�1 =OP (1).Proof. For �� = �̂ + hnvn, we have, by (2.2),M n (��)� M n(�̂) = Pn log lik(��; �̂��)� Pn log lik(�̂; �̂�̂)8<: � Pn log lik���;���( ̂�̂)�� Pn log lik��̂;��̂( ̂�̂)�� Pn log lik���;���( ̂��)�� Pn log lik��̂;��̂( ̂��)�:Both the upper and the lower bound are di�erences Pn`(��;  )�Pn`(�̂;  ), with  =  ̂�� and =  ̂�̂, respectively. We apply a two-term Taylor expansion to these di�erences, leaving  �xed.For the lower bound we expand around �̂ and obtain that this is equal tohnvTnPn _̀(�̂;  ̂�̂) + 12h2nvTnPn �̀(~�;  ̂�̂)vn;for ~� a convex combination of �� and �̂. The �rst term is zero because the map t 7!Pn log lik�t;�t( ̂�̂)� is maximized at t = �̂, since  ̂�̂ = (�̂; �̂), whence ��̂( ̂�̂) = �̂, by (2.2).The second term is � 12h2n�vTn ~I0vn + oP (1)� by assumption (2.5).For the upper bound we expand around �� and obtain that this is equal tohnvTnPn _̀(��;  ̂��)� 12h2nvTnPn �̀(~�;  ̂��)vn;for ~� a convex combination of �� and �̂. The second term is 12h2n�vTn ~I0vn + oP (1)� byassumption (2.5). The �rst term is equal tohnpnvTn G n _̀(��;  ̂��) + hnvTnP0 _̀(��;  ̂��)= hnpn�vTn ~I0pn(�̂ � �0) + oP (1)�� hnhvTn ~I0(�� � �0) + oP �k�� � �0k+ n�1=2�i;by (2.1) and (2.4), and (2.6), respectively. This reduces to �h2n�vTn ~I0vn + oP (1)� by theassumptions on hn.Conditions (2.4) and (2.5) are regularity conditions on the least favorable submodel.They can be veri�ed using the theory of empirical processes. See e.g. Lemma 2.2 ahead.These conditions can be slightly relaxed. To obtain the best result in one of our examples,we shall need to relax (2.4){(2.5) to the conditions that for every ~� P! �0 and �� P! �0,(2.4') G n _̀(��;  ̂��) = G n ~̀0 + oP �1 +pnk�� � �0k�:(2.5') Pn �̀(~�;  ̂��) P! � ~I0;The theorem goes through under this latter pair of conditions.6



Condition (2.6) is more involved. There are several reasons why it ought to be valid.First, by its de�nition,  ̂� maximizes the log likelihood for a �xed value of the parameter�. It should be close to the maximizer of the Kullback-Leibler information P0 log lik( ) fora �xed parameter �. As shown by Severini and Wong (1992), the latter maximizers shouldyield a least favorable submodel � 7!  � for the estimation of �. In other words, the scorefunction at �0 of the model � 7! lik( ̂�) should be close to the e�cient score function ~̀0.Thus, we may expectP0 _̀(~�;  ̂~�) = (P0 � P ̂~� ) _̀(~�;  ̂~�)= �P0(~� � �0)T ~̀0 _̀(~�;  ̂~�) + oP �k~� � �0k�:This would yield (2.6), because by our construction _̀(~�;  ̂~�) approaches ~̀0. This is probablythe best intuitive justi�cation of the condition. However, it is hard to make it precise.For instance, it appears already hard to show that the path � 7! log lik( ̂�) would bedi�erentiable.The second intuitive justi�cation of (2.6) is as follows. Since _̀(~�;  ̂~�) is constructed toconverge to ~̀0, we may expectP0 _̀(~�;  ̂~�) = (P0 � P ̂~� ) _̀(~�;  ̂~�)= (P0 � P ̂~� )~̀0 + oP �k~� � �0k�= �P0�(~� � �0)T `0 +A0(�̂~� � �0)� ~̀0 + oP �k~� � �0k�;where `0 and A0 are the derivatives of the log likelihood with respect to � and �, respectively.Since the e�cient score function ~̀0 is obtained by subtracting from the score `0 for � itsprojection onto the score space for the parameter � (the range of A0), the factor involvingA0(�̂~� � �0) can be cancelled and the inner product of `0 and ~̀0 yields the matrix ~I0.The third approach is the least insightful one, but is the easiest one to implement insome examples. We start by proving that P0 _̀(�0;  ̂~�) = oP �k~���0k+n�1=2�. This requiresspecial properties of the model and/or a rate of convergence on the nuisance parameter, or,alternatively, an approach as in the preceding paragraphs. Then we may expectP0 _̀(~�;  ̂~�) = P0� _̀(~�;  ~�)� _̀(�0;  ̂~�)�+ oP �k~� � �0k+ n�1=2�= P0 �̀(�0;  ̂~�)(~� � �0) + oP �k~� � �0k+ n�1=2�= �~I0(~� � �0) + oP �k~� � �0k+ n�1=2�:Here the last step follows by the usual identity relating the second derivative of the loglikelihood to the square of the �rst derivative, and is the population version of (2.5).We summarize this last method, together with conditions to verify (2.4) and (2.5) inthe following lemma. See e.g. Van der Vaart and Wellner (1996) for the de�nitions andexamples of Glivenko-Cantelli and Donsker classes. The lemma assumes implicitly thatexp `(t;  )(x) is a probability density with respect to some dominating measure, up to afactor that does not depend on t, in order to verify equation (2.8).7



LEMMA 2.2. Suppose that there exists a neighborhood V of (�0;  0) such that the classof functions � _̀(t;  ): (t;  ) 2 V 	 is P0-Donsker with square-integrable envelope function,and such that the class of functions ��̀(t;  ): (t;  ) 2 V 	 is P0-Glivenko-Cantelli and isbounded in L1(P0). Furthermore, suppose that the functions (t;  ) 7! _̀(t;  )(x) and(t;  ) 7! �̀(t;  )(x) are continuous at (�0;  0) for P0-almost every x, and suppose that_̀(�0;  0) = ~̀0. Then (2.4) and (2.5) are satis�ed. Furthermore, if  ̂~� P!  0, then (2.6) isequivalent to(2:7) P0 _̀(�0;  ̂~�) = oP �k~� � �0k+ n�1=2�:Proof. Since _̀(t;  )! ~̀0 as (t;  )! (�0;  0), and the functions _̀(t;  ) are dominated bya square-integrable function, we have by dominated convergenceP0� _̀(~�; � )� ~̀�2 P! 0:Together with the assumption that the functions _̀(t;  ) belong to a Donsker class, thisyields (2.4). See e.g. Lemma 3.3.5 in Van der Vaart and Wellner (1996).Similarly, using the Glivenko-Cantelli assumption, we haveP0 �̀(~�; � ) P! P0 �̀(�0;  0);Pn �̀(~�; � ) P! P0 �̀(�0;  0):Since t 7! exp `(t;  ) is proportional to a smooth one-dimensional submodel, its derivativessatisfy the usual identity(2:8) P0 �̀(�0;  0) = �P0 _̀2(�0;  0) = �~I0:This completes the proof of (2.5).For the proof of (2.6) we have, by Taylor's theorem, for �� a point between ~� and �0,P0 _̀(~�;  ̂~�) = P0 _̀(�0;  ̂~�) + P0 �̀(��;  ̂~�)(~� � �0):The expectation in the second term on the right converges in probability to �~I0.
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3. Rates of ConvergenceThe veri�cation of (2.6) or (2.7) may require a rate of convergence of the \estimators" �̂~�. Inthis section we present two theorems that yield such a rate. Both theorems extend generalresults on M -estimators to M -estimators with estimated nuisance parameters, and are alsoof independent interest.In our �rst theorem, consider estimators �̂~� such thatPn�~�;�̂~�;h = 0;for a collection of measurable functions x 7! ��;�;h(x) indexed by the parameter (�; �)and an arbitrary index h 2 H. In examples, these functions often take the form A�;�h orA�;�h� P�;�A�;�h for a \score operator" A�;�. De�neWn2(�; �)h = Pn��;�;h;W2(�; �)h = P�0;�0��;�;h:(The index 2 is super
uous here, but makes the notation consistent with proofs of asymp-totic normality of the maximum likelihood estimators, and our examples.) We assume thatthe maps h 7!Wn2(�; �)h and h 7!W2(�; �)h are uniformly bounded, so that Wn2 and W2can be viewed as maps from the parameter set � �H into `1(H). The parameter set Hfor � is viewed as a subset of a Banach space L with norm d. We impose the followingregularity conditions. For some � > 0,(3.1) ���;�;h: k� � �0k < �; d(�; �0) < �; h 2 H	 is P�0;�0-Donsker;(3.2) suph2HP�0;�0(��;�;h � ��0;�0;h)2 ! 0; � ! �0; � ! �0:THEOREM 3.1. Suppose that W2: � �H � Rp � L 7! `1(H) is Fr�echet-di�erentiable at(�0; �0) with derivative _W2:Rp�lin H 7! `1(H) such that the map _W2(0; �): lin H 7! `1(H)is invertible with an inverse that is continuous on its range. Furthermore, assume that (3.1)holds, that W2(�0; �0) = 0, that ~� P! �0 and that �̂~� P! �0. Then d(�̂~�; �0) = O�P �n�1=2 +k~� � �0k� and when (3.2) holds also,_W2(0; �̂~� � �0) = �(Wn2 �W2)(�0; �0)� _W2(~� � �0; 0) + o�P �k~� � �0k+ n�1=2�:Proof. By the de�nition of �̂�,(3:3) W2(~�; �̂~�)�W2(�0; �0) =W2(~�; �̂~�)�Wn2(~�; �̂~�)= �(Wn2 �W2)(�0; �0) + o�P (n�1=2);by (3.1){(3.2). (See e.g. Lemma 3.3.5 in Van der Vaart and Wellner (1996).) By thedi�erentiability of W2,_W2(~� � �0; �̂~� � �0) =W2(~�; �̂~�)�W2(�0; �0) + o�P �k~� � �0k+ d(�̂~�; �0)�;= �(Wn2 �W2)(~�; �̂~�) + o�P �k~� � �0k+ d(�̂~�; �0)�9



by the �rst line in (3.3). Since _W2 is linear, the left side is equal to _W2(0; �̂~�� �0)+ _W2(~���0; 0). The �rst term on the right in the preceding display is of the order OP (n�1=2) by(3.1). In view of the continuous invertibility of _W2, it follows that d(�̂~�; �0) is of the orderOP �n�1=2 + k~� � �0k�, thus verifying the �rst assertion of the theorem. Reinsert this onthe right side of the preceding display and use the second line of (3.3) to �nd the secondassertion.The preceding theorem is a variation on the theorem used by Van der Vaart (1994)and Murphy (1995), among others, to prove the asymptotic normality of the maximumlikelihood estimator (�̂; �̂). Actually, its conditions are implied by the conditions imposedin these papers, so that, at least in these cases, the estimator �̂~� behaves well whenever(�̂n; �̂n) behaves well and ~� behaves well. Of course, not using the maximum likelihoodestimator for ~� may cause that the estimator �̂~� for � is ine�cient.In our second theorem, consider estimators �̂� contained in a set Hn that, for a given�, satisfy Pnm�;�̂� � Pnm�;�0for given measurable functions x 7! m�;�(x). This is valid, for example, for �̂� equal to themaximizer of the function � 7! Pnm�;� over Hn, if this set contains �0.Assume that the following conditions are satis�ed for every � 2 �n, every � 2 Hn andevery � > 0. The notations & and . mean greater than, or smaller than, up to a constantthat may depend on the true parameter or the model, but not on any other parametervalues.(3.4) P0�m�;� �m�;�0� . �d2�(�; �0) + k� � �0k2;(3.5) E� sup�2�n;�2Hn;k���0k<�;d�(�;�0)<���G n(m�;� �m�;�0)�� . �n(�):Here d2�(�; �0) may be thought of as the square of a distance, but the following theorem istrue for arbitrary functions � 7! d2�(�; �0). (Contrary to what the notation suggests, thisfunction may even take negative values. In the latter case, set d�(�; �0) = (d2�(�; �0)_0)1=2.)In particular, it may be set equal to the in�mum over � of minus the left side of (3.4), thusrendering this to be trivially satis�ed. Usually d� does not depend on � but in this form thefollowing theorem is 
exible enough to apply to penalized minimum contrast estimators,where the smoothing parameter can be included in �. See Section 7.THEOREM 3.2. Suppose that (3.5) is valid for functions �n such that � 7! �n(�)=��is decreasing for some � < 2 and sets �n � Hn such that P(~� 2 �n; �̂~� 2 Hn) ! 1.Then d~�(�̂~�; �0) � O�P ��n + k~� � �0k� for any sequence of positive numbers �n such that�n(�n) � pn�2n for every n. 10



Proof. For each n 2 N, j 2 Z and M > 0 de�ne a setSn;j;M = n(�; �) 2 �n �Hn: 2j�1�n < d�(�; �0) � 2j�n; k� � �0k � 2�Md�(�; �0)o:Then the intersection of the events ~� 2 �n; �̂~� 2 Hn and d~�(�̂~�; �0) � 2M��n + k~� � �0k� iscontained in the union of the events �(~�; �̂~�) 2 Sn;j;M	 over j �M . By the de�nition of �̂~�,the variable sup(�;�)2Sn;j;M Pn(m�;��m�;�0) is nonnegative on the event �(~�; �̂~�) 2 Sn;j;M	.Conclude that, for every � > 0,P� �d~�(�̂~�; �0) � 2M ��n + k~� � �0k�; ~� 2 �n; �̂~� 2 Hn�� Xj�M P�� sup(�;�)2Sj;n;M Pn�m�;� �m�;�0� � 0�:For every j involved in the sum, we have, for every (�; �) 2 Sj;n;M and every su�cientlylarge M , P0�m�;� �m�;�0� . �d2�(�; �0) + k� � �0k2. �(1� 2�2M ) d2�(�; �0) . �22j�2�2n:Thus, using Markov's inequality, we see that the series is bounded byXj�M P�� sup(�;�)2Sj;n;M��G n(m�;� �m�;�0)�� & pn22j�2�2n� . Xj�M �n(2j+1�n)pn�2n22j. Xj�M 2j��2j ;in view of the de�nition of �n, and the fact that �n(c�) � c��n(�) for every c > 1 by theassumption on �n. This expression converges to zero for every M =Mn !1.For d� = d not depending on � condition (3.4) is implied by the conditions(3.6) P0�m�;�0 �m�0;�0� & �k� � �0k2;(3.7) P0�m�;� �m�0;�0� . �d2(�; �0);The two conditions are the natural requirement that the criterion function (�; �) 7! P0m�;�behaves quadratically (relative to a distance) around the point of maximum (�0; �0). Thereis more chance that this is true in a neighborhood of (�0; �0). Thus, it is useful to notethat the theorem remains true if the conditions (3.5), (3.6) and (3.7) hold only for (�; �)in this neighborbood and every su�ciently small �, provided that (~�; �̂~�) are known to beconsistent. We shall use this observation in our examples without much comment.Condition (3.5) concerns the modulus of continuity of the empirical process and is moretechnical. A simple method to verify this condition is given by the following lemma. LetM� be the set of all functions x 7! m�;�(x)�m�;�0(x) with d�(�; �0) < � and k� � �0k < �and write J��;M� ; L2(P0)� for its entropy-with-bracketing integralJ��;M� ; L2(P0)� = Z �0 q1 + logN[]�";M� ; L2(P0)� d":11



LEMMA 3.3. Suppose that the functions (x; �; �) 7! m�;�(x) are uniformly bounded for(�; �) ranging over a neighbourhood of (�0; �0) and that(3:8) P0�m�;� �m�;�0�2 . d2�(�; �0) + k� � �0k2:Then condition (3.5) is satis�ed for any functions �n such that�n(�) � J��;M� ; L2(P0)��1 + J��;M� ; L2(P0)��2pn �:Consequently, in the conclusion of the preceding theorem we may use J��;M� ; L2(P0)�instead of �n(�).Proof. The �rst assertion is an immediate consequence of Lemma 3.4.2 in Van der Vaartand Wellner (1996).For the second assertion, let �n be equal to the right side of the preceding display, andnote that the equations �n(�) . pn�2 and J(�) . pn�2 are equivalent.
4. Cox's Regression Model for Current Status DataIn current status data, n subjects are examined each at a random observation time and atthis time it is observed whether the survival time has occurred or not. The survival time,T , is assumed independent of the observation time, Y , given the covariate, Z. Supposethat the hazard function of T given Z = z is given by Cox's regression model: the hazardat time y is e�T z�(y). Then the cumulative hazard at time y of T given Z = z is of theform e�T z R y0 �(s)ds = e�z�(y). The unknown parameters are �, a vector of regressioncoe�cients, in a known compact subset of Rp , and � 2 �, the set of nondecreasing, cadlagfunctions from the positive real line to [0;M ], for a known M . We observe n i.i.d. copies ofX = (Y; �; Z), where � = 1 if T � Y and zero otherwise.The density of X is given byp�;�(X) = �1� exp(�e�TZ�(Y ))��� exp(�e�TZ�(Y ))�1�� fY;Z(Y;Z)where fY;Z is the joint density of (Y;Z). Since we are interested in inference for (�;�) only,we take the likelihood lik(�;�;X) equal to this expression, but with the term fY;Z(Y;Z)omitted.We make the following assumptions. The observations times Y are in an interval[�; � ] and possess a Lebesgue density which is continuous and positive on [�; � ]. The trueparameter �0 is an interior point of the parameter set, and the true parameter �0 satis�es�0(��) > 0 and �0(�) < M , and is continuously di�erentiable on [�; � ]. The covariate12



vector Z is bounded and Ecovar(ZjY ) > 0. Finally, we assume that the function h0 givenby (4.1) has a version which is di�erentiable with a bounded derivative on [�; � ].Under these assumptions the maximum likelihood estimator of (�;�) exists, �̂ is asyp-totically e�cient in the sense of (2.1) and k�̂��0k2 = OP (n�1=3). Here k �k is the L2-normon [�; � ]. See Huang (1996), and Murphy and van der Vaart (1996).In this model the score function for � takes the form`�;�(x) = z�(y)Q(x; �;�);for the function Q(x; �;�) given byQ(x; �;�) = e�T zh� e�e�T z�(y)1� e�e�T z�(y) � (1� �)i:Inserting a submodel t 7! �t such that h(y) = �@=@tjt=0�t(y) exists for every y into thelog likelihood and di�erentiating at t = 0 we obtain a score function for � of the formA�;�h(x) = h(y)Q(x; �;�):For every nondecreasing, nonnegative function h the submodel �t = �+ th is well de�ned ift is positive and yields a (one-sided) derivative h at t = 0. Thus the preceding display givesa (one-sided) score for � at least for all h of this type. The linear span of these functionscontains `�;�h for all bounded functions h of bounded variation. The e�cient score functionfor � is de�ned as ~̀0 = `�;��A�;�h0 for the vector of functions h0 minimizing the distanceP��jj`�;� � A�;�hjj2. In view of the similar structure of the scores for � and �, this is aweighted least squares problem with weight function Q(x; �;�). The solution at the trueparameters is given by the vector-valued function(4:1) h0(Y ) = �0(Y )h00(Y ) = �0(Y )E�0�0�ZQ2(X; �0;�0)jY �E�0�0�Q2(X; �0;�0)jY � :As the formula shows (and as follows from the nature of the minimization problem), thevector of functions h0(y) is unique only up to null sets for the distribution of Y . However, itis an assumption that (under the true parameters) there exists a version of the conditionalexpectation that is di�erentiable with bounded derivative.Thus we de�ne, for t a vector in Rp ,�t(�;�) = � + (� � t)T�(�)(h00 � ��10 � �)`(t; �;�) = log lik(t;�t(�;�)):Here �: [0;M ] 7! [0;1) is a �xed function such that �(y) = y on the interval [�0(�);�0(�)],such that the function y 7! �(y)=y is Lipschitz and such that �(y) � c(y ^ (M � y)) fora su�ciently large constant c speci�ed below (and depending on (�0;�0) only). (By ourassumption that [�0(�);�0(�)] � (0;M) such a function exists.) The function �t(�;�)is essentially � plus a perturbation in the least favorable direction, but its de�nition is13



somewhat complicated in order to ensure that �t(�;�) really de�nes a cumulative hazardfunction within our parameter space, at least for t that are su�ciently close to �. First, theconstruction using h00 � ��10 � �, rather than h00, (taken from Huang (1996)) ensures thatthe perturbation that is added to � is absolutely continuous with respect to �; otherwise�t(�;�) would not be a nondecreasing function. Second, the function � \truncates" thevalues of the perturbed hazard function to [0;M ].A precise proof that �t(�;�) is a parameter is as follows. Since the function � isbounded and Lipschitz and by assumption, h00 � ��10 is bounded and Lipschitz, so is theirproduct and hence, for u � v and k� � tk < ",�t(�;�)(v) ��t(�;�)(u) � ��(v)� �(u)��1� "k�h00 � ��10 kLipschitz�:For su�ciently small " the right hand side is nonnegative. Next, for k� � tk < ",�t(�;�) � � + "�(�)kh00k1:This is certainly bounded above by M (on [0; � ] ) if �(y) � (M � y)=("kh00k1) for all0 � y �M . Finally, �t(�;�) can be seen to be nonnegative on [�; � ] by the condition that�(y) � cy.It is proved below that(4:2) k�̂~� � �0k2 = OP �k~� � �0k+ n�1=3�:Thus, we shall use the L2-norm on the nuisance parameter set.Di�erentiating `(t; �;�) with respect to t yields_̀(x; t; �;�) = hz � �(�)(y)�t(�;�)(y)h00 � ��10 � �(y)i�t(�;�)(y)Q�x; t;�t(�;�)�:For (t; �;�) = (�0; �0;�0) this reduces to ~̀0, since �0(�) < M by assumption, thus verifyingequation (2.3). Murphy and van der Vaart (1996) verify the conditions of Lemma 2.2 when� a scalar; the veri�cation for a vector � is similar.All that remains for the application of Theorem 2.1 is a veri�cation of equation (2.7).Abbreviating _̀(�; �0; �0;�) to _̀(�), we have(4:3) P0 _̀(�0; �0; �̂~�) = (P0 � P�0;�̂~�) _̀(�0) + (P0 � P�0;�̂~�)� _̀(�̂~�)� _̀(�0)�:Since _̀(�0) is the e�cient score function for � and hence is orthogonal to every �-score, the�rst term on the right can be rewritten asP0 _̀(�0)�(p0 � p�0;�̂~�)=p0 � `�(�0;�0)(�0 � �̂~�)�:Here the term in square brackets is exactly the linear approximation in �0� �̂~� of the �rst.Taking the Taylor expansion one term further shows that the term in square brackets isbounded by a multiple of (�0 � �̂~�)2 and hence the display is bounded by a multiple of14



P0(�0 � �̂~�)2, which is negigible to the right order by (4.2). The second term in (4.3) canbe bounded similarly, since both � 7! p�0;� and � 7! _̀(�0; �0;�) are uniformly Lipschitzfunctions. This veri�es (2.7) with a oP (n�2=3) remainder term, but with (�0; �̂~�) in placeof  ̂~� = (~�; �̂~�). The di�erence of these two expressions can be seen to be oP �k~� � �0k�,and (2.7) follows. (Note that P0@=@� _̀(�0; �; �0) evaluated at � = �0 vanishes, by the usualmanipulations with (e�cient) score functions.)Finally, we prove (4.2). Since �̂� maximizes the log likelihood for �xed �, and sincex 7! log x is concave, 0 � Pn log p�;�̂�p�;�0 = Pn� log p�;�̂�p�0;�0 � log p�;�0p�0;�0�� 2Pn log p�;�̂� + p�0;�02p�0;�0 � Pn log p�;�0p�0;�0 :With this in mind, we may apply Theorem 3.2 with � = � andm�;� = ( log p�;�0p�0;�0 if � = �02 log p�;�+p�0;�02p�0;�0 else.This choice of m�;� has the advantage over the more obvious choice log p�;�=p�;�0 thatthe functions m�;� are uniformly bounded, thus permitting the application of Lemma 3.3.(Note that, by our assumptions, lik(�;�0)(x) is bounded away from 0 and 1, uniformly inx and �.)Equation (3.7) holds for � in a neighbourhood of �0 and every �, with d equal tothe L2-norm, by Lemma 8.5 of Murphy and van der Vaart (1996) and the well-knownrelation P log(q=p) . �h2(p; q), relating Kullback-Leibler divergence and squared Hellingerdistance. A Taylor series argument in � su�ces to verify equation (3.6). To verify (3.5) weuse Lemma 3.3. Arguments as the proof of Lemma 3.1 of Huang (1996) and Lemma 8.4 ofMurphy and van der Vaart (1996) show that J(�) . �1=2. A Taylor series argument can beused to verify (3.8). Thus, Theorem 3.2 shows that (4.2) is satis�ed.
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5. Proportional Odds Model for Right Censored DataIn the proportional odds model, the survival function is parameterized such that the ratiosof the odds of survival for subjects with di�erent covariates are constant with time: theconditional survival function SZ(u) of the event time, T , given the covariates Z satis�es,�logit(SZ(u)) = log �(u) + ZT �;where logit(x) = log(x=(1 � x)). The unknown parameters are �, a vector of regressioncoe�cients ranging over a known compact subset of Rp , and �, a nondecreasing, cadlagfunction from the positive real line to the positive real line, with �(0) = 0. We observe ni.i.d. copies of X = (Y; �; Z), where Y = T ^ C is the minimum of T and a censoring timeC which, given a vector of covariates Z, are independent. The censoring indicator � is 1 ifT � C and 0 otherwise.For d� a density of � with respect to some dominating measure, the density of X isp�;�(x) =  e�zT �(1� FC(y � jz))(�(y) + e�zT �)(�(y�) + e�zT �)d�(y)!�  e�zT ��(y) + e�zT � fC(yjz)!1�� fZ(z);where FZ is the marginal distribution of Z, FC is the conditional distribution of C givenZ, and lowercase letters denote the respective densities. This density is not suitable for useas a likelihood. Instead, we use the empirical likelihood, which is obtained by replacing thedensities fC , d� and fZ by the point probabilities FCfY g, �fY g and FZfY g. Since we areinterested in inference about (�; �) only, we drop the terms involving FC and FZ , and de�nethe likelihood to belik(�; �)(x) =  e�zT ��fyg(�(y) + e�zT �)(�(y�) + e�zT �)!�  e�zT ��(y) + e�zT �!1�� :Murphy, Rossini and Van der Vaart (1996) show that the maximum likelihood estimatorof (�; �) exists, is consistent, and is asymptotically normal and e�cient under the followingassumptions. First, for a �nite number � , both P(C � �) = P(C = �) > 0 and P(T >�) > 0. Thus, the study ends at a time � such that, on the average, a positive fraction ofindividuals are still at risk. Second, P(T � CjZ) > 0 almost surely; so, for any possiblecovariate pattern, the chance of observing a true event is positive. Finally, it is assumedthat the support of Z is bounded, the true regression coe�cient, �0, belongs to the interiorof the parameter space and that the covariance matrix of Z is positive de�nite.The maximum likelihood estimator of �, �̂, is a nondecreasing step function with sup-port points at the observed event time. Consistency of �̂ is relative to the supremum normk�k1 = supy2[0;� ]���(y)��.In order to de�ne an approximately least favorable submodel, we calculate the scorefunctions for � and �. The score function for � is given by`�;�(x) = �z 1� e�zT ��(y) + e�zT � � �e�zT ��(y�) + e�zT �! :16



The score operator for � in the direction of h (an arbitrary bounded function) isA�;�h(x) = �h(y) � R y0 h d��(y) + e�zT � � � R y�0 h d��(y�) + e�zT � :This score operator is a linear operator from L2(�) to L2(P�;�). Let A��;� denote its adjoint.Some calculations show thatA��;�A�;�h(u) = h(u)P�;� � Ify � ug�(y) + e�zT � + �Ify > ug�(y�) + e�zT � �� P�;� "Ify � ug R y0 h d�(�(y) + e�zT �)2 + �Ify > ug R y�0 h d�(�(y�) + e�zT �0)2 # ;A��;�`�;� = P�;� �� Ify � ug(�(y) + e�zT �)2 + �Ify > ug(�(y�) + e�zT �)2� e�zT �z� :(These equations are easiest established in this form by di�erentiating the two identitiesP0`�0;� � 0 and P0A�0;�h � 0 with respect to � under the expectation P0, or by calculatingthe variance of the score function as in Murphy, Rossini and van der Vaart (1996).) The�rst equation gives the information operator for the nuisance parameter � when � is known.This is shown to be continuously invertible on the space of functions of bounded variationon [0; � ] in Lemma 4.3 of Murphy, Rossini and van der Vaart (1996). Thus, we can de�neh0 = (A��0;�0A�0;�0)�1A��0;�0`�0;�0 ;d�t(�; �) = �1 + (� � t)Th0� d�;`(t; �; �) = log lik�t;�t(�; �)�:Then (2.3) holds, with the e�cient score function for estimation of � given by~̀0(x) = `�0;�0(x)�A�0;�0h0(x):See equation (4.12) of Murphy, Rossini and Van der Vaart (1996) for a veri�cation of (2.1)with the above ~̀0 and ~I0 the variance of ~̀0.Let �̂� be the maximizer of the log likelihood for a �xed �. We must verify that if~� P! �0, then k�̂~� � �0k1 P! 0. To do this restrict attention to a subsequence of n for whichthe convergence of ~� is almost surely. Then a similar proof to the proof of Theorem 2.2 inMurphy, Rossini and van der Vaart (1996) can be employed. Replace �̂, �0 and �̂ in theirequations by �̂~�, ~� and ~� respectively. This proof implies that k�̂~� � �0k1 converges almostsurely to zero along the subsequence. Since for any sequence of n such a subsequence canbe found, we have the convergence in probability.Next, we employ Lemma 2.2 to verify (2.4) and (2.5). The function _̀ is given by_̀(t; �; �)(x) = `t;�t(�;�)(x)�At;�t(�;�)� h0(x)1 + (� � t)Th0(y)� (x):The set of all functions of the type x 7! _̀(t; �; �)(x) and x 7! �̀(t; �; �)(x), with t and� varying in a compact set in Rp and � varying in the set of nonnegative nondecreasing17



functions with �(�) � 2�0(�), is Donsker and uniformly bounded. This can be seen by notingthat the above functions can be written as a Lipschitz function of members of uniformlybounded Donsker classes and next employing Theorem 2.20.6 in van der Vaart and Wellner(1996). Note that R y0 h d(�t(�; �)��0) is uniformly bounded by a constant times the productof the variation of h and k�t(�; �)� �0k1. As a result, the maps (t; �; �) 7! _̀(t; �; �)(x) and(t; �; �) 7! �̀(t; �; �)(x) are continuous at (�0; �0; �0) relative to the uniform topology on �.Thus, an application of Lemma 2.2 serves to verify (2.4) and (2.5).To verify (2.6) in Theorem 2.1, we �rst derive a rate of convergence for the pro�leestimators �̂� via Theorem 3.1. De�ne H to be the set of all functions h: [0; � ] 7! [0; 1] thatare of variation bounded by 1. De�neWn1(�; �) = Pn`�;�;Wn2(�; �)h = PnA�;�h; h 2 H:Then Wn(�; �) 2 Rp � `1(H). Since �̂� maximizes the likelihood for �xed �, we have thatWn2(�; �̂�) = 0:The expectation of Wn is given by W1(�; �) = P0`�;�;W2(�; �)h = P0A�;�h:It is implicit in the proof Theorem 2.2 of Murphy, Rossini and Van der Vaart (1996) that themap W :Rp � lin H 7! Rp � `1(H) is di�erentiable at (�0; �0) with continuously invertiblederivative _W given by (� � �0; � � �0) 7! � _W11 _W12_W21 _W22� � � � �0� � �0� ;where _W11(� � �0) = �P0`�0;�0`T�0;�0(� � �0);_W12(� � �0) = �Z A��0;�0`�0;�0 d(� � �0);_W21(� � �0)h = �P0(A�0;�0h)`T�0;�0 (� � �0);_W22(� � �0)h = �Z A��0;�0A�0;�0h d(� � �0):Consequently, the _W2(0; �� �0) in Theorem 3.1 is given by _W22(�� �0), and k�̂~� � �0k1 isof the order k~� � �0k+ n�1=2.The left side of (2.6) is equal toP0 _̀(~�; ~�; �̂~�) =W1(~�; �̂~�)�W2(~�; �̂~�)h0= _W11(~� � �0) + _W12(�̂~� � �0)� _W21(~� � �0)� _W22(�̂~� � �0)h0+ oP �k~� � �0k+ k�̂~� � �0k1�;= �~I0(~� � �0) + oP �k~� � �0k+ k�̂~� � �0k1�;by the de�nitions of _W and h0. This veri�es (2.6).18



6. Logistic Regression with a Missing CovariateThe following model is considered by Roeder, Carroll and Lindsay (1996), who use the pro�lelikelihood to set a con�dence interval in a study of the e�ect of cholesterol on heart disease.The model is expressed in terms of a basic random vector (D;W;Z), whose distributionis described in the following way (our parameterization is slightly di�erent from Roeder,Carroll and Lindsay (1996)):- D is a logistic regression on expZ with intercept and slope 
 and �, respectively;- W is a linear regression on Z with intercept and slope �0 and �1, respectively, and anN(0; �2)-error;- Given Z the variables D and W are independent;- Z has a completely unspeci�ed distribution �.The unknown parameters are � = (�; �0; �1; 
; �) ranging over � � R4 � (0;1) and thedistribution � of the regression variable with support contained in a known, compact intervalZ � R. The likelihood for the vector (D;W;Z) takes the form p�(d;wj z) d�(z), with �denoting the standard normal density,p�(d;wj z) = � 11 + exp(�
 � �ez)�d� exp(�
 � �ez)1 + exp(�
 � �ez)�1�d 1���w � �0 � �1z� �and d� denoting the density of � with respect to a dominating measure.Roeder, Carroll and Lindsay (1996) and Murphy and van der Vaart (1996b) considerboth a prospective and retrospective (or case-control) model. In the prospective modelwe observe two independent random samples of sizes nC and nR from the distributionsof (D;W;Z) and (D;W ), respectively. (The indexes C and R are for \complete" and\reduced", respectively.) In the terminology of Roeder, Carroll and Lindsay (1996), thecovariate Z in a full observation (D;W;Z) is a \golden standard", but, in view of thecosts of measurement, for a selection of observations only the \surrogate covariate" W isavailable. In their example W is the natural logarithm of total cholesterol, Z is the naturallogarithm of LDL cholesterol, and we are interested in heart disease D = 1.We shall consider the situation that the number of complete and reduced observationsare of comparable magnitude. More precisely, the proof applies to the situation that thefraction nC=nR is bounded away from 0 and 1. For simplicity of notation, we shall hence-forth assume that nC = nR. Then the observations can be paired and the observations inthe prospective model can be summarized as n i.i.d. copies of X = (YC ; ZC ; YR) from thedensityx = (yC ; zC ; yR) 7! p�(yC j zC) d�(zC ) Z p�(yRj z) d�(z) =: p�(yC j zC) d�(zC ) p�(yRj �):Here we denote the complete sample components by YC = (DC ;WC) and ZC and the re-duced sample components by YR = (DR;WR). In the complete sample part of the likelihood19



we use an empirical likelihood with �fzg, the measure of the point fzg,lik(�; �)(x) = p�(yC j zC) �fzCg Z p�(yRj z) d�(z):We shall concentrate on the regression coe�cient, �, considering both the remainingcoordinates of � and � as nuisance parameters. (Thus, the parameter � in the general resultsshould be replaced by � throughout this section.) Note that the assumption of a knownsupport means that in the maximum likelihood estimation, � is constrained to have supportcontained in Z. Assuming that F0 is nondegenerate, Murphy and Van der Vaart (1996b)show that the maximum likelihood estimator (�̂; �̂) is asymptotically normal. Consistencyof �̂ is relative to the weak topology. Here we shall verify that the conditions of Theorem 2.1are satis�ed, so that the asymptotic variance of the sequence pn(�̂��) can be consistentlyestimated by minus the inverse of the curvature of the pro�le likelihood function. Sinceonly the prospective model falls under the i.i.d. set-up of this paper, we shall concentrateon this model. However, since the pro�le likelihoods of the prospective and retrospectivemodels are algebraically identical, the result can be extended to the retrospective model,as is shown for the maximum likelihood estimator in Murphy and Van der Vaart (1996b).We start by introducing a least favorable submodel. The score function for �, `�;�, isthe sum of the score functions for � for the conditional density p�(yC j zC) and the mixturedensity p�(yRj �), given by,_̀�(yC j zC) = @=@� log p�(yC j zC); _̀�0;�0(yR) = R _̀�(yRj z) p�(yRj z) d�(z)p�(yRj �) :Furthermore, the score operator for � in the direction h (a bounded function satisfyingR h d� = 0) isA�;�h(x) = h(zC) +B�;�h(yR) = h(zC) + R h(z)p�(yRj z) d�(z)p�(yRj �) :The operator B�;�:L2(�) 7! L2�p�(�j �)� is the score operator for the mixture part of themodel. A version of the Hilbert space adjoint B��;� of this operator is given byB��;�g(z) = Z g(yR) p�(yRj z) d�(yR):The e�cient information matrix for � when � is unknown is given by~I0 = P0 _̀�0;�0 _̀T�0;�0 + P0 _̀�0 _̀T�0 � P0�A�0;�0(I +B��0;�0B�0;�0)�1B��0;�0 _̀�0;�0� _̀T�0;�0 :As in the proportional odds model, the least favorable direction, h0, for the estimation of� in the presence of the unknown � is given by (A��0;�0A�0;�0)�1A��0;�0`�0;�0 , however it iseasily shown that A��0;�0`�0;�0 = B��0;�0 _̀�0;�0 and A��0;�0A�0;�0 = I+B��0;�0B�0;�0 . The latteris the information operator for � when � is known; in Section 8 of Murphy and van der Vaart(1996) it is shown that this operator is continuously invertiable on the space of Lipshitz20



continuous functions. Additionally partition � into � = (�; �2), where �2 = (�0; �1; 
; �2),and partition ~I0 for � in four submatrices, accordingly. Then,aT0 = �1;�~I0;12(~I0;22)�1�;h0 = (I +B��0;�0B�0;�0)�1B��0;�0 _̀�0;�0 ;d�t(�; �) = �1 + (� � t)aT0 (h0 � �h0)� d�;�t(�; �) = � + (t� �)a0;where �h = R h d� and �0h0 = 0. In Section 5 Murphy and Van der Vaart (1996) show thatthe function h0 is bounded. Thus �t(�; �) has a positive density with respect to � for everysu�ciently small j� � tj and hence de�nes an element of the parameter set for �. Now weuse the least favourable path t 7! ��t(�; �)2;�t(�; �)�in the parameter space for the nuisance parameter (�2; �). This leads to `(t; �; �) =log lik��t(�; �);�t(�; �)�. This submodel is least favorable at (�0; �0) in that (2.3) is sat-is�ed in the form @@t jt=�0`(t; �0; �0) = aT0 ~̀0;where ~̀0(x) = _̀�0(yC j zC) + _̀�0;�0(yR)�A�0;�0h0(yR):The function ~̀0 is the e�cient in
uence function for the parameter � in the presence ofthe nuisance parameter �, while the function aT0 ~̀0 is the e�cient score function for � inthe presence of the nuisance parameter (�2; �), both evaluated at (�0; �0). See Section 7 ofMurphy and Van der Vaart (1996). For the present purpose, the relevant information isthat (2.1) is satis�ed for the maximum likelihood estimator �̂ substituted for �̂, ~̀0 equal toaT0 ~̀0 and ~I0 equal to aT0 ~I0a0 = ~I0;11 � ~I0;12 ~I�10;22 ~I0;21.Let (�̂2;� ; �̂�) be the pro�le likelihood estimator for (�2; �) when � is given so that�̂� = (�; �̂2;�). The pro�le likelihood estimator (�̂~� ; �̂~�) can be shown to be consistent for(�0; �0) as ~� P! �0, by the same proof as used for the full maximum likelihood estimator inMurphy and Van der Vaart (1996b). (Replace �0 by ~�, �̂ by ~� and (�̂2; �̂) by (�̂2;~� ; �̂~�).) Itnow su�ces to verify the conditions of Lemma 2.2. By direct calculation, the abbreviations�t = �t(�; �) and �t = �t(�; �),_̀(t; �; �) = aT0 _̀�t(yC j zC) + aT0 _̀�t;�t(yR)� aT0 A�t;�t� h0 � �th01 + (� � t)aT0 (h0 � �th0)�(yR):The class of functions _̀(t; �; �), with t varying in a neighborhood of �0 and (�; �) varyingin a neighborhood of (�0; �0), is shown to be Donsker in Section 4 of Murphy and Van derVaart (1996b). That the class of second derivatives, x 7! �̀(t; �; �)(x), is Glivenko-Cantellifollows by similar, but simpler, arguments. 21



To verify condition (2.6), we apply Theorem 3.1 to study the pro�le estimators �̂�.Let H be the set of measurable functions h:Z 7! [0; 1] that are uniformly Lipschitz. LetWn = (Wn1;Wn2) be the element of R5 � `1(H) given byWn1(�; �) = Pn� _̀�(yC j zC) + _̀�;�(yR)�;Wn2(�; �)h = PnA�;�h(x; z) � P�;�A�;�h:The maximum likelihood estimators (�̂; �̂) are zeros of the maps Wn,Wn(�̂; �̂) � 0:Similarly the pro�le maximum likelihood estimator, (�̂� ; �̂�) satis�es,Wn1;2(�̂� ; �̂�) = 0; Wn2(�̂� ; �̂�) � 0:We shall identify each probability measure � on Z with an element of `1(H) through�h = R h d�. Then Wn can be viewed as a map from the space R5 � `1(H) into itselfwith as domain the product of � and the set of probability measures in `1(H) under thegiven identi�cation. The expectation of Wn under the true distribution, P0 = P�0;�0 is theelement W = (W1;W2) of R5 � `1(H) given by(6:1) W1(�; �) = P0� _̀�(yC j zC) + _̀�;�(yR)�;W2(�; �)h = P0A�;�h� P�;�A�;�h:With this choice of centering function, we have W (�0; �0) = 0.Conditions (3.1) and (3.2) are veri�ed in Section 4 of Murphy and Van der Vaart (1996).Furthermore, by Lemma 5.1 in the same paper, the mapW is di�erentiable at (�0; �0), withcontinuously invertible derivative(6:2) (� � �0; � � �0) 7! � _W11 _W12_W21 _W22� � � � �0� � �0� ;where _W11(� � �0) = ��P0 _̀�0;�0 _̀T�0;�0 + P0 _̀�0 _̀T�0� (� � �0);_W12(� � �0) = �Z B��0;�0 _̀�0;�0 d(� � �0);_W21(� � �0)h = �P0A�0;�0h _̀T�0;�0 (� � �0);_W22(� � �0)h = �Z (I +B��0;�0B�0;�0)h d(� � �0):The above combined with consistency of the pro�le maximum likelihood estimator impliesthat k�̂~� � �0k+ k�̂~� � �0kH is of the order k~� � �0k+ n�1=2 by Theorem 3.1.22



The left side of (2.6) is equal toP0 _̀( ~�; �̂~� ; �̂~�) = aT0 �W1(�̂~� ; �̂~�)�W2(�̂~� ; �̂~�)h0�= aT0 � _W1(�̂~� � �0; �̂~� � �0)� _W2(�̂~� � �0; �̂~� � �0)h0�+ oP �k�̂~� � �0k+ k�̂~� � �0kH�;= �aT0 ~I0(�̂~� � �0) + oP �k�̂~� � �0k+ k�̂~� � �0kH�= �(~I0;11 � ~I0;12 ~I�10;22 ~I0;21)( ~� � �0) + oP �k�̂~� � �0k+ k�̂~� � �0kH�;by the de�nitions of _W , h0 and a0. This veri�es (2.6), because ~I0;11 � ~I0;12 ~I�10;22 ~I0;21 is thee�cient information for estimating � in the presence of the nuisance parameter (�2; �).
7. Semiparametric Penalized Logistic RegressionIn this model the observations are n i.i.d. copies of X = (Y;W;Z) for a 0-1 variable Y suchthat P(Y = 1jW;Z) = F ��W + �(Z)�;where F (u) = eu=(1 + eu) is the logistic distribution. Both W and Z are assumed to havebounded support, which we take to be a subset of [0; 1]2. The unknown parameters arethe scalar �, and �, a function in the Sobolev class of functions on [0; 1] whose (k � 1)stderivative exists and is absolutely continuous with J(�) <1, whereJ2(�) = Z 10 (�(k)(z))2 dz:Here, k � 1 is a �xed integer and �(j) is the jth derivative of � with respect to z. Mammenand van de Geer (1995) study the estimators for � and � obtained by maximizing thepenalized log likelihood, given by Pn log p�;� � ~�2J2(�)where ~� is a \smoothing parameter" andp�;�(x) = F ��w + �(z)�y�1� F (�w + �(z)�1�y fW;Z(w; z):The smoothing parameter may depend on the data and hence can, for instance, be chosenby cross validation. The estimator �̂ of � is a weighted sum of a �nite number of basisfunctions determined by fZ1; : : : ; Zng (O'Sullivan, Yandell and Raynor (1986)).For the purpose of (�rst order e�cient) inference concerning �, there is a considerablefreedom in the choice of the smoothing parameter. Following Mammen and van de Geer(1995), we assume that(7:1) ~�2 = oP (n�1=2) and ~��1 = OP (nk=(2k+1)):23



To ensure the identi�ability of the parameters we assume that E0 var(W jZ) is positive, andthat the support of Z (the smallest closed set with mass one) contains at least k distinctpoints in [0; 1]. Finally, we assume that the function h0 given by (7.2) has a version withJ(h0) <1.Under the above assumptions, the arguments of Mammen and van de Geer (1995)can be re�ned to prove that k�̂ � �0k2 = OP (~�n), where kak2 = E0a2(Z), and that �̂ isasymptotically e�cient in the sense of (2.1).Our purpose is to show that the second derivative of the pro�le penalized log likelihoodyields a consistent estimator of minus the inverse of the asymptotic variance of �̂. To do this,we follow the general scheme of the paper, with the log likelihood equal to the penalizedlog likelihood log lik(�; �)(x) = log p�;�(x)� ~�2J2(�):Assumption (7.1) ensures that even though this function depends on n and possibly on theobservations through ~�n, the arguments are una�ected, in the sense that Theorem 2.1 andits proof go through with minor notational adaptations.The score function for � takes the form`�;�(x) = �y � F ��w + �(z)��w:As in the previous examples, for h a function with J(h) <1, we may di�erentiate the loglikelihood (the true one, with ~� = 0) along the submodel �t = � + th at t = 0 to obtain ascore function for �, given byA�;�h(x) = �y � F ��w+ �(z)��h(z):The e�cient score function is given by~̀0 = `�0;�0 �A�0;�0h0 = �y � F ��0w + �0(z)���w � h0(z)�:Here h0 minimizes the distance P0(`�0;�0 �A�0;�0h0)2, and is given by(7:2) h0(z) = E0[Wf(�0W + �0(Z))jZ = z]E0[f(�0W + �0(Z))jZ = z] :(Note that F (1�F ) = f , the derivative of F .) Thus, we de�ne as least favorable submodel�t(�; �) = � + (� � t)h0;`(t; �; �) = log lik�t;�t(�; �)�:Di�erentiation of `(t; �0; �0) with respect to t and evaluation at t = �0 and ~�n = 0 yieldsthe e�cient score function ~̀0.Let �̂� be the maximizer of the penalized log likelihood for a �xed � and the samestochastic smoothing parameter ~� as the one used to arrive at the estimator (�̂; �̂). Recallthat  ̂� = (�; �̂�). In Lemma 7.1 we prove that(7:3) ~�J(�̂~�) + 

j�̂~� � �0j ^ 1

2 = OP �~�+ k~� � �0k):24



We shall verify (2.4')-(2.5') and (2.6), where we take � P!  0 to mean �� P! �0, and

j�� � �0j ^ 1

2 P! 0. We have_̀(t;  )(x) = �y � F �tw + �(z) + (� � t)h0(z)���w � h0(z)�+ 2~�2 Z 10 (� + (� � t)h0)(k)(z) (h0)(k)(z) dz;�̀(t;  ) = �f�tw + �(z) + (� � t)h0(z)�(w � h0(z))2 � 2~�2J2(h0):The penalty terms do not play a role for the veri�cation of (2.4'){(2.5') and (2.6), since~�2 = oP (n�1=2) by assumption and~�2J(�̂~�) = OP �~�2 + ~�j~� � �0j�:Therefore, without loss of generality we may set ~� = 0 for this part of the argument. If(��; � ) ! (�0;  0), then, in view of the continuity of F and f , _̀(��; � ) converges a.e. to ~̀0and �̀(��; � )(x) converges a.e. to �f(�0w + �0(z))(w � h0(z))2, at least along subsequences.By the dominated convergence theorem �P0 �̀(��; � ) converges to the e�cient information~I0 = P0f��0w + �0(z)��w � h0(z)�2:Thus, for (2.4){(2.5) it certainly su�ces to show that the classes of functions _̀(t;  ) and�̀(t;  ), respectively, with (t;  ) ranging over a neighbourhood of (�0;  0), are P0-Donsker andP0-Glivenko-Cantelli with square-integrable and integrable envelope functions, respectively.In the case that hn in (1.2) is chosen such that hn = OP (~�n), we have that J(�̂~�) = OP (1)by (7.3). Since it su�ces to prove (2.4){(2.5) for � of the form � = (��; �̂��) with j�� � �0j �j�̂+hn��0j, we may then a-priori assume that J(��) = OP (1). Under the condition that J(�)is uniformly bounded, the classes of functions _̀(t;  ) and �̀(t;  ) can be seen to be Donskerand Glivenko-Cantelli by entropy calculations as in Lemma 7.2, and the uniform entropycentral limit theorem and uniform entropy Glivenko-Cantelli theorem, respectively. (Cf.e.g. Van der Vaart and Wellner (1996), Theorems 2.5.2 and 2.4.3.) Without the conditionthat hn = OP (~�n), we must re�ne the argument and can verify (2.4'){(2.5') rather than(2.4){(2.5). This is done in Lemma 7.5 below.In order to verify (2.6) we follow the second intuitive justi�cation given in Section 2.We may still assume that ~� = 0. By the formula for _̀, with ĝ~�(w; z) = ~�w + �̂~�(z) andg0(w; z) = �0w + �0(z),P0 _̀(~�;  ̂~�) = P0�y � F (ĝ~�)��w � h0(z)�= P0�F (g0)� F (ĝ~�)��w � h0(z)�:By Taylor's formula,��F (g) � F (g0)� f(g0)(g � g0)�� � 12kf 0k1jg � g0j2:25



The function f(g0)�1�F (g0)�F (g)� f(g0)(�� �0)w� is uniformly bounded. Consequently,for a su�ciently large constant M ,(7:4) ��F (g) � F (g0)� f(g0)(� � �0)w � f(g0)[� � �0]M �� � kf 0k1�j� � �0j2 + j� � �0j2�;where [�]M is � truncated to the interval [�M;M ]. Since the left side is bounded, the rightside can be truncated at a su�ciently large constant as well. Since P0f(g0)a(z)(w � h0(z))is zero for every a,P0 _̀(~�;  ̂~�) = �P0�F (ĝ~�)� F (g0)� f(g0)�(~� � �0)w + [�̂~� � �0]M ���w � h0(z)�� (~� � �0)P0f(g0)w�w � h0(z)�:The �rst term on the right is bounded by a multiple of j~�� �0j2 + P0(�̂~� � �0)2 ^ 1. This isnegligible to the desired order by (7.3). The second term is equal to �(~� � �0)~I0.We �nish this section with a careful proof of the rate of convergence (7.3). For afunction g of (y;w; z) let kgk2 denote the square of P0g2(Y;W;Z). This norm does notdepend on the parameters (�; �) and can be taken �xed in the following.LEMMA 7.1. Let (7.1) hold and assume that P0 var(W jZ) is positive. Furthermore,suppose that the support of Z contains at least k distinct points. If j~� � �0j P! 0, thenkp~�;�̂~� � p�0;�0k2 + ~�J(�̂~�) = OP �~�+ j~� � �0j�:This implies (7.3). If ~� � �0 = OP (~�), then this also implies that J(�̂~�) = OP (1), and nextthat 

�̂~� � �0

2 = OP �~�n + j~� � �0j).Proof. We apply Theorem 3.2, where we let the � of this theorem include the smoothingparameter �, and wherem�;�;� = log p�;� + p�;�02p�;�0 � 12�2�J2(�)� J2(�0)�:Within this context we write �̂�;� rather than �̂�. By the concavity of the logarithmicfunction and the de�nition of �̂�;�,Pnm�;�;�̂�;� � 12Pn log p�;�̂�;�p�;�0 � 12�2�J2(�̂�;�)� J2(�0)� � 0 = Pnm�;�;�0 :In view of (7.1), we may restrict (�; �) a-priori to the set �n = �j� � �0j < "; � � �n	for a small " > 0 and for �n a su�ciently large multiple of n�k=(2k+1). Suppose that itcan be shown that k�̂~�;~�k1 = OP �J(�̂~�;~�) + 1�. Then we may also restrict � to the setHn = ��: k�k1 � CJ(�) + C	 for a large constant C. (Strictly speaking, we must let�nnk=(2k+1) and C tend to in�nity, but it is not a loss of generality to give the proof for a�xed, but arbitrary large constant only.)The function p�0;�0(x)=fW;Z(w; z) is bounded away from zero and in�nity uniformlyin x. Therefore, by continuity p�;�0(x)=fW;Z(w; z) is bounded away from zero and in�nity,26



uniformly in x and � varying over a neighbourhood of �0. This implies that m�;0;�(x) isuniformly bounded in �, � and x. Since G nm�;�;� = G nm�;0;�, this shows that Lemma 3.3can be applied to verify (3.5).By the well-known inequality relating Kullback-Leibler divergence and Hellinger dis-tance, P0(m�;�;� �m�;�;�0) = P0(m�;�;� �m�0;�;�0)� P0(m�;�;�0 �m�0;�;�0). �h2(p�;�; p�0;�0)� �2J2(�) + k� � �0k2 + �2. �kp�;� � p�0;�0k22 � �2J2(�) + j� � �0j2 + �2;since p�0;�0=fW;Z is bounded away from zero. This suggests the choice ofd2�;�(�; �0) = kp�;� � p�0;�0k22 + �2J2(�)and the Euclidean norm for (�; �). Since the derivative of the function p 7! log(p + p0) isbounded, uniformly in p0 that are bounded away from zero,P0(m�;0;� �m�0;0;�0)2 . kp�;� � p�0;�0k22 + j� � �0j2:If (�; �) 2 �n and d�;�(�; �0) < �, then kp�;� � p�0;�0k2 < � and J(�) < �=�n, andhence k�k1 . �=�n by our working assumption that � 2 Hn. By a result of Birman andSolomjak (1967), logN�";��:J(�) �M; k�k1 �M	; k � k1� . �M" �1=k:The class of functions w 7! w� for � varying over a compact has polynomial bracketingnumbers. Since the transformation (�; �) 7! m�;0;� is Lipschitz and essentially monotone,it follows thatlogN[]�"; fm�;0;�: (�; �) 2 �n; � 2 Hn; d�;�(�; �0) � �g; L2(P0)� . �1 + �=�n" �1=k:Thus, by Lemma 3.3 condition (3.5) is satis�ed with �n and J = Jn related as in Lemma 3.3and Jn(�) . �1 + ��n�1=2k�1�1=2k :By Theorem 3.2 we obtain thatd~�;~�(�̂~�;~�; �0) = OP �~�+ j~� � �0j+ (n�1=kn )�1=2 + n�k=(2k+1)� = OP �~�+ j~� � �0j�:This is the �rst assertion of the lemma. The other assertions follow by Lemma 7.4.To show that k�̂~�;~�k1 = OP �J(�̂~�;~�)+1� we apply Theorem 3.2 in a crude manner, witha di�erent maximal inequality. We still assume that (�; �) 2 �n, but drop the assumptionthat � 2 Hn. By Lemma 7.2, and a maximal inequality due to Kim and Pollard (1990) (SeeTheorem 2.14.1 of van der Vaart and Wellner (1996)), condition (3.5) is satis�ed forJn(�) � �1 + ��n �1=2k:27



In view of Theorem 3.2 this means that d~�;~�(�̂~�;~�; �0) = OP (�n) for any �n # 0 such that�n � (nk�n)�1=(4k�1). In particular, d~�;~�(�̂~�;~�; �0) P! 0. The result next follows fromLemma 7.3(i).LEMMA 7.2. supQ logN�"; fp�;�: � 2 R; J(�) �Mg; L2(Q)� . �1 +M" �1=k:Proof. The functions p�;� are transformations of the functions F ��w+ �(z)� (and the 0-1variable y). It su�ces to give the same bound for the entropy of the latter collection offunctions.For every � with J(�) < 1, there exists a polynomial ~� of degree at most k � 1 suchthat k� � ~�k1 � J(�). (By the Cauchy-Schwarz inequality j�(k�1)(z) � �(k�1)(0)j � J(�)for every z. Next integrate this k � 1 times.) For a �xed function � let F� be the set ofall functions F ��w + p(z) + �(z)� with � ranging over R and p ranging over the set of allpolynomials of degree at most k � 1. Then our set of functions is the union of all F� with� ranging over the set H of all functions with J(�) �M and k�k1 �M .By Birman and Solomjak (1967) the k � k1-entropy of the class H is of the order(1=")1=k .Each class F� is Vapnik-Chervonenkis of index at most k + 3 and uniformly bounded.(Cf. e.g. Lemmas 2.6.15 and 2.6.18(viii) of Van der Vaart and Wellner (1996).) Thus itscovering numbers are polynomial.We can construct a net over [�2HF� by �rst choosing an "-net over the set H, andnext, for every � in the net, choosing an "-net over F� . The total number of functions willbe bounded as in the lemma, and will constitute an "0-net over the functions of interest, for"0 a �xed multiple of ".LEMMA 7.3. (i). For every su�ciently small � > 0 there exists a constant C dependingonly on P0 such that k�k1 � C�J(�) + 1� whenever j� � �0j < � and kp�;� � p�0;�0k2 < �.(ii). For any � we have k�k1 . J(�) + k�k2.Proof. (i). By assumption there exist disjoint intervals [ai; bi] such that FZ(bi)�FZ(ai) >0 for each i = 1; : : : ; k. If kp�;� � p�0;�0k2 < �, then, for every 0 < a < b < 1,Z ba Z �F ��w + �(z)� � F ��0w + �0(z)��2 FW jZ(dwjz)FZ (dz) < �2:Therefore, there exists zi 2 (ai; bi] for which,Z �F ��w + �(zi)�� F ��0w + �0(zi)��2 FW jZ(dwjzi)�FZ(bi)� FZ(ai)� < �228



for each i = 1; : : : ; k. Next for each zi there exists a wi which satis�es,�F ��wi + �(zi)�� F ��0wi + �0(zi)��2 . �2FZ(bi)� FZ(ai) :Since F ��0wi+�0(zi)� is bounded away from zero and one, this implies that, for su�cientlysmall � > 0, the numbers F ��wi + �(zi)� are bounded away from zero and one as well,whence the numbers �wi + �(zi) are uniformly bounded by a constant that depends on� and (�0; �0) only. Since jj� � �0jj < �, this in turn implies that ���(zi)�� � K� for someconstant K�.For every � there exists a polynomial ~� of degree smaller than k�1 such that k��~�k1 �J(�). See the proof of Lemma 7.2. It follows that the numbers ��~�(zi)�� are bounded byK� + J(�). If ~�(z) =P ajzj = (1; z; : : : ; zk�1) � a, thenkak � 
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 � Lpk�K� + J(�)�;where L can be chosen to correspond to the worst possible choice of the points zi 2 (ai; bi].Consequently, k~�k1 . kak . K� + J(�), and k�k1 is bounded similarly.(ii). Since k�� ~�k1 � J(�), we have k~�k2 � J(�)+ k�k2. By the nonsingularity of thematrix P0��T , for � = (1; z; � � � ; zk�1), this implies that kak . J(�) + k�k2, whence k~�k1is bounded similarly.LEMMA 7.4. (i). kp�;� � p�0;�0k2 & �j� � �0j ^ 1 + 

j� � �0j ^ 1

2� ^ 1.(ii). There exists a constant C depending on M only such that, whenever J(�) < M ,kp�;� � p�0;�0k2 � C�j� � �0j+ k� � �0k2� ^ 1.Proof. (i). If p�;� ! p�0;�0 in L2, then � ! �0 and � ! �0 in measure, whence 

j� ��0j ^ 1

2 ! 0. Thus it su�ces to prove the inequality for small values of j� � �0j and

j� � �0j ^ 1

2.By a Taylor expansion (cf. equation (7.4)), uniformly in (w; z),���F ��w+�(z)��F ��0w+�0(z)��f(g0)�(�� �0)w+[���0]M ����. �j�� �0j2+ j���0j2�^1:Conclude thatP0�F ��w + �(z)� � F ��0w + �0(z)��2& (P0�(� � �0)w + [� � �0]M�2 �O�j� � �0j ^ 1�4 �O�P0j� � �0j4 ^ 1�& j� � �0j2 + P0[� � �0]2M � o�j� � �0j ^ 1�2 � o�P0j� � �0j2 ^ 1�;by the assumption P0 var(W jZ) > 0. Inequality (i) follows.(ii). If p�;� ! p�0;�0 in L2 and J(�) = O(1), then, by Lemma 7.3, k�k1 = O(1). Hencethe conclusion in the �rst paragraph of the proof of (i) can be strengthened to � ! �029



and k� � �0k2 ! 0. The proof proceeds along the same lines, substituting k� � �0k2 for

j� � �0j ^ 1

2.LEMMA 7.5. Under (7.1) we have for every random sequences ~� P! �0 and �� P! �0,G n� _̀(~�;  ̂~�)� ~̀0� = oP �1 +pnj~� � �0j�;(Pn � P0)�̀(~�;  ̂��) P! 0:Proof. In view of (7.1) it is no loss of generality to assume that ~� is bounded below bya multiple of �n = n�k=(2k+1) and bounded above by "n�1=4 for an arbitrary " > 0. Bycombining Lemma 7.3(i) and Lemma 7.1, k�̂~�k1 is bounded in probability by a multipleof J(�̂~�) + 1, which by (7.3) is bounded by a multiple of 1 + j~� � �0j=�n. Furthermore, byTaylor series arguments as used for the proof of (7.4),P0� _̀(~�;  ̂~�)� ~̀01 +pnj~� � �0j�2 . j~� � �0j2 + P0j�̂~� � �0j2 ^ 1(1 +pnj~� � �0j)2 � OP� 1n + ~�2� = OP ("2n�1=2):De�ne Fn as the class of functionsn _̀(�; �; �)� ~̀01 +pnj� � �0j :J(�) . 1 + j� � �0j�n ; k�k1 . 1 + J(�); j� � �0j < �o\ nf 2 L2(P0):P0f2 . "2n�1=2o:Then it follows that on a set of probability arbitrarily close to 1 we can bound G n� _̀(~�;  ̂~�)�~̀0�=�1 +pnj~� � �0j� by kG nkFn .We now apply the maximal inequality Lemma 3.4.2 in Van der Vaart andWellner (1996)to kG nkFn . Since _̀(�; �; �) depends on (�; �) in a Lipschitz and essentially monotone manner,logN[]�";Fn; L2(P0)�. logN[]�";n �1 +pnj� � �0j :J(�) . 1 + j� � �0j�n ; k�k1 . 1 + J(�)o; L2(P0)�+ log 1". �1 + (pn�n)�1" �1=k;by Birman and Solomjak (1967), sinceJ� �1 +pnj� � �0j� = J(�)1 +pnj� � �0j . 1 + 1pn�n :Therefore, the relevant entropy integral is equal toZ "n�1=40 �1 + (pn�n)�1" �1=2k d" . �"n�1=4�(1�1=2k) �1 + (pn�n)�1�1=2k:30



By Lemma 3.4.2 in Van der Vaart and Wellner (1996), we conclude that E�kG nkFn ! 0.This concludes the proof of the �rst assertion, which is the veri�cation of (2.40).To prove the second assertion we need a Glivenko-Cantelli theorem for classes of func-tions that change with n. A suitable extension of the uniform entropy Glivenko-Cantellitheorem is as follows. If Fn are suitably measurable classes of functions with uniformlyintegrable envelope functions and logN�";Fn; L1(Pn)� = o�P (n), then kPn � P0kFn P! 0for every " > 0. The proof of Theorem 2.4.3 in Van der Vaart and Wellner (1996) applieswith minor notational changes. We apply this theorem to the set Fn of functions �̀(t; �; �)with t and �0 ranging over a neighbourhood of �0 and �nJ(�) bounded by a constant. Byarguments as in Lemma 7.2,supQ logN�";Fn; L1(Q)� . �1 + ��1n" �1=k:Thus the present classes Fn certainly satisfy the entropy condition. Moreover, they areuniformly bounded. Since the functions _̀(~�; ��; �̂��) are contained in Fn with probabilitytending to one, the second assertion of the lemma follows.
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