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Abstract. The Ewens sampling formula in population genetics can be viewed as a probability measure on the group of
permutations of a finite set of integers. Functional limit theory for processes defined through partial sums of dependent
variables with respect to the Ewens sampling formula is developed. Using techniques from probabilistic number theory,
it is shown that, under very general conditions, a partial sum process weakly converges in a function space if and only if
the corresponding process defined through sums of independent random variables weakly converges. As a consequence of
this result, necessary and sufficient conditions for weak convergence to a stable process are established. A counterexample
showing that these conditions are not necessary for the one-dimensional convergence is presented. Very few results on the
necessity part are known in the literature.
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1. INTRODUCTION

Ewens [9] derived a formula to describe the distribution of a sample of n genes from a population that was
evolved over many generations, by a partly heuristic argument. In several genetic models, it is an exact formula
and, in others, it is a close approximation. The formula is derived under the null hypothesis that there are no
selection effects. In this case, the allelic partition, k̄ = (k1, . . . , kn), contains all the information available in a
sample of n genes, where kj denotes the number of alleles represented j times in the sample, j = 1, . . . , n.

The Ewens sampling formula [9] is given by

νn,θ (k̄) := νn,θ
(
k1, . . . , kn

)
:= n!

θ(n)

n∏
j=1

(
θ

j

)kj 1

kj !
, (1.1)

where θ > 0, θ(n) = θ(θ + 1) · · · (θ + n− 1), kj � 0, and

1k1 + · · · + nkn = n. (1.2)
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The vector k̄ represents a partition of an integer n.
For each θ > 0, the Ewens sampling formula describes a probability measure on the symmetric group Sn of

permutations on {1, . . . , n}. Let σ ∈ Sn and let

σ = κ1 · · · κw (1.3)

be its unique representation (up to the order) by the product of independent cycles κ, where w = w(σ) denotes
the number of cycles. Recall that σ, σ ′ ∈ Sn are conjugate if σ = τσ ′τ−1 with some τ ∈ Sn. So Sn splits into
the union of classes of conjugate elements. There is a bijective correspondence between the set of classes and
the set of vectors k̄ := (k1, . . . , kn) satisfying (1.2) such that the elements in the conjugate class corresponding
to k̄ will all have the same number kj of cycles of length j for all 1 � j � n. Hence, this class can be identified
by k̄, and probability (1.1) can be assigned to it. We also get the same probability measure for the classes if we
start with the definition νn,θ ({σ }) := θw(σ)/θ(n) for each σ ∈ Sn. In what follows, we preserve the notation νn,θ
for this probability measure on Sn.

It is well known (see, for example, [2]) that the asymptotic distribution with respect to νn,θ of kj (.) for a
fixed j � 1, as n → ∞, is Poisson with parameter θ/j . Relation (1.2) makes kj (.), 1 � j � n, a dependent
sequence. The dependency is rather strong for εn � j � n. Nevertheless, functional limit theorems similar to
those for independent random variables can be established.

In the case θ = 1 for the function w(σ) in (1.3), the first functional limit theorem was established by
DeLaurentis and Pittel [7]. The case of general θ for the function w(σ) was examined by Hansen [11] and
Donnelly et al. [8]. A short proof of Hansen’s theorem is given in Section 2.C of [2]. The convergence of more
general partial sum processes to the Brownian motion was investigated by the authors [4]. It was shown that
an analogue of the Lindeberg condition is necessary and sufficient for the weak convergence of the processes,
in contrast to the fact that this condition is not necessary for the one-dimensional central limit theorem. In this
paper, we extend these results to a class of infinitely divisible limit laws that include stable laws.

This branch of statistical group theory is closely associated with distributions of arithmetic functions in
probabilistic number theory. The idea of approximating truncated sums of dependent and the corresponding
independent random variables in total-variation distance has been exploited and well documented in probabilistic
number theory (see, for example, [3], [12], [13], [14]). Thus, for the proofs in this paper, it is rather natural
to borrow some techniques from probabilistic number theory. In recent papers, R. Arratia and his colleagues
(see [1], [2], and the references given in these papers) have exploited similar ideas in probabilistic combinatorics
based on the approximation in the total-variation distance.

2. MAIN RESULTS

Let hj(k), k � 0, j � 1, be a real double sequence such that hj(0) = 0 for each j . It naturally defines the
additive function on Sn

h(σ ) :=
n∑
j=1

hj (kj (σ )).

The number of cycles w(σ) and the function defined by hj (k) = 1{k � 1} log j and well approximating the
logarithm of the group-theoretical order of σ ∈ Sn are the classical examples of additive functions. The function
given by hj(k) = k{{αj}}, where {{u}} denotes the fractional part of u ∈ R, appears in the recent studies [17] and
[10] on the distribution of eigenvalues of the permutation matrices. The weak convergence of the distribution
functions νn,1(h(σ ) − α(n) < xβ(n)), α(n) ∈ R, β(n) > 0, was examined in [15]. It appears that the events
{σ : kj (σ ) � 2} are rather rear and, therefore, in the case β(n) → ∞, the values hj(k), k � 2, 1 � j � n, have
no influence on the limit distribution. The same phenomenon has been observed in the invariance principle [4].

Set, for brevity, a(j) = hj(1), and u∗ = (1 ∧ |u|)sgnu, where a ∧ b := min{a, b}. Here and in what follows,
the limits are taken as n → ∞. We sometimes use the notation f (n) � g(n) instead of f (n) = O(g(n)).
Throughout this paper, we assume that the normalizing factors β(n) > 0 satisfy β(n) → ∞. The sequence
{β(n)} need not be monotone. Define

B(u, n) =
∑
j�u

(
a(j)

β(n)

)∗2
θ

j
, A(u, n) =

∑
j�u

(
a(j)

β(n)

)∗
θ

j
,
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and

y(t) := yn(t) = max{l � n: B(l, n) � tB(n, n)}, t ∈ [0, 1]. (2.1)

We shall consider the weak convergence (denoted by ⇒) of the process

Hn := Hn(σ, t) = 1

β(n)

∑
j�y(t)

hj (kj (σ ))−A(y(t), n), t ∈ [0, 1],

under the probability νn,θ in the space D[0, 1] endowed with the Skorokhod topology [6]. Having in mind the
asymptotic distribution of kj (σ ), we define the corresponding process Xn with independent increments

Xn := Xn(t) =
∑
j�y(t)

Xnj −A(y(t), n), t ∈ [0, 1],

where Xnj = a(j)ξj/β(n) and ξj , 1 � j � n, are independent Poisson random variables with E(ξj ) = θ/j .
Since B(u, n) is close to the sum of truncated second moments of the involved random variables, our choice of
the time index function y(t) seems to be natural. The quantity A(u, n) then serves for the centralizing function.

The main results are established under the following assumption on a random element X = {X(t): 0 � t � 1}
in D[0, 1].

Condition A. For some 0 < η < 1 and for all but countably many t ∈ (η, 1), the distribution of X(1)−X(t)
is absolutely continuous with respect to the Lebesgue measure on the real line.

THEOREM 1. Suppose that X is a random element in D[0, 1] for which Condition A holds and that the
distribution of X(1) is nondegenerate. Then Hn ⇒ X if and only if Xn ⇒ X.

Remark 1. The limiting process X in Theorem 1 is necessarily a process with independent increments and
satisfies P(X(0) = 0) = 1. It is interesting to note that the convergence of the process defined through the partial
sums of dependent random variables is equivalent to the convergence of the process defined through the partial
sums of the corresponding independent random variables. This holds in spite of the strong dependent structure
on {kj (σ ): 1

2n � j � n}. Such a result is not possible for the one-dimensional convergence of νn,θ · X(1)−1.
Here and in what follows, P ·Y−1 denotes the distribution of a random element Y with respect to the probability
measure P .

Remark 2. Suppose that X is a process with independent increments. Since X(t) and X(1) − X(t) are
independent and X(1) − X(t) has an absolutely continuous distribution for some 0 < t < 1, it follows that
X(1) has an absolutely continuous distribution. Hence, the distribution of X(1) is nondegenerate. Thus, if
Xn ⇒ X, then the assumption of nondegeneracy of the distribution of X(1) is redundant and can be dropped
from the ‘if’ part of Theorem 1. Instead of Condition A, Theorem 1 can be established under the assumptions
that X is a process with independent increments and that the characteristic function φt1 of X(1)−X(t) satisfies
infλ |φt1(λ)| = 0 for all t ∈ (η, 1) for some 0 < η < 1.

In the following theorem, we confine ourselves to the stable limit processes.

THEOREM 2. Let X be a process with independent increments satisfying P(X(0) = 0) = 1 and let

φ(λ; t) = E
(
eiλX(t)

) = exp

{
ta1

0∫
−∞
(eiλu − 1 − iλu∗) d(|u|−α)− ta2

∞∫
0

(eiλu − 1 − iλu∗) d(u−α)

}
,

a1, a2 � 0, a1 + a2 > 0, 0 < α < 2, 0 � t � 1, λ ∈ R.
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In order that Hn ⇒ X, it is necessary and sufficient that, for every u > 0,∑
j�n

a(j)<−uβ(n)

j−1 → a1θ
−1u−α,

∑
j�n

a(j)>uβ(n)

j−1 → a2θ
−1u−α, (2.2)

and

lim
ε→0

lim sup
n→∞

β−2(n)
∑
j�n

|a(j)|<εβ(n)

a(j)2j−1 = 0. (2.3)

Remark 3. Since, in Theorem 2, X(s) and X(t)−X(s) are independent and X(t) = X(s)+ (X(t)−X(s))
for 0 � s � t � 1, the characteristic function of X(t) − X(s) equals φ(.; t)/φ(.; s) = φ(.; t − s). Hence, the
marginal distributions of {X(t); 0 � t � 1} completely determine the measure induced by X on D[0, 1].

Remark 4. The choice of the ‘time’ index function {y(t): 0 � t � 1} makes possible to derive the functional
limit result from the one-dimensional weak convergence. However, Hn(1) ⇒ X(1) does not imply Xn(1) ⇒
X(1). The counterexample given in [4] illustrates this in the case X is the Brownian motion. The following
example illustrates this fact when θ = 1 and X(1) has a stable distribution. The example shows that Hn(1)
weakly converges to a stable distribution, while the corresponding independent version Xn(1) converges to an
entirely different distribution. The details of the example are available in [5].

Counterexample. Let 0 < α < 2. Let F denote the distribution function of the stable law with characteristic
function φα given by φα(s) = e−|s|α . Define

hj (1) =
{
j 1/αF−1({j√2}) if |F−1({j√2})| � j1/α ,
0 otherwise,

where {x} denotes the fractional part of x. If β(n) = n1/α , then, for the completely additive function h(σ) =∑n
j=1 hj (1)kj (σ ), we have

νn,1

(
1

β(n)
h(σ )−A(n, n) < x

)
−→ F(x)

for all x. However, the distribution of

Xn(1) = 1

β(n)

∑
j�n

hj (1)ξj −A(n, n)

converges to the distribution with characteristic function φ given by

φ(λ) = exp

{ 1∫
0

1

y

(
φα(λy

1/α)− 1
)

dy

}
.

As an extension of Theorem 1 of [4], we have:

THEOREM 3. For the weak convergence of Hn to a standard Brownian motion, it is necessary and sufficient
that ∑

j�n
a(j)�uβ(n)

(
a(j)

β(n)

)∗2
θ

j
−→

{
1 for u > 0,
0 for u < 0.
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3. AUXILIARY RESULTS

We shall show later that our problem easily reduces to considering processes with hj(k) = khj (1) = ka(j)

for all j � 1 and k � 0. Let

Ĥn := Ĥn(σ, t) := 1

β(n)

∑
j�y(t)

a(j)kj (σ )−A
(
y(t), n

)
. (3.1)

For 0 � r � n, let Ĥ r
n := Ĥ r

n (σ, t), H
r
n := Hr

n (σ, t), and Xrn := Xrn(t) be the processes obtained from Ĥn, Hn,
and Xn, respectively, by substituting y(t) ∧ r for y(t). We now present the basic techniques in the following
lemmas.

LEMMA 1. Suppose that, for some 0 < δ < 1 < C, we have β(δn) � Cβ(n) for all n � 1 and
B(n, n)− B(δn, n) = o(1). Then

B(n, n)− B(εn, n) = o(1) (3.2)

for each 0 < ε < 1.

Proof . Clearly, for any b and d satisfying 0 � b � dC, we have b∗ � d∗C. Hence, for any j � 1,

|(aj/β(n))∗| � |(aj/β(δn))∗|C.
This implies that

B(n, n)− B(δ2n, n) = B(δn, n)− B(δ2n, n)+ B(n, n)− B(δn, n) = B(δn, n)− B(δ2n, n)+ o(1)

�
(
B(δn, δn)− B(δ2n, δn)

)
C2 + o(1) = o(1).

The lemma follows by a repeated use of this argument.

LEMMA 2. For any γ > 0 and 0 � r � n, we have

Pn,r(γ ) := P

(
sup
t

|Xn(t)−Xrn(t)| � γ
)

� B(n, n)− B(r, n)+ o(1). (3.3)

Proof . Note that, as β(n)→ ∞,∣∣∣∣∑
j�u

EX∗
nj −A(u, n)

∣∣∣∣ � θ
∞∑
j=1

∣∣∣∣ a(j)β(n)

∣∣∣∣∗ |e−θ/j − 1|
j

+
∞∑
j=1

∞∑
k=2

∣∣∣∣a(j)kβ(n)

∣∣∣∣∗(θj
)k e−θ/j

k!
= o(1) (3.4)

holds uniformly in u � 1, which yields

max
0�r�n

max
r�k�n

∣∣∣∣ ∑
r<j�k

EX∗
nj − (A(k, n)−A(r, n))

∣∣∣∣ = o(1).

For all γ > 0, by the standard arguments we obtain that

Pn,r(γ ) � P
( ⋃
r<j�n

(Xnj �= X∗
nj )

)
+ P

(
max
r<k�n

∣∣∣∣ ∑
r<j�k

(X∗
nj − EX∗

nj )

∣∣∣∣ � γ /2
)

+ o(1)� B(n, n)− B(r, n)+ o(1).

This completes the proof.



Processes for the Ewens formula 237

LEMMA 3. Suppose that Condition A holds for a random element X in D[0, 1]. If Xn ⇒ X, then (3.2) holds
and

Xεnn ⇒ X (3.5)

for each 0 < ε < 1.

Proof . Let 0 < ε < 1 and εn > 1. If εn � y(t) = yn(t) � n, then, for all real λ,

∣∣Eeiλ(Xn(1)−Xn(t))
∣∣ =

∣∣∣∣∣ exp
{
θ

∑
y(t)<j�n

1

j

(
eia(j)λ/β(n) − 1

)}∣∣∣∣∣ = exp
{
θ

∑
y(t)<j�n

1

j

(
cos(a(j)λ/β(n))− 1

)}
(3.6)

� exp
{

− 2θ
∑

y(t)<j�n

1

j

}
� exp

{
− 2θ

n∫
y(t)

dx

x

}
� exp

{
− 2θ

n∫
nε

dx

x

}
� ε2θ .

Note that Xn ⇒ X implies that X is a process with independent increments and that Xn(1)−Xn(t)⇒ X(1)−X(t)
for all but countable t ∈ [0, 1] ([6], p. 124). Define tn = max{s � 1: y(s) � εn}. If tn → t ′ < 1 for some
subsequence n := n′ → ∞, then yn(t) > εn for some t ∈ (max{η, t ′}, 1), for which Xn(1) − Xn(t) ⇒
X(1)−X(t). But, in this case, the distribution of X(1)−X(t) is absolutely continuous. Consequently, by the
Riemann–Lebesgue lemma, its characteristic function φt1 satisfies φt1(λ)→ 0 as λ → ∞. This contradicts (3.6)
and yield, tn → 1. Thus, we have

1 + o(1) = tn � B(y(tn)+ 1, n)

B(n, n)
� B(εn+ 1, n)

B(n, n)
� 1. (3.7)

Since Xn(1) ⇒ X(1), by Lemma 9 of Chapter 4 of [16], it follows that B(n, n) is bounded. Since 0 �
B(εn + 1, n) − B(εn, n) = o(1), (3.2) now follows from (3.7). Finally (3.2) and Lemma 2 yield (3.5). This
completes the proof of the lemma.

LEMMA 4 ([1], Theorem 3). For 0 < ε < 1 and 2 � r � εn, we have∥∥νn,θ · Ĥ r−1

n − P ·Xr−1

n

∥∥ � εθ
(
θ + (1 − ε)−1),

where ‖ · ‖ denotes the total-variation norm.

Let, for brevity, L(I) be the linear space of real functions g on I ⊂ R with the finite supremum norm.

LEMMA 5 ([4]). Let

h(σ, t) = h1(k1(σ ), t)+ · · · + hn(kn(σ ), t),

where hj(k, t), t ∈ I ⊂ R, be a set of real arrays of functions on I such that hj(0, t) = 0 and hj(k, ·) ∈ L(I)
for k � 0, j � n, and t ∈ I . Denote 0n(t) = h1(ξ1, t)+ · · · + hn(ξn, t). Then, for any g ∈ L(I) and x � 0,

νn,θ

(
sup
t∈I

|h(σ, t)− g(t)| � x
)

� C(θ)
(
P θ∧1

(
sup
t∈I

|0n(t)− g(t)| � x/3
)

+ n−θ
)
.

Here C(θ) is a positive constant depending only on θ .

In the necessity part of Theorem 1, we will use an estimate of the mean values of multiplicative functions
defined on permutations having only long cycles.
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LEMMA 6 ([4]). For b(j) ∈ C, 1 � j � n, and σ ∈ Sn, let

f (σ) =
n∏
j=1

b(j)kj (σ), 00 := 1.

If b(j) = 1 for all but j ∈ J ⊂ (n/2, n], then

Mn(f ) := 1

θ(n)

∑
σ∈Sn

θw(σ)f (σ ) = 1 + θ
∑
j∈J

b(j)− 1

j

n!

θ(n)

θ(n−j)
(n− j)! .

Moreover, if |b(j)| � 1 and J ⊂ (
(1 − δ)n, n] for 0 < δ < δ(θ) < 1/2, then

|Mn(f )| > c(θ) > 0,

provided that δ(θ) is sufficiently small and n is sufficiently large, n > n(θ).

The next lemma shows that the values hj(k) for k � 2 and 1 � j � n can be neglected.

LEMMA 7. The measures νn,θ ·H−1
n and νn,θ · Ĥ−1

n can converge only simultaneously and to the same limit.

Proof . Since β(n)→ ∞, we have by Lemma 5 that, for any γ > 0 and K > 2,

ν(γ ; n, θ) := νn,θ

(
sup
t

∣∣Hn(σ, t)− Ĥn(σ, t)∣∣ > γ)
� C(θ)

(
P θ∧1

(
sup
t

∣∣∣∣ ∑
j≤y(t)

(
hj(ξj )− a(j)ξj

)∣∣∣∣ � γβ(n)/3
)

+ n−θ
)

� P θ∧1(∃j � K: ξj � K
)+ P θ∧1(∃j � K: ξj � 2

)
+ P θ∧1

(∑
j�K

(|hj(ξj )| + |a(j)|ξj
)

� γβ(n)/3, ξi � K ∀ i � K
)

+ o(1)

�
(∑
j�K

∑
k�K

e−θ/j θ
k

jk k!

)θ∧1

+
(∑
j�K

∑
k�2

e−θ/j θ
k

jk k!

)θ∧1

+ oK(1)

�
(∑
j�K

θK

jK K!

)θ∧1

+
(∑
j�K

θ2

j2

)θ∧1

+ oK(1)� K−θ∧1 + oK(1).

Here oK(1) denotes the estimate o(1) depending on K. Hence ν(γ ; n, θ) = o(1) for arbitrary γ > 0. Conse-
quently, the measures νn,θ ·H−1

n and νn,θ · Ĥ−1
n can converge only simultaneously and to the same limit.

4. PROOFS OF THE RESULTS

Without loss of generality, by Lemma 7 we can further assume that

hj(kj (σ )) = a(j)kj (σ ).

Proof of Theorem 1. Suppose that Xn ⇒ X, 0 < ε < 1, and r = εn. Then by Lemmas 2, 3, and 5, we get
that, for any γ > 0,

νn,θ

(
sup
t

|Hn(σ, t)−Hr
n(σ, t)| � γ

)
� C(θ)P θ∧1

n,r (γ /3)+ o(1) = o(1). (4.1)
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The weak convergence Hn ⇒ X now follows from (3.5) of Lemma 3 and Lemma 4.
Conversely, suppose thst Hn ⇒ X. Then Hn(., 1)−Hn(., t)⇒ X(1)−X(t) for all but countable t ∈ (0, 1).

We shall first prove that B(n, n) is bounded. Let s′n = (1 + B(n, n))−1/2 and r = r(n) = y(s′n). Suppose that
r > εn for some 0 < ε < 1. Then we clearly have

B(εn, n) � B(y(s′n), n) � s′nB(n, n) � B(n, n)1/2

and

B(n, n)− B(εn, n) � 1 + log(1/ε)� 1.

These inequalities together imply that

B(n, n)− B(n, n)1/2 � 1

and, hence, B(n, n) � 1. Thus, if B(n, n) → ∞ for some subsequence n := nk → ∞, then r(n) = o(n) and
s′n → 0. Consequently, Lemma 4 and the tightness of the family of measures νn,θ ·H−1

n (see [6]) imply

P

(∣∣∣∣∑
j�r

Xnj −A(r, n)
∣∣∣∣ � γ

)
= νn,θ

(∣∣∣∣∑
j�r

a(j)kj (σ )/β(n)− A(r, n)
∣∣∣∣ � γ

)
+ o(1)

= νn,θ
(∣∣Hn(σ, s′n)∣∣ � γ

)+ o(1) = o(1)

for any γ > 0. Hence (see Theorem 1 on p. 258 of [14]), B(r, n) = o(1). But since β(n)→ ∞, we have

B(r, n) = B(r + 1, n)+ o(1) � B(n, n)1/2 + o(1),

which contradicts lim supn→∞ B(n, n) = ∞. This establishes B(n, n)� 1.
We shall now establish (3.2). Let the constant δ(θ) > 0 in Lemma 6 be sufficiently small. Let 0 < δ < δ(θ)

and τn = sup{u � 1: y(u) � (1 − δ)n}. Suppose that τn → t0 < 1 for some subsequence n := n′ → ∞.
Then y(t) > (1 − δ)n for n sufficiently large and for some t ∈ (max{η, t0}, 1) such that Hn(., 1)− Hn(., t) ⇒
X(1)−X(t). Using Lemma 6 with

b(j) =
{

exp{iλa(j)/β(n)} if y(t) < j � n,
1, otherwise,

and λ ∈ R, we note that the characteristic function φt1 of X(1)−X(t) satisfies

|φt1(λ)| > c(θ) > 0

uniformly in λ ∈ R. By the Riemann–Lebesgue lemma, this contradicts the assumption that the distribution of
X(1)−X(t) is absolutely continuous. Thus, from the definitions of y(t) and the sequence τn it follows that

1 + o(1) � τn �
B
(
y(τn)+ 1, n

)
B(n, n)

�
B
(
(1 − δ)n+ 1, n

)
B(n, n)

�
B
(
un, n

)
B(n, n)

� 1

for any 1 − δ/2 � u � 1 and n > 2/δ. These inequalities and B(n, n)� 1 together imply

B(n, n)− B(un, n) = o(1) (4.2)

for any 1 − δ/2 � u � 1. Since X(1) has a nondegenerate distribution, it follows that there exists c0 such that

0 < c0 < B(n, n) (4.3)
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for all large n. We shall now establish

β(un)� β(n) (4.4)

for u ∈ [1 − δ/2, 1]. Note that, in this case, 2u > 1. Substituting nu for n several times, we arrive at

∑
uKn�j�n

(
a(j)

β(n,K)

)∗2
1

j
= o(1) (4.5)

for any fixed K � 1 with β(n,K) := max0�l�K β(uln). From (4.5) we can get a strictly increasing sequence of
integers nm > 2m such that, for all n � nm,

∑
umn�j�n

(
a(j)

β(n,m)

)∗2
1

j
<

1

m
. (4.6)

Let K = K(n) := m for nm � n < nm+1 and β̃(n) = β(n,K). Since uKn � umnm � (2u)m, it is clear that
uKn → ∞ and (4.5) holds with K = K(n) → ∞. Note that β̃(n) =: β(ul0n) for some 1 � l0 = l(n,K) � K

and r = r(n) := uKn = o(n). If β̃(n)/β(n)→ ∞ for a subsequence n := n′ → ∞, then β(n)

β̃(n)
Hn(·, 1)⇒ 0 and,

by (4.5),

β(n)

β̃(n)
Hr
n (·, 1)− An ⇒ 0 (4.7)

for some sequence of real numbersAn. By (4.5), (4.7), and Lemma 4, it follows that β̃(n)−1∑n
j=1 a(j)ξj−cn ⇒ 0

for some sequence of real numbers cn. Thus, we have, by Theorem 4 of Chapter 9 of [16], that

o(1) =
∑
j�n

(
a(j)

β̃(n)

)∗2
1

j
� B(ul0n, ul0n),

which contradicts (4.3). This proves the boundedness of β̃(n)/β(n), which, in turn, implies (4.4). Hence (3.2)
holds by Lemma 1. Thus, (3.3) and another application of Lemma 5 yield (4.1) for r = εn, for all 0 < ε < 1
and γ > 0. So, by the assumption that Hn ⇒ X, we obtain that Hεn

n ⇒ X for all 0 < ε < 1. Now Lemma 4
and another application of (3.3) complete the proof of Theorem 1.

Proof of Theorem 2. We first note that P(X(0) = 0) = 1 and that X(1) has a nondegenerate distribution.
Hence, by Theorem 1, it suffices to establish that Xn ⇒ X if and only if (2.2) and (2.3) hold. Since β(n)→ ∞,
we have, by the Markov inequality and without any additional assumptions, that

max
j�n

P (|Xnj | � ε) � max
j�n

{
θ

εj

∣∣∣∣ ajβ(n)
∣∣∣∣∗} −→ 0 (4.8)

for 0 < ε < 1. So {Xnj , 1 � j � n} is an infinitesimal array. We now use Theorem 1 of [13] to establish
Xn ⇒ X under (2.2) and (2.3). By (2.3) we clearly have

lim
τ→0

lim sup
n→∞

n∑
j=1

( ∫
|x|<τ

xdP(Xnj < x)

)2

= 0.

To verify the remaining assumptions of Theorem 1 of [13], let

Qnl(u) = θ
∑
j�l

a(j)�uβ(n)

(
a(j)

β(n)

)∗2
1

j
, u ∈ R, 1 � l � n.
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We have

7nl(u) :=
∑
j�l

u∫
−∞

x∗2
dP(Xnj < x) = θ

∑
j�l

a(j)�uβ(n)

(
a(j)

β(n)

)∗2
1

j
+ O

( ∞∑
j=1

(
a(j)

β(n)

)∗2 |e−θ/j − 1|
j

)

+ O

( ∞∑
j=1

∞∑
k=2

(
ka(j)

β(n)

)∗2(
θ

j

)k 1

k!

)
= θ

∑
j�l

a(j)�uβ(n)

(
a(j)

β(n)

)∗2
1

j
+ o(1) = Qnl(u)+ o(1),

uniformly in u ∈ R and 1 � l � n. As a result, even though y(t) in (2.1) is defined through B(l, n) instead of
7nl(+∞), the proof of Theorem 1 of [14] goes through in view of its equation (9). The choice of centralizing
constants A(u, n) is guided by (3.4). According to Theorem 1 of [14], to establish the sufficiency of conditions
(2.2) and (2.3) for the weak convergence, it suffices to show that

7nn ⇒ 7, (4.9)

where ⇒ means the weak convergence of nondecreasing functions including the convergence at the points ±∞,
and

7(u) =


a1|u|−α for u � −1,
a1 + a1α(2 − α)−1(1 − |u|2−α) for −1 < u � 0,
2a1(2 − α)−1 + αa2(2 − α)−1u2−α for 0 < u � 1,
2(a1 + a2)(2 − α)−1 − a2u

−α for u > 1.

To verify (4.9) for u < 0, we have by the dominated convergence theorem that

7nn(u) = Qnn(u)+ o(1) = θ

u∫
−∞

x∗2
d

∑
j�n

a(j)<xβ(n)

1

j
+ o(1) = 7(u)+ o(1).

The remaining cases are treated similarly. Thus, Xn ⇒ X.
If Xn ⇒ X, then clearly Xn(1)⇒ X(1) and X is a process with independent increments. As noted in (4.8),

{Xnj ; 1 � j � n} is an infinitesimal array. Hence, the necessity of (4.9) or, equivalently, that of conditions (2.2)
and (2.3) for Xn(1)⇒ X(1) is well known (see Chapter 4 of [16]). This completes the proof of Theorem 2.

Theorem 3 is proved by similar arguments.
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9. W. J. Ewens, The sampling theory of selectively neutral alleles, Theoret. Pop. Biol., 3, 87–112 (1972).
10. B. M. Hambly, P. Keevash, N. O’Connell, and D. Stark, The characteristic polynomial of a random permutation matrix,

Stoch. Proc. Appl., 90, 335–346 (2000).
11. J. C. Hansen, A functional central limit theorem for the Ewens sampling formula, J. Appl. Probab., 27, 28–43 (1990).
12. J. Kubilius, Probabilistic Methods in the Theory of Numbers, Amer. Math. Soc., Providence, RI (1964).
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