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Abstract

Robust tests are proposed for unrestricted and ordered alternatives in the multi-sample problem without assuming homogeneity
of scales and/or symmetry of the underlying distributions. The methodology consists of bootstrapping appropriately centered
Mann—Whitney statistics. Data sets from Physics and Psychology illustrate the methodology.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The two-sample and multi-sample location problems assume normality and homogeneity of error variances. However,
violations of these assumptions are common (cf. Chow and Liu, 1992; Cressie, 1981, 1997; Micceri, 1989; Wilcox,
1987, 1995). The more realistic nonparametric Behrens—Fisher problem of testing for the equality of the medians of
the distributions with possibly unequal variances was investigated under the additional assumption of symmetry, in the
two-sample case by Fligner and Policello (1981) and in the multi-sample case by Rust and Fligner (1984). In presence
of heteroscedasticity, Cressie (1997) uses optimal weighted linear combination of sample means. However, for skewed
distributions, his jackknife procedure seems to require fairly large samples (Cressie, 1997, p. 50).

Nevertheless most of the distributions arising in Bioavailability Studies and Psychology are skewed (cf. Chow and
Liu, 1992; Micceri, 1989; Wilcox, 1995). Therefore it is worthwhile to develop a methodology without the symmetry
assumption. This was investigated in Babu and Padmanabhan (2002) in the two-sample case. The present paper extends
it to the multi-sample case and also proposes a methodology for testing for ordered alternatives, thereby generalizing
the results of Jonckheere (1954).

Section 2 describes the preliminaries. Section 3 provides the simulation studies and a discussion of the results.
Section 4 contains some illustrations. The justification for bootstrap asymptotics follows from the theory in Babu and
Padmanabhan (2002).

* Corresponding author. Tel.: +1 814 8651348; fax: +1 814 8637114.
E-mail address: babu@stat.psu.edu (G.J. Babu).
I Research supported in part by NSF Grants AST-0326524 and AST-0434234.

0378-3758/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.jspi.2007.03.010


http://www.elsevier.com/locate/jspi
mailto:babu@stat.psu.edu

3262 G.J. Babu, A.R. Padmanabhan / Journal of Statistical Planning and Inference 137 (2007) 32613267
2. Bootstrap procedures

Fore>2let X1 =(X1,1,..., X1,0)- Xo=(X2,1, ..., X2.ny),...,and Xo = (X 1, X¢,2, ..., X pn,.) be independent
samples from respective continuous distributions Fy, F2, ..., F., where

() Fix)=F((x —M)/oi),i=1,2,...,c,
(i1) F is an arbitrary distribution with median zero and the standard deviations o1, 02, ..., g, are possibly unequal.

Let X;.mea and S; be, respectively, the median and standard deviation of the ith sample,i =1, ..., c.For 1< j <k<ec,
let W; ;. be the Mann—-Whitney statistic defined by

njoong

Wik=y > T(Xjg<Xin)

g=1h=1

and
Wik

Ujr= —.
njng

As in Babu and Padmanabhan (2002), the samples are centered at their medians and then divided by their standard
deviations to yield the location-cum-scale-aligned observations. Let

Zii=Xii — Xiimed)/Si, 1=1,...,n;; i=1,...,c (1)

LetHo: My =My =---= M., Hy: M; # M for at least one pair (i, j) and Hpa: M1 <M, < --- <M, with at least one
strict inequality.

For symmetric F, p jp=P (X j 1 < Xi,1)=0.5 under Hy. Utilizing this, Rust and Fligner (1984) proposed a modification
of the Kruskal-Wallis statistic for testing Ho against Hy. However, for skewed F, p j; will be unknown and typically
different from 0.5 even under Hy. Therefore, we begin with the following estimate p jx (of p ). Write for fixed j, k,

Qjk=nj+ng,
éizzj,i’ i:l,...,}’lj,
Cnjbi = Zkin E=1,...,m, (2)
where dependence of &’s on j, k is suppressed for ease of notation.
Define
Q/kQ/k
Pik= G Z D I Si<ES0. 3)
J k g=1I=1
Let
Tix=vnWUjx—pjx), Tu= Z ITjxl and T = Z T . 4)
1<j<k<c 1< j<k<<c
Let Z’f e Z’l" "o ZZ,‘ Lrees be a bootstrap sample from the Z; ;’s defined in (1). In estimating the quantiles

of Ty and TA, the followrng bootstrap procedures were studied.
Bootstrap 1 Leth"g = Zj"gS and X} = Zk,l Sk,g=1,...,nj,l=1,...,n,

nj

ng
Jk_n nk ZI(XJg\Xkl)
JMe 21 1=
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Next let S* and S} denote the standard deviations of the samples X = (X% IRIRE
Let O« be asin (2),

jn ) and X} _(Xkl,.. X;:nk)

% .
—Z]l, i=1,...,nj,

é:j+i:Zk,i’ i=1,...,ng,
1 Ojk Qjik

i e L 1GS) <)
Jk g=1I=1

and ij‘j = A /nk(U;" P p’;’ .)- The dependence of &*’s on J, k is suppressed here for notational convenience.
Bootstrap 11: Recall that X ;. med and Xy;meq are the medians of the jth and kth samples, respectively. Now let X ;‘ p
and X7 ; be as in Bootstrap . Write
X;‘*g X;‘q—i—Xj;med, g=1,....n; and Xkl—X,’(‘J—i—Xk;med, I=1,..., n.
Let X**med and X} .4 be the medians of the samples X%* = X7, ...,

X’}f*n/_ and X;* = X
the standard deviations of X ;‘* and X are simply S;‘.“ and S/ defined in Bootstrap I. Write

STREEE knk Note that

= (XT5 = Xfh)/Sh =1,

v:ﬁ] = (X} = Ximed) /SE =1,
1 Q}k Q/k
pih = Z Z L(EST<ViSH),
Q/k r=1 =1

and

T/*i \/_( p/ k)

again as before the dependence of v*’s on j, k is suppressed. For Ty defined by (4), let 7} and T;j* be its counterparts
based on Bootstrap I and II, respectively. Ty and T} have the same asymptotic null distribution. 7y and T;;* have the
same asymptotic distribution both under the null hypothesis and under contiguous alternatives. Similar results hold for
Ty,T} and T . The proofs follow from a multi-sample extension of the asymptotics for the two-sample case in Babu
and Padmanabhan (2002). The details are omitted.

3. Monte Carlo simulations

Now to the finite sample behavior. As Bootstrap II turned out to be extremely conservative for small samples, we
shall be giving the results for only Bootstrap I.

All the results are based on 2000 simulations, involving pseudo-random samples generated by IMSL subroutines,
performed on an Alpha 1 computer at Monash University. Let N(u, o) denote the Normal distribution with mean p and
standard deviation o.

The distributions studied were (standard) normal =N(0, 1), 25% 4N = 0.75N(0, 1) + 0.25N(0, 4) and the standard
versions of the exponential and lognormal (centered at their medians). At nominal levels o = 0.025 and 0.05, two-sided
and one-sided tests were performed for general and ordered alternatives, respectively.

Let T denotes Ty or T4. Both Bootstrap I and II were based on the following percentile method. From any given
sample, 500 bootstrap samples were drawn.

Let tf, 5, .. t500 be the correspondlng values of T and t(l) < (*2) <0 < t(*500) be the corresponding ordered val-
ues. Then t(*12)’ (25)° (475), (488) are, respectively, the bootstrap estimates of the null 2.5%, 5%, 95% and 97.5%
quantiles of T.

Let C1 = (=00, t},), C2 = (=00, 1]5), C3 = (t;35, 00) and C4 = (t476, 00). To find the empirical level, the procedure
is repeated 2000 times. Left 2.5%, Left 5%, Right 2.5%, and Right 5% denote the percentages of times 7T falls in C1,



3264 G.J. Babu, A.R. Padmanabhan / Journal of Statistical Planning and Inference 137 (2007) 32613267

Table 1
Empirical levels (unrestricted alternatives): ny =ny =nz = 10
Normal 25% 4N Exponential Lognormal
Equal scales
Right 2.5% 3.00 2.81 3.20 3.32
Right 5% 5.89 5.90 6.03 6.32
Unequal scales (1,2,4)
Right 2.5% 3.45 2.94 3.36 341
Right 5% 6.00 6.13 6.22 6.50

Table 2
Empirical levels (unrestricted alternatives): ny = ny = n3 =20

Normal 25% 4N Exponential Lognormal
Equal scales
Right 2.5% 2.81 2.37 2.98 2.85
Right 5% 5.30 4.12 4.61 5.70
Unequal scales (1,2, 4)
Right 2.5% 2.95 2.60 3.00 3.02
Right 5% 5.20 4.82 5.63 5.82

Table 3
Empirical levels (ordered alternatives): ny = ny =n3 =20

Normal 25% 4N Exponential Lognormal
Equal scales
Left 2.5% 2.20 2.50 2.70 3.01
Left 5% 5.10 5.20 5.83 6.12
Right 2.5% 2.30 242 2.28 2.39
Right 5% 5.20 5.35 4.14 4.75
Unequal scales (1,2, 4)
Left 2.5% 2.50 2.90 2.89 3.16
Left 5% 5.40 5.50 5.72 6.35
Right 2.5% 2.80 2.93 2.22 2.55
Right 5% 5.24 5.66 4.92 5.14

C», C3 and Cy4 respectively. For T = Ty the test is one-sided and only Right 2.5% and Right 5% are relevant. For
T = Ty, the test is two-sided and hence Left 2.5%, Left 5%, Right 2.5% and Right 5% are all relevant.

Remark 3.1. In what follows, unequal scales (a, b, ¢) will mean that samples 1, 2 and 3 were drawn from distributions
with scale parameters drawn from distributions with scale parameters a, b and c, respectively. Shift(0, b, ¢) will mean
that samples 2 and 3 have been shifted to the right by b and c, respectively. Positive pairing and negative pairing will
correspond to unequal scales (1, 2, 4) and (4, 2, 1), respectively.

Tables 1-5 cover the balanced case, while Tables 6 and 7 cover the unbalanced case n; = 10, np =20 and n3 = 30
for testing for unrestricted and ordered alternatives, respectively. As already mentioned, only the results of Bootstrap I
are reported.

Remark 3.2. Due to restrictions on computer time, testing for ordered alternatives could not be undertaken for n; =
ny=n3=10. Simulations were run only for testing for unrestricted alternatives, in view of its relevance to the illustrations
in Section 4.
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Table 4
Empirical powers (unrestricted alternatives): Shift (0, 0.5, 1.0), ny =ny =n3 =20

Normal 25% 4N Exponential Lognormal
Equal scales
Right 2.5% 33.20 15.62 74.10 40.35
Right 5% 45.12 22.15 81.94 51.18
Unequal scales (1,2, 4)
Right 2.5% 21.40 10.80 62.40 29.80
Right 5% 29.60 16.20 72.18 40.56

Table 5
Empirical powers (ordered alternatives): Shift (0, 0.5, 1.0), ny =ny =n3 =20

Normal 25% 4N Exponential Lognormal
Equal scales
Left 2.5% 0.0 0.0 0.0 0.0
Left 5.0% 0.0 0.0 0.0 0.0
Right 2.5% 57.64 38.30 90.0 67.62
Right 5.0% 70.10 47.26 96.0 76.48
Unequal scales (1,2, 4)
Left 2.5% 0.0 0.0 0.0 0.0
Left 5.0% 0.0 0.0 0.0 0.0
Right 2.5% 41.0 26.20 70.0 51.72
Right 5.0% 58.0 34.10 82.32 62.83

Table 6
Empirical levels (unrestricted alternatives): n; = 10, no = 20 and n3 = 30

Equal scales Positive pairing Negative pairing
(a) Normal
Right 2.5% 2.48 3.02 3.10
Right 5.0% 5.0 6.10 6.14
25% 4N
Right 2.5% 2.51 2.86 2.90
Right 5.0% 5.09 5.90 6.33
(b) Exponential
Right 2.5% 3.0 3.17 3.48
Right 5% 5.80 6.0 6.21
Lognormal
Right 2.5% 3.30 3.39 341
Right 5% 6.10 6.18 6.43

4. Tllustrations

Two data sets one each from Physics and Psychology are selected for illustrations.
1. The following data:

X1 =(87,95,98, 100, 109, 100, 81, 75, 68, 67),
X, =1(78,78,78,86,87,81,73,67,75, 82, 83),
X3 = (84, 86, 85, 82,77, 76, 80, 83, 81, 78, 78, 78),
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Table 7
Empirical levels (ordered alternatives): n; = 10, np = 20 and n3 = 30

Equal scales Positive pairing Negative pairing
(a) Normal
Left 2.5% 2.88 3.12 3.31
Left 5% 5.40 5.61 5.85
Right 2.5% 2.90 2.94 3.16
Right 5% 5.59 5.76 6.10
(b) 25% 4N
Left 2.5% 2.81 2.93 3.12
Left 5.0% 5.67 5.81 591
Right 2.5% 2.92 2.94 3.08
Right 5% 5.71 5.92 6.20
(c) Exponential
Left 2.5% 2.70 2.82 2.92
Left 5.0% 5.10 5.26 5.96
Right 2.5% 2.66 2.97 3.54
Right 5% 5.58 5.87 6.22
(d) Lognormal
Left 2.5% 2.69 2.90 3.25
Left 5.0% 5.13 5.63 5.87
Right 2.5% 291 3.12 3.70
Right 5% 5.88 5.93 6.50

taken from Cressie (1997, p. 46), pertain to the Heyl and Cook measurements of the Acceleration of Gravity, expressed
as deviations from 980, 060 x 1073 cm/sz, in units of 1073 cm/sz.

The two-sample F-K:med test was proposed by Fligner and Killen (1976) for symmetric distributions. It was later
generalized to cover both symmetric and skewed distributions in Hall and Padmanabhan (1997). As there is no danger
of confusion, we shall call this generalized version also the F-K:med test. The hypothesis of homogeneity of scales was
tested using a multi-sample extension of this test. The values of this statistic and its bootstrap quantiles were 168 and
103, resulting in the rejection of the null hypothesis of equal medians. Next, the value of Ty was 3.25, while its 95%
bootstrap quantile was 3.49, leading to the acceptance of the null hypothesis of equal locations. Both these findings are
consistent with those of Cressie (1997, p. 45).

2. The data,

X1 =1(0.998, 0.469, 0.53, 0.558, 0, 0, 0, 0, 0.282, 2.680),
X, =(0.250,0, 0, 0.390, 0.348, 0, 0.207, 0.444, 0, 0.318),
X3 =1(0.250,0,0,0,0,0.115,0.795,0.177, 0, 0.158, 0),
taken from Wilcox (1987) on the skin resistance of three groups arose in a study dealing with schizophrenia.
The values of the multi-sample F-K:med statistic and its 95% bootstrap quantiles were 116 and 94, respec-
tively, thereby warranting the rejection of the null hypothesis of equal scales. Next 7y and its 95% bootstrap

quantile were found to be 1.015 and 0.791, respectively, leading to the rejection of the null hypothesis of equal
locations.
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