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1 Introduction

The main objective of this investigation is to obtain one-term Edgeworth expan-

sion and establish second-order correctness of a suitably defined bootstrap for the

studentized compound Poisson process. We begin with the definition of a renewal

reward process.

Let {N(t), t > 0}, be a renewal process with the inter-arrival times T1, T2, . . ..

Here Ti, i = 1, 2, . . . are positive i.i.d. r.v.’s. Thus N(t) equals the number of

arrivals up to time t. Suppose X1, X2, . . . are i.i.d. random variables independent of

{N(t), t > 0}. The renewal reward process is defined as
∑N(t)

i=0 Xi, where X0 = 0.

The classical example of a renewal reward process arises in a business setting where

customers arrive according to a renewal process and Xi denotes the revenue directly

due to the i-th customer. The total revenue up to time t gives rise to a renewal

reward process.

Hipp (1985) obtained Edgeworth expansions for
( ∑N(t)

i=0 Xi − λtµ
)
/
√

λt, where

µ = E(X1) and E(T1) = λ−1 > 0. In fact, he considered a more general case, where

Xi are random vectors and Xi and Ti are allowed to be dependent. His results are

derived under a Cramér’s type condition for the distribution of (X1, T1). In the

univariate case, one-term Edgeworth expansions for the standardized mean can be

obtained under a weaker assumption that Xi has a non-lattice distribution.

Edgeworth expansions for pivotal quantities such as the studentized mean are

difficult to derive for general renewal reward processes. We shall investigate the

general case in a later paper. In this article we concentrate on the compound
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Poisson process by making use of the relation between the variance and the mean

of T1. This relation facilitates studentization by a simple expression involving only

X1, . . . , XN(t), when {N(t), t > 0} is a Poisson process. It can be easily seen that

∑N(t)
i=0 X2

i is a natural consistent estimator of the variance of
(∑N(t)

i=0 Xi−λµt
)
. One

might think of deducing an Edgeworth expansion for the studentized

(1.1) Rt =

(
N(t)∑
i=0

Xi − λµt

)(
N(t)∑
i=0

X2
i

)−1/2

,

by expressing it as a smooth function of
∑N(t)

i=0 (Xi, X
2
i ), λµt and applying (the

relevant) part (i) of Theorem 2.7 of Hipp (1985). To treat such functions, expansions

for P
( ∑N(t)

i=0 ((Xi, X
2
i ) − E(Xi, X

2
i )) ∈ C

)
are needed uniformly for a class of non-

convex sets C defined through inequalities involving a linear term plus a quadratic

form. It is a non-trivial task to extend Hipp’s result on convex sets to such a wider

class of sets. We shall not pursue this line of investigation further here.

There are several related papers (Mykland 1992, 1993, 1995a&b; Yoshida 2001;

Kusuoka & Yoshida 2000) on asymptotic expansions using nontrivial martingale

approach and Malliavin calculus. However, our result is derived from the standard

Edgeworth expansions in the i.i.d. case using simple and elementary estimates.

In section 2, we shall develop an Edgeworth expansion for Rt. In section 3, a

result on second order correctness for a suitably defined bootstrap procedure for Rt

is established. Some simulation studies are presented in Section 4 for standardized

and studentized compound Poisson processes. The technical details, required in the

proof of the main result, are presented in the appendix.
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We conclude this section by noting that the results obtained here can readily

be applied to form confidence bounds for λµt or λµ. This is especially true for the

second order bootstrap result on the studentized case. For a survey of the problems

on estimation of the intensity function of a Poisson process see the monograph by

Kutoyants (1998). Note that λµ can be interpreted as ‘mean reward’ per unit time.

Let q̂α(t) and q̂1−α(t) be the bootstrap estimates of the α-th and (1−α)-th quantile

for the statistic Rt. The interval

[
1

t

N(t)∑
i=0

Xi − q̂1−α(t)
1

t

( N(t)∑
i=0

X2
i

)1/2

,
1

t

N(t)∑
i=0

Xi − q̂α(t)
1

t

( N(t)∑
i=0

X2
i

)1/2
]

is an asymptotically second order correct 100(1 − 2α)-level confidence interval for

λµ. The proof of second order correctness can be carried out along the lines of Babu

& Bose (1988), Bose & Babu (1991), or Hall (1988).

2 Edgeworth Expansions

To establish a one-term Edgeworth expansion for the studentized statistic Rt, recall

that for the Poisson process {N(t), t > 0} with rate λ > 0, the inter-arrival times

Ti have the exponential distribution with

E(T1) = λ−1 > 0, var(T1) = λ−2, and ν3 = E(T1 − λ−1)3 = 2λ−3.

To state the main theorem, let

µ = E(X1), σ2 = var(X1), µ3 = E(X1 − µ)3 and ν2 = E(X2
1 ) = σ2 + µ2.

Unless otherwise stated, throughout this paper the limits are taken as t →∞.

4



Theorem 2.1 Suppose E(X1)
6 < ∞ and the distribution of X1 has a continuous

component. Let {N(t), t > 0} denote a Poisson process with rate λ > 0, and be

independent of the sequence {Xn}. Then, uniformly in x, as t →∞,

P




∑N(t)
i=0 Xi − λµt√
(
∑N(t)

i=0 X2
i )

≤ x


 = Φ(x) +

1

6ν3
√

λt
(µ3(2x

2 + 1)− µ3(x2 − 1)

+3µ(σ2 + x2σ2 + x2ν2))φ(x) + o(t−1/2).(2.1)

Proof. Let Ht = {|N(t)− λt| ≤ (λt/2)},

Wt = (N(t)− λt)/
√

λt, At = IHt , Ct = Ht ∩ {|Wt| ≤ log t}, Bt = ICt ,(2.2)

Zt = Zt(x) =
1

σ
(νx− µWt), and Vt = Vt(x) =

1

σ
(νx− µWt

√
λt/N(t)).(2.3)

If µ = 0, then the result follows trivially from

(2.4) P(Hc
t ) ≤

4

λ2t2
E(N(t)− λt)2 = O(t−1),

E(At(
√

λt/N(t)−1)) = E(At((1+(Wt/
√

λt))−1/2−1)) = O(E(|Wt|)/
√

t) = O(t−1/2),

and Lemma 4 by taking mn = 0.

From now on, without the loss of generality, we assume µ > 0. We use Lemma

4 with mn = (n − λt)/
√

n, when N(t) = n. As P(|Wt| > log t) = o(t−1/2) by

Lemma 3, it is easy to check using (2.4) and P(|X2
n − ν| > ν/2) = O(n−1), that

P (|Rt| > 5νσ−1 log t) = o(t−1/2). Hence it is enough to prove that (2.1) holds uni-

formly in |x| ≤ 5νσ−1 log t. Let

(2.5) ψ(x, Vt) = 3xθσν−1Vt − µ3(V
2
t − 1).
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By Lemma 4, we have on Ct uniformly in |x| ≤ 5νσ−1 log t, that

(2.6) P(Rt ≤ x|N(t)) = Φ(Vt) +
1

6σ3
√

λt
ψ(x, Vt)φ(Vt)

√
λt/N(t) + o(t−1/2).

Since on Ct, ψ(x, Vt)φ(Vt) = O(|x|) and
√

λt/N(t) = 1 + O
(
(log t)t−1/2

)
, we have

for |x| ≤ 5νσ−1 log t and on Ct,

(2.7) ψ(x, Vt)φ(Vt)
(
1−

√
λt/N(t)

)
= O

(
(log t)2t−1/2

)
.

Similarly on Ct,

Vt − Zt = (µ/σ)Wt

(
1−

√
λt/N(t)

)

= (µ/σ)Wt

(
Wt

2
√

λt
+ O

(
1

t
W 2

t

))

=
µ

2σ
√

λt
W 2

t + O((log t)3t−1)

=
σ

2µ
√

λt
(Zt − (νx/σ))2 + O((log t)3t−1),(2.8)

and

(2.9) (Vt − Zt)
2 = O((log t)4t−1).

By (2.8) and (2.9), there exists a ξt between Vt and Zt such that on Ct,

Φ(Vt) = Φ(Zt) + (Vt − Zt)φ(Zt) + O((Vt − Zt)
2ξtφ(ξt))

= Φ(Zt) +
σ

2µ
√

λt
(Zt − (νx/σ))2 φ(Zt) + O((log t)4t−1),(2.10)

uniformly in |x| ≤ 5νσ−1 log t.

For any polynomial Q, we have on Ct,

|Q(x, Vt)φ(Vt)−Q(x, Zt)φ(Zt)| = |Vt − Zt| · |qx(ξt)− ξtQ(x, ξt)|φ(ξt)

= O((log t)rt−1/2)(2.11)
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uniformly in x, for some positive integer r depending on the degree of the polynomial

Q. Here qx(y) = ∂Q
∂y

(x, y) and ξt is a number between Vt and Zt. Thus from (2.6)–

(2.11), we have, uniformly in |x| ≤ 5νσ−1 log t,

(2.12)

E
(
Bt

∣∣P(Rt ≤ x|Zt)−Φ(Zt)− 1

6
√

λt

(
3σ

µ

(
Zt−νx

σ

)2

+
1

σ3
ψ(x, Zt)

)
φ(Zt)

∣∣
)

= o(t−1/2).

We have by Lemmas 1 – 3, uniformly in |x| ≤ 5νσ−1 log t,

E

((
3σ

µ

(
Zt − νx

σ

)2

+
1

σ3
ψ(x, Zt)

)
φ(Zt)Bt

)

= E

(((
3σ

µ
− µ3

σ3

)
(Z2

t − 1) +

(
3θ

νσ2
− 6ν

µ

)
xZt +

3σ

µ

(
1 +

νx

σ

)2
)

φ(Zt)Bt

)

=

((
3σ

µ
− µ3

σ3

)
σ3

ν3
(x2 − 1) +

(
3θ

νσ2
− 6ν

µ

)
x2σ2

ν2
+

3σ2

µν

(
1 +

ν2x2

σ2

))
φ(x) + o(1)

=

(
µ3

ν3
(2x2 + 1) +

3µσ2

ν3
+

3µx2

ν3
(ν2 + σ2)

)
φ(x) + o(1).(2.13)

Finally to estimate E(Φ(Zt)), let Z ∼ N(0, 1), U and the process {N(t), t > 0}
be independent, where U is uniformly distributed on (−1/2, 1/2). Then W = (xν−
σZ)µ−1 has the normal distribution with mean xν/µ and variance σ2µ−2. Since

E(U) = 0, we have by Lemma 3 (see A.12),

E(Φ(Zt)) = E(Φ(Zt − U(µ/σ
√

λt))) + o(t−1/2)

= P
(
Z ≤ νσ−1x− µσ−1Wt − (Uµ/σ

√
λt)

)
+ o(t−1/2)

= E(P(Wt + (U/
√

λt) ≤ W |W )) + o(t−1/2)

= E(Φ(W ))− 1

6
√

λt
E((W 2 − 1)φ(W )) + o(t−1/2).
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Lemma 3 is essentially used, for the expansion, only here. By Lemma 1, E(Φ(W )) =

Φ(x) and E((W 2 − 1)φ(W )) = (µ/ν)3(x2 − 1)φ(x). Therefore

(2.14) E(Φ(Zt)) = Φ(x)− µ3

6ν3
√

λt
(x2 − 1)φ(x) + o(t−1/2)

uniformly in x. Theorem 2.1 now follows from (2.12)–(2.14).

3 Bootstrapping

To describe the bootstrap procedure for Rt, let T1, T2, . . . , TN(t) and X1, X2, . . . , XN(t)

be the observed data. Let

µ̂ =
1

N(t)

N(t)∑
i=0

Xi and
1

λ̂
=

1

N(t)

N(t)∑
i=0

Ti.

Let T ∗
1 , . . . , T ∗

m∗ be i.i.d. exponential random variables with mean λ̂−1 satisfying

∑
i≤m∗−1

T ∗
i ≤ t <

∑
i≤m∗

T ∗
i .

Here N∗(t) = m∗ − 1. Thus N∗(t) is a Poisson random variable with mean λ̂t.

Also, note that ν̂3 = E∗(T ∗
1 − λ̂−1)3 = 2λ̂−3. Furthermore, let X∗

1 , X
∗
2 , . . . , X

∗
N∗(t) be

random draws with replacement from X1, X2, . . . , XN(t).

Theorem 3.1 Under the conditions of Theorem 2.1 we have, for almost all sample

sequences {(Xi, Ti)} and N(t), that

√
t sup

x

∣∣∣∣∣∣
P




∑
i≤N(t) Xi − λµt√∑

i≤N(t) X2
i

≤ x


− P∗




∑
i≤N∗(t) X∗

i − λ̂µ̂t√∑
i≤N∗(t) X∗2

i

≤ x




∣∣∣∣∣∣
→ 0,

as t →∞.
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Proof. Using Theorem 1 of Babu and Singh (1984), a result similar to Lemma 4

can be established for the bootstrapped version. We also note that for any c, C > 0,

estimate (A.3) of Lemma 3 holds uniformly for c < λ < C and |ν3| < C. By

strong law of large numbers, the empirical versions of ν2, µ3, λ, σ2, µ converge to the

corresponding parameters. This leads to

P∗




∑
i≤N∗(t) X∗

i − λ̂µ̂t√∑
i≤N∗(t) X∗2

i

≤ x


 = Φ(x) +

1

6ν3
√

λt
(µ3(2x

2 + 1)− µ3(x2 − 1)

+3µ(σ2 + σ2x2 + ν2x2))φ(x) + o(t−1/2)

uniformly in x for almost all sample sequences. Now the result follows from (2.1).

4 Simulations

Figure 1-12 give simulation results on the true distribution, bootstrap distribution

for normalized and studentized compound Poisson processes. Taking λ = 1, the

Poisson process is simulated up to time t = 40. Given a realization of Poisson

process N(t), t ≤ 40, the reward random variables X1, X2, · · · , XN(40) are generated

from exponential distribution with mean µ = 1 (Figure 1-4), log-normal distribution

LN(0, 1) (Figure 5-8) and normal distribution N(0, 1) (Figure 9-12), respectively.

Each figure is based on 10,000 runs. Figure 1, 5, 9 are the simulated true distribu-

tions of the normalized processes
∑N(t)

i=1 Xi − λµt√
λt(σ2 + µ2)

.

Figure 2, 6, 10 are the bootstrap distributions for the normalized processes
∑N∗(t)

i=1 X∗
i − λ̂µ̂t√

λ̂t(σ̂2 + µ̂2)
.
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Figure 3, 7, 11 are the simulated distributions of the studentized process Rt and

Figure 4, 8, 12 of their bootstrapped versions. From these histograms, it can be

seen that the normalized Poisson processes are approximately normally distributed

for t = 40 whatever the rewards are. But, the studentized ones are seriously skewed

to the left for exponential or log-normal rewards. The skewness in each case is

almost perfectly captured by the corresponding bootstrap distribution. For normal

reward, studentization of the process does not incur any evident skewness.
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Appendix

We now present some technical lemmas needed in the proof of Theorem 2.1.

Lemma 1 If X ∼ N(x
√

1 + β2, β2) for β and x real, then

E(Φ(X)) = Φ(x)(A.1)

E(φ(X)) = (1 + β2)−1/2φ(x)

E(Xφ(X)) = (1 + β2)−1xφ(x)

E((X2 − 1)φ(X)) = (1 + β2)−3/2(x2 − 1)φ(x).

Proof. Let Z1, Z2 be i.i.d. standard normal random variables. If X = x
√

1 + β2 +

βZ1, then (Z2 − βZ1)(1 + β2)−1/2 is a standard normal random variable, and

E(Φ(X)) = P(Z2 ≤ βZ1 + x(1 + β2)1/2) = P((Z2 − βZ1)(1 + β2)−1/2 ≤ x) = Φ(x).

The rest of the three equations follow by taking derivatives of (A.1) with respect to

x.

Lemma 2 Let F and G be two probability distribution functions. Suppose f is a

differentiable function with derivative f ′ and satisfying

∫
|f ′(y)|dy < ∞,

∫
|f |dF < ∞,

∫
|f |dG < ∞.

Then for any real α and β, we have uniformly in x,

(A.2)∣∣∣∣
∫

f(αx + βy)dF (y)−
∫

f(αx + βy)dG(y)

∣∣∣∣ ≤ sup
y
|F (y)−G(y)|

∫
|f ′(u)|du.
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Proof. If β = 0, then the left side of (A.2) is zero. For β 6= 0, the use of integration

by parts yields the Lemma.

To prove Theorem 2.1, we require a result on one-term Edgeworth expansion for

the Poisson Process. However, we derive a result on Edgeworth expansions for a

general renewal processes, as it is of interest on its own. Though, Lemma 3 appears

to be a standard result, a short and simple proof of it is presented here for the sake of

completeness. For a renewal process {N(t), t > 0}, the inter-arrival times T1, T2, . . .

are i.i.d. positive random variables. Let E(T1) = λ−1 > 0, τ 2 = var(T1), and ν3 =

E(T1 − λ−1)3. Recall that for the Poisson process with rate λ, Ti are exponentially

distributed with τ 2 = λ−2.

Lemma 3 For a renewal process {N(t), t > 0}, if τ > 0, E|T1|3 < ∞ and T1 is a

non-lattice random variable, then as t →∞,

(A.3) P

(
N(t)− λt

λτ
√

λt
≤ x

)
−Φ(x)− ν3 − 3λτ 4

6τ 3
√

λt
(x2−1)φ(x)+

ht(x)

λτ
√

λt
φ(x) = o(t−1/2)

uniformly in x, where ht(x) = 1
2
(λτ)2 − 1 + {λt + λτx

√
λt}, {a} = a− [a], and [a]

is the integer part of a. Further, if U is a uniformly distributed random variable on

(−1/2, 1/2) and is independent of the process {N(t), t > 0}, then uniformly in x,

(A.4)

P

(
N(t)− λt + U

λτ
√

λt
≤ x

)
−Φ(x)− ν3 − 3λτ 4

6τ 3
√

λt
(x2−1)φ(x)+

λ2τ 2 − 1

2λτ
√

λt
φ(x) = o(t−1/2).

Proof. For any real x, define at = at(x) = 1 + λt + λτx
√

λt, nt = [at]. We will

estimate the left side of (A.3) on x < −
√

λt/(2λτ) and x ≥ −
√

λt/(2λτ) respectively.
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Uniformly for x < −λt/(2λτ), we obviously have Φ(x) + (x2 + 1)φ(x) = O(t−1) and

by the renewal theorem, that

P
(
N(t)− λt ≤ xλτ

√
λt

)
≤ P(2 |N(t)−λt| ≥ λt) ≤ (2/λt)2E(N(t)−λt)2 = O(t−1).

So we only consider the case x ≥ −
√

λt/(2λτ). Note that in this case nt > λt/2. In

addition, let |x| ≤ log t,

Sn =
n∑

i=1

Ti, and xt =
nt − λt

λτ
√

nt

.

By applying the usual Edgeworth expansions for sums of i.i.d. random variables, we

have

P
(
N(t)− λt ≤ xλτ

√
λt

)
= P(N(t) ≤ at − 1) = P(N(t) ≤ nt − 1)

= P(Snt > t) = P
(−(Snt − λ−1nt) < xt τ

√
nt

)

= Φ(xt) +
ν3

6τ 3
√

nt

(x2
t − 1)φ(xt) + o(t−1/2)(A.5)

uniformly for x ≥ −
√

λt/(2λτ). As nt−λt = O(1+ |x|√t)) and |x| ≤ log t, we have

by Taylor series expansion

1− (nt/λt)−1/2 =
(
(nt − λt)/2λt

)
+ O

(
((nt − λt)/λt)2

)

= (λτx/2
√

λt) + O
(
(1 + x2)t−1

)
(A.6)

= O
(
(1 + x2)t−1/2

)
.(A.7)

Estimates (A.6) and (A.7) yield,

xt − x − 2(1− {at})− λ2τ 2x2

2λτ
√

λt

=
1− {at}

λτ

(
1√
nt

− 1√
λt

)
− x

(
1−

√
λt

nt

− λτx

2
√

λt

)

= O(t−1(1 + |x|3)),(A.8)
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and hence |xt − x| = O(t−1/2(1 + |x|3)). By another Taylor series expansion

Φ(xt) = Φ(x) + (xt − x)φ(x)− 1

2
(xt − x)2φ(ξt,1)ξt,1,(A.9)

(x2
t − 1)φ(xt) = (x2 − 1)φ(x) + O((xt − x)(3ξt,2 − ξ3

t,2)φ(ξt,2)),(A.10)

for some ξt,1, ξt,2 between xt and x. Since ykφ(y) is uniformly bounded for any k ≥ 0,

we have by (A.8),

(A.11) (xt − x)2φ(ξt,1)ξt,1 = O(t−1) and (xt − x)(3ξt,2 − ξ3
t,2)φ(ξt,2) = O(t−1/2),

uniformly for x ≥ −
√

λt/(2λτ) and |x| ≤ log t. In particular, it implies that for

x ≤ − log t,

P
(
N(t)− λt ≤ x

√
λt

)
≤ P

(
N(t)− λt ≤ −

√
λt log t

)
= o(t−1/2),

and for x ≥ log t,

P
(
N(t)− λt ≤ x

√
λt

)
≥ P

(
N(t)− λt ≤

√
λt log t

)
= 1− o(t−1/2).

Consequently (A.3) holds uniformly for x ≥ −
√

λt/(2λτ), by (A.5), (A.8)–(A.11).

The expansion (A.4) follows as E{a + U} = 1/2 for any real number a. This

completes the proof of Lemma 3.

Remark: For the Poisson process N(t), the results reduce to

P
(
N(t)− λt ≤ x

√
λt

)
= Φ(x)− 1

6
√

λt

(
x2 − 4 + 6{λt + x

√
λt})φ(x) + o(t−1/2),

and

(A.12) P
(
N(t)− λt + U ≤ x

√
λt

)
= Φ(x)− 1

6
√

λt
(x2 − 1)φ(x) + o(t−1/2),
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uniformly in x.

Although the Edgeworth expansions for studentized random variables are well

known, the explicit forms of expansions for ‘perturbed’ studentized random variables

are not easily available. Before stating the next lemma on such expansions, we

establish some notation. Let {mn} be a sequence of real numbers satisfying mn =

O(log n). Define

θ = E(X3
1 )− µν = µ3 + 2µσ2, σ2

n = (σ/ν)2 − (θµ/
√

n)mnν
−4,

θn = (µ/ν)mn − (θ/2
√

n)ν−3, γ3 = µ3ν
−3 − 3σ2ν−5θ, Zn,x = (νx− µmn)σ−1,

X̄n =
1

n

n∑
i=1

Xi, Wn =
√

n(X̄n − µ), and X2
n =

1

n

n∑
i=1

X2
i .

Lemma 4 Suppose E(X6
1 ) < ∞ and the distribution of X1 has a continuous com-

ponent. Then as n →∞,

sup
x

∣∣∣P
(√

n(X̄n − µ) + mnµ ≤ x

√
X2

n

)
− Φ(Zn,x) + (6σ3

√
n)−1

(
µ3(Z

2
n,x − 1)

− 3θxσν−1Zn,x

)
φ(Zn,x)

∣∣∣ = o(n−1/2).

Proof. We start with the computation of the first three “approximate cumulants”

of

(A.13) (Wn + µmn)(X2
n)−1/2 = Zn + O(U2

n(|Wn|+ log n)/n),

where

Un =
√

n(X2
n − ν2), and Zn =

1

ν
Wn − 1

2ν3
√

n
WnUn +

µ

ν
mn − µ

2ν3
√

n
mnUn.

18



A simple algebra leads to

E(UnWn) = θ, Zn − θn =
1

ν
Wn − 1

2ν3
√

n
(µmnUn + (WnUn − θ)),

E(Zn) = θn, Var(Zn) = σ2
n + O

(
(1 + m2

n)/n
)
,(A.14)

and

ν3E(Zn − θ)3 = E(W 3
n)− 3

2ν3
√

n
E(Wn(WnUn − θ))

+O
(
n−1(1 + m2

n) + n−3/2E|UnWn|3
)
.(A.15)

So the third “approximate cumulant” of (A.13) is given by

1√
n

(µ3ν
−3 − 3σ2θν−5) =

γ3√
n

.

To establish the validity of the formal one term Edgeworth expansion, note that

the distribution of (X1, X
2
1 ) is strongly non-lattice. So by Theorem 20.8, 24.2 and

Lemma 24.1 of Bhattacharya and Ranga Rao (1986), it follows that the distribution

of (Wn, Un) has a valid one term Edgeworth expansion. Hence by (A.14) and (A.15),

as in Lemma 3 of Babu and Singh (1984) or Theorem 2 of Babu and Singh (1985),

it follows that

P

(
Wn + µmn ≤ x

√
X2

n

)
= Φ((x− θn)/σn) + o(n−1/2)

− γ3

6σ3
n

√
n

(
((x− θn)/σn)2 − 1

)
φ((x− θn)/σn),(A.16)

uniformly in x. See also Bhattacharya and Ghosh (1978). Since

1

σn

=
ν

σ

(
1− θµmn

σ2ν2
√

n

)−1/2

=
ν

σ

(
1 +

θµmn

2σ2ν2
√

n

)
+ O

(
m2

n

n

)
,

19



and

x− θn

σn

= Zn,x + Zn,x
µmnθ

2σ2ν2
√

n
+

θ

2ν2σ
√

n
+ O

(
1

n
(1 + |x|m3

n)

)
,

the lemma now follows from (A.16) and the estimate

Φ

(
x− θn

θn

)
= Φ(Zn,x) +

1

2
√

n

(
Zn,xθµmn

σ2ν2
+

θ

ν2σ

)
φ(Zn,x) + o(n−1/2),

which holds uniformly in x. This completes the proof.
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