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Abstract

This paper considers multivariate extension of smooth estimator of the distribution and density function based on

Bernstein polynomials studied in Babu et al. [2002. Application of Bernstein polynomials for smooth estimation of a

distribution and density function. J. Statist. Plann. Inference 105, 377–392]. Multivariate version of Bernstein polynomials

for approximating a bounded and continuous function is considered and adapted for smooth estimation of a distribution

function concentrated on the hypercube ½0; 1�d ; d41. The smoothness of the resulting estimator, naturally lends itself in a

smooth estimator of the corresponding density. The functions with other compact or non-compact support can be dealt

through suitable transformations. The asymptotic properties, namely, strong consistency and asymptotic normality of the

resulting estimators are investigated under a-mixing. This has been motivated by estimation of conditional densities in non-

linear dynamical systems.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Let X denote a d-dimensional vector random variable with a distribution function denoted by F and a
continuous density f, so that

F ðxÞ ¼

Z
tpx

f ðtÞdt. (1.1)

(The ordered relations p and 4 are taken to be coordinate wise.) In this article, we shall implicitly consider
the case d41. Azzalini (1981) used the popular kernel estimator of a density for deriving the estimators of
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quantiles and the distribution function. For bounded random variables this estimator, however, may assign
positive mass to a zero probability region and hence, alternative estimators are desired to alleviate this
situation. We refer to Scott (1992) for various methods of estimation of density that can also be used to derive
an estimator of the distribution function, by integration. Chen (1999) introduced a beta kernel density
estimator for random variables with compact support on ½0; 1�; and recently Bouezmarni and Rolin (2003)
have investigated its consistency properties.

Vitale (1973) introduced a Bernstein polynomial density function estimator which was later extended for
estimation of densities concentrated on triangles and squares by Tenbusch (1994) for the i.i.d. case. On the
other hand, motivated by the problem of smooth estimation of a continuous distribution function, Babu et al.
(2002) obtained the same estimator as that of Vitale (1973) and investigated its large sample properties.
In this paper we extend these results to multivariate case. We consider only distributions F with support ½0; 1�d ;
random variables with other compact or non-compact support can be transformed to the case considered
here by using simple transformations as in Babu et al. (2002). These estimators are found to have
comparable large sample properties to those given by the popular kernel method. Furthermore, they alleviate
the usual deficiency of the kernel estimator that may assign non-zero probability to regions with zero
probability.

The emphasis in this paper is on the density estimation for the case of multivariate mixing random variables,
where as the estimator considered in Tenbusch (1994) is for the i.i.d. case. Tenbusch (1994) obtains the exact
order of magnitude for the point wise mean squared error where as our results are on almost sure bounds for
maximum difference between the estimator and the true value (i.e. L1 norm). The degree m of the Bernstein
polynomials in our estimators and the sample size n are allowed to vary far more freely than the restrictions on
Theorems 4a and b in Tenbusch (1994). Unlike Tenbusch (1994, Theorems 4a and b), we do not require the
assumption f ðx; yÞa0. In our case the assumption f ðx; yÞ40 is used only to get non-zero variance in the CLT.
Furthermore, we only assume Lipschitz continuity of order 1 where as Tenbusch (1994) assumes existence and
boundedness of all partial derivatives of order 2.

The empirical distribution function Fn, based on a random sample ðX1;X2; . . . ;XnÞ of n observations from
the distribution F, is defined as

FnðxÞ ¼
1

n

Xn

i¼1

Yd

j¼1

I ðX ijpxiÞ ¼
1

n

Xn

i¼1

I ðX i1px1;...;X idpxd Þ, (1.2)

where X ij denotes the jth component of the ith sample observation, and x ¼ ðx1; x2; . . . ;xdÞ:
The following is an extension of Theorem 1.1 of Babu et al. (2002) which can be easily established.

Theorem 1.1. If u is a bounded and continuous function on the hypercube ½0; 1�d , then as m!1

u�mðxÞ ¼
Xm

k1¼0

Xm

k2¼0

� � �
Xm

kd¼0

u
k1

m
;
k2

m
; . . . ;

kd

m

� �Yd

j¼1

bkj
ðm;xjÞ ! uðxÞ (1.3)

uniformly for x 2 ½0; 1�d , where

bkðm;xÞ ¼
m

k

� �
xkð1� xÞm�k; k ¼ 0; . . . ;m. (1.4)

In what follows, for brevity we consider the case d ¼ 2, and write X i ¼ X i1 and Y i ¼ X i2 from now on.
However the exposition easily extends to the case d42: For the bivariate case, Theorem 1.1 motivates the
following smooth estimator for F ðx; yÞ:

~Fn;mðx; yÞ ¼
Xm

j¼0

Xm

k¼0

F n

j

m
;

k

m

� �
bjðm; xÞbkðm; yÞ; x; y 2 ½0; 1� (1.5)

based on Bernstein polynomials. Note that ~F n;m is a polynomial in x and y; and hence has all the derivatives.
We now demonstrate that ~F n;m is a proper distribution function, and hence it qualifies as an estimator of F.
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Clearly ~F n;m is continuous, 0p ~Fn;mðx; yÞp1 for x 2 ½0; 1�, and

~Fn;mðx; yÞ ¼
Xm

j¼0

Xm

k¼0

f n

j

m
;

k

m

� �
Bjðm;xÞBkðm; yÞ, (1.6)

where

f n

j

m
;

k

m

� �
¼ Fn

j

m
;

k

m

� �
� F n

j � 1

m
;

k

m

� �
� F n

j

m
;
k � 1

m

� �
þ Fn

j � 1

m
;
k � 1

m

� �
(1.7)

for j ¼ 1; . . . ;m; k ¼ 1; . . . ;m, and for i ¼ 0; 1; . . . ;m; f nð0; i=mÞ ¼ f nði=m; 0Þ ¼ 0 and

Biðm;xÞ ¼
Xm

j¼i

bjðm;xÞ ¼ m
m� 1

i � 1

� �Z x

0

ti�1ð1� tÞm�i dt. (1.8)

Note that f nðj=m; k=mÞX0 and Bjð:; xÞ is non-decreasing in x; hence ~F n;m is a proper distribution function in
R2; that is, if

A ¼ fðx; yÞ 2 R2 : x1oxpx2; y1oypy2g (1.9)

is a rectangular region in R2; then

~Fn;mðAÞ ¼ ~Fn;mðx2; y2Þ �
~Fn;mðx1; y2Þ �

~Fn;mðx2; y1Þ þ
~Fn;mðx1; y1Þ

¼
Xm

j¼0

Xm

k¼0

f n

j

m
;

k

m

� �
ðBjðm;x2Þ � Bjðm;x1ÞÞðBkðm; y2Þ � Bkðm; y1ÞÞ

X0.

Furthermore, the representation (1.6) leads to a smooth estimator

~f n;mðx; yÞ ¼
Xm

j¼1

Xm

k¼1

f n

j

m
;

k

m

� �
q
qx

q
qy

Bjðm;xÞBkðm; yÞ

¼ m2
Xm�1
j¼0

Xm�1
k¼0

f n

ðj þ 1Þ

m
;
ðk þ 1Þ

m

� �
bjðm� 1;xÞbkðm� 1; yÞ ð1:10Þ

for density f of F. This problem has been motivated by the question of estimation of metric entropy of a non-
linear dynamical system when the observations are contaminated by noise such as given by

xnþ1 ¼ tðxnÞ þ xn,

where xn 2 ½0; 1�; n ¼ 0; 1; . . . and random variables xn represent i.i.d. noise random variables. Under the
assumption that t admits an absolutely continuous invariant measure given by the density f t, it is useful to
estimate f t and t0; the derivative of t to obtain a plug-in estimator of metric entropy hðtÞ (see Abarbanel, 1995)
given by

hðtÞ ¼
Z 1

0

log jt0ðxÞjf tðxÞdx.

Here, t represents the regression of xnþ1jxn; and f t represents the density of xn; n ¼ 1; 2; . . . : Such data may
be considered to be subject to strong mixing (also called a-mixing). As such, we examine the asymptotic
properties of ~Fn;m and ~f n;m; when the sequence fX1;X2; . . .g satisfies the following a-mixing condition.

Definition. A sequence fXig
1
i¼1 is called a-mixing (strong mixing) sequence if

jPðA \ BÞ � PðAÞPðBÞjpaðnÞ

for all A 2Mk; B 2Mnþk; nX1 and all kX1; where Mk denotes the s-field generated by ð. . . ;Xk�1;XkÞ and
Mk is the s-field generated by ðXk;Xkþ1; . . .Þ; and the sequence aðnÞ is a non-increasing sequence with
limn!1 aðnÞ ¼ 0.
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2. Asymptotic properties of ~Fn;m

Throughout this paper we use the notation

kGk ¼ sup
x;y2½0;1�

jGðx; yÞj

for a bounded function G on O ¼ ½0; 1�2;

an ¼ ðn
�1 log nÞ1=2 and bn;m ¼ ðm

�1 logmÞ1=4n�1=2 log n. (2.1)

The following theorem shows that ~Fn;m is strongly consistent.

Theorem 2.1. Let F be a continuous probability distribution function on the unit square O and
P1

i¼1 aðiÞo1. If

m; n!1, then k ~Fn;m � Fk ! 0 a.s.

Proof. We first note that for all x; y 2 ½0; 1�,

j ~F n;mðx; yÞ � F ðx; yÞkpkF n � Fk þ kF�m � Fk. (2.2)

Since kFn � Fk ! 0 a.s. as n!1 (see Theorem 2.3 and Corollary 2.1 of Cai and Roussas, 1992) and F is
uniformly continuous, the result follows from Theorem 1.1. &

We shall now examine the closeness of the smooth estimator with the empirical distribution function, as it
has many optimal properties. Recall that a function g 2 R2 is said to satisfy Lipschitz condition of order g40,
if there exists a constant C such that

jgðx; yÞ � gðx0; y0ÞjpCððx� x0Þ2 þ ðy� y0Þ2Þg=2. (2.3)

Theorem 2.2. Let aðiÞ ¼ Oðe�yiÞ for some y40, and n2=3pmpn1�e for some fixed 0oep1=3. Let F be

continuous and the first-order partial derivatives of F satisfy Lipschitz condition of order 1. Then as n!1,

k ~Fn;m � Fnk ¼ Oððm�1 logmÞ1=4n�1=2 log nÞ a.s. (2.4)

To prove the theorem we need the following lemmas.

Lemma 2.1. Let fZig be a strictly stationary a-mixing process with jZijp1; EðZiÞ ¼ 0 and aðnÞ ¼ Oðe�ynÞ for

some y40. Let 0odo3=4, V4varðZ1Þ and Don3=4�dV . Then

P
Xn

i¼1

Zi

�����
�����4rD

 !
pCðn�8 þ expð�8ðD2=nV log nÞÞÞ, (2.5)

where C40 and r40 are constants depending only on d and y.

Proof. For any rX2, as in Babu and Singh (1978), we have

var
Xr

i¼1

Zi

 !
pr varðZ1Þ þ

X
2pipð2=yÞ log r

jcovðZ1;ZiÞj þ
X

i4ð2=yÞ log r

jcovðZ1;ZiÞj

0
@

1
A

pr varðZ1Þð1þ ð2=yÞ log rÞ þ 4
X

i4ð2=yÞ log r

e�iy

0
@

1
A

prV ð1þ ð2=yÞ log rÞ þOðr�1Þ. ð2:6Þ

Following the proof of Lemma 3.3 of Babu and Singh (1978), we obtain for any y40, r40, and an integer
A40, that

P
Xn

i¼1

Zi

�����
�����4rD

 !
pK1 expð�yrDþ K2y

2Vn log nÞ þ K3nðy4nÞA, (2.7)
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where K1;K2 depend only on y, and K3 depends only on y and A. The result now follows from (2.6) and (2.7),
by taking r ¼

ffiffiffiffiffiffiffiffiffiffiffi
32K2

p
, y ¼ rDð2K2Vn log nÞ�1, and AX3=d. &

Lemma 2.2. Let F satisfy Lipschitz condition of order 1, d40 and

Nx;m ¼ f0pkpm : jk � xmjpðm logmÞ1=2g. (2.8)

Then for 2pmpn1�d, we have Hn;m ¼ Oðbn;mÞ a.s. as n!1, where

Hn;m ¼ sup
0ox;yo1

max
j2Nx;m;k2Ny;m

F n

j

m
;

k

m

� �
� F

j

m
;

k

m

� �
� Fnðx; yÞ þ F ðx; yÞ

����
����. (2.9)

Proof. Note that,

Fn
j

m
;

k

m

� �
� F

j

m
;

k

m

� �
� F nðx; yÞ þ F ðx; yÞ

����
����

p Fn

j

m
;

k

m

� �
� F

j

m
;

k

m

� �
� F n

j

m
; y

� �
þ F

j

m
; y

� �����
����þ Fn

j

m
; y

� �
� F nðx; yÞ � F

j

m
; y

� �
þ F ðx; yÞ

����
����,

hence, we need to analyze the terms such as

jF nðx
0; tÞ � F ðx0; tÞ � F nðx; tÞ þ F ðx; tÞj

and

jF nðs; y
0Þ � F ðs; y0Þ � F nðs; yÞ þ F ðs; yÞj

for jx0 � xjpam; jy0 � yjpam; s; t 2 ½0; 1�: We shall estimate the first term, second one can be estimated
similarly. Clearly, for jx0 � sjpam;

jFnðx
0; yÞ � F ðx0; yÞ � F nðs; yÞ þ F ðs; yÞj

p max
ji�jjbn;mp2am

jFnðjbn;m; yÞ � F nðibn;m; yÞ � F ðjbn;m; yÞ þ F ðibn;m; yÞj

þ 2 max
j2Nx;m

jF ððj þ 1Þbn;m; yÞ � F ðjbn;m; yÞj

� �
p max
ji�jjbn;mp2am

jFnðjbn;m; yÞ � F nðibn;m; yÞ � F ðjbn;m; yÞ þ F ðibn;m; yÞj þOðbn;mÞ,

where the order of the second term in the above equation follows from the Lipschitz condition on F . Now, for
kbn;moypðk þ 1Þbn;m; using the monotonicity of F and F n in each coordinate we get,

Fnðjbn;m; yÞ � F nðibn;m; yÞ � F ðjbn;m; yÞ þ F ðibn;m; yÞ

pF nðjbn;m; ðk þ 1Þbn;mÞ � Fnðibn;m; kbn;mÞ � F ðjbn;m; kbn;mÞ þ F ðibn;m; ðk þ 1Þbn;mÞ

pF nðjbn;m; ðk þ 1Þbn;mÞ � Fnðibn;m; kbn;mÞ � F ðjbn;m; ðk þ 1Þbn;mÞ þ F ðibn;m; kbn;mÞ

þ F ðjbn;m; ðk þ 1Þbn;mÞ � F ðjbn;m; kbn;mÞ þ F ðibn;m; ðk þ 1Þbn;mÞ � F ðibn;m; kbn;mÞ

pF nðjbn;m; ðk þ 1Þbn;mÞ � Fnðibn;m; kbn;mÞ � F ðjbn;m; ðk þ 1Þbn;mÞ þ F ðibn;m; kbn;mÞ þOðbn;mÞ

pF nðjbn;m; ðk þ 1Þbn;mÞ � Fnðibn;m; ðk þ 1Þbn;mÞ � F ðjbn;m; ðk þ 1Þbn;mÞ þ F ðibn;m; ðk þ 1Þbn;mÞ

þ F nðibn;m; ðk þ 1Þbn;mÞ � Fnðibn;m; kbn;mÞ � F ðibn;m; ðk þ 1Þbn;mÞ þ F ðibn;m; kbn;mÞ þOðbn;mÞ.

Together with a similar lower bound on the left-hand side expression, we get for ji � jjbn;mp2am;

jF nðjbn;m; yÞ � F nðibn;m; yÞ � F ðjbn;m; yÞ þ F ðibn;m; yÞjpDn;m;1 þDn;m;2 þOðbn;mÞ, (2.10)

where

Dn;m;1 ¼ max
ji�jjbn;mp2am

max
kp1þb�1n;m

jFnðjbn;m; kbn;mÞ � Fnðibn;m; kbn;mÞ � F ðjbn;m; kbn;mÞ þ F ðibn;m; kbn;mÞj
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and

Dn;m;2 ¼ max
ji�jjbn;mp2am

max
kp1þb�1n;m

jFnðkbn;m; jbn;mÞ � Fnðkbn;m; ibn;mÞ � F ðkbn;m; jbn;mÞ þ F ðkbn;m; ibn;mÞj.

Therefore, it follows that

Hn;mp2Dn;m;1 þ 2Dn;m;2 þOðbn;mÞ. (2.11)

By applying Lemma 2.1 with D ¼ nbn;m and V ¼ 2am, we find a constant r40 such that for any y;

PðjF nðjbn;m; yÞ � F nðibn;m; yÞ � ðF ðjbn;m; yÞ � F ðibn;m; yÞÞj4rbn;mÞ ¼ Oðn�8Þ. (2.12)

As b�1n;mpn and #fði; jÞ : 0oi; jpb�1n;mgpb�2n;mpn2, it follows by (2.12) that

PðDn;m;14rbn;mÞ ¼ Oðn2n�8Þ ¼ Oðn�6Þ.

ThereforeX
n

PðDn;m;14rbn;mÞo1.

By Borel–Cantelli lemma, we have Dn;m;1 ¼ Oðbn;mÞ a.s. as n!1. Similarly it follows that Dn;m;2 ¼ Oðbn;mÞ

a.s. as n!1. Lemma 2.2 now follows from (2.11) &

Proof of Theorem 2.2. Observe that for every x; y 2 ½0; 1�,

~Fn;mðx; yÞ � Fnðx; yÞ ¼ T1ðx; yÞ þ T2ðx; yÞ, (2.13)

where

T1ðx; yÞ ¼ ðF
�
mðx; yÞ � F ðx; yÞÞ

and

T2ðx; yÞ ¼
Xm

j¼0

Xm

k¼0

bjðm; xÞbkðm; yÞðF nðj=m; k=mÞ � F ðj=m; k=mÞ � Fnðx; yÞ þ F ðx; yÞÞ.

Denote, the partial derivatives of F with respect to x; y as F x and Fy, respectively. Since the first-order partial
derivatives Fx and F y of F satisfy Lipschitz condition of order 1, we have uniformly in x; y 2 ð0; 1Þ, that

F ðj=m; k=mÞ � F ðx; yÞ ¼ ððj=mÞ � xÞFxðx; yÞ þ ððk=mÞ � yÞFyðx; yÞ

þOðððj=mÞ � xÞ2 þ ððk=mÞ � yÞ2Þ. ð2:14Þ

Since,

Xm

k¼0

kbkðm;xÞ ¼ mx and
Xm

k¼0

ðk �mxÞ2bkðm;xÞ ¼ mxð1� xÞ, (2.15)

it follows by (2.14) that

kF�m � Fk ¼ Oð1=mÞ. (2.16)

And therefore

sup
ðx;yÞ2O

jT1ðx; yÞj ¼ Oð1=mÞ. (2.17)

Next, to investigate the second term of Eq. (2.13), we see that

jT2ðx; yÞjp
X

j2Nx;m

X
k2Ny;m

bjðm;xÞbkðm; yÞaj;k;n;mðx; yÞ

������
������

0
@

1
Aþ 2

X
jeNx;m

bjðm; xÞ

0
@

1
Aþ 2

X
keNy;m

bkðm; yÞ

0
@

1
A

¼ T21ðx; yÞ þ T22ðx; yÞ þ T23ðx; yÞ,
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where

aj;k;n;mðx; yÞ ¼ Fn

j

m
;

k

m

� �
� F

j

m
;

k

m

� �
� F nðx; yÞ þ F ðx; yÞ. (2.18)

It follows by applying Lemma 2.1 of Babu et al. (2002) (see Eq. (2.17)) with Zi i.i.d. random variables
satisfying PðZi ¼ 1� xÞ ¼ x ¼ 1� PðZi ¼ �xÞ, a ¼ ðm logmÞ1=2, V ¼ m=4 and s ¼ 1=2, we get for mX16,

T22ðx; yÞ þ T23ðx; yÞp
8

m
. (2.19)

Furthermore, since

T21ðx; yÞp sup
0os;to1

max
j2Ns;m

max
k2Nt;m

jaj;k;n;mðs; tÞj ¼ Hn;m,

the theorem now follows from Lemma 2.2. &

Remark 2.1. Comparison of a smooth estimator of the distribution function and the empirical distribution
function may be used in justifying the use of the former in Bootstrap technique. We may refer the reader to
Shorack and Wellner (1986) (Chapter 23, Section 1) where a parallel result to Theorem 2.2 for kernel method
for i.i.d. case appears (see Corollary 1, p. 764). This result depends on the specific kernel used, e.g. in the case
of the Gaussian kernel, the optimum rate is Oðn�2=3Þ; where as in our case the rate is close to Oðn�3=4Þ. Further
note that ~F n;m has all the derivatives, and is a highly smooth estimator of F. As the proof hinges on estimating
the increments of Fn � F using the ideas similar to Bahadur’s (1966) representation of quantile, it is very likely
that the rate given here is optimal, except possibly for logarithmic terms. The question of optimal rates is
difficult to address and will be visited elsewhere.

3. Asymptotic properties of the estimated density ~f n;m

We now establish a strong convergence result for the estimated density ~f n;m similar to that of ~Fn;m.
Throughout this section we assume that F has continuous density f, and that f satisfies Lipschitz condition of
order 1. Let M ¼ m� 1,

f 0

j

m
;

k

m

� �
¼ F

j

m
;

k

m

� �
� F

j

m
;
ðk � 1Þ

m

� �
� F

ðj � 1Þ

m
;

k

m

� �
þ F

ðj � 1Þ

m
;
ðk � 1Þ

m

� �
, (3.1)

f 0ð0; 0Þ ¼ 0 and f 0ð0; k=mÞ ¼ f 0ðj=m; 0Þ ¼ 0 for j ¼ 1; . . . ;m; k ¼ 1; . . . ;m. Note that

Tmðx; yÞ ¼
q2F�mðx; yÞ

qxqy
¼ m2

XM
j¼0

XM
k¼0

f 0

j þ 1

m
;
k þ 1

m

� �
bjðM ;xÞbkðM ; yÞ (3.2)

is the density of the distribution F�m.

Theorem 3.1. Assume that F has continuous density f, and that f satisfies Lipschitz condition of order 1. Let

aðiÞ ¼ Oðe�yiÞ for some y40. For any e40 we have as nXm!1,

kTm � f k ¼ Oðm�1=2Þ and k ~f n;m � Tmk ¼ Oðmn�1=2 log nþm2n�ð3=4ÞþeÞ a.s. (3.3)

Consequently, if mpnð3=8Þ�e for some 0oeo 3
8
, then k ~f n;m � f k ! 0 a.s. as m; n!1.

Moreover, if the first partial derivatives of f satisfy Lipschitz condition of order 1=2, then

kTm � f k ¼ Oðm�3=4Þ. So in this case if we take m ¼ nð1=4Þ�e, then

k ~f n;m � f k ¼ Oðn�ð3=16Þþð3=4ÞeÞ.

Proof. We first estimate Tm. Since

m2f 0

j þ 1

m
;
k þ 1

m

� �
¼ m2

Z ðjþ1Þ=m

j=m

Z ðkþ1Þ=m

k=m

f ðs; tÞdtds (3.4)
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and f is assumed to satisfy Lipschitz condition of order 1, we have

m2f 0

j þ 1

m
;
k þ 1

m

� �
¼ f

j

m
;

k

m

� �
þOðm�1Þ ð3:5Þ

¼ f ðx; yÞ þO
j

m
� x

����
����þ k

m
� y

����
����

� �
þOðm�1Þ

¼ f ðx; yÞ þO
j

M
� x

����
����þ k

M
� y

����
����

� �
þOðm�1Þ ¼ Oð1Þ ð3:6Þ

uniformly in j ¼ 1; . . . ;m; k ¼ 1; . . . ;m; and in 0px; yp1. Hence using Cauchy–Schwartz inequality and
(2.15), we have uniformly for 0px; yp1,

Tmðx; yÞ � f ðx; yÞ ¼ O
XM
j¼0

j

M
� x

����
����bjðM ;xÞ þ

XM
k¼0

k

M
� y

����
����bkðM; yÞ

 !
þOðm�1Þ

¼ Oðm�1=2Þ. ð3:7Þ

This establishes the first part of (3.3). To estimate k ~f n;m � Tmk, define

W iðx; yÞ ¼
XM
j¼0

XM
k¼0

ðIUðj;k;i;mÞ � PðUðj; k; i;mÞÞÞbjðM; xÞbkðM ; yÞ, (3.8)

where

Uðj; k; i;mÞ ¼ fjomX ipj þ 1; komY ipk þ 1g.

Clearly,

~f n;mðx; yÞ � Tmðx; yÞ ¼
m2

n

Xn

i¼1

W iðx; yÞ, ð3:9Þ

PðUðj; k; i;mÞÞ ¼ f 0

j þ 1

m
;
k þ 1

m

� �
, ð3:10Þ

and

nm�2kf n;m � Tmkpn max
0pj;kpm

f n

j þ 1

m
;
k þ 1

m

� �
� f 0

j þ 1

m
;
k þ 1

m

� �����
����

p max
0pj;kpm

Xn

i¼1

ðIUðj;k;i;mÞ � PðUðj; k; i;mÞÞÞ

�����
�����

Since for some constant K41

varðIUðj;k;i;mÞÞpPðUðj; k; i;mÞÞpKm�2, (3.11)

by taking V ¼ K maxðm�2; n�ð1=2Þþ2eðlog nÞ�2Þ, 0odoe, and D ¼ ðVnÞ1=2 log n in Lemma 2.1, we get for some
constant r40;

P max
0pj;kpm

Xn

i¼1

ðIUðj;k;i;mÞ � PðUðj; k; i;mÞÞÞ

�����
�����XrðVnÞ1=2 log n

 !
¼ Oðn�6Þ. (3.12)

So the second part of (3.3) now follows by Borel–Cantelli lemma. The last part is an immediate consequence of
Taylor expansion and the fact that mean and variance of (1.4) are mx and mxð1� xÞ. This completes the proof
of Theorem 3.1. &

Remark 3.1. Under similar conditions (see Prakasa Rao (1983, Theorem 3.1.12)), the order of uniform
convergence for the kernel estimator under the i.i.d. bivariate case is Oðn�1=6ðloglognÞ1=2Þ. This convergence
rate holds in the weakly dependent case as well, due to a result of Neumann (1998). Neumann has proved that
in the case of weakly dependent data, a sequence of independent random variables with the same marginals,
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along with the weakly dependent data can be constructed on some probability space such that

kf̂ h �
~f hk ¼ Oðn�1=2 log nÞ,

where f̂ h denotes the kernel estimator of f based on the weakly dependent data and ~f h is the same based on the
i.i.d. data. The convergence rate in our case is given by Oðn�ð3=16ÞþeÞÞ, much smaller than Oðn�1=6Þ, when e is
chosen to be small. This compares favorably to the convergence rate in the case of kernel estimator. The rate is
improved to Oðn�ð1=4ÞþeÞÞ, if Lipschitz condition of order 1 is assumed for the first-order partial derivatives of f.

For the rest of the paper we assume that, aðiÞ ¼ Oðe�yiÞ, for some y40 and fix 0ox; yo1. To establish
asymptotic normality of ~f n;mðx; yÞ, let

s2ðx; yÞ ¼ lim
m!1

m3ðVarðW 1ðx; yÞÞ þ 2
X1
i¼2

CovðW 1ðx; yÞ;W iðx; yÞÞÞ40. (3.13)

It is a simple algebra to establish that

s2r;m ¼ s2r;mðx; yÞ ¼ m3r�1Var
Xr

i¼1

W iðx; yÞ

 !
! s2ðx; yÞ, (3.14)

as r4ðlogmÞ3!1. Clearly,
P1

i¼2jCovðW 1ðx; yÞ;W iðx; yÞÞjo1, whenever
P1

i¼1aðiÞo1. By Lemma 3.1 of
Babu et al. (2002), we have m3VarðW 1Þ ! gðx; yÞ, where

gðx; yÞ ¼ ðf ðx; yÞ=4pÞðxyð1� xÞð1� yÞÞ�1=240, (3.15)

provided f ðx; yÞ40.

Remark 3.2. If fðX i;Y iÞg
1
i¼1 is a sequence of independent random vectors, then s2ðx; yÞ ¼ gðx; yÞ. If the joint

densities gi of ðX 1;Y 1;X i;Y iÞ are uniformly bounded then also we have s2ðx; yÞ ¼ gðx; yÞ. This holds, in
particular, when the sequence fðX i;Y iÞg is s-dependent and each of gi (2pips) are bounded.

The next theorem is of interest on its own. However a consequence of it, stated as Corollary 1, gives point
wise convergence rate of an estimator of f ðx; yÞ. To state the theorem on asymptotic normality, note that from
(3.7) and (3.8), for 0ox; yo1,

jW iðx; yÞjp1 and sup
i
jW iðx; yÞjp max

0pj;kpM
bjðM; xÞbkðM ; yÞ þ kTmkm

�2 ¼ Oðm�1Þ. (3.16)

Theorem 3.2. Assume that F has continuous density f, and that f satisfies Lipschitz condition of order 1. Let

aðiÞ ¼ Oðe�yiÞ for some y40. If 3pmpnð1=4Þ�e for some 0oeo 1
4
, then

ðn=mÞ1=2ð ~f n;mðx; yÞ � Tmðx; yÞÞ!
D

Nð0; s2ðx; yÞÞ as n!1. (3.17)

Proof. Let ½s� denote the largest integer not exceeding s. Following the proof of Theorem 27.4 of Billingsley
(1995, pp. 364–367), define b ¼ 1

2
þ 2e, a ¼ 1

2
þ e, p ¼ ½nb�; q ¼ ½na�, r ¼ ½ðn� pÞ=ðpþ qÞ� þ 1,

Zi ¼ m3=2W iðx; yÞ; S‘ ¼
X‘
i¼1

Zi; S0 ¼ 0

and write

ðn=mÞ1=2ð ~f n;mðx; yÞ � Tmðx; yÞÞ ¼ Sn ¼
Xr

i¼1

Ui þ
Xr

i¼1

V i,

where for 1pipr,

Vi ¼ Sminfn;iðpþqÞg � Sði�1ÞðpþqÞþp,

Ui ¼ Sði�1ÞðpþqÞþp � Sði�1ÞðpþqÞ.

As in the proof of Theorem 27.4 of Billingsley (1995, p. 367), ðrpÞ�1=2
Pr

i¼1Ui and ðrpÞ�1=2
Pr

i¼1U 0i
have the same limiting distribution, where U 0i are independent random variables with the common
distribution same as that of Ui. As ðrp=nÞ ! 1, it follows by Lindeberg Central Limit Theorem that
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ðrpÞ�1=2
Pr

i¼1U
0
i!
D

Nð0; s2ðx; yÞÞ, provided for each x40,

1

p
EðU2

1I ðjU1j4x
ffiffi
n
p
ÞÞ ! 0. (3.18)

By (3.16), we have

U2
1pp2m3 sup

i
jW iðx; yÞj

2 ¼ Oðp2mÞ,

jU1j ¼ m3=2
Xp

i¼1

W iðx; yÞ

�����
�����

pm3=2 max
0pj;kpm

Xp

i¼1

ðIUðj;k;i;mÞ � PðUðj; k; i;mÞÞÞ

�����
�����.

Hence by (3.12),

1

p
EðU2

1I ðjU1j4x
ffiffi
n
p
ÞÞ ¼ O pmP max

0pj;kpm

Xp

i¼1

ðIUðj;k;i;mÞ � PðUðj; k; i;mÞÞÞ

�����
�����XrðVpÞ1=2 log p

 ! !

¼ Oðmp�5Þ ! 0,

provided

m3=2ðVp=nÞ1=2 log p! 0, (3.19)

where

V ¼ K maxðm�2; p�ð1=2Þþ2eðlog pÞ�2Þ

for some K41. Clearly (3.19) holds if monð1=4Þ�e. This proves (3.18) and hence

n�1=2
Xr

i¼1

Ui!
D

Nð0;s2ðx; yÞÞ.

Similarly,

ðrqÞ�1=2
Xr

i¼1

Vi!
D

Nð0;s2ðx; yÞÞ.

As ðrq=nÞ ! 0, we conclude that n�1=2
Pr

i¼1V i ! 0 in probability and consequently,

n�1=2Sn !
D

Nð0; s2ðx; yÞÞ.

This completes the proof of Theorem 3.2. &

Remark 3.3. If mn�1=5! 0 and

Tmðx; yÞ ¼ f ðx; yÞ þ
1

m
Zðx; yÞ þOðm�2Þ. (3.20)

For some function Zðx; yÞ, then under the conditions of Theorem 3.2 we have

ðn=mÞ1=2ð ~f n;mðx; yÞ � f ðx; yÞ þm�1Zðx; yÞÞ!
D

Nð0; s2ðx; yÞÞ. (3.21)

Therefore we have the following corollary.

Corollary 1. In addition to the conditions of Theorem 3.2, suppose mn�1=5! 0, and the third-order partial

derivatives of f satisfy Lipschitz condition of order 1, then (3.21) holds, with

Zðx; yÞ ¼ ð1� 2xÞf xðx; yÞ þ ð1� 2yÞf yðx; yÞ þ xð1� xÞf xxðx; yÞ þ yð1� yÞf yyðx; yÞ, (3.22)

where f x; f y and f xx; f xy; f yy denote the first- and second-order partial derivatives of f.
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Proof. By (3.4) and Taylor series expansion, we have,

m2f 0

j þ 1

m
;
k þ 1

m

� �
¼ f

j

m
;

k

m

� �
þm

Z ðjþ1Þ=m

j=m

s�
j

m

� �
f x

j

m
;

k

m

� �
ds

þm

Z ðkþ1Þ=m

k=m

t�
k

m

� �
f y

j

m
;

k

m

� �
dtþOðm�2Þ

¼ f
j

m
;

k

m

� �
þ

1

2m
f x

j

m
;

k

m

� �
þ f y

j

m
;

k

m

� �� �
þOðm�2Þ. ð3:23Þ

A similar expansion yields that

f x

j

m
;

k

m

� �
¼ f xðx; yÞ þ

j

m
� x

� �
f xx þ

k

m
� y

� �
f xy þOðm�1Þ.

This leads to

XM
j¼0

XM
k¼0

f x

j

m
;

k

m

� �
bjðM;xÞbkðM; yÞ ¼ f xðx; yÞ þOðm�1Þ.

Repeated applications of such Taylor series expansions establish (3.20) with Z given by (3.22). This proves the
corollary. &

Remark 3.4. The above corollary gives the rate Oðn�2=5Þ of convergence to normality after bias correction
which compares favorably to the rate Oðn�1=3Þ of kernel estimator in the bivariate i.i.d. case. This can be
obtained by using Theorem 3.1.15 of Prakasa Rao (1983) with hn ¼ n�1=6:
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