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ABSTRACT

It was conjectured by P Erdés in 1947, that if f is a real-valued additive arithmetic
function and J is a bounded interval such that {m: f(m) € J} has positive density, then
f has a distribution. It was shown to be true undes some additional assumptions, in late
sixties and seventies. An extension of this 1o arithmetic functions on the set of pairs of
positive integers is partially solved in this paper. The natural density on a set of pairs
of positive integers can be defined in more than one way. The solution to the problem
seems to depend on the particular density considered.

1. INTRODUCTION

Let D be a set of natural numbers. If !

1
= h - < < mn:
v(D) = lim n#{l <m<n: me D}
exists, then (D) is called the natural density D. A real-valued arithmetic
function f is called additive if

f(mn) = f(m)+ f(n),

whenever (m,n) = 1. A real-valued arithmetic function f is said to have a
distribution if there exists a probability distribution function F such that for all
its continuity points ¢, y(m: f (m) < c) exists and equals F(c).

Erd6s (1947) conjectured that, if the natural density of {m: f{m) € J 1 exists
and is positive for some bounded interval J, then f has a distribution. The
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conjecture was partially solved by Paul (1967) and by Babu (1977). See alw
Chapter 4 of (Babu, 1978) for details. In panicuiar the distribution of f exiss
if one of the following holds:
) /20, limsup,,_ —f;#{l gm < fim)<€c¢}>0forsomec>0,
i) imsup, __ ;1;#{1 < m € n: f(m)=c} > 0 for some real c.
iii) v(m: f(m) € J) =1 for some bounded interval J. .

There is a close relation between the conjecture and the properties of the
independent Bernoulli random variables {X,: p prime} satisfving

P(x,,=1)=1—1>(xpx0)m;-j_

Elliott (1980, pp. 330-331) asserts that Erdés conjecture is valid if and only i,
Zp J{p)X, converges almost surely whenever the limit of P(3_ ., f(p)Xp € J)
as n — oC exists and is non-zero for some bounded interval J. Here and in
what follows 3 denotes sum over prime numbers p.

The case i) was extended to non-negative arithmetic functions on the set of
pairs of natural numbers Z; by Babu (1976a). That proof makes full use of
non-negativity of the function to reduce it to the problem for additive functions
on the natural numbers. In this paper the conjecture by Erd6s is set in the context
of arithmetic functions on Z;, and is established under some minor additional
assumptions.

2. ARITHMETIC FUNCTIONS ON Z;

Let E be subset of the set of pairs of natural numbers Z;, and let
1
vy (E) = ﬁ#{[m,n} EE:1<m<xl<n<y}.

H. Delange (1969) defined the density £ in two different ways. If v, ,(F) tend
10 a limit §{E) as = and y tend to infinity independently, then 8(E) is called
the natural density of E. For some E, this limit may not exist, but a weaker
version exists. Insiead of letting = and y tend 10 infinity independently, one
can let  and y approach infinity such that y/x — A > 0. If this weaker limit
exists, it is denoted by 8, (E). If §(E) exists, then obviously é,(E) exists and
6(E) = é6x(E), for all A > 0. The converse is not true.
A real-valued arithmetic function k on Z; is called additive if

h(myma, myng) = h{my,n1} + h{ma. na).

whenever (mn;.man2) = 1. An additive function on Z, is said to have a dis-
tribution, with respect 1o the density &, if there exists a probability distribution
function F' such that é({[m.n] € Z: h{m.n) < ¢}) exists and equals F{c).
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or all continuity points ¢ of F. Distribution with respect 10 6, is defined simi-
“larly. A result similar to Erdés—Wintner theorem holds in the case of the density
8. Babu (1976a, Theorem 2) has shown that a real-valued additive arithmetic
"i_{_unction h has distribution with respect 1o the density 6, if and only if the series

Z%h‘(p,n, Z%h"(],ﬁ) (1)
P P .
_:.Ind
L (0 . 1) + (5 (1)) @
P

converge, where z* = : or 1 according as |z| < 1 or not.
The situation is different if the density &y is used. The additive function 14
defined by

{(m.n) = logm — logn,

~ does not have a distribution with respect to 6. But the distribution L, with
© respect to O, exists for every A > 0. It is interesting to note that L, is different
- for different A, It is easy to show that for any real ¢,

Ly(c) = L{c+ log )), A3)

where L is the double exponential distribution given by

lec if ¢ <0,
Lie)=¢2 . (4)
1-— Ee'c ifc>0.

~ In particular, as z — oo,

Veaf[m.n): [€(m,n)| <1} — 1—e7" > 0. )
: On the other hand, as z — oo,

VoA [m.nl: [€(m,n)| < 1) — 0, 6)

So ¢ does not have a distribution with respect to &. Thus the density &, has
the ability to handle additional logarithmic factor. We treat the problem of the
existence of distributions with respect to the two densities separately.

3. MAIN RESULTS

For the rest of the paper, let 1 denote a finite non-null measure on the interval
{a,b], which is not uniform on (q, bl. That is p(c,d) is not a function of the

18. 858
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length d — ¢ of the interval for all sub-intervals {(c,d] C (a.b]. Let h denote s
real-valued additive arithmetic function on Z;. We now state the main Tesuli
on the existence of a distribution of the values of h.

THEOREM 1. Suppose §({lm.nl: e < h{m,n) < d}) exists and equals p{c, &
for all (c,d] C {a,b]. Then h has a distribution with respect to the densiry 9.

In this case, the series (1) and (2) converge. The situation is different in the
case of 8.

THEOREM 2. Suppose 6, ({im,n]: ¢ < h{m,n) < d}) exists and equals p(c.
for all (c,d] C (a.b]- Then h(m,n) = r{logm — logn) + g(m, n) for some real
number r, where g is an additive function for which the series

>3+ (1,p) and z (67 (P 1))2 + (0" (1. 7))?)

converge. Further both g and h have distributions with respect to the density
The distribution G of g does not depend on ), and the distribution Hy of h is
given by

Hyc) = /G‘(c — rv)Lj(v) dv, %))
where Ly is given in (3).

Remark. Even if r = 0, h may not have 2 distribution with respect to the
density &. It will be clear from the proofs that a logarithmic type density is more
appropriate in the consideration of distribution of values of additive arithmetic
functions on natural numbers as well as on Z than 6, or 8,. See equation (%)
below.

We need the following preliminary lemmas, which are of interest on their own.
The first lemma is from the probability theory.

LEMMA 1. Ler {Y,} be a sequence of independent random variables. If

SV,
i=1

then there exists a sequence {dn} of real numbers such thar 5 .- (Y, + d.}
converges almost everywhere.

lim sup P (

n—oc

£ M) >0, for some M >0,

For a proof see {Doob, 1953, p. 121).
LEMMA 2. If for some M > 0,

liminf vy y([m.nj: |A(m.n)i< M) >0 8

I y—oc
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#hen the partial sums

Az = Y 2k e+ Y L,

PEx Py

#re bounded, and

((h*(p: 1) + (" (1,p))?) < co.

3 s

2

r
In view of (5) and (6), the liminf in (8) cannot be replaced by lim sup.

P%oof. We first introduce some related random variables. 1et {Up: p prime}
be a sequence of independent geometric random variables, i.e.

1
=k =K1 21 =
PU,=k)=p (1 p), k=0,1,2,. ...
Let {V,} be an independent copy of the sequence {U,} defined on the same
probability space. Let
Wy = h(pUs, p'?).

Clearly {W,: p prime} are independent random variables. For any set S of real
numbers, let J(h; S;m,n) = 1, or = 0 according as h(m,n) € S oz not. It is
not difficult to conclude that for any Borel set S on the line -

P(ZWPES)zH(]ui—lj)zim—lﬁI(h;S;m,n), )

psz pEx

where 3% denotes the sum over all integers m, n which are not divisible by any
prime number p larger than x. Further observe that, for any E C Z,,

T

/j-%—jvu_'v(ﬁ')dudv# Z Ig(m,n)(-%—%)(%—%)

1 meangy

Y Z '_]""' Ig(m, n)f

mr
mgInsy

where I denotes the indicator function of the set E. Consequently, if (8) holds,
then

1 1
liminf —"—— —I(h;[~-M ., M];m,n) > 0.
I Sormogy) e
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This implies

limsupH(1—%)221%](h;§—ﬁl,M};m,n)>9. (1th

oo e

By (9) and (10), we have

limsup P (

T

2 Wy

r€z

SM) > 0.

By Lemma 1, there exists a sequence of real numbers {d,} such that

Z(Wp + dp) converges a.e. (Hy

P

We shall now show thai dy, — 01as p— oo. Since Wy + dp — 0 ae., for any
€ > 0, there exists k > 5, such that for p>k,

< P([W, +dyp| < g)

[ W

S P(IW, +dp| < €, Wy = 0) + P(W, + d,| < €. W, #0)

2
gP(fW,,+d,,]<s,Wp=0)+5.

This leads to a contradiction unless ldp| < € for p > k. So dp — 0. As
2»(Wy + d,) converges, we have by Kolmogorov’s three series theorem that
Yoo PUW, + dyl > 1/2) < oo. This implies, since d,, — 0, that 2o P -
1/2} < co. Consequently

Z 1+ Z E<o<>.

Ih{p1}121 P th(1.p)21

Another application of Kolmogorov’s three series theorem gives the convergenee
of (2), and that (11) holds with dj, = 1 (h*(p, 1)+ A" (1.)). Let F denote the

distribution of 2 Wy — %(h"(p, 1} + 2*(1,p))). Now the standard argumeni
using Turén—Kubilius type inequality (see (Kubilius, 1964)) leads to

vey(lm.n]: h(m,n) — Alh;z,y) € ¢) — F(c), ah

as .y ~ o, for all continuity points ¢ of F. Boundedness of the partial sums
{A(h; z,y)} follows from (8) and (12).

Proof of Theorem 1. In view of (12), it is enough to prove that Alh;a y
tends 10 2 limit as = and y tend to infinity. Let 8; and 6, denote lower and uppe
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dimits of the bounded partial sums {A(k;z,¥): z,y}. By (12), it follows that
gle,dj = F(d+8) ~ F(c+8), for all [c,d] C [a,b] and for all § € {6;,6,]. This
tlearly violates the assumed non-uniformity of the measure u, if #; # 6. So
Alh; z,y) tends to a Jimit as z and v tend to infinity, completing the proof of
Aheorem 1.

: Lemma 2 is not suitable for proving Theorem 2, as it involves additional
logarithmic factor. We require the following lemma.

" LEMMA 3. Suppose for some M > 0 and, 8 > 0,
| liminf v« ([m. s [A(m, n)] < M) > 6> 0, (13)
Then for some real number T,

h{m,n) = r(logm —logn) + g(m, n).

where g is an additive function for which the sequence {A(g; =.z): z} is bounded
and

S5 (@ @07 + (6" (1,p))) < oc. (14)
4 |

In addition, there exists a probability distribution function F such that
vey([m, n]: g(m,n) — A(gim,n) € ¢) — F(c), (15)
for all continuity points ¢ of F.

Proof. We first establish (14) and (15). We use the ideas due to Erdés, see
the proof of Theorem 7.2 on page 258 of (Elliott, 1980). Let

1 .
y _ ith{mm)
Pz, t) = —;r:z E € .
l€mngs

By a result of Delange (1970), which is stated as Lemma 3 in (Babu, 1976b),
the limit £(t) of |4(x,1)| exists, as £ — oc. Following the proof of Theorem 7.2
of Elliott (1979), we get for all > 43, that

sinmtw | 2
) dt

limsup (v o (fm, nj: |h(m,n)| < M))2 < Q/n(g(t))z(

T+

nin

This and (13) imply that the Lebesgue measure of B = {t: &(t) > 0} is non-
zero. Which in turn implies, as in the proof of Theorem 7.2 of Elliott (1979),
that for some real pumbers g, 7, and an additive function g satisfying (14),

h{m.,n) = rlogm + qlogn + g{m.n).
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Now as in the proof of Lemma 2, the standard arguments using Turdn-Kubiliw
type inequality lead 1o the existence of a probability distribution function F
satisfying,

vry(lm.nf: g(m,n)~ A(g;2,y) < ¢) — F{c), a8

as z,y — oo, for all continuity points ¢ of F. Now (15) follows, since fw
any ¢ > 0,

y 1 1 ,
W AEn - Aganayi< 3 o+ 3 S —o
fee1<ersl ez<pgz fy<p<y

as I,y — oc.
To show ¢ = —r, note that

1 w1
A LT, 2 < ol - 2 1. 2 ey
(Algiz, 7)) 2(2,,,((9 (2 1)) + (97 (1, ) ))Zp
sz psz
Hence we have by (14) and {16), that for some real number X > 1

vea{lm,nf: lg(m,n)| < K loglogz) ~ 1, (1%)

a8 T — oo, As h{m,n)~g(m,n) = riogm +qlogn, we have by (13) and (1#)
that

0 <limsupv, o (lm,n]: log(m™n?)| < K loglog z)

Faade ol

=limsupy, , ({m, n): <mn<az, (19)

T logx
1

(log z)¥

< mndg (logz)K).

Note that if z(logz)"! < m, n < z, then
(logz)~ 174l < (m/2)"(n/z)? < (log z)/r1+1al.
So by (19) we have that r = —g. Hence h{rm.n) = r(logm — log n) + g(m.n)
Finally, to establish boundedness of the sequence {A(g;z.z)}, note that by

(4) and (13), we have

iif_n_’gfyz,z(gmr nl: |g{m.n)f < M + Ir[log(4/8))

2 Iminf vp - ([m, n): |h(m,n)| < M)
I v X
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- li:‘f‘fgéf vz 2{[m.n]: |logm — logn! > log(4/5))

1
28>0
58

‘_'ﬂns inequality and (16) together imply that the sequence {A(g;z,x)} is
‘bounded. This completes the proof of Lemma 3.

‘ Proof of Theorem 2. By (15),

) ; .
B(gt;u,v) = — Z gitlotmm)=Algmn) __, B (1),

mEungy

-.88 u, v — 00, where B, denotes the Fourier transform of the distribution function

¢ F appearing in (15). Summing by paris, we obtain

BB P e oy o

1 it{fm,n)— Algim.n))
Ty 2 e
mEI;RLy

_ i
=

T ¥

f/u“"v_mB(g, t;u,v) dvdu
11
x

— drty™r % [u“’B(g, t;u,y)du
1

+ irtz™t

W

Yy
/U’“”B(g,t; z,v)dv + 'y B(g, t; z, y)
1

Amitr
14 t27?

e

Bg(t)t

as T,y — oo such that y/z — A > 0. Hence it follows by (16) and (17), that

vz yllm n): h{m,n) - Alg;z.y) € ¢} — /F(c— rs)dLx(s), 0

as T,y -+ oo such that y/z — X > 0. Now as in the proof of Theo-
" rem 1, it follows that A(g; =, Az tends to a limit. Consequently, g and h both
- have distributions G and H,, and hence (7) follows by (20). This completes

the proof.
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