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Abstract

A new metho d (\smo othing spline ANO V A") for com bining station records of surface air tem-

p erature to get the estimates of regional a v erages as w ell as grid p oin t v alues is prop osed. This

metho d is closely related to the \optimal in terp olation" (also \optimal a v eraging") metho d. It ma y

b e view ed as a generalization of these metho ds from spatial \in terp olation" metho ds to a metho d

\in terp olating" in b oth spatial and temp oral directions. The connection of this metho d to the

commonly used anomaly approac h is discussed in the con text of correcting biases resulting from

incomplete sampling. A main strength of this new metho d is its abilit y of b orro wing information

across b oth space and time just lik e \optimal in terp olation" do es across space. This increases

not only the accuracy of estimates but also the abilit y to correct v arious biases resulting from

incomplete sampling. Some of these biases are ignored b y the anomaly approac h.
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1 In tro duction

A n um b er of studies (Vinnik o v et al. 1980; Y amamoto and Hoshiai 1980; Jones et al. 1982; Jones et

al. 1986; Hansen and Leb ede� 1987; Vinnik o v et al. 1990) ha v e used surface air temp erature data

at meteorological stations around the w orld to estimate c hanges o v er a large area (regional, zonal

or global a v erages etc.). The problem addressed in these studies ma y b e, directly or indirectly ,

view ed as estimating the surface air temp erature as a function of lo cation and time based on noisy

data scattered in b oth spatial and temp oral domains. V arious a v erages ma y b e calculated after

an estimate of the function is obtained. In the con text of n umerical w eather prediction, Lorenc

(1986) review ed a few metho ds for getting suc h estimates, whic h include optimal in terp olation,

smo othing splines, kriging and Kalman �lters, and p oin ted out that they are formally equiv alen t

to eac h other. The purp ose of this article is to in tro duce a new estimating metho d (smo othing

spline ANO V A, see Gu and W ah ba 1993a,b, and Luo 1996a,b) whic h di�ers from the metho ds

used in the previously cited studies in that it accomplishes spatial and temp oral analyses at the

same time. In other w ords, this is not just another estimating metho d in the spatial domain. This

new metho d is capable of b orro wing information across b oth spatial and temp oral domains, hence

mak es the estimates more accurate, and increases our abilit y to correct v arious biases resulting from

incomplete sampling. Borro wing information across b oth space and time is certainly not a new idea.

In n umerical w eather predication and man y other �elds, p eople ha v e b orro w ed information across

time, usually from the past, through dynamical mo dels. See, for example, Lorenc (1986), Derb er

and Rosati (1989), Thiebaux (1991), W ah ba et al. (1995) and references therein. Ho w ev er there

ha v e not b een man y studies whic h b orro w information across b oth space and time empirically .

Kaplan et al. (1996) is one example. In their approac h, an empirical mo del (a Mark o v mo del) is

substituted for the dynamical mo del (and hence the mo del itself has to b e estimated to o). Our

approac h here represen ts a more direct generalization of optimal in terp olation t yp e metho ds in

spatial domain to one in terp olating in b oth spatial and temp oral domains. The thin plate spline
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in W ah ba and W endelb erger (1980), used as a spatial estimating metho d on rectangular domains,

can also accommo date time in a v ery di�eren t manner than prop osed here. The direct metho ds of

this pap er result in a global space and time �t whic h is easily decomp osed in to v arious a v erages

and anomalies of meteorological in terest.

T o calculate a global a v erage or other regional a v erages, the simple a v erage of a v ailable station

records is ob viously biased to w ards the area concen trated with more stations. More sophisticated

metho ds are needed. Vinnik o v et al. (1980) sub jectiv ely con toured the station data to get grid

p oin t estimates, then a v eraged them with cosine w eigh ting to accoun t for the c hange of grid densit y

along latitude. Jones et al. (1982) did a similar computation except with an ob jectiv e metho d for

getting grid p oin t estimates (nearest neigh b or in v erse distance w eigh ted a v erage). Y amamoto and

Hoshiai (1980) used \optimal in terp olation" to estimate grid p oin t v alues from station data. Jones

et al. (1986) divided the glob e in to 36 b y 36 b o xes and within eac h b o x the in v erse distance

w eigh ted a v erage w as used to estimate the grid p oin t v alue corresp onding to that b o x. Hansen and

Leb ede� (1987) divided the glob e in to a n um b er of equal-area small b o xes and computed a mean

v alue for eac h small b o x using distance w eigh ted a v erage. Then a hierarc hical a v erage of b o x mean

v alues (from small b o xes to bigger b o xes, then to latitude bands, to hemispheres, with di�eren t

w eigh ting sc hemes at di�eren t lev els) is used as an estimate of the global a v erage. Vinnik o v et al.

(1990) used \optimal statistical a v eraging" metho d to compute di�eren t regional means directly

without computing grid p oin t v alues. In Section 2, w e will describ e the smo othing spline metho d

to get b oth grid p oin t estimates and regional a v erage estimates. This metho d is, as p oin ted out b y

man y authors (see, for example, Lorenc 1986 and Kimeldorf and W ah ba 1971), formally equiv alen t

to the optimal in terp olation metho d. W e will demonstrate in this article that \optimal statistical

a v eraging" used b y Vinnik o v et al. (1990) is also formally equiv alen t to the estimate based on the

smo othing spline metho d.

T o compare global a v erages or other regional a v erages across time (the crudest w a y to lo ok
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at the large area temp erature c hange), another kind of bias exists due to the incompleteness of

sampling o v er time, i.e. the time p erio d that a station has records v aries from station to station.

Hence, the c hanges across y ears in the simple a v erages of eac h y ear's records are confounded with

the c hanges across the lo cations of the stations used in eac h y ear's calculation. The w a y most

previous studies ha v e c hosen to correct this bias is through the use of anomalies whic h are de�ned

as the di�erences of ra w records and the a v erage o v er a pre-sp eci�ed reference p erio d, usually a

p erio d with go o d sampling co v erage. Hansen and Leb ede� (1987) used a di�eren t sc heme whic h,

in some sense, is lik e an anomaly approac h with a v arying reference p erio d. In Section 3.1, w e will

sho w that while the anomaly approac h is satisfactory in general, there are some signi�can t biases

resulting from incomplete sampling that the anomaly approac h cannot correct. W e will sho w in

Section 3.2 that the smo othing spline ANO V A approac h as describ ed there can correct suc h biases

directly using ra w station data.

W e c hose the data set prepared b y Jones et al. (1991) to apply this new metho d. The

data w ere obtained from http://cdiac.ESD.ORNL.G OV/f tp/ . It is a com bination of four �les:

ndp020r1/jonesnh.dat, ndp020r1/jonessh.dat, ndp032/ndp032.tm1 and ndp032/ndp032.tm2 .

This data set is assem bled from di�eren t sources of mon thly temp erature records at ab out 2000

stations distributed across the w orld o v er the p erio d from 1851 through 1991. There are only a few

stations with records dating bac k that far. Most of stations started recording in this cen tury . The

stations are concen trated hea vily in Europ e and North America. Some cleaning and homogenizing

to the original data ha v e b een done b y Jones et al. (1991).

W e did not redo the whole analysis of this data set using our new metho d, instead a subset of this

data set w as c hosen to illustrate our metho d. Only Northern Hemisphere win ter mean temp erature,

de�ned as the a v erage of Decem b er, Jan uary and F ebruary temp eratures, is considered. The w ord

\win ter" throughout this article alw a ys refers to the win ter in the Northern Hemisphere. The most

recen t 30-y ear p erio d (1961-1990) is c hosen. Instead of using all the stations in this data set, w e
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selected 1000 stations mainly due to the limit of our computing capacit y (also see the discussion in

Section 2). These 1000 stations are c hosen delib erately so that they co v er the sphere as uniformly as

p ossible. Hence most stations left out are in Europ e and North America while almost all the stations

in other regions are included. Note that this selection of stations only mitigates the problem of

non-uniformness of station distribution, it do es not eliminate the problem. The distribution of these

1000 stations is sho wn in Figure 1. T o ha v e a graphical idea of the incomplete sampling co v erage, a

plot of eac h record's (y ear, latitude) with longitude nested within y ear is giv en in Figure 2. Ha ving

longitude nested with y ear is for the purp ose of getting a b etter idea of the densit y of data. There

are clearly less stations to w ards the later part of the p erio d. The records for the An tarctic region

end in 1988.

2 Smo othing spline estimates for one time data

Supp ose that w e w an t to estimate the temp erature �eld at one time, for example, win ter mean

temp erature �eld in one particular y ear, based on noisy data at some lo cations,

y

i

= f ( P

i

) + �

i

; for i = 1 ; 2 ; :::; n: (1)

P

i

is a p oin t on the sphere (i.e. P

i

= ( �

i

; �

i

), a latitude, longitude pair) and the sphere will b e

denoted b y S . �

i

represen ts a \noise" term whic h con tains not only the measuremen t error in the

record y

i

, but also purely lo cal v ariabilit y whic h is of m uc h smaller scale than the resolution of an y

mo del to b e �tted.

A smo othing spline estimate of f , denoted b y f

�

to emphasize its dep endence on a smo othing

parameter � , ma y b e de�ned as the function that minimizes

n

X

i =1

( y

i

� f

�

( P

i

))

2

+

1

�

Z

S

(� f

�

( P ))

2

dP (2)
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where � is a regularization parameter (also called a smo othing parameter) that con trols the tradeo�

b et w een the closeness of f

�

to the data f y

i

g , and the smo othness of f

�

. The smaller � is, the more

of the lo cal features are smo othed out in f

�

. The second term in (2), usually called a p enalt y term,

represen ts a w eak constrain t on f

�

. P eixoto and Oort (1992, p. 84) ha v e used a P oisson equation

as a strong constrain t to extend a temp erature �eld from observ ation p oin ts to other p oin ts. It

is a common practice in n umerical w eather prediction to use theoretical mo dels as either strong

constrain ts or w eak constrain ts when estimating meteorological �elds. (2) represen ts a simplest

example of a w eak constrain t. Higher p o w ers of � or some other forms of p enalt y ma y b e used.

More w ork ma y b e done in this direction to incorp orate prior and other information in to the p enalt y

term. The details of computing f

�

are giv en in App endix 1.

Based on the computed f

�

, v arious area a v erages ma y b e calculated. W e note that this sc heme

to get area a v erages leads to the same answ ers as what Vinnik o v et al. (1990) called the \sta-

tistical optimal a v eraging" (also called \Best Linear Un biased Prediction" (BLUP) in statistical

literature) do es, if appropriate p enalt y form and smo othing parameter are c hosen, just as the grid-

p oin t estimates b y the smo othing spline metho d are the same as those from \statistical optimal

in terp olation". See App endix 2 for the demonstration of this formal equiv alence.

Man y authors ha v e c hosen to estimate the �eld on grid-p oin ts �rst and then to a v erage grid

p oin t estimates to get area means. A reason for this is to a v oid the bias that ma y result from

the un balanced station distribution. Figure 3 sho ws the smo othing spline estimates of the global

a v erage of win ter temp erature v ersus the n um b er of stations used in calculating these estimates, for

three arbitrarily c hosen y ears. (Stations are c hosen as uniformly distributed as p ossible b y requiring

a minimal distance b et w een an y t w o stations. The smaller this distance is, the more stations are

included.) The estimated global a v erages tend to stabilize after a certain n um b er of stations are

included in the analysis. The initial v ariation of the estimates results from the c hange of co v ered

area, and after a certain p oin t, the extra stations added in the area already co v ered ha v e little
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in
uence on the estimate of global a v erage. This sho ws that the smo othing spline metho d (also

\statistical optimal a v eraging") can a v oid the bias resulting from un balanced station distribution

without referring to grid p oin t estimates. Based on Figure 3, it seems that 1000 stations are ab out

adequate to estimate the global a v erage based on this particular data set. That is, the estimates

based on the en tire data set will not di�er m uc h from the estimates based on the subset of 1000

stations.

Ev en though the smo othing spline estimates of global a v erages are not a�ected b y the un bal-

anced station distribution, w e ma y still w an t to a v erage only o v er the area where data are a v ailable,

since global a v erages in v olv e the extrap olation to the region where there is no data, (for example,

for this data set, to the w est coast of the Americas). W e de�ne the region co v ered b y this particular

data set to b e the area where there is at least one station within 500 km distance. This region is

sho wn in Figure 5 as the colored region. Since most of this region is land region, w e will call the

a v erage o v er this region \land a v erage" in this article. \Global a v erage" will refer to the a v erage

o v er whole sphere, b oth land and sea regions. The c hoice of 500 km is sub jectiv e to some exten t.

W e note that Jones (1994) used a 5

o

� 5

o

grid whic h corresp onds to ab out 550 k m � 550 k m at

equatorial region, and a grid b o x with at least one station within it w as coun ted as co v ered b y the

data. The land a v erage in this article is calculated b y the cosine-w eigh ted a v erage (accoun ting for

the c hange of latitude) of grid p oin t v alues on a 200 b y 100 grid falling in the \land" region de�ned

ab o v e. This is just a simple n umerical w a y to in tegrate a function o v er an irregular region.

3 Smo othing spline estimates for m ultiple time data

Supp ose that w e are in terested in the time ev olution of temp erature �eld. That is, w e w an t to

estimate the temp erature �eld as a function of y ear and lo cation, based on scattered noisy data,

y

i

= f ( t

i

; P

i

) + �

i

, i = 1 ; 2 ; :::; n; (3)
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where t

i

2 f 1 ; 2 ; :::; n

t

g denotes the y ear and P

i

2 S denotes the lo cation of the i -th data p oin t. n

is the total n um b er of observ ations used, n

t

is the total n um b er of y ears and n

s

is the total n um b er

of stations included in the study . One ob vious w a y to estimate f is to ignore the time dep endence,

and to estimate f ( t; P ) as a function of P separately for eac h y ear. Besides the loss of e�ciency

(since the information could ha v e b een b orro w ed across y ears), this approac h has a problem of

biases resulting from the incomplete sampling. This problem and ho w the anomaly approac h deals

with it will b e discussed �rst, together with the problem that the anomaly approac h faces itself.

After that w e will describ e our smo othing spline ANO V A approac h.

3.1 Biases from incomplete sampling and anomalies

Applying the smo othing spline metho d of Section 2 to eac h y ear's records in the p erio d of 1961-

1990, w e get a sequence of land a v erages of win ter temp erature, sho wn in Figure 4 as squares. The

last t w o y ears ha v e outstanding high v alues in this sequence. If w e concluded that the dramatic

increase of win ter temp erature o ccurred in the last t w o y ears of 80's, then w e had b een misled b y

the bias resulting from the incomplete sampling, or the spatial sampling di�erence across y ears.

The records for the An tarctic region end in 1988 (see Figure 2). Ob viously this abrupt increase

of win ter temp erature in the last t w o y ears is mainly b ecause of the lac k of data in the An tarctic

region where it is m uc h colder than most other regions of the w orld.

In order to correct the bias resulting from the spatial sampling di�erence, man y previous studies

ha v e c hosen anomalies, instead of ra w temp erature records, for comparison. An anomaly is de�ned

as a di�erence b et w een a temp erature record and the a v erage temp erature o v er a sp eci�ed reference

p erio d. Cho osing 1961-1990 as the reference p erio d, a sequence of a v erage temp erature anomalies

b y the same smo othing spline metho d is sho wn in Figure 4 as crossed squares. In this sequence the

outlying feature of the last t w o y ears disapp ears.

The reason for the e�ectiv eness of using anomalies to correct the bias resulting from the spatial
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sampling di�erence can b e easily explained b y the follo wing data decomp osition.

The temp erature �eld as a function of y ear ( t ) and lo cation ( P ) can alw a ys b e written as a sum

of its comp onen t functions:

f ( t; P ) = d

1

+ d

2

� ( t ) + g

1

( t ) + g

2

( P ) + g

�; 2

( P ) � ( t ) + g

12

( t; P ) ; (4)

where t 2 f 1 ; 2 ; :::; n

t

g and P = ( l atitude; l ong itude ) 2 S , and � is a kno wn linear function

� ( t ) = t � [( n

t

+ 1) = 2]. The follo wing conditions on the comp onen t functions guaran tee that

represen tation (4) is unique,

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

P

n

t

t =1

g

1

( t ) =

P

n

t

t =1

g

1

( t ) � ( t ) = 0

P

n

t

t =1

g

12

( t; P ) =

P

n

t

t =1

g

12

( t; P ) � ( t ) = 0

R

S

g

2

( P ) dP =

R

S

g

�; 2

( P ) dP =

R

S

g

12

( t; P ) dP = 0

(5)

for an y t and P . Because of these conditions, the comp onen t functions in (4) and their com binations

are of clearly de�ned climatological meanings. F or example, d

1

is the grand a v erage temp erature

o v er b oth y ear and lo cation; d

2

is the linear trend co e�cien t of global a v erages; d

1

+ d

2

� + g

1

is

the global a v erage temp erature history; g

2

, g

�; 2

and g

12

represen t spatial v ariations ab out d

1

, d

2

and g

1

, resp ectiv ely; d

1

+ g

2

( P ) is the a v erage win ter temp erature at lo cation P ; and d

2

+ g

�; 2

( P )

is the linear trend co e�cien t of win ter temp eratures at lo cation P .

An observ ation is

y ( t; P ) = d

1

+ d

2

� ( t ) + g

1

( t ) + g

2

( P ) + g

�; 2

( P ) � ( t ) + g

12

( t; P ) + � ( t; P ) :

Considering (5), the station mean o v er the same p erio d is

y ( P ) :=

1

n

t

n

t

X

t =1

y ( t; P ) ' d

1

+ g

2

( P ) :
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The appro ximate equalit y here is due to the fact that the records of some y ears ma y b e missing

and

P

t

� ( t; P ) is only appro ximately zero. Therefore the anomaly is

y ( t; P ) � y ( P ) ' d

2

� ( t ) + g

1

( t ) + g

�; 2

( P ) � ( t ) + g

12

( t; P ) + � ( t; P ) :

No w it is clear that the di�erences in g

2

( P ) resulting from di�eren t station sets across y ears

do es not a�ect the anomaly . Ho w ev er, the di�erences in the last t w o terms in (4) still do. The

most suitable case in whic h using anomalies will eliminate an y bias resulting from spatial sampling

di�erence is when w e are certain that the last t w o terms in (4) are not signi�can t, i.e. w e kno w in

adv ance that an additiv e mo del:

y ( t; P ) = d

1

+ d

2

� ( t ) + g

1

( t ) + g

2

( P ) + � ( t; P ) ; (6)

is adequate. This is not the case here, ho w ev er, since w e kno w that not only there is spatial

v ariation in the a v erage temp erature ( g

2

( P )), but also in the temp erature c hange trend o v er y ears.

Some lo cations ma y ha v e an increase, others ma y ha v e a smaller increase or ev en a decrease. The

pattern of suc h v ariation is actually one imp ortan t asp ect of the climate w e w ould lik e to extract

from the data. See, for example, Figure 2 of Hergel et al. (1995). This mak es the last t w o terms

in (4) non-negligible when considering the bias resulting from spatial sampling di�erences.

Ha ving p oin ted out this limitation of the anomaly approac h, w e w ould also lik e to mak e clear

that it is true that the spatial v ariation in g

2

( P ) is the most prominen t spatial v ariation among

the three terms in (4) in v olving P . The spatial v ariation in the a v erage temp eratures (in a range

from ab out � 40

o

C to ab out 40

o

C ) is m uc h larger than the spatial v ariation in the y ear b y y ear

c hanges of temp erature ( g

�; 2

( P ) � ( t ) + g

12

( t; P )), whic h is just a few degrees (

o

C ). Therefore the

anomaly approac h has eliminated the ma jor part of biases resulting from spatial di�erences. This

is probably one of the reasons for its satisfactory use so far.
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The approac h to b e describ ed in the follo wing subsection is v ery di�eren t from the previous

approac hes in that w e �t ra w temp erature records instead of anomalies. By c ho osing appropriate

parameters, this approac h has the abilit y to correct the bias resulting from the lo cational di�erence

in all the three terms of (4) in v olving P . The estimates of land a v erage win ter temp erature using

this approac h are sho wn in Figure 4 as solid squares. This sequence is similar to the one obtained

b y the anomaly approac h. This is ob viously the evidence that our approac h has a similar abilit y

to correct the bias resulting from spatial sampling di�erence as the anomaly approac h do es. But

they also ha v e some di�erences. Since w e do not single out g

2

( P ), it is reasonable to exp ect that

our approac h will correct the bias resulting from all three terms in (4) in v olving P .

3.2 Smo othing spline mo del for m ultiple y ears

F or the data in (3), a smo othing spline ANO V A estimate, f

�

, is de�ned as the minimizer of

n

X

i =1

( y

i

� f ( t

i

; P

i

))

2

+

1

�

1

J

1

( g

1

) +

1

�

2

J

2

( g

2

) +

1

�

3

J

3

( g

�; 2

) +

1

�

4

J

4

( g

12

) (7)

where f has a represen tation as in (4), and J

1

( g

1

) =

P

n

t

� 2

t =1

( g

1

( t + 2) � 2 g

1

( t + 1) + g

1

( t ))

2

,

J

2

( g

2

) =

R

S

(� g

2

)

2

dP , J

3

is the same as J

2

, and J

4

is deriv ed from J

1

and J

2

as the norm of the

corresp onding tensor-pro duct space. See Gu and W ah ba (1993a,b) and Luo (1996a,b) for more

details. Other forms of p enalt y and p enalt y terms with some additional parameters ma y also b e

used dep ending on the situation. The details of computing a smo othing spline estimate are giv en

in App endix 3.

Ho w to c ho ose smo othing parameters, � 's in (7), is a v ery crucial issue here, b ecause the c hoice

a�ects the smo othing spline estimate to a great exten t. F or example, if w e c ho ose �

3

and �

4

to

b e v ery small, w e will essen tially mak e g

�; 2

and g

12

disapp ear in our mo del and adopt an additiv e

mo del (6), hence the results will b e v ery close to those from the anomaly approac h. If w e c ho ose

�

2

; �

3

and �

4

to b e v ery small, then w e will essen tially get an estimate assuming no g

2

; g

�; 2

and
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g

12

comp onen ts, i.e. no spatial v ariation at all. In that case, w e will b e v ery close to the naiv e

approac h of a v eraging eac h win ter's ra w temp eratures separately .

There are basically t w o t yp es of tec hniques for c ho osing smo othing parameters. One consists

of the so-called \ob jectiv e" or \data-driv en" metho ds suc h as cross-v alidation (CV), generalized

cross-v alidation (GCV), and generalized maxim um lik eliho o d (GML) estimations (See W ah ba 1990,

Chapter 4). The other consists of \sub jectiv e" metho ds. W e ma y compute for eac h c hoice of

smo othing parameters an estimate of the standard deviation of the observ ation, then compare it

with our prior kno wledge ab out the size of suc h observ ation \error". W e ma y also use the past

data to estimate these parameters. This is exactly Vinnik o v et al. (1990)'s approac h for deciding

b oth their smo othing parameter and co v ariance function. In general, these \sub jectiv e" criteria

rarely giv e us a precise c hoice of smo othing parameters, but still they are v ery imp ortan t in guiding

us, and are ev en su�cien t for our needs in man y applications. It is also imp ortan t to k eep these

criteria in mind ev en when w e use \data-driv en" criteria since so-called \ob jectiv e" metho ds ma y

giv e us misleading results also, not to men tion that some imp ortan t information is v ery hard to b e

form ulated in to \ob jectiv e" criteria.

In our particular application here, w e decide to use a \sub jectiv e" metho d to c ho ose �

1

and

�

2

, and an \ob jectiv e" metho d to c ho ose �

3

and �

4

. The main reason is b ecause of the large

computational demand of c ho osing all four � 's b y an \ob jectiv e" metho d. Another reason is that

w e ha v e a relativ ely clearer idea ab out ho w m uc h smo othing should b e done to g

1

and g

2

. As

a matter of fact, w e w an t little smo othing done to them. A w a y to relate this information to a

smo othing parameter is through the concept of \degrees of freedom". A commonly used de�nition

of the \degrees of freedom" in a smo othing spline estimate is tr ( A ( � )) (see W ah ba 1990), where

A ( � ) is the in
uence matrix de�ned b y ( f

�

( x

1

) ; f

�

( x

2

) ; � � � ; f

�

( x

n

))

T

= A ( � )( y

1

; y

2

; � � � ; y

n

)

T

, i.e the

co e�cien t matrix of the linear dep endence of the estimated v alues on the observ ed v alues. This

concept can b e readily generalized to eac h comp onen t of f

�

. See App endix 3 for more details. The

12



maxim um degrees of freedom is ( n

t

� 2) for g

1

, n

s

for g

2

, where n

t

is the total n um b er of y ears,

and n

s

is the total n um b er of stations used in the analysis. T o c ho ose �

1

and �

2

in suc h a w a y that

little smo othing is done to g

1

and g

2

, w e just c ho ose them so that their corresp onding degrees of

freedom are close to their maxim um v alues.

A commonly used \data-driv en" metho d is to c ho ose � 's that minimize GCV score whic h is

de�ned as

V ( � ) =

1

n

k y �

^

f k

2

(

1

n

tr ( I � A ( � )))

2

;

where

^

f = ( f

�

( x

1

) ; f

�

( x

2

) ; � � � ; f

�

( x

n

))

T

and y = ( y

1

; y

2

; � � � ; y

n

)

T

. The n umerator k y �

^

f k

2

, the

residual sum of squares, can b e easily computed after w e get the estimate of the function. Ho w ev er,

when the data size is v ery large as in our case here, computing tr ( I � A ( � )) exactly can b e v ery

exp ensiv e, hence w e use an appro ximation to the GCV score, called \randomized GCV" (R GCV)

score,

R GC V ( � ) :=

1

n

k y �

^

f k

2

[

1

n

�

T

( � �

^

f ( � ))]

2

;

where � is a standard m ultiv ariate normal random v ector with the same length as the data v ector,

and

^

f ( � ) is the smo othing spline estimate when the data v ector y is substituted b y � . (See, for

example, Girard 1989 and W ah ba et al. 1995). In order to minimize the v ariation induced b y � , it

is b etter to use the same � for all c hoices of � .

Using the approac h describ ed ab o v e, �

1

and �

2

w ere c hosen as 10

� 0 : 1

and 10

4 : 5

whic h corresp ond

to 27 : 8 degrees of freedom for g

1

, 989 : 8 for g

2

. With �

1

and �

2

�xed, w e c ho ose �

3

and �

4

according

to the R GCV criterion b y a crude grid searc h. W e �rst set some preliminary limits for them b y

the to ol of the degrees of freedom of their corresp onding comp onen ts. F or �

3

, the limits are 10

: 5

and 10

1 : 5

corresp onding to 565 : 4 and 890 : 5 degrees of freedom (the maxim um is 1000) resp ectiv ely .

13



F or �

4

, the limits are 10

2 : 8

and 10

4 : 4

corresp onding to 7052 : 6 and 17138 : 2 degrees of freedom

(the maxim um is 28000, but the total n um b er of observ ations is 20910) resp ectiv ely . P art of the

searc h results are giv en in T able 1. A minim um in R GCV giv es us a c hoice of �

3

= 10

1 : 25

and

�

4

= 10

4 : 1

whic h corresp ond to 831 : 1 degrees of freedom for g

�; 2

and 14860 : 5 degrees of freedom

for g

12

resp ectiv ely .

The estimated standard deviation of � , ^� , b y the form ula of W ah ba (1990, Section 4.7):

^�

2

=

k y �

^

f k

2

tr ( I � A ( � ))

'

k y �

^

f k

2

� ( � �

^

f ( � ))

(8)

is : 49

o

C whic h is a little bit larger than what a t ypical measuremen t error of mean temp erature is

exp ected to b e. But this is still reasonable considering the fact that here � con tains not just the

measuremen t error.

The estimates of land a v erage win ter temp eratures (de�ned as

R

l and

f

�

( t; P ) dP ) are sho wn in

Figure 4 as solid squares. There exists an o v erall co oling trend in the early sixties and an o v erall

w arming trend from the sev en ties on. The linear trend of land a v erages o v er these 30 y ears is

ab out : 01587

o

C =y ear . F or comparison, the trend estimated b y the anomaly approac h of ab out

: 01591

o

C =y ear is in v ery close agreemen t.

Estimated lo cal win ter mean temp erature, i.e. d

1

+ g

2

( P ), is sho wn in Figure 7 (solid con tour

lines). This is the familiar pattern of (Northern Hemisphere) win ter mean temp erature across the

w orld. Estimated lo cal win ter temp erature (linear) trend, i.e. d

2

+ g

�; 2

( P ), is sho wn in Figure

5(a). W e see that most of the Europ ean area has a w arming trend (p ositiv e co e�cien t) except

the eastern Mediterranean region and a large area of the North A tlan tic, including Greenland. A

co oling trend has b een observ ed in part of Africa and America also. Strong w arming trends ha v e

b een noticed in parts of Sib eria and North America.

The whole history of these 30 y ear win ter temp erature anomalies (i.e. d

2

� ( t )+ g

1

( t )+ g

�; 2

( P ) � ( t )+

d

12

( t; P )) based on our smo othing spline estimates is made in to a mo vie whic h can b e accessed at

14



http://www.stat.psu.edu/ ~ zhen .

As a b y-pro duct, w e ma y c hec k the residuals from smo othing spline �ts to iden tify outliers (see

Knigh t 1980 for a comparison with other approac hes). W e plotted the residuals against y ear and

other v ariables and actually iden ti�ed a few ob vious outliers. They w ere susp ected to b e t yp os

during data transcription. Details ma y b e found in Luo (1996a), Section 3.3.3. As of June 17 1996,

the last time w e visited the data base at CDIA C, these p ossible t yp os w ere still there. W e note,

ho w ev er, that this is not the latest data base and not the one used in the latest IPCC Rep ort, see

Nic holls et al. (1996). Also, the v alues at these few data p oin ts do not c hange the �nal results

signi�can tly .

3.3 Discussions

F or the particular data set used in Section 3.2, the di�erences b et w een our smo othing spline estimate

of the temp erature �eld and the estimate based on the anomaly approac h are not signi�can t as can

b e seen in Figure 4. This do es not mean, ho w ev er, that these t w o metho ds will not giv e signi�can tly

di�eren t estimates in other situations. Besides the reason giv en in Section 3.1, there is another

reason wh y in this particular example t w o approac hes result in similar estimates. That is due to

the fact that there is v ery little correlation b et w een di�eren t y ears' win ter temp eratures as can b e

sho wn b y lo oking at their time series' auto correlation plot. Hence the information b orro w ed across

time is mainly in the 30-y ear a v erage win ter temp erature and 30-y ear linear trend. In its o wn

w a y , the anomaly approac h has already b orro w ed a ma jor part of this information through using

the station mean temp erature in the de�nition of eac h y ear's anomaly . Based on this analysis, w e

w ould exp ect more di�eren t results in the situation where there do exist strong correlation across

time, for example, as p oin ted out b y a referee, in daily or hourly temp eratures. Another situation

where w e w ould exp ect more di�eren t results is when the spatial v ariation of linear trend pla ys a

bigger role in the total spatial v ariation, for instance, when a smaller spatial domain is considered

15



and the mean temp erature's v ariation do es not dominate the total spatial v ariation.

The mo del describ ed in Section 3 can b e easily extended to the situation where, b esides y ear

and lo cation, w e w an t to include other v ariables, e.g. season, in to our mo del. F or example, a mo del

of mon thly temp erature similar to (4) ma y b e de�ned as follo ws. Mon thly temp erature f as a

function of y ear, mon th and lo cation, denoted b y t , m and P resp ectiv ely , can b e written as a sum

of sev eral comp onen t functions:

f ( t; m; P ) = d

1

+ d

2

� ( t ) + g

1

( t )

+ g

2

( P ) + g

�; 2

( P ) � ( t ) + g

12

( t; P )

+ g

3

( m ) + g

�; 3

( m ) � ( t ) + g

13

( t; m )

+ g

23

( m; P ) + g

�; 23

( m; P ) � ( t ) + g

123

( t; m; P ) ; (9)

where these comp onen ts satisfy some side conditions similar to those in (5).

A smo othing spline ANO V A estimate can b e de�ned as the minimizer of

n

X

i =1

( y

i

� f ( t

i

; m

i

; P

i

))

2

+

1

�

1

J

1

( g

1

) +

1

�

2

J

2

( g

2

)

+

1

�

3

J

3

( g

�; 2

) +

1

�

4

J

4

( g

12

) +

1

�

5

J

5

( g

3

) +

1

�

6

J

6

( g

�; 3

)

+

1

�

7

J

7

( g

13

) +

1

�

8

J

8

( g

23

) +

1

�

9

J

9

( g

�; 23

) +

1

�

10

J

10

( g

123

) ; (10)

where J

1

to J

4

are the same as in (7), J

5

and J

6

are the same and ma y b e de�ned as

J ( g ) :=

12

X

m =1

( g ( m + 2) � 2 g ( m + 1) + g ( m ))

2

;

with g (13) := g (1) and g (14) := g (2). This form of p enalt y is c hosen b ecause of the p erio dic nature

of the v ariable mon th. The rest of the J 's are de�ned through the tensor-pro duct structure of their

corresp onding function spaces. See Luo (1996a) for more details. A v ertical spatial co ordinate can
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b e similarly included.

4 Sim ulation

In order to assess the accuracy of the smo othing spline estimates describ ed in Section 3.2, a small

exp erimen t is done. Using the residuals of the �t in Section 3.2, an estimate of the standard

deviation of � in (3) w as calculated for eac h station. Pretending the estimates obtained in Section

3.2 and these standard deviations to b e the truth, a new data set w as generated b y the equation (3)

with � generated b y a pseudo normal random v ariable generator. Then the same smo othing spline

estimating metho d w as applied to this data set. The �rst t w o smo othing parameters ( �

1

and �

2

)

w ere �xed at the same v alues as in Section 3.2. The other t w o smo othing parameters w ere c hosen

according to the R GCV criterion as l og

10

( �

3

) = : 625 and l og

10

( �

4

) = 3 : 5.

The sequence of estimated land a v erages (

R

l and

f ( t; P ) dP ) is sho wn in Figure 6 together with the

\truth". The estimated lo cal win ter mean temp erature ( d

1

+ g

2

( P )) and the corresp onding \truth"

are sho wn together in Figure 7. The estimated lo cal win ter temp erature trend ( d

2

+ g

�; 2

( P ))

is sho wn in Figure 5(b). It should b e compared with Figure 5(a). In most areas (mainly the

areas where su�cien t data exist), the agreemen t b et w een the \truth" (Figure 5a) and the estimate

(Figure 5b) is quite go o d. But in areas where no data or v ery scattered data exist, there are

some discrepancies. This suggests a w a y to get a kind of con�dence in terv als for the estimates

obtained in Section 3.2. That is, to rep eat this exp erimen t man y times, and use the v ariation in

the estimates of these exp erimen ts to estimate the v ariation in the estimate of Section 3.2. This is

called a parametric b o otstrap metho d. See Efron and Tibshirani (1993) for more details.

App endix 1 Computational details of smo othing spline estimates for one time data
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It can b e pro v ed (W ah ba 1981) that the minimizer of (2) has a represen tation

f

�

( P ) = d + �

n

X

i =1

c

i

R ( P ; P

i

) ; (11)

where d and c are giv en b y

8

>

>

<

>

>

:

d = 1

T

( � Q + I )

� 1

y = 1

T

( � Q + I )

� 1

1

c = ( � Q + I )

� 1

( y � d 1)

(12)

where Q is a n b y n matrix with its ( i; j )-th elemen t R ( P

i

; P

j

). R is a nonnegativ e de�nite function

uniquely de�ned b y

R

(� f )

2

dP . W e will use

R ( P ; P

0

) =

1

2 �

[

1

2

q

2

( z ) �

1

6

] ; (13)

where z = cos ( 
 ( P ; P

0

)), 
 ( P ; P

0

) is the angle b et w een P and P

0

, and

q

2

( z ) =

1

2

f l n

0

@

1 +

s

2

1 � z

1

A

[12

�

1 � z

2

�

2

� 4

�

1 � z

2

�

]

� 12

�

1 � z

2

�

3 = 2

+ 6

�

1 � z

2

�

+ 1 g

(See W ah ba 1981, (3.3) and (3.4). This R do es not corresp ond exactly to

R

S

(� f )

2

dP , but a norm

top ologically equiv alen t to it. In other w ords, w e are not computing the minimizer of (2), but

(2) with a sligh tly c hanged p enalt y term. The reason is computational since R corresp onding to

R

S

(� f )

2

dP is to o exp ensiv e to compute. By the results of Stein (1990), these c hanges will not

mak e the results m uc h di�eren t when su�cien t data are a v ailable. )

It is not di�cult to v erify that

Z

S

R ( P ; P

0

) dP = 0 ; for an y P

0

2 S ;
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hence

R

S

f

�

( P ) dP =

R

S

1 dP = d . That is, d is the global a v erage of f

�

. W e can also in tegrate f

�

(n umerically) o v er a region to get an estimate of the a v erage temp erature in that region.

App endix 2 The equiv alence of smo othing spline a v eraging metho d to \statistical

optimal a v eraging" metho d

Considering the mo del in (1), Vinnik o v et al. (1990) assume that f is a random �eld o v er the

sphere with a constan t mean , sa y C, and a co v ariance function R ( P ; P

0

). They also assume that

f �

i

g are indep enden t random v ariables suc h that E ( �

i

) = 0 and V ar ( �

i

) = �

2

. f �

i

g are assumed to

b e indep enden t of f as w ell. Then the mean squared error of estimating the a v erage of f o v er a

region K � S ,

R

K

f dP =b where b :=

R

K

1 dP , b y a linear com bination

P

n

i =1

p

i

y

i

of observ ed data is

M S E = E (

Z

K

f dP =b �

n

X

i =1

p

i

y

i

)

2

= [ V ar (

Z

K

f dP =b ) +

X

i

X

j

p

i

p

j

R ( P

i

; P

j

) +

n

X

i =1

p

2

i

�

2

� 2

n

X

i =1

p

i




i

] + [ C

2

(1 �

n

X

i =1

p

i

)

2

]

= [ v ar iance ] + [ bias ] ; (14)

where




i

= C ov (

Z

K

f dP =b; f ( P

i

)) =

Z

K

R ( P ; P

i

) dP =b:

Restricting estimators to un biased ones, i.e. requiring that the \bias" term in (14) equals to

zero, co e�cien ts f p

i

g m ust satisfy:

n

X

i =1

p

i

= 1 : (15)
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With the restriction (15), the minimizer of the MSE is

p = ( Q + �

2

I )

� 1


 + ( Q + �

2

I )

� 1

1

1 � 1

T

( Q + �

2

I )

� 1




1

T

( Q + �

2

I )

� 1

1

;

hence the estimate of the a v erage of f o v er region K is

y

T

p = y

T

( Q + �

2

I )

� 1


 + y

T

( Q + �

2

I )

� 1

1

1 � 1

T

( Q + �

2

I )

� 1




1

T

( Q + �

2

I )

� 1

1

=

y

T

( Q + �

2

I )

� 1

1

1

T

( Q + �

2

I )

� 1

1

+( y �

y

T

( Q + �

2

I )

� 1

1

1

T

( Q + �

2

I )

� 1

1

1)

T

( Q + �

2

I )

� 1




whic h is exactly

R

K

f

�

dP =

R

K

1 dP with � = 1 =�

2

(considering (11) and (12)). The smo othing

spline approac h giv es not only the same a v erage estimates of \statistical optimal a v eraging" when

parameters are matc hed appropriately , but also the same grid p oin t estimates of \statistical optimal

in terp olation". See, for example, Lorenc (1986) or W ah ba (1990).

Vinnik o v et al. (1990) used a prescrib ed R ( P ; P

0

) and empirically estimated �

2

. In smo othing

spline estimates, �

2

is assumed unkno wn and to b e estimated sim ultaneously based on the same

data. R is decided b y the form of the p enalt y term, but other R 's, including those estimated from

curren t or past data, ma y also b e used, whic h mak es the smo othing spline approac h ev en closer to

the statistical optimal a v eraging approac h.

App endix 3 Computational details of smo othing spline estimates for m ultiple time

data

It can b e sho wn that the minimizer of (7) has a represen tation similar to (11),

f

�

( t; P ) = d

0

+ d

1

� ( t ) +

n

X

i =1

c

i

4

X

� =1

�

�

R

�

(( t

i

; P

i

); ( t; P )) ; (16)
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where eac h R

�

is a nonnegativ e de�nite function decided b y the c hoice of J

�

and giv en in T able

2 where R

time

and R

space

will b e describ ed b elo w, d := ( d

0

; d

1

)

T

and c := ( c

1

; � � � ; c

n

)

T

are the

solution of

8

>

>

<

>

>

:

0 = S

T

c

( Q

�

+ I ) c = ( y � S d ) :

(17)

where y := ( y

1

; � � � ; y

n

)

T

, S is a n � 2 matrix with i -th ro w (1 ; � ( t

i

)), Q

�

=

P

4

� =1

�

�

Q

�

, and

Q

�

= ( R

�

( x

i

; x

j

))

i;j =1 ; 2 ;:::;n

. x

i

= ( t

i

; P

i

), whic h is a shorthand for the (y ear, latitude and longitude)

of the i -th data p oin t. In this article, the nonnegativ e de�nite function R

time

is de�ned as follo ws.

Let L b e a ( n

t

� 2) � n

t

matrix:

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1 � 2 1 0 � � � 0 0 0

0 1 � 2 1 � � � 0 0 0

0 0 1 � 2 � � � 0 0 0

� � � � � �

0 0 0 0 � � � � 2 1 0

0 0 0 0 � � � 1 � 2 1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

(18)

Th us J

1

( g ) = g

T

L

T

Lg where g = ( g (1) ; g (2) ; � � � ; g ( n

t

))

T

. Then R

time

( j; j

0

) is the j j

0

-th en try of

( L

T

L )

y

where y denotes the Mo ore-P enrose generalized in v erse. R

space

in this article is giv en b y

(13). It w ould b e p ossible to substitute other nonnegativ e de�nite functions.

Since considering time and space sim ultaneously means that w e are dealing with a h uge data

size, e�cien t algorithms are needed to solv e equation (17). Luo (1996b) dev elop ed some algorithms

whic h can handle a few thousand stations and as man y y ears as practically needed in this application

(there are only ab out 150 y ears of historical instrumen tal records of temp erature). After c and d

are obtained, the comp onen ts of f

�

and v arious regional a v erages can b e easily computed.
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F or c ho osing smo othing parameters � 's, the \degrees of freedom" for the comp onen ts of f

�

men-

tioned in Section 3.2 are de�ned as tr ( S

�

) where S

�

( �

�

) = ( Q

�

+

1

�

�

I )

� 1

Q

�

, for � = 1 ; 2 ; 3 ; 4. Let

Q

time

b e a n

t

� n

t

matrix with its ( i; j ) en try b eing R

time

( i; j ), and Q

space

b e a n

s

� n

s

matrix with its

( i; j ) en try b eing R

space

( P

i

; P

j

). Let �

t

1

; �

t

2

; � � � ; �

t

n

b e all the eigen v alues of Q

time

, and �

s

1

; �

s

2

; � � � ; �

s

n

b e all the eigen v alues of Q

space

, then tr ( S

1

) =

P

n

t

i =1

n

s

�

t

i

n

s

�

t

i

+1 =�

1

, tr ( S

2

) =

P

n

s

j =1

n

t

�

s

j

n

t

�

s

j

+1 =�

2

, tr ( S

3

) =

P

n

s

j =1

k � k

2

�

s

j

k � k

2

�

s

j

+1 =�

3

, and tr ( S

4

) =

P

n

t

i =1

P

n

s

j =1

�

t

i

�

s

j

�

t

i

�

s

j

+1 =�

4

, where k � k

2

=

P

n

t

i =1

� ( t )

2

.
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List of �gure captions

Figur e 1. The distribution of the 1000 stations use d.

Figur e 2. The p attern of inc ompleteness in the data. The x-axis is longitude neste d within ye ar.

Figur e 3. Estimate d glob al aver ages versus the numb er of stations use d. Circles : estimates for

1970; solid circles : estimates for 1980; crossed circles : estimates for 1990.

Figur e 4. Estimate d land aver age winter temp er atur es by thr e e metho ds. Squares : estimates by

the smo othing spline metho d of Se ction 2 applie d on e ach ye ar's temp er atur e r e c or ds; crossed

squares : estimates by the smo othing spline metho d of Se ction 2 applie d on e ach ye ar's anoma-

lies; solid squares : estimates by the smo othing spline ANO V A metho d of Se ction 3.2.

Figur e 5. Estimates of lo c al winter temp er atur e tr end ( d

2

+ g

�; 2

( P ) ). (a) : estimates by the

smo othing spline ANO V A metho d using the original data (\truth" for the simulate d data);

(b) : estimates by the smo othing spline ANO V A metho d using the simulate d data.

Figur e 6. Estimates of land aver age winter temp er atur es. Solid squares : estimates by the

smo othing spline ANO V A metho d using the original data (\truth" for the simulate d data);

squares : estimates by the smo othing spline ANO V A metho d using the simulate d data.

Figur e 7. Estimates of lo c al winter me an temp er atur e ( d

1

+ g

2

( P ) ). Solid con tour lines : es-

timates using the original data (\truth" for the simulate d data); dashed con tour lines :

estimates using the simulate d data.
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List of table captions

T able 1. R GCV sc or es for the 1000 station data set. l og 10( �

1

) and l og 10( �

2

) ar e �xe d at � : 1 and

4 : 5 r esp e ctively. (*) indic ates a lo c al minimum.

T able 2. The nonne gative de�nite functions in the r epr esentation (16) of a smo othing spline

estimate.
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