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Abstract

We extend the standard mixture of linear regressions model by allow-
ing mixing proportions to be modeled nonparametrically as a function of
the predictors. This framework allows for more flexibility in the modeling
of the mixing proportions than the fully parametric mixture of experts
model, which we also discuss. We present an EM-like algorithm for esti-
mation of the new model. We also provide simulations demonstrating that
our nonparametric approach can provide a better fit than the parametric
approach in some instances and can serve to validate and thus reinforce
the parametric approach in others. We also analyze and interpret two real
data sets using the new method.

Keywords: EM algorithms, hierarchical mixture of experts, mixture mod-
els, mixtures of regressions

1 Introduction

In a typical multivariate finite mixture model, the m-dimensional vectors Y1,...,Y,
are a simple random sample from an m-component mixture distribution such

that Y; has density

Fyid) =Y Nalyi 05), (1)
j=1

where m > 1 is fixed (and assumed known for now) and the \;, called the weights
(or mizing proportions) for the components, are positive and sum to unity.
The density ¢ is assumed to come from a parametric family with parameter

0; € ©; C R? where ©; is open in R?. The mixture density f is parameterized



by ¥ € ¥, where W represents the parameter space for all unknown parameters
in the mixture model, i.e., (A1,..., A, 01,...,60m).

Suppose now a vector of predictors, say X; = (X;1,...,X;,)" for p <mn, is
also observed with each response Y;. The goal is to describe the conditional dis-
tribution of Y;|X; using a mixture of linear regressions with assumed Gaussian
errors. Thus, Equation (1) becomes

m
Fysxn$) = Aoy x) B),03), (2)
j=1
where ¢(+; xiTﬁj, 0]2) is the normal probability density function with mean x?ﬁj
and variance o7 for some (3;,07) € R? x R}

The uses of mixtures of regressions fall into two primary categories. The
first involves estimating a set of regression coeflicients for all observations com-
ing from a possibly unknown number of heterogeneous classes. This scenario
arises when it seems inaccurate to assume that a single regression adequately
explains the relationship between the variables at hand. An example of this sce-
nario is depicted in Figure 1(a), which shows data from an experiment on the
perception of musical tones (Cohen, 1980). Mixtures of regressions have been
extensively studied in the econometrics literature and were first introduced by
Quandt (1972) as the switching regimes (or switching regressions) problem. A
switching regimes system is often compared to structural change in a system
(Quandt and Ramsey, 1978). A structural change assumes the system depends
deterministically on some observable variables (such as a time variable), but
switching regimes implies one is unaware of what causes the switch between
regimes. In the case where it is assumed there are two heterogeneous classes,
Quandt (1972) characterized the switching regimes problem “by assuming that
nature chooses between regimes with probabilities A and 1 — A.” Quandt and
Ramsey (1978) also developed a moment-generating function for parameter es-

timation.
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Figure 1: Plot (a) is a scatterplot of a data set from a tone perception study
reported in Cohen (1980). Plot (b) shows simulated data illustrating masked
outliers.

A second use for mixtures of regressions is in outlier detection or robust re-
gression estimation. This occurs under the assumption that one regression plane
can adequately model the data, but there is an apparent class heterogeneity be-
cause of large variances attributed to some observations, which are considered
outliers. Viele and Tong (2002) consider this approach when discussing masked
outliers, which they describe as outliers that “cannot be detected individu-
ally by standard techniques.” Pena, Rodriguez, and Tiao (2003) used a split
and recombine (SAR) procedure to identify possible clusters in a sample, since
masked outliers often appear as clusters. Figure 1(b) is a simulated data set
with masked outliers, similar to those analyzed in Viele and Tong (2002) and
Pena et al. (2003). The cluster of points in the upper left of the scatterplot are
high leverage outliers which traditional methods fail to detect (see Justel and
Pena, 1996).

Given the m-component mixture of regressions model (2) and a new obser-
vation (¥n+1,Xn+1), one might ask which of the m regression functions in the
model should be used to predict the value of the response y,y1. According

to the model, each regression should occur with probability equal to its corre-



sponding A;, but this might not be realistic if x,, 41 contains some information
about the relative weights. To reflect this possibility in the notation, we may

replace model (2) by
Fyixi ) =D A (%) 6y x] B, 03)- (3)
j=1

How should we model \;(x;) in equation (3)?7 One way is to assume a
parametric form, such as a logistic function, which introduces new parameters
requiring estimation. This is the idea of the hierarchical mixtures of experts
(HME) procedure (Jacobs, Jordan, Nowlan, and Hinton, 1991), which is com-
monly used in neural networks. The HME procedure is a variant on tree-based
methods — a context somewhat different from the one we describe. Since a
parametric form of \;(x;) may be too restrictive, we propose in this article a
nonparametric estimate of A;(x;) that uses ideas from kernel density estimation.

The remainder of the article discusses the HME model, then introduces
our more flexible nonparametric method for modeling the mixing weights as
functions of the predictors. We also provide an EM-like algorithm for estimation
using our method. Finally, we illustrate the method using both simulated data
sets and real data sets. EM algorithms for both the traditional mixture-of-
regressions model and the HME model are included as appendices. The code for
the estimation procedures is included in a package mixtools (Young, Benaglia,
Chauveau, Hunter, Elmore, Xuan, Hettmansperger, and Thomas, 2008) for the

R statistical computing environment (R Development Core Team, 2008).

2 Hierarchical Mixtures of Experts

The hierarchical mixtures of experts (HME) model comes from the statistical
learning (or machine learning) literature [see Jordan and Jacobs (1992), Jordan
and Jacobs (1994), and Jordan and Xu (1995) for discussion]. In a statistical

learning problem, the goal is to categorize each of a set of individuals into one



of m classes based on some measurements. In the supervised learning problem,
some of the individuals (called the training data) are already categorized, and
the goal is to build a learner, which is a model used to predict the outcome for
new subjects. In the unsupervised learning problem, the goal is to cluster unla-
beled training data by partitioning a set of features into a number of statistical
classes. Mixture models generally can be considered an unsupervised learn-
ing method, even though classification of individuals is not always the goal of
mixture modeling. Although we compare our proposed (mixture model-based)
method to HME in this article, as Hastie, Tibshirani, and Friedman (2001)
points out, the HME procedure is really a variant of tree-based methods such as
CART and MARS, so the focus of HME models is often on supervised learning.
We will return to this point after formally defining the HME model.

The architecture of the HME model involves a set of functions (the leaves
in the tree structure of Figure 2) called expert networks that are combined
together by a classifier (the non-leaf nodes) called gating networks. The gating
networks split the feature space into regions where one expert network seems
more appropriate than the other. For illustration, we present a HME model
with two levels in Figure 2.

The top gating network in a two-level HME has the output

exp{x}T;}
(x5, 7) = t_J : 4
J( T ) Z:n:ll eXp{x;FT,«} ( )
where 7 = 1,...,my, 7; € RP is an unknown gating parameter vector and
T =(71,...,75 ). Since the \;(x;,7) of Equation (4) are nonnegative and

sum to one, they produce a probabilistic split (or soft split) that partitions the
feature space into my regions. We now have another level of gating networks,

where each of the m; gating networks has its own output, given by

exp{x;w;}
o exp{xfw;,}’

Aja(Xi,wj) =



Figure 2: A diagram of a HME model with two levels. The density f is approx-
imated by the weighted sum of lower gating networks, which are the weighted
sum of expert networks: f = 23:1 A 37 A\jugji- For economy of notation,
we write g(yi;X;, 05.1) as g;1, Aj(xi,7) as A;, and so on.
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where | = 1,...,my and w; = (w7l
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bilistically split each of the previous m regions into its own set of ms subregions.
These subregions correspond to the expert networks, which model the output
variable, y;, according to the probability density function g(y;;x;,8;,;) where
0;, is a component-specific parameter vector. These probability densities typ-
ically belong to an exponential family; for simplicity, we assume the densities

are normal. Combining all of the preceding yields the mixture density

Fisxio ) =Y Ni(xi 7)Y Aja(xi, w;)g(yis xi, 05,), (6)
j=1 =1

where 1 is the parameter vector consisting of all component-specific parame-
ters and all gating parameter vectors for each gating network. Thus, we have
a mixture model where the mixing proportions are determined by the gating
network models.

We have presented only a two-level HME model in (6) and Figure 2 depicts
the simple case in which m; = my = 2. The model can be extended to more
than two levels of gating networks (Jordan and Xu, 1995), but the notation
becomes rather cumbersome. Also, when there is only one gating network, there
is no hierarchical structure and the model is simply a mizture of experts (ME).
Models similar to the ME model appear elsewhere. In the psychology literature,
Nagin (1999) implements such a model to statistically link group membership
to predictors when analyzing developmental trajectories. Also, Yau, Lee, and

Ng (2003) propose
exp{x]7;+d;} 7)
S exp{xlT, 4+ &}

where §; represents an unobservable random effect due to the i*? subject affect-

Aj(xi) =

ing the value of the j'" mixing proportion.
As Jordan and Xu (1995) point out, the mixtures of linear regressions model
can be viewed as representing one end of a continuum and tree-based methods

(like CART and MARS) the other end, while the HME model “interpolates



smoothly between these extremes.” At one end of this continuum, the tree-
based methods rigidly partition the covariate space, with each point in this
space belonging to exactly one of the m subgroups. At the other end, the plain
mixture of regressions model (2) assigns each subgroup a fixed probability that
is independent of the covariates. In between these methods, the HME model has
gating networks that allow the probability of subgroup membership to depend
on the covariate vector. Since this is a property shared by the method we
propose here, our method may be viewed as another such interpolation method.

Bayesian methods have been developed for the HME architecture (Jacobs,
Peng, and Tanner, 1997). However, we present in Appendix B an EM algorithm
for maximum likelihood estimation. The output from this algorithm will later

be compared with estimates using our nonparametric method.

3 Nonparametric Predictor-Dependent Mixing
Proportions

It is not difficult to imagine situations in which the logistic curves of an HME
model are not appropriate for modeling the dependence of the mixing propor-
tions A; on the predictors x. Consider the simulated data set of Figure 3(a),
which comes from a mixture of simple linear regressions.

In this simulation, independent realizations x1, ..., x50 of the predictor are
generated from a uniform distribution on (0,100). Then, the component —

one or two — is chosen at random, with component 1 having probability [1 4+

cos(z/10)]/2. Finally, realizations of the response, y1, ..., ys00, are generated as
v, N(x;,6), if component 1; (8)
¢ N(—50 + 2x;,7), if component 2.

After applying the standard mixture-of-regressions EM algorithm given in Ap-

pendix A for model (2) in which the \; are assumed constant, we automatically
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Figure 3: (a) Scatterplot of a simulated data set. Note that the colors and
shapes, which distinguish between the two subpopulations and are known only
because these data are simulated, are assumed to be unobserved. (b) Plot
of the posterior membership probabilities pg,olo) from an EM algorithm versus
the predictors. The curve represents the way the true component labels were
generated. In both plots, black o’s denote component 1 and red +’s denote

component 2.

obtain the quantities pE:)f) of equation (30), where

P = A A (i — 2iB)
S AP g = B AT £ (g — i)

and f](oo) is the normal density with mean zero and standard deviation 0§°°).

These pgic) may be called the posterior probabilities of membership in compo-
nent 1 for the i observation (this term is sensible if )\goo) is considered the prior

probability of membership, and thus it gives a convenient way to refer to the

p))

in Figure 3(b). The solid curve in Figure 3(b) is the curve [1 + cos(z/10)]/2 by

. Plotting the posterior probabilities against the predictor values results

which the component probabilities were generated originally.

The parametric form of A;(x) in the HME model does not have the flexi-
bility to capture the oscillating shape of the true relationship shown in Figure
3(b). As an alternative, we propose a nonparametric approach, similar to kernel

regression, for modeling the mixing proportions.



When we obtain estimates for In estimating A; using an EM algorithm,
what we are actually doing is finding the marginal expectation of the indicator
variables

Z; ; = I{observation i belongs to component j},

1 < j < m. Our nonparametric approach attempts to utilize instead a locally
weighted average using a kernel density. As in nonparametric regression (of Z; ;

on X;), we wish to estimate the expression
Aj(xi) = E[Zi 51X, = xi] )

of model (3). Exploiting well-studied ideas of kernel regression (Nadaraya, 1964;

Watson, 1964), we propose to approximate this conditional probability by

\(x;) = i1 ZiiKn(xi — x1)I(A)
o Zln:1 Kn(x; —x1)I(A))

(10)

where

1 i1~ ip —
’Ch(xi — Xl) = h ’C(fﬂ 1 iEl,l’” 3 X ,ph xl,P) (11)
P P

hy
a={

Here, IC denotes a (multivariate) kernel density function operating on p argu-

and

Tiom — Tl,m ‘

. <1Vm:17...,p}.

ments where p is the length of the predictor vector and h = (hq,..., hp)T is a
vector of bandwidths. For simplicity, we deal strictly with the univariate case
(p =1) in our discussion.

There are several issues concerning kernel-based nonparametric methods,
such as choice of bandwidth and selection of kernel type. We briefly outline the
methods we use, but a deeper treatment of these and other issues in kernel-based
nonparametric methods may be found in Wand and Jones (1995).

We use cross-validation (CV) for bandwidth selection in our simulations,

which is a data-driven method. Denote the full data set by S, which we partition

10



into a training set S —S; and test set S;, j =1,2,..., N, where N corresponds
to the number of times we partition the data. In other words, S; and S — S;
will always be disjoint, but the S; themselves need not be disjoint nor cover
S. For each time we partition the data, the intent is to build a learner based
on the training data, which we then evaluate at the test set. We denote the
actual value of the predictor-dependent mixing proportions by A(z;) and build
the learner Ag, (z;) based on the j*! training set.l”) Then, we estimate g, (z;)
evaluated at the values in the j** test set S;. The CV criterion we use has the

form

N
CV(R) = D M) = As; ()] (12)

j=14€S;

and we select the bandwidth that minimizes this criterion. For our simulations,
we restrict attention to a range of integer values for a rough approximation, but
actually h can be any positive real number.

Some commonly used kernels are the Gaussian kernel

K(z) = \%27 exp{—a2/2} (13)

and those belonging to the symmetric beta family

1
K(z) = ———————(1—2%)] 14
@)= Bem 2y L)+ (14)
where v = 0,1,2,.... In the symmetric beta family, specific kernels include uni-

form, Epanechnikov, biweight, and triweight for v = 0,1, 2, and 3, respectively.

Other options include the cosine kernel
1
K(z) = 5(1 + cos(mx)) (15)
and the optcosine kernel

K(z) = %(cos(mc/Q)). (16)

9Notice that we have suppressed the subscript denoting component membership as our
simulations come from a 2-component mixture and hence have only one mixing proportion.

11



Figure 4: Two possible trees for the same set of mixing proportions.

Another important difference between our local model and the HME model
is that we cannot impose a hierarchical structure for the local setting. Consider
the tree in Figure 2. In the HME setting, each mixing proportion is the prod-
uct of inverse logit (denoted by inv.logit) functions. For instance, the mixing

proportion for g(y;;x;,01,1) is

A (%4, 7)1 1 (%4, wy) = inv.logit(x; 7)inv.logit(x] w; )
B exp{x} (T + w1)}
1+ exp{xI7} +exp{xFwi} +exp{xF (T + w1)}’

so we have the same functional form for each ¢. However, in the nonparametric
case, suppose we have the mixing proportions {1/6,1/6,2/9,4/9} as in Figure 4.
Then there are multiple trees that can result in this set of mixing proportions.
Therefore, our nonparametric approach makes the parameters of a hierarchical
structure nonidentifiable. All comparisons and simulations in the remainder of
this chapter will be made with the mixture of experts (ME) model and not the
HME model.

Simulations presented later show that our method does better than the ME
approach according to a CV criterion and the mean square error (MSE) when
there is curvature or oscillatory behavior in the form of A;(x;). In cases where

ME solutions are close to the nonparametric solutions, the latter are still valu-

12



able because they provide verification of the ME model assumptions. Further-
more, we obtain an increase in the observed log likelihood using our new model
compared to the fits (utilizing an EM algorithm) obtained from both the ME
procedure and the model with predictor-free mixing proportions. How to mea-
sure the significance of the increase has not yet been investigated and we return
to a brief discussion regarding this topic in the conclusion. Before proceeding
with the simulations and examples, we briefly define an iterative algorithm used

for estimation.
3.1 IGLE Algorithm

In the EM algorithm presented in Appendix A, estimation of the mixing pro-
portions in the maximization step (M-Step) is straightforward. The estimate
for \; is just the mean of the posterior membership probabilities for a given j.
However, this is not true when modeling the mixing proportions as a function
of the predictors. In the ME setting, an iteratively reweighted least squares
(IRLS) loop is required for estimation. In the local setting, we still use an “EM-
like” algorithm, although we have no analogue of the ascent property of a true
EM algorithm. Since we are still interested in global (i.e., not dependent on
x) values for all other parameters in the model, we iterate between estimating
global values and then estimating local mixing proportions. Thus, we call our
algorithm an iterative global/local estimation (IGLE) algorithm.

Consider a partition of the parameter vector 1, say (¢¥1,%3)T, where 13
consists of the predictor-dependent mixing proportions at each x; and 17 con-
sists of all the remaining parameters. We assume a value for the bandwidth, h,
is provided. We now define the IGLE algorithm.

IGLE Algorithm

1. For a given 1® at the t*® iteration, ¢t = 0,1,.. ., estimate 1 globally via

one step of an EM algorithm. Call this estimate 1/;5”1).

13



2. Conditioned on 't/)(t+ estimate

S ol Ko (xi — %)

i (x5 (t+1) _
(1) >oimy Kn(xi —xi)

where

2
Aj (xl)(t)(27ra]2»(t+1))*1/2 exp{—m (yl — XlT,BgtH)) }

2
Sy M) O 2mop T -1/ exp{_%wlwrw <yl —x'3 tH)) }
k
(t+1)
)(t) O’ 1 1 (4+1)
|:1+Z t+1) exp im yg—xlﬂ
J

k#j
UZ(HU

The pl(tﬂ/ ?) values are the posterior membership probabilities obtained

(t+1/2) _
l,j -

from the EM algorithm implemented in the global estimation step. Thus,

we have the estimate 1/Jét+1).

3. Iterate until a stopping criterion is attained.

We say IGLE is an “EM-like” algorithm because the global step does perform
estimation via an EM algorithm, which is conditioned on the mixing propor-
tions. However, in the local step there is no maximization of a global or local
likelihood function. The estimates of the mixing proportions are simply re-
placed with locally weighted estimates. This differs from, say, estimating all
of the parameters locally in a nonparametric mixture of regressions model or
estimating the mixing proportions globally and the remaining parameters lo-
cally in a semiparametric mixture of regressions model (see Huang (2006)). The

estimation procedures for both of these models do maximize a local likelihood.

14
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Figure 5: Plots of the cross-validation criterion C'V'(h) versus the bandwidth
(h) for sample sizes (a) 250, (b) 500, and (c¢) 1000 and A(z;) as given in (20).

A log likelihood local to xq is defined as

mmm=2mkmrmﬁyﬁw%mw2
1=1

Jj=1

mm{%im@rﬁwwmfﬂ.u&

Notice the flexibility gained by modeling the sz’s and 3;’s as functions of xg.
4 Examples

4.1 Simulations

Two underlying functional forms are considered for the values of the A(x;)’s in

the following simulations. First, we simulate the realizations x1,...,x, from

15



250 500 1000
EM 0.0071 | 0.0068 | 0.0066
ME EM | 0.0087 | 0.0078 | 0.0072
IGLE | 0.0023 | 0.0014 | 0.0008

Table 1: Average mean squared errors for 1000 data sets for each n €
{250, 500, 1000} using model (19).

the random variable X; ~ Unif (0,100) and the realizations y1, . .., y, from the

random variable

(19)

Vi~ N(x;,6), with probability A(z;);
! N(—50 + 2x;,7), with probability 1 — A(x;),

where

2
Mg =1- (“15050) (20)
and n € {250,500,1000}. For the local estimation of the A(z;)’s, we use the
Epanechnikov kernel.

For each n, the criterion CV(h) from (12) was minimized to estimate an
optimal h. Bandwidth estimates of 24, 14, and 12 were obtained for the sample
sizes 250, 500, and 1000, respectively. Figure 5 shows the plots of the estimates
obtained. We then use these estimates of the bandwidths in the IGLE algorithm.

Plots of the generated data set (of size 1000) and the posteriors versus the
predictors for the 2-component mixture of linear regressions model, the ME
model, and the nonparametric model using the IGLE algorithm can be found in
Figure 6. The IGLE algorithm provides a better estimate to the true curve than
the ME EM algorithm when assuming the mixing proportions are a function of
the predictors. The ME EM algorithm does not provide the flexibility to pick
up the curvature in this simulation, and in fact, the ME solution looks very

similar to the global A\ solution.

In Table 1, we report the mean squared error (MSE) results when simulating

16
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Figure 6: (a) 1000 generated values according to the model in (19). Plots
of the posterior membership probabilities versus the predictors from (b) the
mixture of linear regressions EM algorithm, (¢) ME EM algorithm, and (d)
IGLE algorithm. The black dashed curves correspond to the functional form
used for the simulation and the green curves correspond to the mixing proportion
estimates provided by the various methods.
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Figure 7: Plots of the cross-validation criterion CV'(h) versus the bandwidth
(h) for sample sizes (a) 250, (b) 500, and (c¢) 1000 and A(z;) as given in (23).
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250 500 1000
EM 0.0635 | 0.0627 | 0.0623
ME EM | 0.0018 | 0.0009 | 0.0004
IGLE 0.0023 | 0.0017 | 0.0011

Table 2: Average mean squared errors for 1000 data sets for each n €
{250,500, 1000} using model (22).

1000 data sets for each n. The MSE is defined as

n

MSE = %Z(A/(\:ci) — M), (21)

i=1
where A(z;) is the true value of the mixing proportion at z; and )@ is the
corresponding estimate.['?] For this simulation, the regular mixture of linear
regressions EM and ME EM algorithm perform similarly while the IGLE algo-
rithm performs much better according to the MSE.
Next we provide a simulation where the true A\(z;) come from an ME model.

We simulate the realizations x1, . .., x, from the random variable X; ~ Unif (49, 51)

and the realizations yq, ..., ¥y, from the random variable
Vi~ N(1000 — 10x;,4), with probability A(z;); (22)
! N(225 4 524, 5), with probability 1 — A(x;),

where

exp{100 — 2z;}
N 2
@) = T p 100 — 207} (23)

and n € {250,500, 1000}. For the local estimation of these A(x;)’s, we again use
the Epanechnikov kernel. Finally, when minimizing the criterion CV (h) from
(12), we obtain bandwidth estimates of 0.60, 0.35, and 0.25 for the sample sizes
250, 500, and 1000, respectively. Figure 7 shows plots of the estimates obtained.

Plots of the generated data set (of size 1000) and the posteriors versus the
predictors for the 2-component mixture of linear regressions model, the ME

model, and the nonparametric model using the IGLE algorithm can be found in

10Tn the regular mixture of linear regressions EM, @ is simply the global estimate by

19



Figure 8: (a) 1000 generated values according to the model in (22). Plots
of the posterior membership probabilities versus the predictors from (b) the
mixture of linear regressions EM algorithm, (¢) ME EM algorithm, and (d)
IGLE algorithm. The black dashed curves correspond to the functional form
used for the simulation and the green curves correspond to the mixing proportion
estimates provided by the various methods.
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Figure 9: Plot of the CO4 data set.

Figure 8. The ME EM algorithm and IGLE algorithm provide similar plots and
detect the trend. According to the MSE values of Table 2, the ME EM model
does provide the best fit. However, the IGLE algorithm performs similarly
according to the MSE, thus validating the ME model.

Next, we apply all three algorithms to some real data sets and compare the

various mixing proportion estimates.

4.2 CO; Data

The plot in Figure 9 shows a dataset consisting of the gross national product
(GNP) per capita in 1996 and the estimated carbon dioxide (CO3) emissions
per capita in 1996 for a group of 28 nations. As pointed out in Hurn, Justel,
and Robert (2003), these data do appear to be spread out; “however, there
do seem to be several groups for which a linear model would be a reasonable
approximation.” They further point out that identification of such groups could
clarify the potential development paths of lower GNP countries.

A thorough study of these data from the likelihood and Bayesian perspectives
can be found in Hurn et al. (2003), Pena et al. (2003), and Young (2007). These
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Parameter EM ME EM IGLE
8.679 8.872 8.819

B -0.023 | -0.030 -0.028

o1 2.049 | 2.0201 2.027
1.415 1.493 1.476

B 0.677 0.673 0.674

o9 0.809 0.821 0.817

0o() -66.940 | -66.297 | -66.138

Table 3: The point estimates for the CO5 data using the regular mixture of
linear regressions EM, the ME EM, and the IGLE algorithm.

works address issues such as label switching, standard error estimation, and
determining the number of components. Furthermore, they all find a mixture of
regressions with m = 2 components appropriate for this data. In other words,

the model of interest to fit is

yi ~ x 81+ €1, with probability ;
E x; B2 + €2, with probability 1-),

where the €; ; ~ N(0, 0]2) are independent, ¢ =1,...,28 and j = 1,2.

The three algorithms discussed in this paper are applied to the COy data
set. The model we wish to fit is the same as (24), but with A replaced by
A(z;). For the IGLE algorithm, we applied the triweight kernel to the data with
a bandwidth of h = 14. The choice of this kernel and bandwidth provided a
relatively smooth curve for the estimated A(x;) as well as an increase in the
observed log likelihood over the other methods. The point estimates of the
regression coefficients and the standard deviations as well as the observed log
likelihoods can be found in Table 3. All three algorithms provide similar point
estimates of these quantities. Furthermore, Figure 10 shows that both the
IGLE and ME EM results suggest that countries with larger GNP are less likely
to follow the steeper GNP-CO curve, a conclusion that is impossible using a

standard mixture of regressions.
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Figure 10: (a) The CO4 data with regression lines estimated using the EM algo-
rithm and plots of the posterior membership probabilities versus the predictors
from (b) the mixture of linear regressions EM algorithm, (¢) ME EM algorithm,
and (d) IGLE algorithm. The red curves correspond to the mixing proportion
estimates provided by the various methods.
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Figure 11: Plot of the aphids data set.

4.3 Aphids Data

The plot in Figure 11 shows data from an experiment where a number of green
peach aphids (winged insects able to transmit plant viruses) were released at
various times over 81 small tobacco-plants (used as surrogates for potato plants)
and the number of infected plants was recorded after each release. A more
detailed explanation of this experiment is given in Turner (2000).

As with the CO4 data set, these data appear to spread out, indicating they
may be effectively modeled by separate linear regressions. A thorough study
of these data from the likelihood and Bayesian perspectives can be found in
Turner (2000) and Young (2007). Both works find that a mixture of regressions
with m = 2 components is appropriate for this data. An explanation provided
by Turner (2000) is that some batches of the aphids may have passed their
‘maiden’ phase, which indicates lower transmission levels of the virus. The data
and procedures used in Turner (2000) may be accessed in the R package ‘mixreg’

(Turner, 2004).
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Parameter EM ME EM IGLE
0.859 0.864 0.833

B 0.002 0.002 0.003

o 1.125 1.124 1.109
3.475 3.555 3.499

B 0.055 0.055 0.055

o2 3.115 3.110 3.120

Oo(2)) -132.065 | -132.017 | -129.597

Table 4: The point estimates for the aphids data using the regular mixture of
linear regressions EM, the ME EM, and the IGLE algorithm.

The model we wish to fit is

T . . a1 .
yi { X1 B1 + €1, with probability \; (25)

x; B2 + €2, with probability 1-),

where the ¢ ; ~ N(O,sz) are independent, ¢ = 1,...,51 and j = 1,2. We
analyze these data using the same procedures as for the CO, data set. The
model we wish to fit is the same as (25), but with A replaced by A(x;). For the
IGLE algorithm, we again applied the triweight kernel to the data along with a
bandwidth of h = 100. We have selected a wide bandwidth due to the relatively
small sample size (as with the COy data set). This produces a fairly smooth
curve for the estimated \(x;) as well as an increase in the observed log likelihood
over the other methods. The point estimates of the regression coeflicients and
the standard deviations as well as the observed log likelihoods can be found in
Table 4. Again, all three algorithms provide similar point estimates.

Figure 12 depicts plots of the aphids data set and the posteriors versus the
predictors for the 2-component mixture of linear regressions model, the ME
model, and the nonparametric model using the IGLE algorithm. The IGLE
algorithm and the ME EM appear similar, but the IGLE fit has more curvature
than the ME fit, indicating a cyclical trend in which the maximum value for
A(z;) appears to occur at x; = 200. This may be of interest to the researchers

because this gives a sense of the number of aphids corresponding to the greatest
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Figure 12: (a) The aphids data with regression lines estimated using the EM
algorithm and plots of the posterior membership probabilities versus the pre-
dictors from (b) the mixture of linear regressions EM algorithm, (¢) ME EM
algorithm, and (d) IGLE algorithm. The red curves correspond to the mixing
proportion estimates provided by the various methods.

probability of belonging to the “first” component. This is the component where
a small number of plants are infected for all numbers of aphids released, which
Turner (2000) suggests involves aphids past their maiden phase. Thus, our

method gives a more nuanced view than a standard mixture of regressions.

5 Discussion

This article presents a method for allowing mixing proportions in a mixture-

of-regressions model to vary as a function of the predictors. The analyses that
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result are more detailed than those of a standard mixture of regressions model,
as we have argued throughout. Our novel nonparametric approach provides
more flexibility than the parametric mixture of experts (ME) approach, and
this flexibility can either provide different-looking results than the ME method
or serve to validate the ME results.

Some challenges faced by our method are the same as those faced by other
local smoothing methods, such as kernel selection and bandwidth selection to
provide a seemingly smooth form for \;(x;). In addition to dealing with these
challenges, possible future work includes developing a formal test for the efficacy

of this model. Such a test would state

HO : )\j(xi) = )‘j Vi

Hy : )\j(x;) is nonconstant. (26)

This test could be applied to other mixture of regression models beyond mixtures
of linear regressions, such as mixtures of generalized linear models or mixtures

of survival regressions.

A An EM Algorithm for mixtures of linear re-
gressions

Suppose we have n independent univariate observations, yi,...,¥y,, each with
a corresponding vector of predictors, xi,...,Xp, where x; = (z;1,...,%;p)"
for i = 1,...,n. We often set z;; = 1 to allow for an intercept term. Let
y = (y1,...,9n)" and X be the n x p matrix consisting of the predictor vectors.
If the constant )\; denotes the probability that an observation belongs to class
Jj, the marginal density of y; is f(y;;x;, %), as given in Equation (2). Maximum
likelihood estimation for the parameters in this model may be accomplished us-

ing an Expectation-Maximization (EM) algorithm (Dempster, Laird, and Rubin
(1977)).
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Let us denote the parameter vector by ¥ = (01,...,0%L \;,...,\

yYmo

mfl)T7

where 8, = (B} ,07)". The log likelihood function is

n m B 1 2
= Zlogz/\j(%ra?) 1/2 exp{—%‘z(yi —X;F,Bj> } (27)
i=1 Jj=1 J
We augment the observed data (y;,xF)T by the indicator variables
Z;,; = I{observation i belongs to component j},
1 < 57 <m. The log likelihood based on these “complete” data is then
n m 2
1
2\—1/2 T
le(thp) = Z > 2 ;log {Aj(zmﬂ / exp{—z%z_ (y - X; ﬁj> H - (28)

The E-Step says for iteration ¢, ¢ = 0,1,..., compute the expected complete

data log likelihood

2
Qg ™) ZZpulog{ (2mof)” ”%Xp{ziz(yi"?ﬁj) H 29
J

=1 j5=1

where

A§t)(27702(t)) 1/2 exp{%%m <yz — XTﬁ(t) }
J
D)
Py )‘z(t)(27‘712(t))71/2 exp{ 2% 2(1) ( '8 ) }
N ST
= [1 + Z )\l(t) ](t) exp{[ (t) ( _ XTﬂ t)) (31)
0y

I#£5 75
2 -1
_L _xTgW
2(1) Yi 1 ] .
o

The pgtj) values may be called the posterior component membership probabilities.

p) =

(30)

Note that expression (31) gives a stable formula for numerical computations,
avoiding the indeterminate form 0/0 that can occur in expression (30) when
using computer arithmetic.

The M-Step maximizes Q(v;®) with respect to , yielding the update
YD) | Letting Wgt) = diag(Z(t). ,fo;), Y1) consists of

1,57

) _ 15,0
N = 24 (32)
i=1
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1 —
gty = XTW¥x)IxTwy, (33)

and

2
Wiy x|

S22+

/ B tr(Wgt)) 7 oy

where || v|? = vTv and tr(A) means the trace of the matrix A. Iterate equations
(32) through (34) until the stopping criterion of £,(3p*+1)) — £,(yp®)) < € is

attained for small € > 0.

B An EM Algorithm for HME models

First, define the indicator random variable
Z; ;1 = I{observation i belongs to node (j,1)}. (35)

Then, the E-Step for iteration ¢, ¢ = 0,1, ..., computes the expected complete

data log likelihood

n mip mo

'l»b Q/’(t) ZZZ;DZ log[ X“ ))\j,l(xi,wj)(Qwail)_l/g

i=1 j=1[=1
1 2
T
X exp{—2 (yl - X; ,Bj,l) H, (36)
2051 '
where
A G )1 (s 0) (e —xTa®Y
(t) \/271'0'2(t) xp 203(;) Yi Xi gl
Piji= 2
2,J my Mo j*(xﬂr( )))\ o l*(xhw;?) 1 )
2=t L= 2o, XD " g (YT X By

®y ;@
l

(x5, TN 1 (x4, w5) 0
_ (2] 5 (2 j VB
- {1+ ZZ (t) t)

GG AJ(X“T(”)’\J‘J(XZ"% ) oy

1 1 1 2 -1
Bt 3t
X e::p{ [ 2(t) <yl ()> 2(t) <yz 5)l*> }H '
jl

T 1
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The M-Step maximizes Q(v; ™) with respect to , yielding the update

D | Letting W( ) — dlag( (;l, e ,ps)j ) Y+ includes
B~ (XIWX,)IXIWy @
and

iz - xzas|

(t+1)

= 38)
]7 t) (
tr(WﬁJ)
The updates T§»t+1) and w( l+ ) are found by solving
Oby (7;)
=0, 39
aTj ( )
where
n my ma
) =320 il log i (xi. ),
i=1 j=1[=1
and
6()2 (wj l)
22— 0 40
e =0, (40)
where

n mi;p mo

2(wj1) ZZZp”llog)\jlxz,wj).

=1 j=11=1

Both (39) and (40) can be solved by an iteratively reweighted least squares
(IRLS) routine (McCullagh and Nelder (1989)).

In order to work out the IRLS routine for (39), we let Wgt) =3 W;tl) ,

Q, be an n xn diagonal matrix with i*" diagonal entry equal to \;(x;, 7)) (1~
Aj(xi, 789))), and py j = (Aj(x1, 7). A (%, 7)) T, Then, the Newton-
Raphson update is

T;t,erl) _ s (5251(7'3')

7 arja‘r]T

)_1(%1 (75)
(t:e) 0T

£
J
= i)+ (XWQ, X)X Wp,
= xXfwiqQ,x,) ' XIwlqQ,(X,w" + Qi 'py )

= (XpWiX,) "X Wivy j, (41)
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where (41) is a WLS estimate. We run these equations for s = 1,2,... until a

(t+1)
J

(t,s+1)

convergence criterion is satisfied and let 7 equal T .

The IRLS routine for (40) is similar. Let Q4 be an n x n diagonal matrix

with " diagonal entry equal to )\j,l(xi,wgt’s))(l - )\j’l(xhw(,t’s))) and p,; =

J
()\j,l(xl,wgt’s)), e )\jyl(xmw;t’s)))T. As in (41), the Newton-Raphson update

is

t,5+1 t - t t,s _
w;,l = (XEW§,2Q2Xn) IXZWS‘,Z)QQ(ang‘,l ) +Q; 1p2,j)

= (XFTWIX,) ' XTWivy ;. (42)
Run these equations for s = 1,2, ... until a convergence criterion is satisfied and
let wgffrl) equal w§f;s+1).

Finally, iterate the entire algorithm (which includes the IRLS loops) until the
stopping criterion £,(¢t1)) — £,(v()) < € is attained for € > 0. Details for an
EM algorithm corresponding to the model with a general number of hierarchies

(as well as convergence results) can be found in Jordan and Xu (1995).
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