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Abstract

The empirical distribution function is known to have optimum properties as an estimator of the
underlying distribution function. However, it may not be appropriate for estimating continuous
distributions because of its jump discontinuities. In this paper, we consider the application of
Bernstein polynomials for approximating a bounded and continuous function and show that it can
be naturally adapted for smooth estimation of a distribution function concentrated on the interval
[0,1] by a continuous approximation of the empirical distribution function. The smoothness of
the approximating polynomial is further used in deriving a smooth estimator of the corresponding
density. The asymptotic properties of the resulting estimators are investigated. Specifically, we
obtain strong consistency and asymptotic normality under appropriate choice of the degree of
the polynomial. The case of distributions with other compact and non-compact support can be
dealt through transformations. Thus, this paper gives a general method for non-parametric density
estimation as an alternative to the current estimators. A small numerical investigation shows that
the estimator proposed here may be preferable to the popular kernel-density estimator. (© 2002
Elsevier Science B.V. All rights reserved.
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1. Introduction

There has been a considerable development of methods for smooth estimation of den-
sity and distribution functions, following the introduction of kernel method of smooth-
ing by Rosenblatt (1956) and the further advances made on kernel method by Parzen
(1962). The reader is referred to the excellent texts by Héardle (1991) and Silverman
(1986) for smoothing techniques for curve estimation. These methods, however, do not
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take advantage of the knowledge of the support of the distribution and work as if the
support is the whole real line. Asymptotically it does not matter, but in specific cases
one may see a positive probability associated with zero probability region using the
kernel methods.

Chaubey and Sen (1996) considered smooth estimation of the survival function
S(x)=1—F(x) for life time random variable X based on a random sample X7, X3, ..., X,
as an alternative to Nadaraya—Watson estimator. Here F* denotes the distribution func-
tion of the random variable X, which typically has support R*. This estimator is based
on smoothing the empirical distribution function, F, given by

Fy)=n~" S 1{X; < x} (1.1)
i=1

and is appropriate when the support of the distribution is R". However, when the sup-
port of F' is contained in compact interval [a,b], a < b, it is simpler to transform the
random variable X to Y with support [0, 1] through the transformation ¥ =(X — a)/
(b—a). Subsequently, we can adapt the following theorem using Bernstein polynomials
for smoothing the empirical distribution function over the interval [0, 1]. Transforma-
tions such as Y =X/(1+X) and Y:(%)—ﬁ—(l/n)tan*lX can be used also to cover the
cases of random variables with support [0, 00) and (—o0, 0), respectively.

Theorem 1.1 (Feller, 1965, Theorem 1, Section VIL.2). If u(x) is a bounded and con-
tinuous function on the interval [0,1], then as m — oo

() = ];0 u(k/m)be(m, x) — u(x) (12)

uniformly for x € [0,1], where
m k m—k
bk(m,x):(k)x(l—x) , k=0,...,m. (1.3)

In this paper, we consider only distributions F with support [0, 1]. For such functions
Theorem 1.1 motivates the smooth estimator,

() = kf:_o Fy(kfm)b(m.x),  x€[0,1], (1.4)

based on Bernstein polynomials. Note that £, ,, is a polynomial in x, and hence has
all the derivatives.

We now demonstrate that Fn,m is a proper distribution function, and hence it qualifies
as an estimator of F. Clearly If‘n,m is continuous, 0 < I:“,,,m(x) <1 for x€[0,1], and

Fym(x) = /;0 a(k/m)By(m,), (1.5)

where

Sn(0)=0,  fulkjm)=Fy(kjm) = Fy((k = 1)/m), k=1,...,m (1.6)



G. Jogesh Babu et al.|Journal of Statistical Planning and Inference 105 (2002) 377-392 379

and
Be(mox) =3 be(m,x)=m (m -1 ) / A=1(1 — Y dr. (1.7)
=k k=1)Jo

For all k, f,(k/m) is non-negative by (1.6), and Bj(m,x) is non-decreasing in x by
(1.7). Thus F“,Lm is non-decreasing in x.
Furthermore, representation (1.5) leads to a smooth estimator

o m d
Som(X) =2 fn(k/m)dek(m,X)
k=1 X

m—1
=m Eo Sn((k + 1)/m)by(m — 1,x)

m—1
=m 3 (Fu((k +1)/m) — Fy(k/m))bi(m — 1,x) (1.8)
k=0
for density f of F. The asymptotic properties of £, and ;m are examined in the

next two sections.

2. Asymptotic properties of me

Throughout this paper we use the notation
IG][= sup [G(x)|
x€[0,1]

for a bounded function G on [0, 1],

1/2

a,=(n""logn)"? and b, =(n""logn)*(m " logm)"*. (2.1)

The following theorem shows that Fn,m is strongly consistent.

Theorem 2.1. Let F be a continuous probability distribution function on the interval
[0,1]. If m,n — oo, then ||an —F|| =0 as.

Proof. Recall definition (1.2) of u, for any u. We first note that for all x € [0, 1],

Em = FIl < |Epm — Fpll + |1y — F|. (2.2)
As

Fym(x) = F(x) :I;](Fn(k/m) — F(k/m))bi(m, x),
we have

1B = Fll < max |F,(k/m) = F(k/m)| < ||F, — F| (23)

Since by Glivenko—Cantelli theorem, ||F, — F|| — 0 a.s. as n — oo, the result follows
from (2.2), (2.3) and Theorem 1.1. [



380 G. Jogesh Babu et al.|Journal of Statistical Planning and Inference 105 (2002) 377-392

We shall now examine the closeness of the smooth estimator with the empirical
distribution function, as it has many optimal properties. Recall that a function g is said
to be Lipschitz of order o, if there exists a constant K such that

lg(s) = g(1)] < Kls —1]".
Theorem 2.2. Let F be continuous and differentiable on the interval [0, 1] with density
f. If f is Lipschitz of order 1, then for n** < m < (n/logn)?, we have a.s. as n — oo,
|Em — Ful| = O((n~"og n)"2(m~" logm)"/*). (2.4)
Thus for m=n, we have

|Fn — Fal| =O(n~*(logn)**) ass. (2.3)
To prove the theorem we need the following lemmas.

Lemma 2.1 (Babu, 1989). Let Z,,...,Z, be independent random variables with mean
zero and let |Z;| < b for some b> 0. If V = >""_| E(Z?), then for all 0 <s <1 and
0 < a < V/sb, we have

P <z Z > a) < exp(—as(1 — s)/V). (2.6)

i=1
Lemma 2.2. Let F be Lipschitz of order 1 and define
New=1{0 <k <m:|k —xm| < (mlogm)"?}. (2.7)
Then for 2 < m < (n/logn)?, we have Hym=0(bym) a.s. as n — 0o, where

H, = sup max |F,(k/m)— F(k/m)— F,(x)+ F(x)|. (2.8)

0<x<1kENxm

Proof. By dividing the unit interval into sub-intervals of length b, , and noting that
bpm < @y, for m < (n/logn)?, we have

Hn,m < Dn,m + Dn,m,ls (29)
where

Dyw= — max_ |Fu(jbum) — Fu(ibpm) — F(jbpm) + F(ibnm)|

Iiijlbn.m <2ay

and

Dy .1 = max \F((J + Dbum) = F(bum) + F(( + Dbpm) — F(ibym)|.
Since F' is Lipschitz of order 1, we have for 0 <u, v <1,

|F(u) — F(v)| < clu—v| for somec =2 (2.10)
and hence

Dn,m,l :O(bn,m) (211)
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We shall now show that D, ,, =0O(b, ) a.s. as n — oo. For u < v, let

Zi,u,v =ly<X;<v — (F(U) - F(u))

By (2.10), >, Var(Z;,,) =nVar(Z ,,) < cnlu — v|. For |u — v| < 2a,,, we apply
Lemma 2.1 with Z;=Z2;,,, b=1, s=1/2, a=4cnb, ,, and V =2cna,, to get

P(|F,(u) — F,(v) — F(u) + F(v)| > 4cb, ) < 2exp(—a*/4V)
<2 exp(—chbim/am)
< 2exp(—2clogn)
=2 %, (2.12)

As bl <

n,m

(2.12) that

< n and # of pairs {(i,7): 0 < ib,» < 1,0 < jb,» <1} < b, 2, it follows by

n,m>

P(Dypn > 4chy ) <2n*n % <2072,
Therefore,

> P(Dym > 4chy ) < o0.
n

Hence by (2.9), (2.11) and Borel-Cantelli lemma, we have H, , =0(b, ) a.s. as
n—oo. [J

Proof of Theorem 2.2. Observe that for every x € [0, 1],
Fym(X) = Fu(x) = 3 by(m, x)(Fy(kjm) — F(kjm) — F,(x) + F(x))
k=0

+ (Fp(x) — F(x)). (2.13)

As f is Lipschitz of order 1, we have uniformly in 0 < x < 1, that

F(kjm) = F(x) = ((k/m) = x) f (x) + O(((k/m) — x)?). (2.14)
Since,

Z kbr(m,x)=mx and Z (k — mx)*b(m,x) =mx(1 — x), (2.15)

k=0

it follows by (2.14) that
|F,, — Fl|=0(1/m). (2.16)

By applying Lemma 2.1 with Z; i.i.d. random variables satisfying P(Z;=1 — x)
=x=1-P(Z=—x), a=(mlogm)"?, V=m/4 and s= 3, we get for m > 16,

in: br(m,x) <

— 2.17
k=0,k &Ny m ( )
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The theorem now follows from (2.13), (2.16), (2.17) and Lemma 2.2 by noting that
m~' < by, for n?3 <m. O

Remark 2.1. Results similar to Theorem 2.2 for mixing sequences of random variables
can be obtained using Lemmas 2.1 and 3.3 of Babu and Singh (1978).

3. Asymptotic properties of f;m

We now establish a strong convergence result for ]im similar to that of 7.
Throughout this section, we assume that F' has continuous density f, and that f is
Lipschitz of order 1. Let

M=m—1 and 7y(x)=f(x)@dmx(l —x))""? for 0 <x < 1. (3.1)

Theorem 3.1. For 2 < m < (n/logn), we have a.s. as n — oo,

fm — fIl=00m"2a,) + O(||F; — £1]), (3.2)

where F,j;/ denotes the derivative of F). Consequently, if m=o(n/logn), then
[ fom — fIl = 0 as. as m,n — oc.

Proof. First, we write

N M
Fom(X) = me:O(Fn((k + 1)/m) — F,(kjm))be(M; x)

= mkf:_o(F((k + 1)/m) — F(kjm))bi(M; x)

+m f: (Fu((k + 1)/m) = F((k + 1)/m)
k=0

— Fu(k/m) 4 F(k/m))bi (M ; x)

= Tp(x) + Typn(x), say. (3.3)

To estimate the last term in (3.3), note that F((k+ 1)/m)—F(k/m) < cm™" for some
¢ > 2. We now apply Lemma 2.1 with i.i.d. random variables

Zi = Ik <mx, <ir1) — (F((k + 1)/m) — F(k/m)),

12 and V = (cn/m), to obtain

b=1, s=1/2, a=2cna,m~
P(Lyp > 2capm™ %) < 2me™1V < o', (3.4)
where

Lyn= sup [Fy((k+ 1)/m) = F((k + 1)/m) — Fy(k/m) + F (k/m)).

0<k<m—1
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Here we used the condition m < (n/logn) to satisfy the requirement a < 2V. Thus
Lym =0O(a,m~"?) as. as n — oo, which in turn implies
1/2
|| Tonn| | = O(m / an)

a.s. as n — oo.
Note that 7, is the derivative of F,,. As the density f is assumed to be Lipschitz
of order 1, we have uniformly for 0 <x < 1 that

M
Tn(x) = f(x) = k;)(f(k/m) — S(¥)be(M;x) +O(m ™)

= O( % |(k/m) —x|bk(M;x)> +0(m™")
k=0

=0(m™'?). (3.5)

This completes the proof of Theorem 3.1. [J
The following theorems establish asymptotic normality of f:,,m(x).

Theorem 3.2. If f(x) > 0, then

14, 3 ' 9
n'Pm VA0 = () = A (0,9(x)) (3.6)

as m,n — oo such that 2 < m < (n/logn) and n*3/m — 0.

Theorem 3.3. Suppose that the density [ admits two continuous derivatives ' and

f" in an open neighborhood of x in [0,1]. If f(x) >0 and m,n — oo such that
lim, oo = 3m'? — § for some & > 0, then we have

n(f () — f(x)) — %5*%@)% N(0,7(x)d), as n— oo, (3.7)

where
b(x)=(1—2x)f'(x) +x(1 —x) f"(x).

The non-random part 7,,(x) of the decomposition (3.3) of f;,m(x) contributes to the
bias. However, the common main part of the proofs involve establishing asymptotic
normality of T, ,(x). Since it is of independent interest, the result is presented as a
separate proposition. For clarity of presentation we define

agm=F((k + 1)/m) — F(k/m), (3-8)
M

Yim= 2 (Ikim <X, <(k+1)/m) — Qhom)bi(M,x) (3.9)
=0

and note that

Tpn(x) = % 2‘1 Yim. (3.10)
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Since for each m,Y;,, are ii.d. random variables, we have
Var(Ty, o(x)) =m*n~" Var(Y; ).

Proposition 1. If f(x) > 0, then
n'2m VT, 5 00, 5(x)),

as m,n — oo such that m/n — 0.

Proof of Theorem 3.2. By (3.3) and Proposition 1 it is enough to show that
T(x) = f(x)=o(n™"m'™).
This clearly holds in view of (3.5), as the limit of n*3/m is assumed to be 0. [

Proof of Theorem 3.3. We first estimate the bias 7n%3(T,,(x)— f(x)). On N, we have

mag = f(kim) + 5 f'(kfm) + O )
m

= f) + 5 1)+ olm™) G311
and
1
m(f (kjm) — f(x)) = (k — xm)f'(x) + G xm)” f"(x)(1 + o(1))
= (k — Mx)f'(x) —xf'(x)
+ 2i(k —xm)? f"(x)(1 + o(1)). (3.12)
m
From (2.15), (2.17), (3.11) and (3.12), a simple algebra leads to
2m(T(x) — f(x))=b(x)+ o(1). (3.13)

The result now follows from (3.13) and Proposition 1, as n="m'? — 5. O

Remark 3.1. Clearly, if / has a derivative f” that satisfies Lipschitz condition of order
1, then

M
Tn(x) = f(x) = k;)(f(k/M) — fx)be(M;x) + O(m™")
M
= f'(X)kX_:O((k/M) —x)bi(M;x)

+ 0( S5 (k) — x)zbk<M;x>> o)
=0

=0(m™").
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Thus from the proof of Theorem 3.2, if 2 < m < (n/logn) and mn=?° — oo, then
P (00 = £(0) S A (0,9(x)). (3.14)

To prove the proposition we need estimates of Var(Y;,) and that of the sum of
squares of binomial probabilities. These are given in the next two lemmas.

Lemma 3.1. For any 0 <x <1, as r — o0,
2y/mrx(1 —x) 3 bi(r,x) — 1.
k=0

Proof. Let U;, W;, i,j=1,...,r, be ii.d. Bernoulli random variables with P(U; =1)
=x=1— P(U;=0), and let R, =(U; — W;)/\/2x(1 — x). Then clearly, E(R;)=0,
Var(R;)=1, and

Z bi(r,x):P (ERIZ()) .

k=0 i=1
The result now follows from Theorem 3 of Section XV.5 of Feller (1965, p. 490). [
Lemma 3.2. If f(x) > 0, then m*? Var(Y; ) — y(x) as m — oc.

Proof. It is easy to see that

Mo M 2
Var(Yl,m):kZ:Obk(M’x)ak,m — (kzzobk(M,x)akqm> . (3.15)

Note that by (3.5)
M
m > be(M,xX)agm = Tu(x) = f(x) + O(m™"2) = O(1). (3.16)
k=0
Furthermore, we have

magm = f (&) (3.17)
for some & such that (k/m) < & < ((k + 1)/m). By Lipschitz continuity,

magm = f(kjm)+ O(1/m)
= £(x) + O(|(k/m) — x|) + O(1/m). (3.18)

Since by (M,x) < 1, we have by Cauchy—Schwarz inequality and Lemma 3.1, that
Mo 2 M 5 M ,
( > b(M.x)|(k/m) — x|> < > bp(M,x) 3 bi(M,x)((k/m) — x)
k=0 k=0 k=0
J QLA
=0 = bi(M,x)
m k=0

= O(m™3?). (3.19)
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Hence (3.18) and another application of Lemma 3.1 yield,

m g: b (M, x)am = f(x) f: b;(M,x) + O(1/m)
k=0 k=0

+ 0( % bE(M,x)|(kfm) — x|>
k=0
=m2px)(1 + o(1)) + O(m~*). (3.20)
Now the result follows from (3.15), (3.16) and (3.20). [

Proof of Proposition 1. For the sequence of i.i.d. random variables, we shall first verify
Lindeberg condition,

n
Sni,ri ZE(Yi,zml(\yi.m‘>8Sn,m)) - O (321)
i=1

for every ¢ > 0 as n — oo, where sﬁ’m:nVar(Yl,m). By (3.17) and Lemma 3.1, we
have

im| <
[Yim] omax (axm + be(M,x))

o 12
= O(1/m) + ( > bi(M,x))
k=0

= O(m™'").
As by Lemma 3.2, 52, =nm™¥?y(x)(1 + o(1)), we have
| Yoml$ym = OCm™¥m n="2) = O((m/n)"?) — 0,
as m,n — oo such that m/n — 0. Thus (3.21) holds and hence

n 9
m V2 S Y, D (0, 9(x)).
i=1

In view of (3.10), this completes the proof of Proposition 1. [

4. Numerical illustrations

As indicated earlier, the method proposed here may be used for any finite or infinite
support using the transformation method. To make the method applicable in general,
we list below suggested transformations in different cases.

(1) Suppose X is concentrated on a finite support [a, b], then we work with the sample
values Yy,...,Y,, where Y; = (X; — a)/(b — a). Denoting the G,(y) as the smooth
distribution function of the transformed sample, the smooth distribution F‘,,(x) is
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n=30; m=9 n=30; m=30
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Fig. 1. Smooth Bernstein Density Estimator for Beta(2,4) Sample.

given by
I:“,,(x): G,,(y), where y=(x — a)/(b — a).

(2) For the distributions concentrated on the interval (—oo,c0), we can use the trans-
formed sample ¥; = (1/2)4(1/m)tan~! X; which transforms the range to the interval
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Fig. 3. Bernstein and Kernel Density Estimators for Beta(1,2) Sample.



G. Jogesh Babu et al.|Journal of Statistical Planning and Inference 105 (2002) 377-392

density

density

density

density

fom; N=30, m=8 Kernel; n=30
o
2 -
v |
” 2z
3
24 5
- °
w0
g
o |
S 5 T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
X X
fom; N=125, m=25 Kernel; n=125
o~ N
« ©
o 7 > © 7
‘B
- 2 _
(7]
3
= < |
o o
o | S
ST T T T T T e T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
x x

Fig. 4. Bernstein and Kernel Density Estimators for Exp(1) Sample.
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(0,1). Hence
Fy(x)=Gu(y), where y=(1/2)+ (1/n)tan"'x.

(3) For the non-negative support [0,00), the transformation proposed is y=x/(1 +
x), since the transformation is monotone. Any other such transformation may
be used but we propose to choose this transformation for its simplicity. Thus,
the transformed sample which transforms the range to (0,1) is given by Y; =X;/
(1 +X;) and the smoothed distribution is given by

Fu(x)=Gu(»),  where y=x/(1 +x).

It is to be emphasized that even though any transformation of the random variable
will be able to recover the original distribution, however for smooth estimator, this is
not so. One simple reason is that the regions which have zero probability under the
original distribution will carry some mass under the transformed scale. For example, if
the transformation in item 2 is used when actually the distribution is concentrated on
[0,00), the smoothing weights will give some weight to [ — 00,0) while the weights
used in item 3 will give it zero weight.

For numerical illustration we obtain simulated samples from 4 distributions, (i)
Beta(2,4), (ii) Beta(1,2), (iii) Exp(1) and (iv) N(0,1). It is clear from the theorems
that the choice of m is crucial in estimating the density as well as the distribution func-
tion. For the distribution function, m could be as large as (n/logn)?, but for the density
estimation, it is desirable to have m = o(n/logn). Fig. 1 shows density estimates plotted
for 10 simulated samples from Beta(2,4) distribution for sample sizes n =30, 60 and
125. For this figure, two values of m are contrasted, m =n/logn and m =n. One sees
that for values of m as large as n, the variability in the density estimator increases. Var-
ious values of m were tried and we found that even though m = o(n/logn) is required,
the choice m =n/logn is acceptable. This value of m is used in Figs. 2-5 for the four
distributions, respectively. Each figure gives the plots for the new density estimator for
sample sizes n=30 and 125 for 10 simulated samples. These figures also show the
plots of Kernel density estimators, using the density function of S-PLUS (1995), us-
ing the normal kernel and default window width. In general, the kernel method seems
more variable and less accurate, especially when the value of the density is non-zero
at a boundary (see Figs. 3 and 4). The solid line represents the true density in all the
figures.

Fig. 6 gives the plot of smooth estimator of distribution functions for three distri-
butions, Beta(2,4), Exp(1) and N(0,1). This figure gives the results on 10 simulated
samples for the sample sizes n =30 and 125. The new smooth estimator for the distri-
bution function looks impressive in approximating the true distribution. Owing to the
poor performance of the Kernel density estimator, we have not compared the corre-
sponding estimator of the distribution function to the new estimator.
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Fig. 6. Bernstein Polynomial Estimator for Distribution Function from Different Distributions.
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