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Abstract: Let µ be a p-dimensional vector, and let Σ1 and Σ2 be p × p positive

definite covariance matrices. On being given random samples of sizes N1 and N2

from independent multivariate normal populations Np(µ, Σ1) and Np(µ, Σ2), re-

spectively, the Behrens-Fisher problem is to solve the likelihood equations for esti-

mating the unknown parameters µ, Σ1, and Σ2. It is well-known that the likelihood

equations cannot be solved explicitly, and this has led to many different approaches

to the Behrens-Fisher problem and with a commensurately large number of pub-

lications on the topic. We prove that for N1, N2 > p, there are, almost surely,

exactly 3p real or complex solutions of the likelihood equations. We propose a new

iterative algorithm for solving the system of likelihood equations. For the case in

which p = 2, we utilize Monte Carlo simulation to estimate how frequently a typical

Behrens-Fisher is likely to have multiple real solutions; we find that multiple real

solutions occur infrequently.

Key words and phrases: Behrens-Fisher problem, Bernstein’s theorem, Bézout’s

theorem, carrier sets, facial resultant, maximum likelihood estimation, mixed vol-

ume, numerical continuation algorithms, polyhedral homotopy continuation.

1. Introduction

Suppose that µ ∈ Rp is a constant p-dimensional vector, and suppose also

that Σ1 and Σ2 are p×p positive definite matrices. Consider corresponding inde-

pendent multivariate normal populations, Np(µ,Σ1) and Np(µ,Σ2), from which

we have been given random samples X1, . . . , XN1 and Y1, . . . , YN2 , respectively.

On the basis of the given data, the famous Behrens-Fisher problem is to estimate

the parameters µ, Σ1, and Σ2 by means of the method of maximum likelihood.

It is well-known that the corresponding system of likelihood equations cannot

be solved explicitly, and that has led many to propose alternative solutions to

the Behrens-Fisher problem. As a consequence, the literature on the Behrens-
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Fisher problem is substantial, reflecting the intense interest which the problem

has generated since its inception, and indeed the problem has generated both

an extensive philosophical discussion in addition to efforts to derive solutions

which are optimal for statistical inference. In this paper, we study the problem

of determining the number of solutions of the likelihood equations.

For the case in which p = 1, i.e., the univariate Behrens-Fisher problem,

there are three unknown scalar parameters, viz., µ, the common mean, and σ2
1

and σ2
2, the population variances. For this problem, Sugiura and Gupta (1987)

reduced the system of equations to a cubic equation in µ and deduced that, almost

surely, there are three complex solutions. They observed also that the likelihood

equation tended to have multiple solutions if σ2
1 and σ2

2 are small in comparison

with µ, and otherwise that the likelihood equation usually has a unique solution.

In the sequel, we shall provide an explanation of these phenomena in the general

multivariate case.

Drton (2006) has also studied the univariate Behrens-Fisher problem and

observed that the system of three equations for µ, σ2
1, and σ2

2 has the algebraic

structure of a lexicographic Gröbner basis (Pachter and Sturmfels (2005), p. 86).

By analyzing the discriminant of this system of equations, Drton shows that the

paucity of three real solutions is a consequence of the Gröbner basis formulation

of the likelihood equations. Therefore, it is natural to conjecture that similar

results hold in the general multivariate setting.

In this paper, as in our earlier article (Buot and Richards, 2006), we ap-

ply results from the theory of algebraic geometry to study the solution set of

the system of likelihood equations for the multivariate Behrens-Fisher problem.

Remarkably, it turns out that the exact number of solutions of the likelihood

equations can be determined. Generalizing the univariate result described ear-

lier, we shall prove the following result:

Theorem. Suppose that N1, N2 > p. Then, almost surely, there are exactly 3p

real or complex solutions of the system of likelihood equations for the multivariate

Behrens-Fisher problem. In particular, almost surely, there always exists at least

one real solution.

We remark that, by an appeal to algebraic geometry, the number of solutions

can be shown to be finite, almost surely. Indeed, by Huber and Sturmfels (1995),
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a system of p equations in p variables has a finite number of solutions if all p

“facial resultants” of the system are non-zero; here, a facial resultant is a certain

determinant in the coefficients of the system of equations. In our case, the entries

of these determinants are polynomials in the continuous random variables {Xj}
and {Yj}, so we find that the facial resultants themselves are continuous random

variables. Therefore, almost surely, all p facial resultants are non-zero, from

which we deduce that the number of solutions of the system is finite. Thus,

the significance of the theorem stems from the formula for the exact number of

solutions.

2. Remarks on the likelihood equations

Denote by X̄ and Ȳ be the sample means of the samples from Np(µ,Σ1) and

Np(µ,Σ2), respectively. By standard calculations (cf., Mardia, et al. (1979), p.

142), we find that the likelihood equations for estimating µ, Σ1 and Σ2 are:

Σ̂1 = N−1
1

N1∑
j=1

(Xj − µ̂)(Xj − µ̂)′,

Σ̂2 = N−1
2

N1∑
j=1

(Yj − µ̂)(Yj − µ̂)′
(2.1)

and

(N1Σ̂−1
1 + N2Σ̂−1

2 )µ̂ = N1Σ̂−1
1 X̄ + N2Σ̂−1

2 Ȳ . (2.2)

Some authors have proposed the following iterative algorithm for solving (2.1)

and (2.2):

(1) Begin the iteration with initial estimates Σ̂i,0 = S̃i, i = 1, 2, where

S̃1 = N−1
1

N1∑
j=1

(Xj − X̄)(Xj − X̄)′,

S̃2 = N−1
2

N2∑
j=1

(Yj − Ȳ )(Yj − Ȳ )′.

(2.3)

(2) Apply (2.2) to calculate µ̂0, the corresponding estimate of µ, in the form

µ̂0 = (N1Σ̂−1
1,0 + N2Σ̂−1

2,0)
−1N1Σ̂−1

1,0X̄ + N2Σ̂−1
2,0Ȳ .
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(3) Using the value of µ̂0 obtained in Step 2, calculate Σ̂i,1, an updated value

of Σ̂i,0 using the formulas,

Σ̂1,1 = S̃1 + (X̄ − µ̂0)(X̄ − µ̂0)′, Σ̂2,1 = S̃2 + (Ȳ − µ̂0)(Ȳ − µ̂0)′,

which are a consequence of (2.1).

(4) Return to Step 2 and update µ̂j until the sequences Σ̂1,j and Σ̂2,j , j =

1, 2, 3, . . ., converge.

We have not been able to locate in the literature an investigation of the

convergence properties of this algorithm. We note that the algorithm rests on the

implicit assumptions that the initial values of the Σ̂i will lead to convergence and

that the objective function has a unique local – and hence global – maximum. It is

precisely this issue which is at the heart of any attempt to solve (2.1) and (2.2).

If the likelihood function were found to be multimodal, a phenomenon which

has been encountered recently by Drton and Richardson (2004) in a study of

seemingly unrelated regression models, then any numerical algorithm for solving

the system of likelihood equations necessarily must include some information

about the choice of initial values.

At first glance, it appears that the likelihood equations are a system of p(p+2)

equations in p(p+2) variables comprising the p components of µ and the p(p+1)/2

independent entries of both Σ1 and Σ2. However, a closer inspection of (2.1) and

(2.2) reveals that if µ̂ is known then Σ̂1 and Σ̂2 are determined completely. This

observation raises the possibility that the system of p(p + 2) equations may be

reducible to p equations and, in fact, we shall accomplish such a reduction. By

using the special structure of (2.1) and by applying some judicious algebraic

manipulations, we shall eliminate Σ̂1 and Σ̂2 from (2.2), thereby obtaining a

system of p third-degree equations in the variables µ̂1, . . . , µ̂p.

For a given random sample from each normal population, once we obtain

a numerical solution µ̂ to (2.1) and (2.2), the resulting numerical values of Σ̂1

and Σ̂2 in (2.1), being sums of rank-one positive semidefinite matrices, are also

positive semidefinite. It then follows from (2.1) that, for N1, N2 > p, each real

solution µ̂ automatically results in numerical solutions for Σ1 and Σ2 which are

positive definite, almost surely. Hence, in applying algebraic geometric methods,
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all real solutions for µ̂ are permissible; i.e., in the case of real values of µ̂, there is

no need to carry out saturation, the process of discarding solutions which lead to

parameter estimates not in conformity with restrictions basic to the underlying

statistical problem.

3. The proof of the theorem

We apply to the sums in (2.1) the standard procedure of writing each term

Xi − µ̂ as Xi − X̄ + X̄ − µ̂, and similarly for each term Yi − µ̂. This leads to the

formulas

Σ̂1 = S̃1 + (X̄ − µ̂)(X̄ − µ̂)′ (3.1)

and

Σ̂2 = S̃2 + (Ȳ − µ̂)(Ȳ − µ̂)′ (3.2)

where S̃1 and S̃2 are defined in (2.3). By a special case of Woodbury’s theorem

(cf., Muirhead (1982), p. 580, Theorem A5.1) we have, for any nonsingular p× p

matrix M and any column vector v ∈ Rp,

(M + vv′)−1 = M−1 − M−1vv′M−1

1 + v′M−1v
.

Multiplying the latter equation on each side from the right by v and simplifying

the result, we obtain

(M + vv′)−1v = M−1v − M−1vv′M−1v

1 + v′M−1v

=
(1 + v′M−1v)M−1v − (M−1v)(v′M−1v)

1 + v′M−1v

=
M−1v

1 + v′M−1v
.

Setting M = S̃1 and v = X̄ − µ̂, we obtain

Σ̂−1
1 (X̄ − µ̂) ≡

(
S̃1 + (X̄ − µ̂)(X̄ − µ̂)′

)−1(X̄ − µ̂)

=
S̃−1

1 (X̄ − µ̂)

1 + (X̄ − µ̂)′S̃−1
1 (X̄ − µ̂)

, (3.3)

and, similarly,

Σ̂−1
2 (Ȳ − µ̂) =

S̃−1
2 (Ȳ − µ̂)

1 + (Ȳ − µ̂)′S̃−1
2 (Ȳ − µ̂)

. (3.4)
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On rewriting (2.2) as

N1Σ̂−1
1 (X̄ − µ̂) + N2Σ̂−1

2 (Ȳ − µ̂) = 0,

it follows from (3.3) and (3.4) that (2.2) is equivalent to

N1S̃
−1
1 (X̄ − µ̂)

1 + (X̄ − µ̂)′S̃−1
1 (X̄ − µ̂)

+
N2S̃

−1
2 (Ȳ − µ̂)

1 + (Ȳ − µ̂)′S̃−1
2 (Ȳ − µ̂)

= 0.

For µ̂ ∈ Rp, the denominators in the latter equation are strictly positive so, by

clearing denominators, we obtain

N1

(
1 + (Ȳ − µ̂)′S̃−1

2 (Ȳ − µ̂)
)
S̃−1

1 (X̄ − µ̂)

+ N2

(
1 + (X̄ − µ̂)′S̃−1

1 (X̄ − µ̂)
)
S̃−1

2 (Ȳ − µ̂) = 0, (3.5)

a system of polynomial equations for µ̂1, . . . , µ̂p. By inspection, we see that each

of these equations is of degree 3. Therefore, by Bézout’s theorem (cf., Cox, et al.

(1998), Sturmfels (2002)), the system of equations (3.5) has at most 3p real or

complex solutions.

To derive the exact number of solutions of the system, we now apply the re-

sults of Bernstein (1975), Khovanskĭı(1978), and Kushnirenko (1976), now com-

monly known as BKK theory; cf., Cox, et al. (1998), Sturmfels (2002). Our use

of BKK theory follows on our earlier application (Buot and Richards, 2006) in

work on mixture models.

Thus, let e1, . . . , ep denote the standard basis for the vector space Rp. In

each of the p equations in (3.5), the carrier set of the quadratic terms 1 + (Ȳ −
µ̂)′S̃−1

2 (Ȳ − µ̂ and 1+(X̄− µ̂)′S̃−1
1 (X̄− µ̂) is the Minkowski sum, {0, e1, . . . , ep}+

{0, e1, . . . , ep}. Further, the linear terms arising from the products S̃−1
1 (X̄ − µ̂)

and S̃−1
2 (Ȳ −µ̂), have carrier set {0, e1, . . . , ep}. Therefore, each of the p equations

in (3.5) has common carrier set

Π := {0, e1, . . . , ep}+ {0, e1, . . . , ep}+ {0, e1, . . . , ep}. (3.6)

Letting N0 denote the set of nonnegative integers, it follows that

Π =
{ p∑

j=1

njej : nj ∈ N0, 1 ≤ j ≤ p,

p∑
j=1

nj ≤ 3
}
. (3.7)
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Indeed, each nj in (3.7) is simply the number of times that ej is chosen in forming

the elements of the Minkowski sum (3.6).

It now follows from (3.7) that C(Π), the convex hull of Π, is

C(Π) =
{ p∑

j=1

tjej : tj ≥ 0, 1 ≤ j ≤ p,

p∑
j=1

tj ≤ 3
}

≡
{
(t1, . . . , tp) : tj ≥ 0, 1 ≤ j ≤ p,

p∑
j=1

tj ≤ 3
}
.

By the well-known Dirichlet integral, the volume of C(Π) is 3p/Γ(p + 1) = 3p/p!.

By BKK theory (Kushnirenko, 1976), it follows that the number of isolated

solutions of (3.5) in (C∗)p is p! · Vol(C(Π)) = 3p, where C∗ denotes the set of

non-zero complex numbers.

Because the data {Xj} and {Yj} are normally distributed, then the solutions

of (3.5) are continuous random variables. Therefore, it follows that all solutions

are isolated, almost surely. Moreover, since the number of solutions is odd then,

due to the fact that solutions appear in complex conjugate pairs, there exists at

least one real solution. This completes the proof of the theorem.

Remark. Denoting by L(µ,Σ1,Σ2) the likelihood function for the Behrens-

Fisher problem, it is straightforward to show that

L(µ̂, Σ̂1, Σ̂2) = (2πe)−(N1+N2)p/2 |Σ̂1|−N1/2 |Σ̂2|−N2/2.

By (3.1) and (3.2), we obtain

|Σ̂1| = |S̃1| ·
(
1 + (X̄ − µ̂)′S̃−1

1 (X̄ − µ̂)
)

and

|Σ̂2| = |S̃2| ·
(
1 + (Ȳ − µ̂)′S̃−1

2 (Ȳ − µ̂)
)
.

Therefore

L(µ̂, Σ̂1, Σ̂2) = (2πe)−(N1+N2)p/2 |S̃1|−N1/2 |S̃2|−N2/2

×
(
1 + (X̄ − µ̂)′S̃−1

1 (X̄ − µ̂)
)−N1/2 (1 + (Ȳ − µ̂)′S̃−1

2 (Ȳ − µ̂)
)−N2/2

.

It is clear now that, to find the maximum value of L, we need to minimize(
1 + (X̄ − µ̂)′S̃−1

1 (X̄ − µ̂)
)N1/2 (1 + (Ȳ − µ̂)′S̃−1

2 (Ȳ − µ̂)
)N2/2

. (3.8)
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While this expression can be easily evaluated computationally at each real solu-

tion of the score equation, it would be good to have further information about

an algebraic expression for the minimal value of (3.8).

The expression (3.8) also provides us with information about the existence

of multiple solutions of the likelihood equations. If X̄ = Ȳ then it follows from

(3.8) that the unique solution of the likelihood equations is µ̂ = X̄ = Ȳ . More

generally, the smaller the distance between X̄ and Ȳ (in the sense that (X̄ −
µ̂)′S̃−1

1 (X̄ − µ̂) and (Ȳ − µ̂)′S̃−1
2 (Ȳ − µ̂) are close in value), the more likely it is

that the likelihood equations will have a unique real solution. We see then that

Behrens-Fisher problems encountered in data analysis are likely to have a unique

solution, for inference about the difference between the means of multivariate

normal populations would be carried out by a practical investigator only if the

difference between population means, viz., µ, is small.

The above observations also lead us to propose a new iterative algorithm for

solving the likelihood equations (3.1) and (3.2). For any vectors u, v ∈ Rp, it is

a simple algebraic identity that

u′u− v′v = (u− v)′(u + v).

Applying this identity with u = S̃
−1/2
1 (X̄ − µ̂) and v = S̃

−1/2
2 (Ȳ − µ̂) and sim-

plifying the resulting expressions, we obtain

(X̄ − µ̂)′S̃−1
1 (X̄ − µ̂)− (Ȳ − µ̂)′S̃−1

2 (Ȳ − µ̂)

=
(
S̃
−1/2
1 X̄ − S̃

−1/2
2 Ȳ − (S̃−1/2

1 µ̂− S̃
−1/2
2 )µ̂

)′
×
(
S̃
−1/2
1 X̄ + S̃

−1/2
2 Ȳ − (S̃−1/2

1 + S̃
−1/2
2 )µ̂

)
.

To ensure that (X̄ − µ̂)′S̃−1
1 (X̄ − µ̂) and (Ȳ − µ̂)′S̃−1

2 (Ȳ − µ̂) are close in value,

we choose µ̂ so that the term S̃
−1/2
1 X̄ + S̃

−1/2
2 Ȳ − (S̃−1/2

1 + S̃
−1/2
2 )µ̂ is small.

We then propose a new iterative algorithm for solving the likelihood equa-

tions for the Behrens-Fisher problem, as follows:

(1) Start with the initial value for µ̂:

µ̂0 = (S̃−1/2
1 + S̃

−1/2
2 )−1(S̃−1/2

1 X̄ + S̃
−1/2
2 Ȳ )
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(2) Using (3.1) and (3.2), calculate corresponding estimates of Σ̂i, i = 1, 2:

Σ̂1,0 = S̃1 + (X̄ − µ̂0)(X̄ − µ̂0)′

Σ̂2,0 = S̃2 + (Ȳ − µ̂0)(Ȳ − µ̂0)′

(3) Update µ̂0 using the likelihood equation (2.2):

µ̂1 = (N1Σ̂−1
1,0 + N2Σ̂−1

2,0)
−1
(
N1Σ̂−1

1,0X̄ + N2Σ̂−1
2,0Ȳ

)
(4) Return to Step 2 and repeat the process until both Σ̂1,j and Σ̂2,j converge

As with the earlier algorithm at (2.3), it is a challenging problem to ascertain

the convergence properties of this algorithm.

4. Simulations for bivariate Behrens-Fisher problems

Having determined the number of solutions of the system of likelihood equa-

tions (3.5) it is natural to seek the number of real solutions, for it is those solutions

which are of interest in statistical inference. Not surprisingly, it appears to be

difficult to determine an algebraic expression for the number of real solutions

of the system; indeed, this is also the case for the general theory of systems of

polynomial equations.

To study the real solutions of the system (3.5), we consider the case in which

p = 2, presenting empirical evidence that multiple solutions occur rarely. In these

computations, each simulation run consists of samples from two bivariate normal

distributions, N2(µ,Σ1) and N2(µ,Σ2), in which the sample sizes N1 and N2,

and the parameters µ, Σ1, and Σ2, are randomly generated. The solutions of the

resulting likelihood equations (3.5) were computed numerically using PHCpack

(Verschelde, 1999), a software package which implements polyhedral homotopy

continuation methods for solving systems of polynomial equations.

The results of our simulations show that multiple solutions can occur. For

example, for N1 = 11, N2 = 5, and the summary statistics

X̄ =

(
−1.5516

−9.4713

)
, S̃1 =

(
0.3998 −0.1026

−0.1026 0.2378

)
,

Ȳ =

(
−1.9175

−10.4805

)
, S̃2 =

(
0.4193 0.0792

0.0792 0.0334

)
,
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the real solutions for µ are(
−1.3570

−10.2957

)
,

(
−1.2478

−9.9902

)
, and

(
−1.4451

−9.6333

)
.

This example seems, however, to be a rare exception. In fact, our simulations

found that the bivariate Behrens-Fisher likelihood equations (3.5) had one real

solution about 99.5% of the time, three real solutions about 0.5% of the time,

and we found no instances in which the equations had five or more real solutions.

To test for distinctions between the case of small and large samples in the

bivariate case, we performed simulations in which N1 and N2 were randomly

generated between 3 and 15. The outcomes are given as follows:

Table 4.1: Simulations with 3 ≤ N1, N2 ≤ 15

Number of solutions Frequency Percentage
1 4450 99.29%
3 32 0.71%

As noted above, none of these simulation resulted in more than three real solu-

tions.

In the case of larger samples, our simulations resulted in the following out-

comes:

Table 4.2: Simulations with 15 ≤ N1, N2 ≤ 60

Number of solutions Frequency Percentage

1 4404 99.46%

3 24 0.54%

Here again, no simulation resulted in more than three real solutions.

In summary, there seems to be little chance that a randomly generated, two-

dimensional Behrens-Fisher problem will have three or more real solutions, and

there is a high chance that it will have a unique real solution.
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