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Abstract

This paper considers multivariate extension of smooth estimator of the distribution and density function based on
Bernstein polynomials studied in Babu et al. [2002. Application of Bernstein polynomials for smooth estimation of a
distribution and density function. J. Statist. Plann. Inference 105, 377-392]. Multivariate version of Bernstein polynomials
for approximating a bounded and continuous function is considered and adapted for smooth estimation of a distribution
function concentrated on the hypercube [0, 1], d> 1. The smoothness of the resulting estimator, naturally lends itself in a
smooth estimator of the corresponding density. The functions with other compact or non-compact support can be dealt
through suitable transformations. The asymptotic properties, namely, strong consistency and asymptotic normality of the
resulting estimators are investigated under «-mixing. This has been motivated by estimation of conditional densities in non-
linear dynamical systems.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Let X denote a d-dimensional vector random variable with a distribution function denoted by F and a
continuous density f, so that

Fx)= | fdt (1.1)
t<x

(The ordered relations < and > are taken to be coordinate wise.) In this article, we shall implicitly consider
the case d>1. Azzalini (1981) used the popular kernel estimator of a density for deriving the estimators of
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quantiles and the distribution function. For bounded random variables this estimator, however, may assign
positive mass to a zero probability region and hence, alternative estimators are desired to alleviate this
situation. We refer to Scott (1992) for various methods of estimation of density that can also be used to derive
an estimator of the distribution function, by integration. Chen (1999) introduced a beta kernel density
estimator for random variables with compact support on [0, 1], and recently Bouezmarni and Rolin (2003)
have investigated its consistency properties.

Vitale (1973) introduced a Bernstein polynomial density function estimator which was later extended for
estimation of densities concentrated on triangles and squares by Tenbusch (1994) for the i.i.d. case. On the
other hand, motivated by the problem of smooth estimation of a continuous distribution function, Babu et al.
(2002) obtained the same estimator as that of Vitale (1973) and investigated its large sample properties.
In this paper we extend these results to multivariate case. We consider only distributions F with support [0, 1]%;
random variables with other compact or non-compact support can be transformed to the case considered
here by using simple transformations as in Babu et al. (2002). These estimators are found to have
comparable large sample properties to those given by the popular kernel method. Furthermore, they alleviate
the usual deficiency of the kernel estimator that may assign non-zero probability to regions with zero
probability.

The emphasis in this paper is on the density estimation for the case of multivariate mixing random variables,
where as the estimator considered in Tenbusch (1994) is for the i.i.d. case. Tenbusch (1994) obtains the exact
order of magnitude for the point wise mean squared error where as our results are on almost sure bounds for
maximum difference between the estimator and the true value (i.e. Lo, norm). The degree m of the Bernstein
polynomials in our estimators and the sample size 7 are allowed to vary far more freely than the restrictions on
Theorems 4a and b in Tenbusch (1994). Unlike Tenbusch (1994, Theorems 4a and b), we do not require the
assumption f(x, y)#0. In our case the assumption f(x, y) >0 is used only to get non-zero variance in the CLT.
Furthermore, we only assume Lipschitz continuity of order 1 where as Tenbusch (1994) assumes existence and
boundedness of all partial derivatives of order 2.

The empirical distribution function F,, based on a random sample (X, Xy, ..., X,) of n observations from
the distribution F, is defined as

n

Fy(x) = anmsm Zl(x,l\ ..... Xu<xa)s (1.2)

11/

where X; denotes the jth component of the ith sample observation, and x = (x1, x2,..., Xq).
The following is an extension of Theorem 1.1 of Babu et al. (2002) which can be easily established.

Theorem 1.1. If u is a bounded and continuous function on the hypercube [0,1]¢, then as m — oo

m m

d
ut (x) = Z Z Z <k1 ks “,,%> l_Ilbk,.(m,xJ-) — u(x) (1.3)
Jj=

=0 kr=0

uniformly for x € [0,1]9, where

m k m— k
bk(m,x)z(k>x (1—-x) k=0,...,m. (1.4)
In what follows, for brevity we consider the case d = 2, and write X; = X;; and Y; = X, from now on.

However the exposition easily extends to the case d>2. For the bivariate case, Theorem 1.1 motivates the
following smooth estimator for F(x, y):

N m m . k
Fumep) =YY F, (é%) bj(m, X)bi(m,y), x,y €[0,1] (1.5)
Jj=0 k=0

based on Bernstein polynomials. Note that F’ wm 1S @ polynomial in x and y, and hence has all the derivatives.
We now demonstrate that F,,, is a proper distribution function, and hence it qualifies as an estimator of F.
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Clearly I:",,,m is continuous, 0< F), m(x,»)<1 for x € [0,1], and
m
Frm(x,y) = Z an( )B (m, X)Bi(m., y), (1.6)

where

. . i1 . _1 i1 _1
fn(i>£) :Fn(]_ak>_Fn<]_a£)_Fn<]_:k—>+Fn(]_:k—) (17)
m m m m m m m m m m

forj=1,...,m;k=1,...,m,and for i =0, 1,...,m, f,0,i/m)=f,(i/m,0) =0 and

—1\ [r .
Bi(m, x) = Zb (m, x) = ( O ) /O P s Ll 2 (1.8)
Note that f',(j/m,k/m)>0 and B)(., x) is non-decreasing in x, hence F ., is a proper distribution function in
R?; that is, if
A={(x,y) € R : x| <x<x2,y, <y<yy) (1.9)
is a rectangular region in R?, then

Fn,m(A) = ~n,m(xZ»y2) - Fn,m(xlayz) - Fn,m(XZ:yl) + Fn,m(xlayl)

m

=> > /. (ia) (Bj(m, x2) — Bj(m, x1))(Bk(m, y,) — Bi(m, y,))
Jj=0 k=0

=0.

Furthermore, the representation (1.6) leads to a smooth estimator

m m

nm(x y) Zan< )axa B(m X)Bk(m y)

m—1 m—1
2’”222 (OH) (k+1)> i(m — 1, )bk (m — 1, ) (1.10)
k=

Jj=0
for density f of F. This problem has been motivated by the question of estimation of metric entropy of a non-
linear dynamical system when the observations are contaminated by noise such as given by
Xt = T(0) + &

where x, €[0,1], n=0,1,... and random variables ¢, represent i.i.d. noise random variables. Under the
assumption that 7 admits an absolutely continuous invariant measure given by the density /', it is useful to
estimate /. and 7/, the derivative of 7 to obtain a plug-in estimator of metric entropy /(t) (see Abarbanel, 1995)
given by

1
() = /0 log |7 (0)lf(x) d.

Here, 7 represents the regression of x,1|x,, and /. represents the density of x,,, n =1,2,... . Such data may
be considered to be subject to strong mixing (also called a-mixing). As such, we examine the asymptotic
properties of F,, and f,,,, when the sequence {X;, Xy, ...} satisfies the following a-mixing condition.

Definition. A sequence {X;};°, is called a-mixing (strong mixing) sequence if
|P(A N B) — P(A)P(B)| < o(n)
forall 4 € 4%, B e Mprk, n=1and all k=1, where M* denotes the o-field generated by (..., Xj_1, Xx) and

My is the o-field generated by (Xg,Xky1,...), and the sequence a(n) is a non-increasing sequence with
lim,,_, oo (1) = 0.
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2. Asymptotic properties of F nm

Throughout this paper we use the notation

IGll = sup |G(x,y)]
x,y€[0,1]

for a bounded function G on Q = [0, 1],
a, = n"! logn)l/2 and b, = (m~! lognq)1/4n_1/2 logn. 2.1
The following theorem shows that F wm 18 strongly consistent.

Theorem 2.1. Let F be a continuous probability distribution function on the unit square Q and S (i) <oo. If
m,n — oo, then ||Fy,, — F| — 0 a.s.

Proof. We first note that for all x,y € [0, 1],
|Eom(x,3) = FOu ISIIFy — Fl + | Fy, = FII. (2.2)

Since | F,, — F|| — 0 a.s. as n — oo (see Theorem 2.3 and Corollary 2.1 of Cai and Roussas, 1992) and F'is
uniformly continuous, the result follows from Theorem 1.1. [

We shall now examine the closeness of the smooth estimator with the empirical distribution function, as it
has many optimal properties. Recall that a function ¢ € R is said to satisfy Lipschitz condition of order y>0,
if there exists a constant C such that

19(x, ) = g, )< Cl(x = X) + 0 = )2 (2.3)

Theorem 2.2. Let a(i) = O(e™") for some 0>0, and n**<m<n'"* for some fixed 0<e<1/3. Let F be
continuous and the first-order partial derivatives of F satisfy Lipschitz condition of order 1. Then as n — oo,

||Fn,m — F,|| = O((m™"log rn)]/“n_'/2 logn) a.s. (2.4)

To prove the theorem we need the following lemmas.

Lemma 2.1. Let {Z;} be a strictly stationary a-mixing process with |Z;|<1, E(Z;) =0 and a(n) = O(e=") for
some 0>0. Let 0<0<3/4, V>var(Z,) and D<n>*°V. Then

P(izi

i=1
where C>0 and p>0 are constants depending only on 6 and 0.

> pD> < C(n~% + exp(—8(D?*/nV logn))), (2.5)

Proof. For any r>2, as in Babu and Singh (1978), we have

Var<i2i><r var(Z,) + Z lcov(Z1, Z))| + Z lcov(Z1, Z))|

i=1 2<i<(2/0)logr i>(2/0)logr

<r|var(Z)(1+ (2/0)logr)+4 > e
i>(2/0)logr
<rV(1 +(2/0)logr) + OG). (2.6)

Following the proof of Lemma 3.3 of Babu and Singh (1978), we obtain for any y>0, p >0, and an integer
A>0, that

d

n

>

i=1

>pD) <K, exp(—ypD + K>y* Vnlogn) + Ksn(y*n)*, 2.7
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where K, K, depend only on 6, and K3 depends only on 6 and A. The result now follows from (2.6) and (2.7),
by taking p = +/32K,, y = pDQ2K,Vnlogn)™', and 4>3/5. O

Lemma 2.2. Let F satisfy Lipschitz condition of order 1, 6>0 and

N = {0<k<m : |k — xm|<(mlogm)'/}. (2.8)
Then for 2<m<n'~%, we have H,,, = O(b,m) a.s. as n — oo, where
ik ik
Hyy= sup  max |F, (L—) —F(L,—) —Fn(x,y)+F(x,y)’~ (2.9)
0<x,y<1 JENxmKENm m m m m

Proof. Note that,
ik ik
F, (’) = F(",m) — Fu(x,) +F(x,y)’

m m m
m m m m m m

hence, we need to analyze the terms such as

|Fn(x,7 t) - F(X/, Z) - Fn(xa t) + F(X, t)'

<

X

Fn(;/]nay> _Fl’l(x’y)_F<:n’y> +F(xsy)

b}

and

|F,,(S,y/) - F(S:)/) - Fn(S,y) +F(Say)|

for |x' — x|<ay, |V —y|<an, s,t €[0,1]. We shall estimate the first term, second one can be estimated
similarly. Clearly, for |x' — s|<a,,

|Fn(x/,)’) - F(X/,y) - Fn(ssy) + F(Ssy)|
< max |F11(/.bn,m:y) - Fn(ibn,may) - F(jbn,m:y) + F(ibn,may)|

li=jlbnm <26,

+2 ma'X |F((]+ l)bn,may) - F(]'b]‘[’may)'

JENxm

< max |Fn(ibn,m,y) - Fn(ibn,msy) - F(ibn,m:y) + F(ibn,may)| + O(bn,m)a

= . .
li—j1bnm < 2am

where the order of the second term in the above equation follows from the Lipschitz condition on F. Now, for
kbym<y<(k + 1)b,,, using the monotonicity of F and F, in each coordinate we get,

Fu(jby s ¥) — En(ibpms y) — F (b, s ) + F(ibym, y)
SF iy (k + Dbim) = Fuibypms kbim) — F(ibyy s kbym) + F(ibym, (k + 1)by )
SF by s (k + Dbim) — Fulibypms kbim) — F(iby s (k + Dbypm) + F(ibypm, kby )
+ F(jby, s (k + Dbpn) — F(ib, s kbpm) 4 F(iby s (k + Dbpn) — F(ibp Kby m)
SFu(jby s (k + Dbupm) — Flibnps kbupm) — F(by s (k + Dby + F (i kbupm) + O(bum)
SFu(iby s (k + Dbum) = Fu(ibym, (k + Dbym) — F(b, 1, (k + 1)bum) + F(ibym, (k + 1)bym)
+ Fo(ibyms (k + Dby) — Fu(ibyms kbpm) — F(ibyms (k + Dbym) + F(iby kby) + O(by ).

Together with a similar lower bound on the left-hand side expression, we get for |i — j|b,,, <2a,,,
|Fn(jbn,may) - Fn(ibn,m,y) - F(I.bn,m:y) + F(ibn,m)y)l <Dn,m,1 + Dn,m,z + O(bn,m)a (210)
where

Dn,m,l = max max |Fn(]bn me kbn,m) - Fn(ibn,m: kbn,m) - F(/bn o kbn,m) + F(ibn,ma kbn,m)l
li—jlbum <2y fo< 145! ’ ’

nm
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and

Dyupy = max max | Fy(kbym,jby ) — Fn(kbnm, ibpm) — F(kbyms, jby, ) + F(kbpm, ibym)|.
|l_]‘bn,m <2ay, k< ]+bil

nm

Therefore, it follows that

Hn,m < 2Dn,m,l + 2Dn,m,2 + O(bn,m) (21 1)
By applying Lemma 2.1 with D = nb,,, and V = 2a,,, we find a constant p>0 such that for any y,
P(|F,1(fbn’,,1,y) — Fu(ibym,y) — (F(jbn,may) — F(ibym, Y)| > pbpm) = O(n_8)~ (2.12)
As by, <nand #{(i,j) : 0<i,j<b,, }<b, <n’, it follows by (2.12) that

P(Dn,m,l >pbn,m) = O(n2n—8) = O(n_6)~

Therefore

Z P(Dn,m,l > pbn,m) <0oQ.
n

By Borel-Cantelli lemma, we have D, 1 = O(by,,) a.s. as n — oo. Similarly it follows that D, ,,,» = O(b,m)
a.s. as n — oo. Lemma 2.2 now follows from (2.11) O

Proof of Theorem 2.2. Observe that for every x,y € [0, 1],
Fn,m(x:y) - Fn(x:y) - Tl(x’y) + TZ(x’y)a (213)

where
Ti(x,y) = (F,(x,y) = F(x,))
and
TZ(xsy) = Z Z b/(m’ x)bk(m’y)(Fn(j/m’ k/m) - F(]/mik/m) - Fﬂ(xxy) + F(X»J’))
=0 k=0

Denote, the partial derivatives of F with respect to x,y as F; and F,, respectively. Since the first-order partial
derivatives F and F, of F satisfy Lipschitz condition of order 1, we have uniformly in x,y € (0, 1), that

F(/m,k[m) — F(x,y) = ((j/m) — x)F«(x,y) + (k/m) — y)F(x, y)

+ O(((j/m) — x)* + ((k/m) — p)?). (2.14)
Since,
ikbk(m, x) =mx and zm:(k — mx)*bi(m, x) = mx(1 — x), (2.15)
k=0 k=0
it follows by (2.14) that
|F;, — Fll = O(1 /m). (2.16)
And therefore
sup |T1(x, )| = O(1/m). (2.17)
(x,)eQ

Next, to investigate the second term of Eq. (2.13), we see that

|T2(x,y)|<( >N b,-(m,x)bk<m,y>a,-,k,n,m<x,y)) + (2 > b,-(m,x)> + (2 > bk(m,y)>

jEN.\‘,m kEN»v‘m JENxm k¢ Ny,m

= T21(x,3) + To(x,y) + T2(x,y),
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where

ik ik
) = Fo (0} < F(L00) = P+ Fls), @18)
m’m m’m
It follows by applying Lemma 2.1 of Babu et al. (2002) (see Eq. (2.17)) with Z; i.i.d. random variables
satisfying P(Z; =1 —x)=x=1—P(Z; = —x), a= (m logm)l/z, V =m/4 and s = 1/2, we get for m> 16,

8
To(x,y) + Tr(x, )< . (2.19)

Furthermore, since

T21(X:Y)< Sup max max |ajknm(s t)| - nrna
0<s, t<1JENsm kEN 1

the theorem now follows from Lemma 2.2. [

Remark 2.1. Comparison of a smooth estimator of the distribution function and the empirical distribution
function may be used in justifying the use of the former in Bootstrap technique. We may refer the reader to
Shorack and Wellner (1986) (Chapter 23, Section 1) where a parallel result to Theorem 2.2 for kernel method
for i.i.d. case appears (see Corollary 1, p. 764). This result depends on the specific kernel used, e.g. in the case
of the Gaussian kernel, the optimum rate is O(n—2/3), where as in our case the rate is close to O(n~3/%). Further
note that F,,, has all the derivatives, and is a highly smooth estimator of F. As the proof hinges on estimating
the increments of F,, — F using the ideas similar to Bahadur’s (1966) representation of quantile, it is very likely
that the rate given here is optimal, except possibly for logarithmic terms. The question of optimal rates is
difficult to address and will be visited elsewhere.

3. Asymptotic properties of the estimated density f wm

We now establish a strong convergence result for the estimated density fn’m similar to that of F,,,m.
Throughout this section we assume that F has continuous density f, and that f satisfies Lipschitz condition of
order 1. Let M =m — 1,

(] k ik k i—1) k i—1) (k—1
1) =) =7 ()~ () - (550 G:D
f0(0,0) =0 and f(0,k/m) = f,(j/m,0)=0forj=1,...,m; k=1,...,m. Note that
k
Ty = om0 2 S Zfo(J £l )b(M Wh(M, ) (3.2)
0x0y =<

is the density of the distribution F7,.

Theorem 3.1. Assume that F has continuous density f, and that f satisfies Lipschitz condition of order 1. Let
a(i) = O(e™%) for some 0>0. For any >0 we have as n>=m — oo,

ITw —f1l =0 ") and |f,,, — Tmll = O(mn~"*logn + m*n=C/M%%)  a. (3.3)

Consequently, if m<n®/®=* for some 0<e< 3, then |f,,, —f — 0 a.s. as m,n — oo.
Moreover, if the first partial derlvalwes of [ satisfy Lipschitz condition of order 1/2, then
I T —f Il = O(m=3/*). So in this case if we take m = n'"/Y=¢, then

fn m f” O(n7(3/16)+(3/4)5).

Proof. We first estimate T,,. Since

G+1)/m  plk+1)/m
Zfo(] +1 kst 1) / /k f(s,1)drds (3.4)

m /m
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and f'is assumed to satisfy Lipschitz condition of order 1, we have

+1 k+1 (] k _
Pty (’ ) f(i,—) +00n™) (3.5)
m m

k -1

=f(x,»)+0 ——x %—y +0O(m™)

k -1
=f(y)+0 ——x—i—ﬂ—y +O0@m ) =0(1) (3.6)
uniformly in j=1,...,m; k=1,...,m, and in 0<x,y<1. Hence using Cauchy-Schwartz inequality and

(2.15), we have uniformly for 0<x,y<1,

M
Ton(x,9) = f(x,) = 0(2 o7~ X |bi(M. ) + Z — = y|bi(M, y)) +0(m™")
=0 =M
= O(m~'/?). (3.7)
This establishes the first part of (3.3). To estimate |lf,1,m — T, define
M M
Wix,y) =Y > Tuguim — PUG,k: i, m)bj(M, x)bi(M, y), (3.8)
=0 k=0
where
UG,k;i,m)={j<mX;<j+ LLk<mY,; <k + 1}.
Clearly,
~ m2 n
fn,m(x7y) - TM(xsy) = 7 Z Wi(X,J/)a (39)
PGk 1m)) = £y (L ]i (3.10)
—J0 m > m s .
and

0<j,k<m m m m

1 k+1 1 k
nm72|lfn,n1 Tm||<n max }fn(j_i_ + > f0<]+ + )‘

Z(IUUM) — P(UG, k3, m)))‘

Since for some constant K > 1
var(l g jim) < P(UG, k; i, m)) < Km™2, (3.11)

by taking V = K max(m~2,n~1/2*2%(logn)~?), 0<d<e, and D = (Vn)'/*logn in Lemma 2.1, we get for some
constant p >0,

P| max
0<jk<m

So the second part of (3.3) now follows by Borel-Cantelli lemma. The last part is an immediate consequence of
Taylor expansion and the fact that mean and variance of (1.4) are mx and mx(1 — x). This completes the proof
of Theorem 3.1. [

Z(IW ki) — P(UG, ke i, m)))

> p(Vn)'/? log n) =O0(n%). (3.12)

Remark 3.1. Under similar conditions (see Prakasa Rao (1983, Theorem 3.1.12)), the order of uniform
convergence for the kernel estimator under the i.i.d. bivariate case is O(n~'/®(loglogn)'/?). This convergence
rate holds in the weakly dependent case as well, due to a result of Neumann (1998). Neumann has proved that
in the case of weakly dependent data, a sequence of independent random variables with the same marginals,
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along with the weakly dependent data can be constructed on some probability space such that

5 = Fll = O~ logn),
where f ;, denotes the kernel estimator of f'based on the weakly dependent data and f ; 1s the same based on the
i.i.d. data. The convergence rate in our case is given by O(n~CG/19+9) ‘much smaller than O(n~'/®), when ¢ is
chosen to be small. This compares favorably to the convergence rate in the case of kernel estimator. The rate is
improved to O(n~("/9+9)_if Lipschitz condition of order 1 is assumed for the first-order partial derivatives of f.
For the rest of the paper we assume that, o(i) = O(e~"), for some 0>0 and fix 0<x,y<1. To establish
asymptotic normality of f nm(X, 1), let

a’(x,y) = lim_ m*(Var(Wi(x, ) + 2 i Cov(W1(x,y), Wi(x,))>0. (3.13)
i=2

It is a simple algebra to establish that

afm = o-f,m(x, y) = m’r~'Var <Z Wi(x, y)> — a’(x, ), (3.14)
i=1

as r>(logm)® — oo. Clearly, S lCov(W(x, ), Wi(x,y))| <oo, whenever Y2 a(i)<oco. By Lemma 3.1 of
Babu et al. (2002), we have m*Var(W ;) — 7(x, y), where

70, 2) = (F(x,0) /A1 = x)(1 = y) ™2 >0, (3.15)
provided f(x,y)>0.

Remark 3.2. If {(X;, Y;)}?, is a sequence of independent random vectors, then 2(x,y) = y(x, ). If the joint
densities g; of (X1, Yy, X,, Y;) are uniformly bounded then also we have ¢2(x,y) = y(x,y). This holds, in
particular, when the sequence {(X};, Y;)} is s-dependent and each of g; (2<i<s) are bounded.

The next theorem is of interest on its own. However a consequence of it, stated as Corollary 1, gives point
wise convergence rate of an estimator of f(x, ). To state the theorem on asymptotic normality, note that from
(3.7) and (3.8), for O0<x,y<1,

IWiteI<1 and  sup | Wik, I < max bi(M,x)bi(M, ) + [ Tllm™ = O(m™). (3.16)
i Sjks

Theorem 3.2. Assume that F has continuous density f, and that f satisfies Lipschitz condition of order 1. Let
a(i) = O(e~") for some 0>0. If 3<m<nV/H=¢ for some 0<e< %, then

(1)m) 2(F (6, 3) = T, 9)) = N'(0,6%(x,3)) as n — oo, (3.17)

Proof. Let [s] denote the largest integer not exceeding s. Following the proof of Theorem 27.4 of Billingsley
(1995, pp. 364-367), define § = % +2¢, 0= % +e,p=[nfl, =" r=[n—-p)/p+ 9]+ 1,

Zi=mPWix,y), S¢= zszi, So=0
i=1
and write
Wm%&mw—mmm=&=iw+im,
i= i=
where for 1<i<r,
Vi = Smininip+e)y — Si-Dp+a)tps

Ui = Si-1p+a+r — Si-Dp+g)-

As in the proof of Theorem 27.4 of Billingsley (1995, p. 367), (rp)"/*>20_,U; and (rp)"">330_ U,
have the same limiting distribution, where U; are independent random variables with the common
distribution same as that of U;. As (rp/n) — 1, it follows by Lindeberg Central Limit Theorem that
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(rp) 1/222:1 U,— A(0,d%(x,)), provided for each ¢>0,

|
;E(U%Iﬂwxﬁ))—’ 0.

By (3.16), we have
Ur<p'm’ sup [V, »I* =0’ m),

p
Z Wi(x9y)

i=1

Uil = m?

3/2
< m max

0<jk<m

Zuwk,m) — P(U(, k; z,m»)‘

Hence by (3.12),

%E(U%I(|U1\>éﬁ)) = O<P’”P (03},22,” iXP;(IU(i,k;i,m) — P(UG, k; i,m)))| = p(Vp)'/? 10gl’>>
= O(mp~>) — 0,
provided
m**(Vp/n)'* logp — 0,
where

V = Kmax(m~?, p~1/2"*(logp)?)
for some K> 1. Clearly (3.19) holds if m<n'/9=¢_ This proves (3.18) and hence
r 9
w123 UL (0,67, )).
i=1
Similarly,
rg) P>V % (0,67 (x, ).
i=1
As (rq/n) — 0, we conclude that n~!/23"7_ V; — 0 in probability and consequently,
n28, 5 (0,62 (x, y).
This completes the proof of Theorem 3.2. [
Remark 3.3. If mn~'/° — 0 and

1 _
T(x,3) = /(6 0) + —n(x,9) + O(m™?).
For some function #(x, y), then under the conditions of Theorem 3.2 we have

(/) (] (. 3) = £ (o) + 7 0, 7) S A (0,63 (x, ).

Therefore we have the following corollary.

Corollary 1. In addition to the conditions of Theorem 3.2, suppose mn~'/

derivatives of f satisfy Lipschitz condition of order 1, then (3.21) holds, with
”I(an’) = (1 - zx)fx(xay) + (1 - 2y)fy(xﬂy) + X(l - x)fxx(xay) + y(l - y)f‘yy(xay)a
where f .f, and f ... f .. [, denote the first- and second-order partial derivatives of f.

(3.18)

(3.19)

(3.20)

(3.21)

— 0, and the third-order partial

(3.22)
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Proof. By (3.4) and Taylor series expansion, we have,

. G+1)/m :
e T R M G TR
m m m j/m m’m

(k+1)/m .
tm (z - f) /, (’— 5) dt + O(m™2)
m

b
k/m m m

_ f(i,5> . (fx (i,f) i/, (i,ﬁ)) +0(m™) (323)
m m 2m m m m m

A similar expansion yields that

(2 E) =ron+ (L=x)r (E- )7+ 0,

m’m
This leads to

ZZf( )b(M )b (M y) = f(x, ) + O(m™").

j=0 k=0

Repeated applications of such Taylor series expansions establish (3.20) with n given by (3.22). This proves the
corollary. [

Remark 3.4. The above corollary gives the rate O(n~%/°) of convergence to normality after bias correction
which compares favorably to the rate O(n~!/3) of kernel estimator in the bivariate i.i.d. case. This can be
obtained by using Theorem 3.1.15 of Prakasa Rao (1983) with 4, = n~'/°,
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