Limit theorems for random permutations

G. J. Babu! E. Manstavicius?

Let 8, denote the symmetric group of permutations on {1,...,n}. In 1967, P.
Erdés and P. Turédn established the weak convergence result,

1
E# (a € S, :log Ord(c) — 0.5log’ n < H\/—giogsfz ) — Dy}, (1)

as n — 00, where $ denotes the standard normal distribution function, and Ord{o)
denotes the order of a permutation . As Ord(c) depends only on the conjugate
class containing o, Ord can be treated as a function on the space S, of conjugate
classes of S,,. The space S, can be identified by the set of vectors k = (kyo... . kq).
of non-negative integers representing partitions of n.

A general family of measures vy, .8 > 0, on S,, were described by Ewens ( (1972)
in connection with models in population genetics. The measure v, ¢ on S... known
as the Ewens sampling formula is given by :

n! Tore\Y
S . 1

where # > 0,k; > 0 and 1k; + -+ + nk, = n. The measure induced on S, by the
uniform measure on S, considered in (1) is v, g with # = 1. Mixtures of v, 4 also
have applications in Bayesian statistics. It is well known that

Vn,ﬁ‘(l_f) 2}:’(6] = k%:“-vfn = kn IIEJ ++'n§n = n): (3)

where {;, 1 £ 7 < n are independent Poisson random variables satisfying E¢, =
6/3.

In the last few decades several authors contributed to limit theorems for some
specific functions on S, such as w{¢) representing the total number of cycles of o.
However, very few results on the necessity part are known in the literature.
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Hecent results of Babu and Manstavicius on functional limit theorems in C[0, 1}
and in D{0.1]. for partial sum processes based on the measures v, ¢ for general
additive functions on S, are presented here. The results are established using
methods {from probabilistic number theory. Let k be an additive function on §,,,
given by

h(o) =3 hs(k;(0)), €y

for each 0 € Sy, where h;{0) = 0, h;{k), 7 > 1. k¥ > 0, is some double sequence of
real numbers, and k;{¢) denotes the number of cycles of ¢ of length j. Define

Afun) =3 %h.J(lye, B =Y %h;,(z)za,

i€u i€u
y(t) = yn{t) = max{u < n: B*(u) <1B*(n)}, t€ 0,11, and

Hon = Honlo) = 5= 3 (o) - A0 m)) 1€ 0.1]

igulr)
We consider the weak convergence of the process H, , to the Wiener measure W.

Theorem 1. Suppose h is a real additive function on S, given by ({) and B(n) —
ox:. The sequence of measures vn g - H ;,31 converges weakly to the Wiener measure
W if and only if, for each € > 0,

n

1
S Zh(1P =0(1). (5)
j=1 J
k(1) 2e B(n)

Ane) =

1
B?(n)

It is interesting to note that a Lindeberg type condition (5} is necessary for the
dependent process to converge to the Brownian Motion, while it is not the case
for the convergence of the one dimensional distributions. The following example
illustrates this phenomenon when # = 1. Let =, denote the fractional part of jv/2
and let the additive function & is given by (4) and

h ‘(k) — I‘QV/E@WI(’U) if |(I)—1('a"j)’ < logjt
I 0 otherwise,

Then it can be shown that condition (3) is violated but the one dimensional limiting
distribution of (h(-) — A{n.n))/B(n)} is the standard normal distribution ¢.

By changing the scaling factor, Babu and Manstavi¢ius have shown under very
general conditions that a partial sum process converges weakly in a function space
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to a stable process if and only if the corresponding process defined through sums of
independent random variables converges weakly. As a consequence of this result,
necessary and sufficient conditions for weak convergence to a stable process are
derived.

To state the results, let the normalizing factor 3 (n) > 0 satisfy 3(n) — ~c. The
sequence {3(n}} need not be monotone. Define

Clun) =3, (ga(u;) Lo A =03, (%‘%’)f
s(t) = s,(t.C) =max{{<n: C(l,n) < tC{n.n)}, t€l0,1], and
Rep = Ry p(ot) = 33% stm) hi(k;(o)) — A(s(t).n.3), telo, 1].
We shall consider the weak convergence {denoted by =) of the process R, under

the measure 1y, in the space D{0. 1] endowed with the Skorohod topology. The
corresponding process X, ;, with independent increments is defined by

- . 1
Moo= Nanlt) = o= 3 hi(1)¢; ~ A(s(8),n. 8), te€[0.1].
B(n)
j<si)
Theorem 2. Suppose X is a random element in DI0, 1] for which the distribution
of X(1) is non-degenerate. Further assume that for some 0 <5 < 1 and for all but
countably many t € (1. 1), the distribution of X (1) = X(t) is absolutely continuous

with respect to the Lebesgue measure on the real line. Then Ron = X if and only
if Xon = X.

When § = 1, as in the context of weak convergence to a Gaussian law in the one-
dimensional case, the following counter example shows that X, (1) and R, ,(1)
need not have the same limiting distribution.

Counter Example. Let 0 < a < 2. Let F denote the distribution function of the
stable law with characteristic function O given by, ¢4 (s) = e~ 141" Define

ap-l(s ) —l{n < 51/
(1) = {J Foi(ay) i JF7M ()] <5
otherwise.
IfB(n) = n'/= then for the completely additive function k(o) = > hi(1)k; (o). the
j=1

distribution of {A(-)/3(n)) ~ A(n.n. J) converges weakly to F. However, Xaa(l)
converges weakly to a distribution with characteristic function @ given by

®(s) = exp {/Ui §(€~yisé° - 1)dy} :
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The assumption on X (1)~ X (¢) in Theorem 2 can be relaxed by controlling the
growth of §(n). An important aspect of the proof of Theorem 2 involves in showing
that 3 is a slowly varying function. We have

Theorem 3. Suppose X is a stochastic process with independent increments having
paths in DI0.1] and such that P(X(1) = a} < 1 for any real a. Then R, = X if
and only if X, = X and 3 is slowly varying.



