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BROWNIAN MOTION FOR RANDOM PERMUTATIONS

By G.J. BABU*
The Pennsylvania State University, University Park
and
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Vilnius University, Vilnius

SUMMARY. A family of measures, on the set of partitions of an integer, known as the
Ewens sampling formula arises in population genetics. Mixtures of these measures also have
applications in Bayesian statistics. Using methods from probabilistic number theory, a func-
tional limit theorem in C[0, 1] is established for a partial sum process based on these measures.
The results can be used to develop statistical methods to test the validity of certain genetic
models. It is interesting to note that a Lindeberg type condition is necessary for the dependent
process to converge to the Brownian Motion, while it is not the case for the convergence of
the one dimensional distributions. An example to illustrate this phenomenon is constructed.

1. Introduction

In the last few decades, mathematical population geneticists have been explor-
ing the mechanisms that maintain diversity in a population. Natural selection
due to interaction with the environment and mutation are some of the factors
to be taken into account. Some geneticists believe that much of genetic diver-
sity occurs mainly due to mutation and random fluctuations that are inherent
in the reproductive process. They view that the effect of selection has been
exaggerated. Ewens (1972) established an approximation to the sampling dis-
tribution of a sample of n genes from a population that has evolved over several
generations, by a partly heuristic argument. The derivation ignores the
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selective effects and assumes that there is no meaningful way of labelling the
alleles. In this case the allelic partition k = (ki1,...,k,), where k; denotes the
number of alleles represented j times in the sample, j =1,...,n, contains all
the information available in a sample of n genes.

The Ewens sampling formula (Ewens, 1972) is given by

nl 1 (0\" 1
Unyo (ks kn) = — () —, (L)
9(,1) j=1 ] kJ'

where 0 > 0,00,y =0(0+1)--- (0 +n—1),k; >0 and
1k + -+ nk, =n. ... (1.2)

The vector k represents a partition of the integer n. The derivation of equation
(1.1) was made rigorous by Karlin & McGregor (1972). Kingman (1980) argues
that several different approaches lead to (1.1), “when

(a) the size of the population is large compared to n, and the expected total
number of mutations per generation is moderate (differing from 6 only by a
numerical factor),

(b) the population is in statistical equilibrium under mutation and genetic
drift, with selection at the locus playing a negligible role, and

(¢) mutation is non-recurrent, so that every mutant allele is a completely
novel one.”

The Ewens’ formula can be used to test if these assumptions are consistent
with data, and to estimate the parameter 0. The statistics that are useful in
this connection will generally be expressed as functions of the sums Z hj(k;),

<r
where r > 1 and h; is a function on the set of non-negative integers. ’

Antoniak (1974) considers mixtures of measures described by the Ewens’
formula in Bayesian non-parametric statistics. A review of the Ewens Sampling
Formula and its applications can be found in Chapter 41 of Johnson et al. (1997)
and Kotz et al. (1998, pp. 230-234).

A functional limit theorem for a partial sum process Z hi(k;), 0 <t<1

J<y(t)
is established in this paper, where y is a function on the unit interval. The
derivations involve concepts and ideas from probabilistic number theory.

For each # > 0, the Ewens’ formula can be considered as a measure on
the symmetric group S,, of permutations on {1,...,n}. This can be seen by
partitioning .S, into equivalence classes of conjugate elements and identifying a
conjugate class with a vector representing numbers of cycles of various lengths.
More precisely, let o € S,, be an arbitrary permutation and

=K1 Kuw, ... (1.3)
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be its unique representation (up to the order) as a product of independent cycles
k, where w = w(o) denotes the number of cycles. According to the general
theory, the elements in a conjugate class will all have the same number k; of
cycles of length j for all 1 < j < n. Hence the conjugate class containing an
element o € S, expressed as in (1.3), can be identified by the vector k :=
(k1,...,kn) where 0 < k; = k;j(0) < n and 1k; + --- + nk, = n. In this case
w(o) = k1 + -+ + ky, the total number of cycles of o, describes a function on
S, This motivates a study of the distribution of values of a function on S,,.
Let G be an additive abelian group. A map h : S,, — G is called an additive

function if it satisfies the relation
h(o) = hi(k;(0)) .. (1.4)

for each o € S,,, where h;(0) = 0 and h;(k), j > 1, k > 0, is some double
sequence in G. If h;(k) = kh;(1) =: ka(j) for each 1 < j < mn and k > 0, then
h is called completely additive function (linear statistics). The number of cycles
w(o) in (1.3) is a typical example of such functions.

Similarly, a complex valued function f on S,, given by

F(0) =] filki(o))

with f;(0) = 1 is called multiplicative. It is called completely multiplicative if, in
addition, f;(k) = f;(1)* holds for each j > 1 and k > 0. All these functions are
measurable with respect to the finite field F of subsets of S,, generated by the
system of conjugate classes. For each 6 > 0, v, ¢ defined in (1.1) is a probability
measure on F. The uniform distribution (the Haar measure) on S,, induces the
measure v, = vy 1 on the space of conjugate classes. This is the Ewens’ formula
when 6 = 1. The results of this paper are based on the relation

Uno(k) = P(& =ki,....60 = kn [1& 4+ -+ +n&, =n), ... (1.5)

where &, 1 < j < n are independent Poisson random variables, satisfying
E¢; = 6/j (see, for instance, Arratia et al., 1992).

We establish general invariance principle for additive functions k(o) given by
(1.4). Define

Hy = Hn(o'7 t) = (

1
g (3 mlhs(o) - a60))

J<y(t)

where
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hj(1) =:a(j), and
y(t) :== yn(t) = max{u < n: B*(u) <tB*(n)}, te]0,1].

We consider the weak convergence (denoted by =) of the process H,,. H,, is a
random element in the space D[0, 1] equipped with the supremum norm. Here
and in what follows the limits are taken with respect to n — oo. Observe that
in the case of the limiting Wiener measure W, it is natural to use the uniform
metric (see Billingsley, 1968). Of course, one could also examine a linearized
version of the process H,, and deal only with elements of the space C[0,1]. The
main result of the present paper is the following theorem.

THEOREM 1. Let h(o) be a real additive function, h;(1) = a(j), B(n) — .
For the weak convergence
Uno-H' =W ... (1.6)

to hold it is necessary and sufficient that, for each € > 0,

Anle) = — ) L) (LT

The first functional limit theorem in the case § = 1 for the function w(o),
counting the number of cycles in (1.3), was proved by DeLaurentis and Pittel
(1985). The case of general 6 for the function w(c) was examined by Hansen
(1990), Donnelly et al. (1991), and Arratia & Tavaré (1992).

In proving the sufficiency of (1.7) in the general case, as in probabilistic num-
ber theory Babu (1973), Kubilius (1964), Manstavicius (1984 and 1985), we use
an appropriate total variation distance between the truncated sums of depen-
dent and the corresponding independent Poisson variables. This idea has also
been noted in Theorem 6 of Arratia & Tavaré (1992). To show that “truncated
parts” of additive functions are negligible, we use a generalization of the inequal-
ities obtained in Manstavi¢ius (1998). This provides a more general approach
than that used by Arratia & Tavaré (1992, Theorem 5) in the proof of Hansen’s
theorem. The idea of our proof of necessity comes from Manstavicius (1985)
and Timofeev & Usmanov (1982). Some of the techniques are borrowed from
Probabilistic Number Theory.

The relation (1.6) implies the convergence

Unyo(h(o) — A(n) < xB(n)) = \/% /_ﬂf e /2 du + o(1). ...(1.8)

Thus Theorem 1 generalizes the classical result of Goncharov (1942) as well as
the central limit theorem for the logarithm of the product of lengths of cycles of
a random o (see Erdés & Turdn, 1965). It is easy to check that the independent
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random variables £;/B(n) (approximating k;(c)/B(n) for small j) are infinites-
imal. Therefore one could expect that the Lindeberg type condition (1.7) is
necessary for the relation (1.8). But it is not the case, since the dependence of
random classes of permutations with large cycle lengths plays a substantial role.
In the Section 4, we include a counter example to show that (1.7) is not nec-
essary for the one-dimensional weak convergence result for H,(.,1), unlike the
Lindeberg-Feller theorem for the corresponding independent random variables.

2. Auxiliary Results

We shall show later that our problem easily reduces to that for completely
additive functions. We define

o= a(ovt) 1= s (5 i) - A0 )

and

X, = X000 = g (3 i - A ).

M\, 56

Let H" := H’(0,t) and X7 := X’ (t) be the processes obtained from H,, and
X, respectively by substituting y(¢) A r for y(¢t). Here 2 <r <n and a A b :=
min{a,b}. Let ||-|| denote the total variance of signed measures. We now present
two main lemmas. The first lemma, which is needed in the proof of sufficiency,
is an extension of Corollary 5.1 in Manstavicius (1998). Let for brevity, £(I) be
the linear space of real functions g(-) on I C R with sup,; |g(t)| < oo.

LEMMA 1. Let h(o,t), t € I C R, be a set of real valued additive functions
defined by (1.4) via hj(k,-) € L(I), where k >0, h;(0,t) =0, for j <mn, t €1,
and Z,(t) = h1(&1,t) + - + hp(&n,t). Then

Voo <sup h(o,t) —a(t)] > u) <) (Pm (Sup = (t) — alt)] > u/3) +n9>.

tel tel

Here a(-) € L(I) and v > 0 are arbitrary and C(0) is a positive constant de-
pending only on 6.

Proor. For 6 > 1, the lemma follows from Theorem 4 of Manstavic¢ius
(1998) as in his Corollary 5.1. For # < 1, the lemma follows from Lemma A
(see the Appendix), which is a technical result of independent interest on lattice
valued random variables.

For the proof of necessity of (1.7) we need an estimate of the mean values of
multiplicative functions defined on permutations having only long cycles.
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LEMMA 2. Let f: S, — C be a completely multiplicative function defined by
fi(k) = b(j)*F where b(j) =1 for all but j € J C (n/2,n]. Then

)—1 n! Ouy)
ZH() DN B (1)1

jed

9<n)
Moreover, if |b(j)] <1 and J C ((1—8)n,n] for 0 <6 < §(0) < 1/2, then
[Mn(f)] > ¢(0) >0

provided 6(0) is sufficiently small and n is sufficiently large, n > n(0).
PRrOOF. Observe that, if £; > 1 for some j € J, then the 1k +---+nk, =n
implies k; = 1 and k; = 0 for the remaining [ # j and [ € J. Hence

wo =55 2 M wen s £ 0

— O(n) —
k =1 eJ k =1
kp=0vVieJ kj =1
e w1
l k!
(") jes % =1 L
kj=1
n! oo\ 1
= 1+Z(b(3)—1)<1 DY H(l) k'>
: (n) — _ l
JjeJ A =1
kj =0
!
= 1+> (bG)-1) (1 i d](n)>, (2.2)
jeJ (n)

where

5 =1
kj =0
To calculate the sum d;(n), we compare two Taylor series expansions of the
function ‘
(1—2)"%exp{—0z7/j} = Z d;j(n)z
n>0 0
SDEDIET
m/!
£>0 m>0

Here ¢; = 0 if j does not divide [ and

_[(-6\"1
qjk = 7 ik
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Hence 9
(m)
di(n)= > Uik 1
k,m >0
jk+m=n

If j € J, then there are only two nonzero summands in the last sum. Thus
Oy 0 On—i)
di(n) = —= — = .
i) =S T g
The proof of the first part of the lemma is completed by substituting this into
(2.2).
If |b(5)] < 1,0 > 1,5 < 1/(40) and n is sufficiently large, then trivially
|M,(f)] > 1—20(—1log(l —9)+0(1)) >1/4.

If < 1, then using the relation 6, /n! ~ n’~!/I'(§), we obtain the estimate

n! a(n_j) <C(9)< n )19
H(n) (n—j)!i n—j+1 ’

where I' denotes the Euler gamma-function. We have for néd > 1,

M, (£)] = 1—=4C@On™" > m’~ > 1-8C(0)07" 8" + 0p(1).

m<2én

The second part now follows, if §() is chosen to be sufficiently small number.
This completes the proof of Lemma 2.

3. Proof of Theorem 1

Sufficiency. Recall the definition of the function H,, (o, t) from (2.1). We first
note that, without loss of generality, one may restrict to the class of completely
additive functions. Indeed, if 6 > 0 and K > 2 are arbitrary, then by Lemma 1
and since B(n) — oo, we have

Vno(0): = gl sup, |Ha(o,t) — Hy(o,t)] >0
< PM(FG<K: E2K)+PMN(Fj>K: & >2)

+P9M< > (1hi(&)l +lali)lg) = 6B(n)/3, & < KVj < K) +o(1)

J<K
o Hk ON1 o 9k ON1
< <Z S i 'kk'> +<ZZB 9/JW> +ox (1)
J<Kk>K Jm R G>K k>2 I
B 79[( ON1 92 (7N
< (Z Kf(') + < Z 2) +0K(1)
g =k’

< K7 4 og(1).



BROWNIAN MOTION FOR RANDOM PERMUTATIONS 319

Hence vy, 9(§) = o(1) for arbitrary § > 0, and the measures v, o - H, ! and
Vn,6 ~I/1\T; I can only converge simultaneously. Thus, from now on we analyze the
processes H,, and f[ﬁ omitting the “hats”.

Further, note that if condition (1.7) holds, then for each 0 < u < 1,

B%(n) — B*(un) < e*B%(n) Z % + B%(n)A,(¢) < (52 log% + 0(1)>B2(n).

un<j<n
Hence B(un) ~ B(n), in other words, B(n) is slowly varying in the sense of
Karamata. Moreover, there exists r = u,n — oo with u, — 0 such that
B(r) ~ B(n). We use this r in the definitions above of H] and X .
By the weak invariance principle, it follows from (1.7) (see, for instance,
Manstavicius, 1985) that P - Xt = W. Let t, = sup{t : y(t) < r}. Since for
each § > 0,

P,(0) :

P\ sup; | Xn(t) — X1 (t)| > 5)

< P( sup;, <1<3 T<§/(t)a(j) <§J - j)‘ > 5B(n)> (3.1)

< p( > |a<j>\fsj—§\253<”)> -
M =o(1)

S §2B2(n) ’

we also have P - X:;l = W. We now use the estimate of Arratia et al., (1992,
Theorem 3),

1

e - HI ' —P-Xi N <L (@0+nn-75"", 2<j<n,  ...(32)
n

on the total variation distance between the truncated sums of dependent and
the corresponding independent Poisson random variables. Hence by (3.2), we
have v, g - Hr’;l = W.

Finally, using Lemma 1 and (3.1), we obtain

(sgp |H,(0,1) — H}(0,8)] > 5) < C(OPI(5/3) + o(1) = o(L),

for each § > 0. Hence we see that v, g - H,, ! also converges weakly to W.
Necessity. Let vng - H,' = W. Then for each 0 < t < 1, the difference
H,(o,1)— H,(0,t) converges weakly to the normal distribution with zero mean

and variance 1 — t. Let ¢, (u,t), u € R, denote the characteristic function of
H,(0,1) — H,(0,t). Define b(j) = exp{iva(j)/B(n)}, u € R, if y(t) < j <n
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and b(j) = 1 elsewhere. For the completely multiplicative function f defined via
fi(1) = b(j), we have

lon(u, )] = | My (f)] < e (7972 4 o(1) ...(3.3)

for u €¢ R and 0 <t < 1. For ¢ close to 1, we will apply Lemma 2. Let 0 < § <
6(0) < 1/2 and 7, = sup{t : y(t) < (1 —d)n}. Observe that 7, — 1. Indeed,
if 7, — top < t; < 1 for some subsequence n := n’ — oo, then y(t;) > (1 —d)n
for n sufficiently large. Now Lemma 2 yields the estimate |¢,, (u,t1)] > ¢(0) > 0
uniformly in v € R, contradicting to (3.3). Thus from the definitions of y(¢) and
the sequence 7, it follows that

B?(y(m)+1) _ B*(1—46))n+1)
1+o(l) <7, < <

PUETE T Gy ST B
Hence B(un) ~ B(n) for each u € [(1—(6/2))n,n] and some § > 0. Substituting
(1 =(d/2))n for n repeatedly, we deduce the existence of r = r(n) — oo such
that » = o(n) and B(r) ~ B(n). Now repeating the arguments of the proof of
the sufficiency part we obtain

Vn0 (H:L(O', 1) < 1:) = ®(x) + o(1),

where ® denotes the standard normal distribution function. This together with
(3.2) leads to the central limit theorem

P(Xn(1) < z) = ®(z) + o(1).

Since B(n) — oo, the random variables {¢;/B(n), 1 < j < n} form an infinitesi-
mal array, and hence the necessity part of (1.7) follows from the Lindeberg-Feller
theorem. This completes the proof of Theorem 1.

4. Counter Example to the One-Dimensional Case

In this section we present an example of an additive function having the
standard normal law as its limiting distribution, but for which condition (1.7)
is violated. We construct it with much larger normalizing sequence B(n) than
is allowed by (1.7). The idea has its origin in Timofeev (1985).

THEOREM 2. Let 0§ = 1. There exists a completely additive function h(o),
h;i(1) = a(j), with A(n) = o(v/n) and B(n) = /n(1 + o(1)) such that (1.8)
holds.

Violation of condition (1.7) for 0 < &€ < 1/2 can be seen from

An(e) > 1 (Bz(n) - Bz(n/Q)) —e?log2+o(1) >

1
2
—¢e“log2 1) > - 1).
- log2+0(1) >  +o(1)

DN | =
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The main construction depends on the following analytic result.

LEMMA 3 Let 6 = 1, and let f be a complex valued completely multiplicative
function defined on Sy, by f;(k) = f;(1)¥, where |f;(1)| <1, j > 1. If

i%g]\{<o®7

=

then the mean-value of f,

% 3 o) = <1+0(§))2;i/1+i%6:exp{zml)fleZj/”}dz

g€Sy, 7=1

+O(K1/240), (41)

for1 < K < n and for each § € (0,1/2). The constants in the symbol O depend
at most on M and §.

PROOF. See Manstavicius (1996).

PROOF OF THEOREM 2. Let p,(...) :=n"'#{j <n,...} and ®~1(x) denote
the inverse function of ®(x). We start with the following well known result on
uniform convergence. By denoting the fractional part of jy by ~;, we have

fin (v; < ®(2)) = ®(z) + O(n~1/?) .. (4.2)

uniformly in 2 € R, for some irrational number v (say, quadratic irrational such
as \/5) Define

d(j) = (I)_l('yj) if ‘(I)_l(%'” <logj,
J 0 otherwise.

It follows from (4.2) that

H(d() <) = pa(yy < D)) + O(n=1/2)
0 (W < j <y [971(35)] > log )
B(z) + O(n~1/2) + O (ja(|97 ()] > (1/2) logn))

= ®(x)+0(n"1?),

uniformly in € R. Hence, for n > 2 and s =1, 2,

1 n s logn o )
S = s [ e n(d)] 2 @) do
j=1

0

log2n>
z|? do(x +O( .
[ ot do(a) + 0 5

.. (4.3)
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Define a(j) = d(j)+/7 and

Sn(t,z) = f: exp{ita(j;/ vy -1 o,
j=1

wheret € R, [t| < T, z=1+4ir, |7| < K, and T, K, > 1 are arbitrary. By (4.3),
the summands in S, (¢, 2z) when j < don, 0 < § < 1/2, contribute the error

o\ Z ) =05 o+ gz [ iaun gz) = o0

]<6n 7<on i<u

.. (4.4)
Further, the summation by parts yields that the sum of reciprocals of j, dn <
Jj<mn,withy; <dorvy; >1—0is O(élog1l/d). This estimate and (4.4) yields

that
,Z (71, )IA(VJ, >+0(\/5)
/A/g(x’y) dudy + O(V3) + o(1), ...(4.5)

Sn(t, z)

where I denote the indicator function of the set A :=[4,1 — d] x [4, 1] and for
(2,9) € (0,1) x (0,1], and

9(z,y) = <e“¢_l(:ﬂ)y”2 - 1) e

Y

The last approximation of the sum by the integral could be verified at first for
simple (step-wise) functions, then using a uniform approximation of g(x,y) by
the simple functions on A. The extension of the integral over the set (0,1)x (0, 1]
yields the error bound

(/ / 27 @)y 1/2dxdy> (ﬁAIUIdé(u)>o(¢3)

for arbitrary § > 0. Hence by (4.5) and by Fubini’s theorem we obtain

Sn(t,z) = /1 /lg(x,y) dxdy + o(1)

= /Zi eo_yzy (/R (e”“\izj -1) d(b(u)) dy + o(1)
/ <t w2 _ 1>“" =~y +o(1)
/ /+t2/z =Y dwdy + o(1)

z

- p .(46)
gz+t2/2 /Z+t2/2 w w + ()
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uniformly in ¢, |¢t| < T, and 7, |7| < K.
Define the completely additive function h(o) by (1.4) with

hj(k) = ka(j), j =1, k > 0. (47

By (4.3), we have A(n) = o(y/n) and

B?(n) —n(/Rx?dcb(xHo(l)) =n(l+o(1)).

By using (4.1) and (4.6), we conclude that the characteristic function ¢, (t) of
the distribution v, (h(c) < z\/n) satisfies

14+iK ez
t)= 5= —d
SD’I'L( ) 271 /1_Kl Z+t2/2 Z

14+iK e? 24122 o
14+0(%) L./ S {/ C—dw}-1)d
+< +0( % >2m Py exp j ——dw z
+O(K—1/249)

... (4.8)

The integrals occurring in (4.8) have been investigated in Timofeev (1985). The

first of the integrals in (4.8) equals e=*"/2 + O(K~!). The bound O((log K)/K)

for the second integral is obtained by changing the range of integration [1 —

iK,1+ iK] using the contour {z : Sz = £K,1 < Rz < K} and {z : Rz =
K,|Sz| < K}, and using the estimate

Z+t2/2 —w —Rz
exp{/ edw}—1:0(6>
p w |2|

on the contour. Thus we obtain ¢, (t) = e /2 4 o(1) uniformly in |t| < T for
each T' > 1. Consequently, we have

Un(h(0) < zv/n) = ®(x) + o(1)

uniformly in z € R. This completes the proof of Theorem 2.

We conclude this paper with the conjecture: The process H, described by
hj in (4.7) converges weakly in the space D[0, 1], with the Skorokhod topology,
to a process with dependent increments.

Appendix

Let © = Z™™ denote the set of vectors with nonnegative components, w =
kiei+- - +kpen, € Qwith k; = k;j(w) >0ande; = (0,...,1,...,0), where the j-
th coordinate is 1,1 < j < n. We write w L n, if ky(w)k1(n)+- -+ kn(w)k,(n) =
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0and n < w if k1(n) < k1(w), -+, kn(n) < kp(w). Let us adopt the notation
7 || w for the expression “n exactly enters w” which means that 7 < w and
n L w—mn. Let Q be endowed with the product probability

P{w}) = [Ipik), D pitk) =1,
=1 k=0

where 0 < p;(k) <1lfor1<j<n, k>0.

Let (G,+) be an abelian additive group. A function H : @ — G is called
additive if it satisfies the condition H(a + w) = H(a) + H(w) for each pair
a,w € 2 and a L w. Note that the additive function H has the representation

n

H(w)=> H(kje;), H(0)=0.
j=1

It shows that each double sequence h;(k) € G with h;(0) =0,1<j <n, k>0,
defines via H(ke;) = h;j(k) a unique additive function. The additive function
satisfying, in addition, the condition H(k;e;) = k;jH (e ) for each j < n is called
a linear (completely additive) function.

Let L : Q — Z7 be a linear function taking arbitrary positive values, except
at w=0. Q, = L7 }(m) ={w: L(w)=m}. Lemma 1 motivates our interest
in estimating of the probabilities

P{w: H(w) € B} |Q,)

for B C G in terms of the unconditional ones.
For an arbitrary set U C €2 we define U = Q\ U and

V=VU)={w=a1+as—az: a1,as,a3 €U, a1 L as —as, as || as}.

LEMMA A. Suppose n > 1 and there exist positive constants c,cy,Cq, Co such
that
(1) p;j(0) > c for1 <j<m

(i) P@) < 01
(iii) P, > cyn™1;
(iv) for 1 <m <n,

n
m+1

1-6
) P, for0<m <n-—1 and for some0 <0 <1

N
> |3
=
A
3R

E>1,j<n
kL(gj) =m

Then - -
P(V |Q,) < CP(U) + C1Co0~ 077,
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where

4
o max{32 Cs Cy " C1Cs }

2’ e c 0

The result is nontrivial when P, := P(Q,) = o(1). With some effort the
estimate of C can be improved.

PRrROOF. Let @, be the set of the vectors m := ke; with arbitrary £ > 1 and
1 < j < n satisfying the condition L(7) < n and put also ¢(m) = p;(k)/p;(0)
for such a m € Q,,. Denote Q' the subset of Q,, consisting of 7w such that there
existsann € U,n Lrand 7+ n € U. Put Q" = Q, \ Q. By Lemma 1 of
Manstavicius (1998), we have

Z q(m) < 4c™*P(0) (A

TeQ!

provided P(U) < ¢%/32.

Further, let w = 7+ 71 € V N, with some 7 = ke;j, 1 < L(m) < n such
that = L n and L(7T +n) = L(m) + L(n) =n. Then 7 € Q" or n € U. Indeed,
otherwise from the definition of @Q’, there exists a vector 7 € U, n; L 7 such
that 7 +n; € U and w =0+ (7 + 1) —n1 € V, which is impossible.

Since P(m +n) = q(m)P(n), we obtain

PPVI) = = 3 Pe)Y L@
) weVNQ, m|lw
-2 o(m)L(m)P()
T+neEVNQ,
T lmn
.(A2)
< DYoam Y. P
7r€1Q” L(n)=n—L(m)
+ Y Pm)n—Lm) Y. g
nev L(m)=n—L(n)
= 21 + 22.

From conditions (iii) and (iv) we have
C _
¥, < —2P P(0).
We partition the sum 3; into two sums. Let 0 < § < 1 be an arbitrary
parameter, then by (A.1) and condition (ii), we obtain

4C _
> AP Qur(m) < C18" 7 Py Y- alm) < =267 PP(D).
T™E Q// TeEQ!
L(m) < (1—6)n
. (A3)
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The remaining sum in ¥ is

< Y P Y )

(1=d8)n<m<n L(m)=m
n 1-0 4
< oo Y () 1
(1-=6)n<m<n n—m+1 m Ce (A4)
1-6 1
< CGPuism Y =g
1<j<on+1

< C1007 PO (1 +nd)00 1.

Inequalities (A.3) and (A.4) together with the choice § = P(U) imply that
¥, <P, <4Clc_1P9(U) + C1Co07 1P (T) + 01029—1n—9) .

Proof of Lemma A is completed by substituting the bounds of ¥; and X5 into
(A.2).
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