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Abstract

Let F, denote the empirical distribution of a sample of size n from a distribution function
F, and let H,, denote the distribution of /n(F,(¢) — F(¢)). Contrary to the intuition, H,, is
not approximated uniformly over ¢ by its bootstrapped counterpart. The main problem is at the
values of ¢ near the tails of F. Two results exploring this phenomenon are presented here.
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Let Xj,..., X, be i.i.d. random variables from a distribution F. Let F;, and F,; denote
the empirical distribution and its bootstrap version. Further, let P* denote the measure
induced by the bootstrap sampling, that is, the conditional measure given the sample
Xi,...,X,. Note that F; is the empirical distribution of a sample of size n from F,.
Define

An(x) = sup [P(v/n(Fy(x) — F(x)) < u) = P*(v/n(F,; (x) = F(x)) < u)],
Ay =sup A4,(x)

1
t,=inf{x:F(x)>——
in {x (x) n—|—1}

D, ={F,(t,) =0} ={X1 > t,,.... X, > t,}.
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In this paper it is shown that 4, is bounded away from zero with positive probability,
for all n > 1.

It is clear from the central limit theorem and the strong law of large numbers
that 4,(x) — 0 a.e. for all x. The problem of asymptotic behavior of A4, arose in
connection with the study of ‘False Discovery Rates’ by Genovese and Wasserman
(2001). In view of the tightness of the empirical process and its bootstrap version, it
may not be unrealistic to expect 4, —, 0 or 4, — 0 a.e., as n — oco. However, an
attempt to prove this quickly leads to doubt its validity. In this paper, it is shown that
A, +3 0 for any continuous F. But if the range of x near the tails is restricted, then
A,(x) — 0 uniformly in certain intervals a.e. These results are established in the next
two theorems.

Theorem 1. For any continuous F, P(4, > 1 —2e™ ") > % for all n > 1.
Proof. As (1 —1/(n+ 1))""! is increasing in n, it follows that for all n > 1,

<l ! n+1<P(D)— 1 ! n<eﬁ1 1+1 < 2e7! (1)
4= n+1 = " n+1) = n) ’

Clearly,

P(J(Fy(ty) — F(t,)) < 0) = P (Fn(rn) < nil) — P(F,(1,) = 0) = P(D,),

and on D, F,(t,)=F,(t,)=0. So 4, > 1 — P(D,) on D,, and hence
P(An = 1 _P(Dn)) >P(Dn)
for all n > 1. In view of (1), this leads to P(4, >1—2¢7 ') > % forallm>1. O
To prove the next theorem, we need a special case of Berry—Esseen theorem (see

for example, Theorem 12.4 and Eq. (12.16) of Bhattacharya and Rao, 1986), which is
stated as the following Lemma.

Lemma 1. Let Yi,...,Y, be iid Bernoulli random variables with P(Y; =1)= p =
1 —P(Y;=0), where 0 < p < 1. Then

P (Z (Y; — p) <x/np(1 - p)) — B(x)

i=1

2

< —.
vnp(l—p)

Here @ and ¢ denote the cumulative distribution function and the density function
of the standard normal variable.

Theorem 2. For any distribution function F and any sequence a, — oo, we have

B, = sup{A,(x) : F(x)(1 — F(x)) = a,(loglogn)?n~"?} 50 ae.

Proof. Let |F, — F|| = sup, |F,(x) — F(x)|. If
> (x,n) = Fy(x)(1 = F,(x))  and o*(x) = F(x)(1 = F(x)),



G.J. Babul Journal of Statistical Planning and Inference 126 (2004) 587—589 589

then
|O’2(x,n) - Uz(x)‘ < ||Fy = Fl|. (2)
By Lemma 1, we have

[P(Vn(Fu(x) = F(x)) < u) = P*(/n(F; (x) = Fa(x)) < u)|

2 1 1
< |P(x/a(x)) — P(x/a(x,n))| + % <0'(x) + prpn n)) . (3)
Since sup, [x¢(x)| < 1, it follows by (2), that
1 1

|@(x/a(x)) — D(x/o(x,n))| < ax(a(x), a(x,n))

o(x) oa(x,n) o
< |o*(x) = P m)|(a(x)a(x,n) !
< ||Fy = Fll(min(o(x), 6(x,n))) 2. (4)
By the well-known law of the iterated logarithm for empirical distribution functions
(see for example, Theorem 5.1.1 of Csorgd and Révész (1981)), we have

limsup v/2n/loglogn ||F, — F|| <1 ae. (5)

n—oQ

The theorem now follows from (2)—(5). [J

Remark. The random variable nF,(1/n) converges to the Poisson distribution with
mean 1, while the bootstrap distribution of nF,(1/n) given (nF,(1/n) = k) converges
weakly to the Poisson distribution with mean k. So the bootstrap distribution of nF;(1/n)
converges weakly to a random measure. Consequently,

P(nFy(1/n) = j) = P*(nF;(1/n) = j) -+ 0.
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