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Abstract

In this pap er, w e dev elop analytic tec hniques that can b e used to pro duce ap-

propriate inferences from a data set in whic h imputation for missing v alues has b een

carried out using predictiv e means. Our deriv ations are based on asymptotic expan-

sions of p oin t estimators and their asso ciated v ariance estimators, and the resulting

form ulas can b e though t of as �rst-order appro ximations to the estimators that w ould

b e used with m ultiple imputation. The pro cedures dev elop ed can b e used either for

univ ariate missing data or for m ultiv ariate missing data in whic h the v ariables are

either missing or observ ed together, and they are designed for situations in whic h

the complete-data estimator is a smo oth function of linear statistics. W e illustrate

prop erties of our metho ds in sev eral examples, including abstract problems as w ell as

applications to large data sets from studies carried out b y the federal go v ernmen t.

Key W ords : Linearization; Missing data; Multiple Imputation; Nonresp onse; T a ylor se-

ries.

1 In tro duction

A standard tec hnique for handling missing data in a large data set suc h as that obtained

from a sample surv ey is to impute (i.e., �ll in) a plausible v alue for eac h missing datum,

and then to analyze the resulting data set as if there w ere no missing data. Imputation is

attractiv e b ecause it results in a completed data set and th us allo ws the use of standard

complete-data metho ds of analysis. In addition, imputations are often created b y p eo-

ple who are connected with the collection of the data and who ma y therefore ha v e more
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information a v ailable to mo del nonresp onse than ultimate data analysts. A dra wbac k of

imputation follo w ed b y the use of complete-data metho ds of analysis, ho w ev er, is that the

resulting inferences (e.g., con�dence in terv als and P-v alues) ma y b e seriously misleading

b ecause uncertain t y due to missing data has not b een tak en in to accoun t (e.g., Little and

Rubin 1987, Chapter 3).

Multiple imputation (Rubin 1987) pro vides a general framew ork for incorp orating the

uncertain t y due to missing data in to inference. The idea is to create sev eral completed data

sets b y imputing dra ws of the missing v alues sev eral times from their predictiv e distribution.

Then the standard complete-data analysis is applied to eac h completed data set, and the

results are com bined in suc h a w a y that the v ariance across imputations is included.

In this pap er, w e dev elop an analytic metho d that can b e used to pro duce appropriate

v ariance estimates in sp ecial cases with just a single imputation of predictiv e means. Our

metho d can b e useful in situations where generating and/or managing a m ultiply-imputed

data set is di�cult. The metho d: (1) can b e used when there is a single v ariable sub ject to

missing data (an extension is outlined for m ultiv ariate missing data as w ell), and when the

complete-data estimator is a smo oth function of linear statistics; (2) is based on asymptotic

expansions of p oin t estimators and their asso ciated v ariance estimators, and can b e though t

of as a �rst-order appro ximation to what w ould b e obtained from an in�nite n um b er of

m ultiple imputations; (3) is computationally simplest when missing data can b e mo deled

with a single-parameter error distribution, suc h as Bernoulli or P oisson.

Section 2 discusses our assumptions ab out the inference problem and the missing data.

Section 3 con tains commen ts on v arious imputation strategies (mean, single random, and

m ultiple imputation), and it is follo w ed b y a presen tation of the theoretical justi�cation

for our approac h in Section 4. In Section 5, w e presen t abstract examples to illustrate the

approac h and to demonstrate its prop erties, as w ell as applications to missing-data problems

that ha v e o ccurred in practice. Finally , a concluding discussion is giv en in Section 6.
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Figure 1: Rectangular data set, one v ariable sub ject to missing data.

2 Setup and Assumptions

2.1 P attern of Missing Data

Consider a data set with n observ ational units, in whic h a single v ariable Y is sub ject to

missing data, whereas other v ariables X

1

; :::; X

p

are completely observ ed; Figure 1 presen ts

a sc hematic diagram of suc h a data set. (In Section 4.5, w e outline a generalization of our

results to m ultiv ariate Y .) Let X b e the n � p matrix of observ ed data for X

1

; :::; X

p

, and

let y denote the n � 1 v ector of Y -v alues. Then y can b e partitioned in to sets of observ ed

and missing comp onen ts, y

obs

and y

mis

, with lengths n

1

and n

0

= n � n

1

, resp ectiv ely . The

rate at whic h Y is observ ed is r

1

= n

1

=n whereas the missingness rate is r

0

= 1 � r

1

. W e

assume that r

0

is b ounded a w a y from one as n ! 1 .

2.2 Estimation with Complete Data

Let Q denote a scalar quan tit y to b e estimated. If the data w ere complete, t ypical analyses

w ould b e based on a p oin t estimate,

^

Q =

^

Q ( X ; y ), and an asso ciated estimate of v ariance

for

^

Q , U = U ( X ; y ). The p oin t estimators

^

Q that w e consider in this pap er are smo oth

functions of linear statistics. Our emphasis is on simple random samples from in�nite p op-

ulations and smo oth functions of means, although in Section 5.4, w e men tion an extension
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to complex samples from �nite p opulations. Let

^

Q = g ( T

X

1

; :::; T

X

p

; T

y

) ; (1)

where T

X

j

= n

� 1

P

n

i =1

X

ij

, j = 1 ; : : : ; p , T

y

= n

� 1

P

n

i =1

y

i

, X

ij

denotes the v alue of X

j

for

unit i , y

i

denotes the v alue of Y (observ ed or missing) for unit i , and g is smo oth and

w ell-b eha v ed. T ypically , the estimand Q will b e the same function g of the exp ectations of

the linear statistics,

Q = g ( E T

X

1

; :::; E T

X

p

; E T

y

) ;

where the exp ectations are tak en o v er rep eated sampling of X and y ; hence

^

Q can b e

though t of as a metho d-of-momen ts estimate of Q . The form (1) includes man y estimators

t ypically used in surv ey practice and elsewhere, suc h as means and prop ortions, ratios of

means, etc., but do es not include medians, v ariances, or correlations.

W e assume that the complete-data v ariance estimator U has the form

U = n

� 1

�

@ g ( T )

@ T

�

T

S

�

@ g ( T )

@ T

�

; (2)

where T = ( T

X

1

; :::; T

X

p

; T

y

)

T

and S = ( n � 1)

� 1

( Z

T

Z � nT T

T

), with Z = ( X ; y ). That is,

U is the classical v ariance estimator for

^

Q based on the sample co v ariance matrix and the

� -metho d.

T ypically , inferences are based on a normal reference distribution. In accord with

standard practice, then, w e will assume that

U

� 1 = 2

( Q �

^

Q )

L

� ! N (0 ; 1) (3)

as n ! 1 . When the units in the data set constitute a simple random sample from an

in�nite p opulation, as w e are assuming here, (3) is easily v eri�ed b y app ealing to standard

cen tral limit theorem argumen ts and Slutsky's theorem.

2.3 Mo deling Missing Data

When v alues of the v ariable Y are missing, X pro vides useful information for predicting

the missing v alues to the exten t that the v ariables X

1

; : : : X

p

are related to Y . If Y is
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con tin uous, for example, w e migh t �t a normal regression mo del to the cases for whic h Y is

observ ed, and use the �tted mo del to predict y

mis

. This approac h implicitly assumes that

the conditional distribution of Y giv en X

1

; : : : X

p

when Y is missing is the same as it is

when Y is observ ed; this is appropriate if the nonresp onse mec hanism is ignorable (Rubin

1976). Most pro cedures for handling missing data in surv eys and elsewhere are based on

an assumption of ignorabilit y . The observ ed data, of course, pro vide no information to

supp ort or con tradict this assumption; suc h supp ort m ust come from a source external to

the observ ed data. Other approac hes are p ossible, but ev ery missing-data pro cedure m ust

b e based on some assumption that cannot b e v eri�ed from ( X ; y

obs

) alone. In this pap er, w e

assume that nonresp onse is ignorable and that a probabilit y mo del for y

mis

giv en ( X ; y

obs

)

has b een correctly sp eci�ed. A t ypical sp eci�cation for this mo del will include unkno wn

but estimable parameters, whic h w e will refer to as � .

Let

^

� denote an e�cien t estimate of � based on ( X ; y

obs

) under the assumed mo del for

missing data. Also, let � denote an estimate of V ( � �

^

� ), also based on ( X ; y

obs

). F or

example,

^

� ma y b e a maxim um lik eliho o d (ML) estimate, and � ma y b e the in v erse of the

observ ed information matrix ev aluated at

^

� . W e assume that � = O ( n

� 1

) and that

�

� 1 = 2

( � �

^

� )

L

� ! N (0 ; I ) ; (4)

where I denotes the iden tit y matrix. This implicitly assumes that the missing-data mo del

is su�cien tly regular that standard ML asymptotic theory (e.g., Co x and Hinkley 1974,

Chapter 9) applies, that the fraction of missing information is b ounded a w a y from one,

and that the dimension of � is �xed. W e assume further that the mo del for missing data

imp oses an uncorrelated (giv en � ) error structure on the missing v alues. More precisely , let

mis denote the set of indices i suc h that y

i

2 y

mis

. Then for all i; i

0

2 mis , w e assume that

E ( y

i

j X ; y

obs

; � ) = �

i

( � ) ;

V ( y

i

j X ; y

obs

; � ) = �

2

i

( � ) ;
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and

C ov ( y

i

; y

i

0

j X ; y

obs

; � ) = 0 ;

where �

i

and �

2

i

are smo oth, w ell-b eha v ed functions of � .

Our assumptions ab out the missing-data mo del are not, in practice, o v erly restric-

tiv e. They are satis�ed b y normal linear regression and analysis of v ariance mo dels, logis-

tic regression, and log-linear and other generalized linear mo dels|most of the commonly

used statistical mo dels that are appropriate for predicting a univ ariate Y from v ariables

X

1

; : : : X

p

in a rectangular data set. In Section 5.4, w e will mo dify our results to allo w for

in tra-cluster correlation in complex samples.

3 Approac hes to Imputing for Missing Data

Once a mo del for y

mis

giv en ( X ; y

obs

) has b een sp eci�ed, there are sev eral approac hes that

can b e tak en to impute for y

mis

. W e no w commen t brie
y on three suc h approac hes.

3.1 Conditional Mean Imputation

Let � ( � ) denote the v ector with elemen ts �

i

( � ), i 2 mis ; that is,

� ( � ) = E ( y

mis

j X ; y

obs

; � ) :

An approac h that seeks to �ll in the missing data with one set of \b est" v alues migh t c ho ose

� (

^

� ). Little and Rubin (1987, Section 3.4) refer to this tec hnique as imputing conditional

means.

Conditional mean imputation can b e e�cien t for p oin t estimation of Q ; in fact, w e

demonstrate in Section 4.3 that

^

Q ( X ; y

obs

; � (

^

� )) is a �rst-order appro ximation to the \b est"

estimate of Q . Inferences can b e seriously distorted with conditional mean imputation,

ho w ev er. The analogue to (3) with conditional means imputed for y

mis

do es not hold in

general b ecause U ( X ; y

obs

; � (

^

� )) is usually biased do wn w ard,

E U ( X ; y

obs

; � (

^

� )) < V ( Q �

^

Q ( X ; y

obs

; � (

^

� )));
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see Little and Rubin (1987, Section 3.4) for examples.

3.2 Single Random Imputation

Rather than imputing predicted means for y

mis

, another strategy is to impute at random

from an estimate of the distribution of y

mis

. F or example, one migh t impute y

�

mis

, a random

dra w from L ( y

mis

j X ; y

obs

;

^

� ), and base inferences on

^

Q ( X ; y

obs

; y

�

mis

) and U ( X ; y

obs

; y

�

mis

).

F or p oin t estimation, single random imputation is less e�cien t than conditional mean

imputation b ecause the random imputation mec hanism in tro duces additional v ariance in to

the p oin t estimator,

V (

^

Q ( X ; y

obs

; y

�

mis

)) > V (

^

Q ( X ; y

obs

; � (

^

� )) :

The v ariance estimate U ( X ; y

obs

; y

�

mis

) tends to b e larger than its conditional-mean-imputed

coun terpart U ( X ; y

obs

; � (

^

� )). Since the v ariance b eing estimated is also larger, ho w ev er,

there is still t ypically a do wn w ard bias,

E U ( X ; y

obs

; y

�

mis

) < V ( Q �

^

Q ( X ; y

obs

; y

�

mis

));

see, for example, Rubin (1987, Problem 1.12).

3.3 Multiple Imputation

Multiple imputation (Rubin 1987) addresses the shortcomings of conditional mean and

single random imputation, while retaining m uc h of the con v enience of imputation as a

pro cedure for handling missing data. With m ultiple imputation, y

mis

is replaced b y M

random dra ws from a predictiv e distribution. T o obtain prop er inferences, the distribution

from whic h the v alues of y

mis

are dra wn m ust incorp orate v ariabilit y due to b oth uncertain t y

ab out b oth the parameter � of the missing-data mo del and the randomness of y

mis

giv en

� . Using Ba y esian notation, w e can write the predictiv e densit y of y

mis

as

p ( y

mis

j X ; y

obs

) =

Z

p ( y

mis

j X ; y

obs

; � ) p ( � j X ; y

obs

) d� ; (5)

7



whic h mak es the t w o sources of v ariabilit y explicit. Multiple imputation results in M

completed data sets and M complete-data analyses; the results of these M analyses are

then com bined to pro duce a single o v erall inference that includes uncertain t y due to missing

data. When the fraction of missing information is mo derate, reliable inferences can b e

obtained with only a few imputations, sa y , M = 5.

4 Corrected Analysis Metho ds for Conditional Mean

Imputation

W e no w dev elop a metho d of dra wing inferences for Q from a data set in whic h the missing

v alues of Y ha v e b een replaced b y conditional means. Our metho d can b e considered

a linear appro ximation to a full analysis using m ultiply-imputed data. Our results are

restricted to simple random samples from an in�nite p opulation; extensions are indicated

in Section 5.4.

4.1 Ba y esian In terpretation

The usual frequen tist in terpretation of (3) regards Q as �xed and

^

Q and U as random. A

Ba y esian in terpretation, ho w ev er, regards

^

Q and U as �xed (giv en complete data) and Q

as random. Exploiting the latter in terpretation, w e regard

^

Q and U as the appro ximate

complete-data p osterior mean and v ariance of Q , resp ectiv ely ,

^

Q = E ( Q j X ; y

obs

; y

mis

) ;

U = V ( Q j X ; y

obs

; y

mis

) :

Under su�cien t regularit y conditions, p osterior means and v ariances b eha v e as in (3) (e.g.,

Co x and Hinkley 1974, Chapter 10), and with large samples the di�erence b et w een fre-

quen tist and Ba y esian inferences will b e small. W e also exploit the Ba y esian in terpretation

of (4) and regard

^

� and � as p osterior momen ts of � giv en the observ ed data,

^

� = E ( � j X ; y

obs

) ;
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� = V ( � j X ; y

obs

) :

When the data are complete, our state of kno wledge ab out Q is summarized b y

^

Q and

U . With incomplete data, ho w ev er, inferences should b e based on the p osterior momen ts

giv en only the data actually observ ed, E ( Q j X ; y

obs

) and V ( Q j X ; y

obs

). Note that

E ( Q j X ; y

obs

) = E (

^

Q j X ; y

obs

) (6)

and

V ( Q j X ; y

obs

) = V (

^

Q j X ; y

obs

) + E ( U j X ; y

obs

) ; (7)

where the momen ts on the righ t-hand side of these equations are ev aluated o v er the p os-

terior predictiv e distribution L ( y

mis

j X ; y

obs

), the distribution corresp onding to (5) from

whic h m ultiple imputations w ould b e dra wn. T o obtain appro ximate p osterior momen ts of

Q , then, w e need only to appro ximate the mean and v ariance of

^

Q and the mean of U o v er

the predictiv e distribution of y

mis

.

4.2 Appro ximate Momen ts of

^

Q and U

Appro ximations to the p osterior momen ts of

^

Q and U are no w giv en. These results, for

whic h deriv ations are outlined in the app endix, follo w from �rst-order T a ylor series expan-

sions of the functions g and �

i

; i 2 mis , and large-sample results from the theory of sample

surv eys (e.g., W olter 1985, Chapter 6).

Under the assumptions outlined in Section 2:

E (

^

Q j X ; y

obs

) =

^

Q ( X ; y

obs

; � (

^

� )) + O

p

( n

� 1

); (8)

V (

^

Q j X ; y

obs

) =

�

@ g (

^

T )

@ T

y

�

2

n

� 2

X

i 2 mis

�

2

i

(

^

� ) +

�

@ g (

^

T )

@ T

y

�

2

D

�

(

^

� )

T

� D

�

(

^

� ) + O

p

( n

� 3 = 2

) ; (9)

where

^

T is shorthand for the complete-data statistic T calculated with � (

^

� ) substituted for

y

mis

, and where D

�

( � ) = n

� 1

P

i 2 mis

�

@ �

i

( � )

@ �

�

; and �nally ,

E ( U j X ; y

obs

) = U ( X ; y

obs

; � (

^

� )) +

�

@ g (

^

T )

@ T

y

�

2

n

� 2

X

i 2 mis

�

2

i

(

^

� ) + O

p

( n

� 3 = 2

) : (10)
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Note that the momen ts in equations (8){(10) do not necessarily exist for an y �nite n;

eac h momen t should b e in terpreted as the momen t of a limiting distribution, not as the

limit of a sequence of momen ts. F or example, (6) means that

^

Q can b e written as the

sum of a random v ariable with mean

^

Q ( X ; y

obs

; � (

^

� )) and a second random v ariable that is

O

p

( n

� 1

).

4.3 P oin t Estimation

It follo ws from (6) and (8) that the complete-data p oin t estimate with conditional means

imputed for the missing v alues of Y is a �rst-order appro ximation to the p osterior mean of

Q ,

E ( Q j X ; y

obs

) �

^

Q ( X ; y

obs

; � (

^

� )) : (11)

In large samples, then, it is desirable to use

^

Q ( X ; y

obs

; � (

^

� )), as it is an e�cien t estimate

of Q . Note, ho w ev er, that this result assumes that the complete-data p oin t estimate is a

smo oth function of linear statistics. The result do es not hold for an arbitrary estimator

^

Q ,

suc h as a sample v ariance. In fact, equation (10) demonstrates that a conditional-mean-

imputed sample v ariance is biased do wn w ard.

4.4 V ariance Estimation

It follo ws from (7), (9), and (10) that a �rst-order appro ximation to the p osterior v ariance

of Q is

V ( Q j X ; y

obs

) � U ( X ; y

obs

; � (

^

� )) + C

1

+ C

2

; (12)

where

C

1

= 2

�

@ g (

^

T )

@ T

y

�

2

n

� 2

X

i 2 mis

�

2

i

(

^

� ) (13)

and

C

2

=

�

@ g (

^

T )

@ T

y

�

2

D

�

(

^

� )

T

� D

�

(

^

� ) : (14)

In (12), U ( X ; y

obs

; � (

^

� )) is the \naiv e" estimate, discussed in Section 3, that treats the

conditional-mean-imputed data set as complete data. The �rst correction term, C

1

, is a
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comp onen t of v ariance that accoun ts for uncertain t y in y

mis

giv en the imputed means.

The second correction term, C

2

, is an additional comp onen t of v ariance that accoun ts for

uncertain t y in the imputed means, i.e., uncertain t y due to the estimation of the parameters

in the missing-data mo del.

The term C

1

can b e v ery simple to compute. F or example, if the estimand Q is the

p opulation mean of Y , and the missing v alues of Y are mo deled b y ordinary linear re-

gression, then C

1

has the form C

1

= 2 n

� 2

P

i 2 mis

^�

2

, where ^�

2

is the estimated residual

v ariance of the regression. If Y is a binary v ariable, and the missing v alues of Y are mo d-

eled as Bernoulli with means �

i

, i 2 mis (e.g., b y logistic regression), then C

1

has the

form C

1

= 2 n

� 2

P

i 2 mis

^�

i

(1 � ^�

i

) for estimating the mean of Y . As this latter example

illustrates, when the elemen ts of y

mis

are mo deled with an error distribution that has a

single parameter (e.g., Bernoulli or P oisson), then the v ariances �

2

i

( � ) can b e expressed as

functions of the means �

i

( � ), and therefore C

1

can b e computed from the imputed data

set alone. When the error distribution has additional parameters, ho w ev er, estimates of

these parameters need to b e retained to calculate C

1

, as illustrated b y the former example

in v olving mo deling of y

mis

b y ordinary linear regression in whic h ^�

2

is needed.

The second correction term, C

2

, is usually more di�cult to compute than C

1

, b ecause it

in v olv es the v ariance of the parameters � in the missing-data mo del. When the fraction of

missing information is mo derate, ho w ev er, the prop ortion of v ariance in (12) con tributed b y

C

2

can b ecome small enough that C

2

can b e omitted, simplifying calculations; see Section

5 for examples of this phenomenon.

4.5 Generalization to Multiv ariate Missing Data

Our results for univ ariate Y generalize to a sp ecial case of m ultiv ariate Y with only small

di�erences in notation. Supp ose as in Section 2 that X

1

; : : : ; X

p

are completely observ ed.

Supp ose further that the v ariables Y

1

; : : : ; Y

q

are only partially observ ed in suc h a w a y that

they are either observ ed or missing together; that is, Y

j

is missing for a unit if and only if

11



Y

j 0

, j 0 6= j is also missing, 1 � j; j 0 � q . Let Y b e the n � q matrix of Y v alues, with ro ws

y

T

i

, i = 1 ; : : : ; n . Then Y can b e partitioned in to observ ed and missing comp onen ts, Y

obs

and Y

mis

.

The complete-data p oin t estimate is no w of the form

^

Q ( X ; Y ) = g ( T ) ; (15)

where T = ( T

X

1

; : : : ; T

X

p

; T

Y

1

; : : : ; T

Y

q

)

T

is the v ector of complete-data means for all v ari-

ables. The complete-data v ariance is still of the form (2), where S = ( n � 1)

� 1

( Z

T

Z � nT T

T

)

is no w a ( p + q ) � ( p + q ) matrix and Z = ( X ; Y ). The missing-data mo del is no w a m ul-

tiv ariate mo del, in whic h it is assumed that the y

i

are indep enden tly distributed giv en

( X ; Y

obs

; � ) for all i 2 mis with mean v ectors

�

i

( � ) = E ( y

i

j X ; Y

obs

; � )

and co v ariance matrices

�

i

( � ) = V ( y

i

j X ; Y

obs

; � )

that are smo oth functions of � . W e still assume that the dimension of � is �xed and that

�

� 1 = 2

( � �

^

� )

L

� ! N (0 ; I )

for some

^

� and � = O ( n

� 1

) that are functions of ( X ; Y

obs

).

Results (8), (9), and (10) extend immediately to

E (

^

Q j X ; Y

obs

) =

^

Q ( X ; Y

obs

; � (

^

� )) + O

p

( n

� 1

) ; (16)

V (

^

Q j X ; Y

obs

) =

�

@ g (

^

T )

@ T

Y

�

T

�

n

� 2

X

i 2 mis

�

i

(

^

� )

��

@ g (

^

T )

@ T

Y

�

+

�

@ g (

^

T )

@ T

y

�

T

D

�

(

^

� )� D

�

(

^

� )

T

�

@ g (

^

T )

@ T

Y

�

+ O

p

( n

� 3 = 2

) ; (17)

and

E ( U j X ; Y

obs

) = U ( X ; Y

obs

; � (

^

� )) +

�

@ g (

^

T )

@ T

y

�

T

�

n

� 2

X

i 2 mis

�

i

(

^

� )

��

@ g (

^

T )

@ T

y

�

+ O

p

( n

� 3 = 2

) ; (18)

12



where � ( � ) = E ( Y

mis

j X ; Y

obs

; � ) is the n

0

� q matrix with �

i

( � )

T

, i 2 mis as its ro ws,

^

T is shorthand for the complete-data statistic T calculated with � (

^

� ) substituted for Y

mis

,

T

Y

= ( T

Y

1

; : : : ; T

Y

q

)

T

, and D

�

( � ) = n

� 1

P

i 2 mis

�

@ �

i

( � )

@ �

�

is a q � dim ( � ) matrix of deriv ativ es.

5 Examples

W e no w presen t sev eral examples to illustrate the metho ds deriv ed in Section 4. W e b egin

with t w o abstract problems to demonstrate prop erties of our metho ds, and then w e discuss

three applications of our metho ds, including one (Section 5.4) that in v olv es an extension

to complex surv eys.

5.1 Estimating a Binomial Prop ortion

Let y denote a simple random sample of size n of binary (0-1) v ariables from an in�nite

p opulation, and let the estimand b e Q = p , the p opulation prop ortion of Y -v alues that

are equal to one. With complete data (and n not small), standard inferences for p w ould

b e based on the p oin t estimate

^

Q = �y �

1

n

P

i

y

i

and the asso ciated v ariance estimate

U =

1

n ( n � 1)

P

i

( y

i

� �y )

2

.

Supp ose that Y is sub ject to missingness completely at random, so that y

obs

is just a

simple random sample from y . Imputation is not actually necessary in this simple situation,

since v alid inferences ma y b e dra wn b y ignoring the missing v alues. Since the correct answ er

is kno wn, ho w ev er, this example pro vides a simple c hec k of the v alidit y of our approac h.

In addition, the example pro vides insigh t in to the relativ e imp ortance of the comp onen ts

of v ariance C

1

and C

2

discussed in Section 4.4.

If the missing data y

mis

are mo deled as a v ector of i.i.d. Bernoulli( � ) random v ariables,

then in the notation of Section 2.3, �

i

( � ) = � and �

2

i

( � ) = � (1 � � ). Maxim um lik eliho o d

estimation based on y

obs

yields

^

� =

1

n

1

P

i 2 obs

y

i

(where obs denotes the set of indices suc h

that y

i

2 y

obs

and � =

^

� (1 �

^

� ) =n

1

). Substitution in to equations (11){(14) and algebraic

13



manipulation yield

^

Q ( X ; y

obs

; � (

^

� )) = �y

1

�

1

n

1

X

i 2 obs

y

i

;

U ( X ; y

obs

; � (

^

� )) � r

2

1

1

n

1

( n

1

� 1)

X

i 2 obs

( y

i

� �y

1

)

2

; (19)

C

1

� 2 r

1

r

0

1

n

1

( n

1

� 1)

X

i 2 obs

( y

i

� �y

1

)

2

; (20)

and

C

2

� r

2

0

1

n

1

( n

1

� 1)

X

i 2 obs

( y

i

� �y

1

)

2

; (21)

the equalities are appro ximate due to con v en tions regarding the use of degrees of freedom

v ersus sample size in the denominator of a sample v ariance. Th us, the results in Sections

4.3 and 4.4 suggest �y

1

as the p oin t estimate of p and

U ( X ; y

obs

; � (

^

� )) + C

1

+ C

2

�

1

n

1

( n

1

� 1)

X

i 2 obs

( y

i

� �y

1

)

2

(22)

as the asso ciated v ariance estimate. These are the same p oin t and v ariance estimates that

w ould b e obtained b y applying standard complete-data metho ds to just the observ ed data,

and th us our metho ds yield the correct estimates in this example.

Equations (19){(22) sho w that the prop ortionate con tributions of U ( X ; y

obs

; � (

^

� )), C

1

,

and C

2

to the correct v ariance estimate are appro ximately r

2

1

, 2 r

1

r

0

, and r

2

0

, resp ectiv ely .

One imp ortan t implication is that, ev en if the missingness rate is mo derate, simply imputing

conditional means for y

mis

and then using the complete-data estimate of v ariance can result

in v ery misleading inferences. F or example, if r

0

= 20%, U ( X ; y

obs

; � (

^

� )) is appro ximately

36% smaller than the correct v ariance estimate. Another imp ortan t implication, men tioned

at the end of Section 4.4, is that if the nonresp onse rate is mo derate, then nearly v alid

inferences can b e dra wn without accoun ting for the v ariabilit y due to estimating � . F or

example, if r

0

= 20%, then omitting C

2

from our v ariance estimate results in only an

appro ximate 4% decrease from the correct estimate.

14



5.2 Estimating a Ratio of Means: The Fieller-Creasey Problem

Let x

i

; y

i

, i = 1 ; : : : ; n b e i.i.d. observ ations from a biv ariate normal distribution with

means �

X

and �

Y

, v ariances �

2

X

and �

2

Y

, and correlation � , and supp ose that the estimand

is the ratio of means, Q = �

X

=�

Y

. With complete data, standard inferences for Q w ould b e

based on the p oin t estimate

^

Q = �x= �y and the asso ciated v ariance estimate U =

1

n �y

2

( s

2

X

�

2

^

Qs

X Y

+

^

Q

2

s

2

y

) (e.g., Co c hran 1977, Section 6.4), where �x and �y are the sample means, s

2

X

and s

2

Y

are the sample v ariances, and s

X Y

is the sample co v ariance.

Supp ose that Y is sub ject to missingness. A standard mo del to predict the v ariable

Y from the v ariable X sp eci�es that y

i

= �

0

+ �

1

x

i

+ � e

i

, i = 1 ; : : : ; n , where the errors

e

1

; : : : ; e

n

are i.i.d. standard normal random v ariables. If the mo del is �tted b y least squares

applied to the complete cases ( x

i

; y

i

; i 2 obs ), then an appro ximate p osterior distribution

for � = ( �

0

; �

1

; log( �

2

)) is normal with mean

^

� and v ariance I

� 1

cc

, where I

cc

is the observ ed

information matrix based on the complete cases.

By equations (13) and (14), w e ha v e C

1

= 2

�

^

^

Q

^

�y

�

2

n

0

n

2

^�

2

and C

2

=

�

^

^

Q

^

�y

�

2

D

�

(

^

� )

T

� D

�

(

^

� ),

where

^

^

Q and

^

�y are the complete-data quan tities calculated with conditional means imputed

for y

mis

, D

�

(

^

� ) = n

� 1

�

n

0

P

i 2 mis

x

i

�

, � = ^�

2

( A

T

A )

� 1

, and A is the n

1

� 2 matrix with ones in

the �rst column and ( x

i

; i 2 obs )

T

as the second column.

W e conducted a small sim ulation study in whic h, on eac h Mon te Carlo trial, w e gen-

erated a random sample ( x

i

; y

i

; i = 1 ; : : : 250) from a biv ariate normal distribution with

�

X

= �

Y

= 5, �

2

X

= �

2

Y

= 1, and � = : 8. W e imp osed on the Y -v alues a random pattern of

missingness with the probabilit y of missingness dep ending only on the v alues of X :

P ( y

i

is missing j x

i

; y

i

) = P ( y

i

is missing j x

i

) :

Sp eci�cally , w e generated observ ations w

1

; : : : ; w

250

of a third v ariable W , distributed as

normal with mean 0, v ariance 1, and correlation with X of .8, but ha ving zero partial

correlation with Y giv en X . W e to ok y

i

to b e missing if w

i

exceeded �

� 1

(1 � � ), where

� is the standard normal cum ulativ e distribution function and � w as the missingness
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probabilit y . Th us, missingness on Y tended to o ccur for large v alues of X (and therefore

Y ), although the missing data w ere missing at random (Rubin 1976).

W e carried out 1,000 Mon te Carlo trials. F or eac h trial, w e calculated nominal 95% con-

�dence in terv als for Q using six metho ds: (i) the standard complete-data analysis applied

with no data missing, whic h of course is only p ossible in a situation suc h as a sim ulation

study , in whic h the missing v alues can b e treated as observ ed; (ii) the standard complete-

data analysis applied to the conditional-mean-imputed data set (see Section 3.1); (iii) the

standard complete-data analysis applied to the data set with single random imputations

for the missing v alues (see Section 3.2); (iv) the m ultiple-imputation analysis (e.g., Rubin

and Sc henk er 1991) applied to the m ultiply-imputed data set with M = 5 imputations for

the missing v alues (see Section 3.3); (v) the analysis dev elop ed for conditional mean impu-

tation in Section 4, but with only the �rst correction term, C

1

, added in to the v ariance; (vi)

the analysis dev elop ed for conditional mean imputation in Section 4, with b oth correction

terms C

1

and C

2

added in to the v ariance.

The co v erage rates of the con�dence in terv als under a v ariet y of missingness probabilities

are sho wn in T able 1. The co v erage rates with no missing data are alw a ys within .01 of the

nominal lev el, indicating that the complete-data analysis is appro ximately v alid and that

the data w ere sim ulated correctly . All of the metho ds p erform w ell when the missingness

probabilit y is either .05 or .1, but the naiv e conditional mean metho d (no correction terms

added in to the v ariance) and the single imputation metho d break do wn for the missingness

probabilities of .25 and .5, consisten t with the discussions of Sections 3.1 and 3.2. The

conditional mean metho d with C

1

added in to the v ariance breaks do wn for the missingness

probabilit y of .5, consisten t with the discussion in Section 4.4. The m ultiple imputation

metho d and the corrected conditional mean metho ds ( C

1

and C

2

added in to the v ariance)

p erform w ell for all of the missingness probabilities considered, although the co v erage rates

for m ultiple imputation are sligh tly b elo w the nominal lev els.

Once again, omitting C

2

from the estimated v ariance with conditional mean imputation

16



T able 1: Co v erage Rates (in %) of Nominal 95% In terv als for the Ratio of Means

Probabilit y of Missingness

Metho d .05 .10 .25 .50

No missing data 94 96 95 95

Naiv e conditional mean imputation 93 94 84 59

Single random imputation 92 94 87 70

Multiple random imputation ( M = 5) 93 94 90 92

Naiv e conditional mean imputation + C

1

94 95 93 81

Naiv e conditional mean imputation + C

1

+ C

2

94 96 95 95

do es not ha v e a large e�ect un til the missingness probabilit y is high. T able 2 sho ws the

a v erage prop ortion of the total estimated v ariance, U ( X ; y

obs

; � (

^

� )) + C

1

+ C

2

, that is due

to eac h of the three terms. Note that the fraction due to C

2

is higher than the square of

the missingness probabilit y , unlik e in Section 5.1. This is due to the fact that the sim ulated

missingness mec hanism in this example tends to result in missing data at p oin ts with high

lev erage; consequen tly , the actual fraction of missing information is actually higher than

the fraction of missing Y -v alues. Con v ersely , in the example of Section 5.1, with a single

v ariable, missingness completely at random, and estimation of a simple prop ortion, the

fraction of missing information and the fraction of missing Y -v alues are the same. In

general, p erformance of metho ds for handling missing data is more directly related to the

fraction of missing information than to the simple fraction of missing data.

5.3 Missing Data on Blo o d Alcohol Con ten t in the F atal Acciden t

Rep orting System

The F atal Acciden t Rep orting System (F ARS), main tained b y the National High w a y T ra�c

Safet y Administration (NHTSA), is an ann ual registry of fatal acciden ts o ccurring on U.S.

high w a ys. One imp ortan t v ariable in F ARS is the blo o d alcohol con ten t (BA C) of p ersons

activ ely in v olv ed in the acciden t. Because it is often impractical to collect sp ecimens for
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T able 2: Av erage Prop ortion of T otal Estimated V ariance, U ( X ; y

obs

; � (

^

� )) + C

1

+ C

2

, Due

to Eac h T erm

Probabilit y of Missingness

T erm .05 .10 .25 .50

U ( X ; y

obs

; � (

^

� )) .905 .803 .517 .174

C

1

.084 .159 .298 .281

C

2

.011 .038 .186 .545

BA C determination at the scene of an acciden t, 50% or more of the BA C v alues are missing.

The rates of missing information for this v ariable tend to b e somewhat lo w er than 50%,

ho w ev er, b ecause p o w erful predictors of BA C are t ypically a v ailable; these include v ehicle

class, age and sex of the driv er, time of da y , and informal assessmen ts b y p olice as to

whether alcohol app eared to ha v e b een in v olv ed.

In the early 1980s, NHTSA dev elop ed a pro cedure for estimating individuals' proba-

bilities of mem b ership in three classes: BA C = 0, 0 > BA C > : 10, and BA C � : 10. The

cuto� of .10 represen ted the legal limit for drunk driving used b y most states at that time.

Probabilities w ere estimated under a three-class discriminan t mo del incorp orating predic-

tors found to b e signi�can tly related to BA C (Klein 1986). Data �les w ere created in whic h

BA C w as replaced b y three probabilities corresp onding to the three classes. Individuals

with kno wn BA C w ere assigned a probabilit y of one for the observ ed BA C class and zeros in

the other t w o classes, whereas individuals with unkno wn BA C w ere assigned nonzero prob-

abilities for all three classes estimated under the discriminan t mo del. Av erages of these

probabilities ha v e b een extensiv ely used in published summaries of the F ARS data, but

without an y quan titativ e assessmen t of the uncertain t y in tro duced b y missing data. Using

the tec hniques of Section 4, ho w ev er, it is p ossible to reconstruct some simple measures of

missing-data uncertain t y from the existing F ARS data �les.
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Consider the problem of estimating the prop ortion of driv ers falling in to BA C classes

j = 1 ; 2 ; 3 in some domain D of in terest (e.g. passenger-car driv ers b et w een the ages of

21 and 29 in v olv ed in a fatal acciden t in 1993). Let ^�

ij

b e the probabilit y (p ossibly 0 or

1) assigned to individual i of b elonging to BA C class j . The estimated prop ortion of the

driv ers in D b elonging to class j is

^

^

Q

j

= n

� 1

D

P

i 2D

^�

ij

, where n

D

is the n um b er of individuals

observ ed in D . The estimate

^

^

Q

j

can b e view ed as a conditional mean-imputed v ersion of

the ordinary prop ortion

^

Q

j

= n

� 1

D

P

i 2D

y

ij

, where y

ij

= 1 if individual i falls in to BA C

class j and y

ij

= 0 otherwise. The appropriate v ariance estimate to attac h to

^

^

Q

j

dep ends

on whether w e regard the complete data y = f y

ij

: i 2 D g as a complete en umeration of

the existing p opulation, or as a realized sample from a h yp othetical sup erp opulation.

If w e adopt the view that y is a sample from a sup erp opulation, then the complete-data

prop ortion

^

Q

j

is appro ximately normally distributed ab out the unkno wn sup erp opulation

prop ortion, with estimated v ariance

U

j

=

1

n

D

( n

D

� 1)

X

i 2D

( y

ij

�

^

Q

j

)

2

:

The naiv e v ariance estimate calculated from the mean-imputed data,

^

U

j

=

1

n

D

( n

D

� 1)

X

i 2D

( ^ �

ij

�

^

^

Q

j

)

2

;

could substan tially understate the uncertain t y asso ciated with

^

^

Q

j

. This understatemen t

can b e partially corrected b y adding to

^

U

j

the factor C

1

= 2 n

� 2

D

P

i 2D

^�

ij

(1 � ^�

ij

). A

full correction w ould also require the additional factor C

2

giv en b y (14) whic h cannot b e

obtained from the F ARS data �les alone; calculation of C

2

w ould require re-�tting of the

discriminan t mo dels that pro duced the estimates ^�

ij

.

If w e adopt the view that y = f y

ij

: � 2 D g is a complete en umeration of the relev an t

p opulation, then

^

Q

j

b ecomes a census statistic with no sampling v ariance ( U

j

= 0). The

only uncertain t y asso ciated with

^

^

Q

j

is then the v ariance of

^

Q

j

o v er the predictiv e distri-

bution of the missing data; see (7). It follo ws from (9), (13), and (14) that an estimate of
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T able 3: Estimated p ercen tage of 1993 F ARS driv ers b y age in three BA C classes,

with estimated standard errors calculated under the sup erp oulation (SE

1

) and complete-

en umeration (SE

2

) assumptions

(a) Driv ers of motorcycles

BA C = 0 0 < BA C < : 10 BA C � : 10

Age n

D

est. SE

1

SE

2

est. SE

1

SE

2

est. SE

1

SE

2

12{20 356 77.4 2.2 0.6 10.8 1.6 0.5 11.8 1.7 0.5

21{29 897 54.5 1.7 0.4 12.2 1.1 0.4 33.2 1.6 0.5

30{39 687 44.2 1.9 0.5 11.6 1.2 0.4 44.2 1.9 0.5

40{49 337 52.0 2.7 0.7 10.2 1.7 0.5 37.8 2.6 0.7

50{59 113 63.5 4.5 1.2 11.0 3.0 0.9 25.4 4.1 1.1

60+ 64 84.9 4.5 1.6 4.7 2.7 1.1 10.3 3.8 1.4

(b) Driv ers of passenger cars

BA C = 0 0 < BA C < : 10 BA C � : 10

Age n

D

est. SE

1

SE

2

est. SE

1

SE

2

est. SE

1

SE

2

12{20 5083 77.1 0.6 0.1 7.9 0.4 0.1 15.0 0.5 0.1

21{29 7500 59.6 0.6 0.1 9.1 0.3 0.1 31.3 0.5 0.1

30{39 5581 63.4 0.6 0.1 7.0 0.3 0.1 29.6 0.6 0.1

40{49 3540 73.9 0.7 0.2 5.5 0.4 0.2 20.6 0.7 0.2

50{59 2257 81.7 0.8 0.2 4.1 0.4 0.2 14.2 0.7 0.2

60+ 5525 92.1 0.4 0.1 2.7 0.2 0.1 5.2 0.3 0.1

this v ariance is C

1

= 2 + C

2

, the �rst term of whic h can b e calculated from the F ARS data

�les.

Some results of these pro cedures applied to 1993 F ARS data are sho wn in T able 3 for

(a) driv ers of motorcycles and (b) driv ers of passenger cars. In this table, SE

1

=

q

^

U + C

1

and SE

2

=

q

C

1

= 2 refer to standard errors calculated under the sup erp opulation and

complete-en umeration assumptions, resp ectiv ely . Both should b e regarded as estimated

lo w er b ounds, b ecause they omit the term C

2

due to parameter uncertain t y in the discrim-

inan t mo del.
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5.4 Extension to Complex Surv eys, with Application to Census

Co v erage Estimation

The metho ds discussed th us far are appropriate when the data from the n observ ational

units can b e regarded as indep enden t and iden tically distributed, as in a simple random

sample from a large p opulation. Here w e presen t an extension (for univ ariate Y ) to w eigh ted

estimates from complex surv eys.

Let w

i

denote a w eigh t (e.g., in v erse probabilit y of sample selection) asso ciated with

unit i , and supp ose that

^

Q is no w a smo oth function of w eigh ted sums of the v alues of the

v ariables,

^

Q = g ( T

X

1

; :::; T

X

p

; T

y

)

= g

�

n

X

i =1

w

i

X

i 1

; :::;

n

X

i =1

w

i

X

ip

;

n

X

i =1

w

i

y

i

�

: (23)

T o stabilize the argumen ts of g in (23) w e require that max

i

w

i

= O ( n

� 1

), whic h can b e

ac hiev ed b y scaling the w eigh ts to sum to one. The w eigh ts are allo w ed to b e functions

of the observ ed data ( X ; Y

obs

); for example,

^

Q ma y b e a p oststrati�ed estimator with

p oststrata de�ned b y categories of X . The w eigh ts ma y not, ho w ev er, b e functions of the

missing data Y

mis

.

W e assume that the complete-data v ariance estimator U has the form

U =

�

@ g ( T )

@ T

�

T

W

�

@ g ( T )

@ T

�

; (24)

where T = ( T

X

1

; :::; T

X

p

; T

y

)

T

and where W is the classical un biased v ariance estimator for

T in a strati�ed probabilit y-prop ortional-to- size (pps) cluster sample (e.g., W olter 1985,

Chapter 1); for example, the diagonal elemen t of W corresp onding to the v ariance of T

X

k

has the form

X

s

1

n

s

( n

s

� 1)

X

c

�

n

s

X

i

w

i

X

ik

�

X

c;i

w

i

X

ik

�

2

;

where s indexes sampling strata, c indexes clusters within strata, and i indexes units within

clusters. The estimate giv en in (24) is a v ery common in surv ey practice; it includes, as
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sp ecial cases, v ariance estimates for simple random samples, strati�ed and cluster samples,

unequal probabilit y samples (suc h as pps designs), and man y m ultistage designs. The

deriv ativ es in (2) accoun t for p oten tial nonlinearit y in g via T a ylor series linearization

(e.g., W olter 1985, Chapter 6).

In accord with standard surv ey practice, w e will con tin ue to assume that (3) holds so

that inferences ma y b e based on a normal reference distribution. Results suc h as (3) ha v e

b een demonstrated for �nite p opulations and complex sample designs under a v ariet y of

conditions (e.g., W olter 1985, App endix B). Ev en if suc h a result has not b een formally

demonstrated for a particular situation, surv ey practitioners ha v e still found that app ealing

to asymptotic normalit y often pro vides a useful �rst-order appro ximation for statistical

inference.

With regard to the mo del for missing data, w e con tin ue to mak e the assumptions dis-

cussed in Section 2.3, except that the parameter v ector � ma y no w include comp onen ts for

mo deling in tra-cluster correlations. Th us, w e assume that

E ( y

i

j X ; y

obs

; � ) = �

i

( � )

for i 2 mis , and that

V ( y

mis

j X ; y

obs

; � ) = �( � ) ;

a blo c k-diagonal co v ariance matrix, where �

i

and � are smo oth functions of � . A simple

mo del migh t sp ecify that, for eac h blo c k of �( � ) corresp onding to a cluster, the diago-

nal elemen ts are constan t and the o�-diagonal elemen ts are constan t; this w ould imply

that within clusters, the comp onen ts of y

mis

ha v e constan t v ariance and constan t pairwise

correlations.

Under these new conditions, the results analogous to those in equations (8){(10) are:

E (

^

Q j X ; y

obs

) =

^

Q ( X ; y

obs

; � (

^

� )) + O

p

( n

� 1

); (25)

V (

^

Q j X ; y

obs

) =

�

@ g (

^

T )

@ T

y

�

2

w

T

�(

^

� ) w +

�

@ g (

^

T )

@ T

y

�

2

D

�

(

^

� )

T

� D

�

(

^

� ) + O

p

( n

� 3 = 2

) ; (26)
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where w is the v ector with elemen ts w

i

; i 2 mis and no w D

�

( � ) =

P

i 2 mis

w

i

�

@ �

i

( � )

@ �

�

; and

�nally ,

E ( U j X ; y

obs

) = U ( X ; y

obs

; � (

^

� )) +

�

@ g (

^

T )

@ T

y

�

2

w

T

�(

^

� ) w + O

p

( n

� 3 = 2

) : (27)

Th us the analogue to equation (13) is

C

1

= 2

�

@ g (

^

T )

@ T

y

�

2

w

T

�(

^

� ) w ;

and C

2

still has the form of equation (14), but with w eigh ts incorp orated in to D

�

(

^

� ).

In 1990 the U.S. Census Bureau conducted its P ost-En umeration Surv ey (PES), a large-

scale e�ort to measure errors of co v erage in the 1990 Decennial Census (Hogan 1993). The

PES relied up on t w o sampling op erations, one to detect errors of erroneous omission or

undercoun t (the P-sample) and the other to detect erroneous en umerations or o v ercoun t

(the E-sample). Estimated rates of undercoun t and o v ercoun t w ere com bined in a dual-

system estimator (DSE) of the form

DSE = ( CEN � I )

�

1 �

E

N

E

�

N

P

M

;

where CEN is the ra w p opulation coun t from the census; I is the n um b er of non-data-

de�ned (e.g. imputed) p ersons in the census coun t; E is the E-sample w eigh ted estimate

of erroneous en umerations; M is the P-sample w eigh ted estimate of correctly en umerated

(non-missed) p ersons; and N

P

and N

E

are the w eigh ted total n um b er of p ersons from the P-

and E-samples, resp ectiv ely . The DSE , whic h represen ts an estimate of the true p opulation

coun t, w as calculated within 1,392 p oststrata de�ned b y geographic, demographic and

housing c haracteristics.

E�orts to calculate DSE in 1990 w ere complicated b y missing data. F or some P- and

E-sample p ersons, it w as op erationally not p ossible to determine whether they had b een

correctly en umerated in the census. The missing en umeration statuses for these p ersons

w ere replaced b y probabilities as prop osed in Sc henk er (1988), with the probabilities esti-

mated b y an elab orate set of logistic-regression mo dels (Belin et al. 1993). This imputation
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of probabilities pro duced a do wn w ard bias in the v ariance estimate for DSE whic h could b e

corrected using (26){(27). Sp eci�cally , the naiv e or mean-imputed v ariance estimate m ust

b e augmen ted b y C

1

+ C

2

, where C

1

represen ts uncertain t y in prediction of the missing

binary en umeration statuses giv en the parameters of the logistic-regression mo dels, and C

2

represen ts the v ariabilit y due to the estimation of mo del parameters. The C

1

term, whic h

can b e calculated directly from the mean-imputed surv ey data, is

C

1

= 2

2

4

 

^

DSE

^

M

!

2

X

i

( w

P

i

)

2

^

Y

P

i

(1 �

^

Y

P

i

) +

 

^

DSE

^

N

E

�

^

E

!

2

X

i

( w

E

i

)

2

^

Y

E

i

(1 �

^

Y

E

i

)

3

5

;

where

^

Y

P

i

and w

P

i

are the estimated probabilit y of en umeration and sample w eigh t, re-

sp ectiv ely , for P-sample p erson i ;

^

Y

E

i

and w

E

i

are the estimated probabilit y of erroneous

en umeration and sample w eigh t, resp ectiv ely , for E-sample p erson i ; and a hat ( ^ ) ab o v e

an y other quan tit y indicates that it has b een calculated with probabilities imputed for

missing v alues. Details of the deriv ation of C

1

can b e pro vided up on request. Obtaining an

analytic expression for C

2

is impractical due to the complexit y of the missing-data mo del;

a rough estimate of this comp onen t of uncertain t y w as obtained b y b o otstrap resampling

of households in the P- and E-samples (Belin et al. 1993).

As part of an extensiv e PES ev aluation program in 1991, the correction factors C

1

and

C

2

w ere calculated from preliminary PES data along with the naiv e mean-imputed v ariance

estimates for the DSE 's in all 1,392 p oststrata. These results w ere not used in the pro-

duction of an y o�cial Census Bureau statistics, but they pro vide an in teresting o v erview

of the distribution of missing-data uncertain t y across the PES p oststrata. Figure 2 sho ws

a scatterplot of the t w o correction factors C

1

and C

2

, where eac h factor represen ted as a

p ercen tage of the estimated total v ariance (naiv e + C

1

+ C

2

). This plot rev eals that the

missing-data uncertain t y is spread rather unev enly across p oststrata; in some the correc-

tion factors accoun t for as m uc h as 80% of the total estimated v ariance. Figure 3 sho ws

the correction factors expressed on a square-ro ot scale as p ercen t co e�cien ts of v ariation

(

p

C

1

= DSE and

p

C

2

= DSE ). In one p oststratum, the co e�cien t of v ariation asso ciated with
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Figure 2: Correction factors C

1

and C

2

for 1,392 PES p oststrata as a p ercen tage of the

total v ariance
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Figure 3: Correction factors C

1

and C

2

for 1,392 PES p oststrata expressed as co e�cien ts

of v ariation (%)

C

1

exceeds 50%.

5.5 Sampling for Nonresp onse in the Decennial Census

W e conclude our examples b y describing a p oten tial application of our metho ds to the

problem of estimating the census coun t after sampling for nonresp onse.

T raditionally in the decennial census, all households that do not resp ond to the initial

mail-out/mail- bac k phase are follo w ed up b y phone and/or in p erson to obtain resp onses.

Consideration is b eing giv en to sampling suc h nonresp onding households for follo w-up in

future censuses. The basic paradigm for sampling for nonresp onse follo w-up, as describ ed

b y Bell and Otto (1994), is as follo ws: (i) a sample of blo c ks is dra wn; (ii) nonresp onding

households in the sample blo c ks are follo w ed up; (iii) the data from the sample blo c ks are

25



used to �t a mo del that predicts the n um b er of nonresp onden ts in eac h blo c k b y race from

a v ailable data for the blo c k; (iv) the mo del is used to predict the n um b er of nonresp onden ts

b y race in the out-of-sample blo c ks. The \census coun t" (estimate) for eac h blo c k is then

the n um b er of resp onden ts plus either (a) the n um b er of nonresp onden ts obtained from

follo w-up, for the sample blo c ks, or (b) the predicted n um b er of nonresp onden ts, for the

out-of-sample blo c ks.

More formally , for a giv en blo c k, let P

( n )

denote the n um b er of nonresp onden ts (p eople)

in the blo c k, N

( n )

denote the n um b er of nonresp onding housing units in the blo c k, P

( r )

denote the n um b er of resp onden ts in the blo c k, and N

( r )

denote the n um b er of resp onding

housing units in the blo c k. Supp ose that the census coun t is desired for a certain area (sa y ,

a district o�ce). Then if there w ere complete data a v ailable for the nonresp onding housing

units, the \complete-data estimate," that is, the census coun t, w ould b e

^

Q =

n

X

i =1

P

( r )

i

+

n

X

i =1

P

( n )

i

;

where i indexes blo c ks and n is the n um b er of blo c ks in the area. Th us

^

Q w ould b e the

sum of t w o sample totals. The complete-data v ariance w ould b e

U = 0

since

^

Q is a census coun t.

Let A

i

denote a v ector of explanatory v ariables for the i th blo c k, represen ting demo-

graphic summaries, housing unit c haracteristic summaries, and summaries of census pro-

cessing data. Bell and Otto (1994) suggested a log-linear P oisson regression mo del with an

o�set term to mo del P

( n )

. Sp eci�cally , they assumed that P

( n )

i

has a P oisson distribution

with exp ected v alue

�

i

= N

( n )

i

�

0

( P

( r )

i

= N

( r )

i

)

�

1

exp ( A

T

i

� ) ; (28)

where � = ( �

0

; �

1

; � ) are parameters to b e estimated. Giv en a sample S of blo c ks from the

area in question, P

( n )

i

is observ ed for i 2 S and missing for i 2 S

c

, where S

c

denotes the
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set of blo c ks that are not in the sample. Once mo del (28) has b een �tted to the blo c ks in

S , estimated conditional means �

i

(

^

� ) can b e imputed for P

( n )

i

, i 2 S

c

. It then follo ws from

(11) that the estimated census coun t is

E ( Q j X ; y

obs

) �

n

X

i =1

P

( r )

i

+ (

X

i 2 S

P

( n )

i

+

X

i 2 S

c

�

i

(

^

� ));

here, y

obs

corresp onds to P

( n )

i

for i 2 S , y

mis

corresp onds to P

( n )

i

for i 2 S

c

, and X

corresp onds to all of the other data for the blo c ks.

As under the complete-en umeration assumption of Section 5.3, since U = 0, it follo ws

from (7) and (9) that

V ( Q j X ; y

obs

) = V (

^

Q j X ; y

obs

) � C

1

= 2 + C

2

;

where C

1

and C

2

are giv en b y (13) and (14). Th us, expression (12) do es not apply in

this situation b ecause the con tribution of E ( U j X ; y

obs

) to C

1

is absen t. In the nota-

tion of Sections 2{4,

@ g (

^

T )

@ T

y

= n and �

2

i

(

^

� ) = �

i

(

^

� ); th us C

1

= 2

P

i 2 S

c

�

i

(

^

� ). F or calcu-

lating C

2

= n

2

D

�

(

^

� )

T

� D

�

(

^

� ), the comp onen ts of D

�

(

^

� ) are

@ �

i

(

^

� )

@ �

0

= �

i

(

^

� ) =�

0

,

@ �

i

(

^

� )

@ �

1

=

�

i

(

^

� )log( P

( r )

i

= N

( r )

i

), and

@ �

i

(

^

� )

@ �

j

= �

i

(

^

� ) a

ij

, where a

ij

is the j th comp onen t of A

i

.

6 Discussion

In this pap er, w e ha v e dev elop ed analytic appro ximations that can b e used to pro duce

v alid inferences with imputed conditional means. The metho ds, whic h can b e view ed as

�rst-order appro ximations to m ultiple-imputation pro cedures, are e�cien t and relativ ely

simple to implemen t. They are designed for situations in whic h the p oin t estimator is

a function of linear statistics, and in whic h either a single v ariable has missing data or

sev eral v ariables ha v e missing data in a pattern suc h that the v ariables are either missing

or observ ed together.

Tw o extensions of our results w ould b e straigh tforw ard. One is the extension to m ul-

tiv ariate Y in complex surv eys, whic h w ould in v olv e com bining the results of Sections 4.5
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and 5.4. The other is the extension to m ultidimensional estimands, in whic h the func-

tion g de�ning the estimands w ould b e a v ector and our results w ould in v olv e matrix

generalizations. F or more complex patterns of m ultiv ariate missing data and more com-

plicated extimators, our metho ds w ould either b e in v alid or di�cult to extend, and th us,

m ultiple-imputation metho ds w ould b e preferable. F or example, Sc hafer (in press) pro vided

pro cedures for m ultiple imputation for general patterns of m ultiv ariate missing data; these

metho ds can b e applied to con tin uous data, categorical data, or mixtures of the t w o.

Multiple imputation is not the only paradigm for obtaining accurate inferences from

imputed data sets. Some new metho ds with design-based rather than Ba y esian origins are

presen ted b y F a y (1996), Rao (1996), and references therein. Moreo v er, similar results can

sometimes b e obtained using di�eren t paradigms. F or example, S• arndal (1992) deriv ed

\mo del-assisted" frequen tist metho ds for correcting v ariance estimates when estimating

the p opulation total with a singly-imputed data set. He sho w ed that for a simple random

sample, computing the standard v ariance estimate from a mean-imputed data set yields

an estimate that is only r

2

1

as large as it should b e, whic h is the same result that w e ha v e

deriv ed in Section 5.1 for estimating prop ortions.

The deriv ation of our metho ds has b een based on the assumption that the same v ari-

ables, i.e., X

1

; : : : X

p

and Y , are used in b oth the imputation pro cess and in the calculation

of the complete-data estimates

^

Q and U ; see, e.g., Section 2. This implicitly re
ects the

notion that information that is to b e used in the analysis of an imputed data set should, in

principle, not b e omitted from the imputation mo del; Rubin (1987, Chapter 4) discussed

this p oin t. Another assumption implicit in our deriv ations is that the complete-data esti-

mates,

^

Q and U , ma y b e regarded as the p osterior mean and v ariance of Q ; see Section

4.1. While this assumption holds appro ximately in man y applied situations, there are also

situations in whic h it do es not hold; for example, it is questionable when design-based

complete-data estimators are used for complex surv eys, as in Section 5.4. F urther researc h

is needed to in v estigate the p erformance of our metho ds and m ultiple-imputation metho ds
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when this assumption is violated.

App endix: Deriv ation of Appro ximate Momen ts of

^

Q

and U

W e no w sk etc h pro ofs of results (8){(10) of Section 4. Our pro ofs use standard argumen ts

in T a ylor linearization (e.g., W olter 1985, Chapter 6). Care m ust b e tak en to ensure

that all T a ylor expansions are tak en with resp ect to quan tities whose dimensions remain

�xed in the asymptotic sequence. Because momen ts are calculated with resp ect to the

p osterior distribution giv en ( X ; y

obs

), w e are conditioning on ( X ; y

obs

) throughout, but for

simplicit y this is suppressed in the notation that follo ws. F unctions of X and y

obs

(e.g.,

^

� )

are considered to b e �xed, whereas functions of y

mis

or � are considered to b e random.

Note �rst that the only random argumen t of

^

Q = g ( T ) is T

y

. W e can write

T

y

�

^

T

y

= n

� 1

X

i 2 mis

( y

i

� �

i

(

^

� ))

= n

� 1

X

i 2 mis

�

i

+ n

� 1

X

i 2 mis

( �

i

( � ) � �

i

(

^

� )) ; (29)

where the �

i

= y

i

� �

i

( � ) are indep enden t random v ariables with mean 0 and v ariance �

2

i

( � ).

Th us the �rst term in (29) is O

p

( n

� 1 = 2

). F or the second term, note that

�

i

( � ) � �

i

(

^

� ) =

�

@ �

i

(

^

� )

@ �

�

T

( � �

^

� ) + O

p

( n

� 1

)

= O

p

( n

� 1 = 2

); (30)

b ecause the n um b er of elemen ts in mis is O ( n ), the second term in (29) is also O

p

( n

� 1 = 2

),

and th us

T

y

=

^

T

y

+ O

p

( n

� 1 = 2

) : (31)

T o establish (8), expand

^

Q = g ( T ) in a T a ylor series ab out T

y

=

^

T

y

,

^

Q ( X ; y

obs

; y

mis

) �

^

Q ( X ; y

obs

; � (

^

� )) = g ( T ) � g (

^

T )

=

 

@ g (

^

T )

@ T

y

!

( T

y

�

^

T

y

) + O

p

( n

� 1

) ;
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and note that E ( T

y

) =

^

T

y

+ O

p

( n

� 1

) b y (29) and (30).

T o establish (9), write

V (

^

Q ) = E V (

^

Q j � ) + V E (

^

Q j � ) :

Let

~

T

y

( � ) = n

� 1

[

X

i 2 obs

y

i

+

X

i 2 mis

�

i

( � )] ;

so that

~

T

y

(

^

� ) =

^

T

y

; and let

~

T ( � ) = ( T

X

1

; : : : ; T

X

p

;

~

T

y

( � ))

T

. F or an y �xed � , T

y

�

~

T

y

( � ) has

mean zero and v ariance n

� 2

P

i 2 mis

�

2

i

( � ). Th us the expansion

^

Q ( X ; y

obs

; y

mis

) �

^

Q ( X ; y

obs

; � ( � )) =

 

@ g (

~

T ( � ))

@ T

y

!

( T

y

�

~

T

y

( � )) + O

p

( n

� 1

)

implies that

V (

^

Q j � ) =

 

@ g (

~

T ( � ))

@ T

y

!

2

n

� 2

X

i 2 mis

�

2

i

( � ) + O

p

( n

� 3 = 2

) : (32)

Notice that the leading term in (32) is of order n

� 1

. Expanding nV (

^

Q j � ) ab out � =

^

�

leads to

E V (

^

Q j � ) =

 

@ g (

^

T )

@ T

y

!

2

n

� 2

X

i 2 mis

�

2

i

(

^

� ) + O

p

( n

� 3 = 2

) : (33)

Also, for an y �xed � ,

E (

^

Q j � ) = g (

~

T ( � )) + O

p

( n

� 1

) :

Expanding this expression for E (

^

Q j � ) ab out � =

^

� giv es

V E (

^

Q j � ) =

 

@ g (

~

T (

^

� ))

@ �

!

T

�

 

@ g (

~

T (

^

� ))

@ �

!

+ O

p

( n

� 3 = 2

) ;

But b y the c hain rule,

@ g (

~

T ( � ))

@ �

=

@ g (

~

T ( � ))

@ T

y

@

~

T

y

( � )

@ �

=

@ g (

~

T ( � ))

@ T

y

n

� 1

X

i 2 mis

 

@ �

i

( � )

@ �

!

;

so

V E (

^

Q j � ) =

 

@ g (

^

T )

@ T

y

!

D

�

(

^

� )

T

� D

�

(

^

� ) + O

p

( n

� 3 = 2

) : (34)
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Com bining (33) and (34) establishes (9).

Finally , to establish (10), notice that

S = n

� 1

( Z

T

Z � nT T

T

) + O

p

( n

� 1

) ;

so

nU =

 

@ g ( T )

@ T

!

T

n

� 1

Z

T

Z

 

@ g ( T )

@ T

!

�

 

@ g ( T )

@ T

!

T

( T T

T

)

 

@ g ( T )

@ T

!

+ O

p

( n

� 1

) ; (35)

where the leading terms are O

p

(1). The second term of (35) dep ends on y

mis

only through

T

y

, so b y expansion ab out T

y

=

^

T

y

(see (31)) the exp ectation of the second term is

�

 

@ g (

^

T )

@ T

!

T

(

^

T

^

T

T

)

 

@ g (

^

T )

@ T

!

+ O

p

( n

� 1

) : (36)

The �rst term of (35), ho w ev er, dep ends on y

mis

through T

y

, X

T

y , and y

T

y . Let Z ( � )

denote a mean-imputed v ersion of Z = ( X ; y ) with y

mis

replaced b y � ( � ). F or an y � ,

n

� 1

Z

T

Z � n

� 1

Z (

^

� )

T

Z (

^

� ) = A + B ; (37)

where

A = n

� 1

Z

T

Z � n

� 1

Z ( � )

T

Z ( � )

and

B = n

� 1

Z ( � )

T

Z ( � ) � n

� 1

Z (

^

� )

T

Z (

^

� ) :

The matrix A has zeros ev erywhere except the last ro w and column, whose en tries are

n

� 1

X

i 2 mis

x

ij

( y

i

� �

i

( � )) ; j = 1 ; : : : ; p (38)

and

n

� 1

X

i 2 mis

( y

i

� �

i

( � ))

2

: (39)

The conditional exp ectations of (38) and (39) giv en � are zero and n

� 1

P

i 2 mis

�

2

i

( � ), re-

sp ectiv ely , so E ( A ) = E E ( A j � ) is a matrix with

n

� 1

X

i 2 mis

�

2

i

(

^

� ) + O

p

( n

� 1

)
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in the lo w er righ t-hand corner and zeros elsewhere. Similarly , B has zeros except in the

last ro w and column, whose en tries are

n

� 1

X

i 2 mis

x

ij

( �

i

( � ) � �

i

(

^

� )) ; j = 1 ; : : : ; p (40)

and

n

� 1

X

i 2 mis

( �

i

( � ) � �

i

(

^

� ))

2

: (41)

By expansion (30), the exp ectations of (40) and (41) v anish up to terms of O

p

( n

� 1

), so

E ( B ) = O

p

( n

� 1

), and th us (37) implies that

E ( n

� 1

Z

T

Z ) = n

� 1

Z (

^

� )

T

Z (

^

� ) + E ( A ) + O

p

( n

� 1

) : (42)

Finally , (42) and the fact that T �

^

T = O

p

( n

� 1 = 2

) as follo ws from (31) imply that the

exp ectation of the �rst term in (35) is

 

@ g (

^

T )

@ T

!

T

n

� 1

Z (

^

� )

T

Z (

^

� )

 

@ g (

^

T )

@ T

!

(43)

plus the remainder

 

@ g (

^

T )

@ T

!

T

E ( A )

 

@ g (

^

T )

@ T

!

+ O

p

( n

� 1 = 2

) :

But b ecause of the pattern of zeros in E ( A ), this remainder simpli�es to

 

@ g (

^

T )

@ T

y

!

2

n

� 1

X

i 2 mis

�

2

i

(

^

� ) + O

p

( n

� 1 = 2

) : (44)

Substituting (43), (44), and (36) in to (35) pro v es the result.
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