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Abstract
One-term Edgeworth Expansions for the studentized version of compound Pois-
son processes are developed. For a suitably defined bootstrap in this context, the
so called one-term Edgeworth correction by bootstrap is also established. The re-
sults are applicable for constructing second-order correct confidence intervals (which

make correction for skewness) for the parameter “mean reward per unit time”.
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1 Introduction

The main objective of this investigation is to obtain one-term Edgeworth expan-
sion and establish second-order correctness of a suitably defined bootstrap for the
studentized compound Poisson process. We begin with the definition of a renewal
reward process.

Let {N(t), t > 0}, be a renewal process with the inter-arrival times 77,75, .. ..
Here T;, i = 1,2,... are positive i.i.d. r.v.’s.  Thus N(¢) equals the number of
arrivals up to time ¢. Suppose X1, X, ... are i.i.d. random variables independent of
{N(t), t > 0}. The renewal reward process is defined as Zﬁ(g) X, where X, = 0.
The classical example of a renewal reward process arises in a business setting where
customers arrive according to a renewal process and X; denotes the revenue directly
due to the i-th customer. The total revenue up to time ¢ gives rise to a renewal
reward process.

Hipp (1985) obtained Edgeworth expansions for (vaz(é) X; — /\tu)/\/ﬁ, where
p=E(X;) and E(Ty) = A™! > 0. In fact, he considered a more general case, where
X, are random vectors and X; and 7; are allowed to be dependent. His results are
derived under a Cramér’s type condition for the distribution of (X;,77). In the
univariate case, one-term Edgeworth expansions for the standardized mean can be
obtained under a weaker assumption that X; has a non-lattice distribution.

Edgeworth expansions for pivotal quantities such as the studentized mean are
difficult to derive for general renewal reward processes. We shall investigate the

general case in a later paper. In this article we concentrate on the compound



Poisson process by making use of the relation between the variance and the mean
of T7. This relation facilitates studentization by a simple expression involving only
Xi,..., XN, when {N(t), t > 0} is a Poisson process. It can be easily seen that
Zﬁ(é) X? is a natural consistent estimator of the variance of (Zi]\i(é) X; —Aut). One

might think of deducing an Edgeworth expansion for the studentized

N(t) N(¢) —1/2
(1.1) R, = (ZX — )\ut) (ZXZ) ,
=0 =0

by expressing it as a smooth function of Zi]\;(é)(Xi,Xf), Apt and applying (the
relevant) part (i) of Theorem 2.7 of Hipp (1985). To treat such functions, expansions
for P( SIVO((X;, X2) — B(X,, X2)) € ©) are needed uniformly for a class of non-
convex sets C' defined through inequalities involving a linear term plus a quadratic
form. It is a non-trivial task to extend Hipp’s result on convex sets to such a wider
class of sets. We shall not pursue this line of investigation further here.

There are several related papers (Mykland 1992, 1993, 1995a&b; Yoshida 2001;
Kusuoka & Yoshida 2000) on asymptotic expansions using nontrivial martingale
approach and Malliavin calculus. However, our result is derived from the standard
Edgeworth expansions in the i.i.d. case using simple and elementary estimates.

In section 2, we shall develop an Edgeworth expansion for R;. In section 3, a
result on second order correctness for a suitably defined bootstrap procedure for R,
is established. Some simulation studies are presented in Section 4 for standardized

and studentized compound Poisson processes. The technical details, required in the

proof of the main result, are presented in the appendix.



We conclude this section by noting that the results obtained here can readily
be applied to form confidence bounds for Aut or Au. This is especially true for the
second order bootstrap result on the studentized case. For a survey of the problems
on estimation of the intensity function of a Poisson process see the monograph by
Kutoyants (1998). Note that Au can be interpreted as ‘mean reward’ per unit time.
Let ¢o(t) and ¢;_o(t) be the bootstrap estimates of the a-th and (1 — «)-th quantile

for the statistic R;. The interval

N(t)

1 N(t) 1 N(t) 1/2 1 1 N(t) 1/2
) X = Gioa(t)= X2 - X —Ga(t)= X2
[t; i (Sx) 7 a0l (3 ) ]

i=0
is an asymptotically second order correct 100(1 — 2«a)-level confidence interval for

M. The proof of second order correctness can be carried out along the lines of Babu

& Bose (1988), Bose & Babu (1991), or Hall (1988).

2 Edgeworth Expansions

To establish a one-term Edgeworth expansion for the studentized statistic R;, recall
that for the Poisson process {N(t), t > 0} with rate A > 0, the inter-arrival times

T; have the exponential distribution with
E(Ty) = A" >0, var(Ty) = A2, and v =E(T; — A7')? =207,
To state the main theorem, let
p=E(X)), 0 =var(Xy), us = B(X; — p)? and v? = B(X}) = o + 2.

Unless otherwise stated, throughout this paper the limits are taken as t — oo.
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Theorem 2.1 Suppose E(X,)% < oo and the distribution of X, has a continuous
component. Let {N(t), t > 0} denote a Poisson process with rate A > 0, and be

independent of the sequence {X,}. Then, uniformly in x, ast — oo,

NO X At 1
P 2izo Nl o] = o(x) + 63—\/E(M3(2I2 +1) = pi(* = 1)
t
(0 x2) ’
2.1) 13(0 + %07 + 2?V2))6 () + olt™).

Proof. Let H, = {|N(t) — Xt| < (\t/2)},

(2.2) W, = (N(t) = \)/VAt, Ay =1y, C,=H,N{|W,| <logt}, B, =Ig,,

Lz — i/ NNTD).

g

1

(2.3) Zy =Zi(x) = —(va — uWy), and V, = V(x)
o

If 4 =0, then the result follows trivially from

(2.4) P(H) < 53 B(N(D) = M)? = O(7),

E(A:(\/At/N(t)—1)) = E(At((l—{—(Wt/\/E))—l/?_l)) _ O(E(’Wt‘)/\/g) _ 0(15—1/2)7

and Lemma 4 by taking m,, = 0.

From now on, without the loss of generality, we assume p > 0. We use Lemma
4 with m,, = (n — At)/\/n, when N(t) = n. As P(|W,| > logt) = o(t™'/?) by
Lemma 3, it is easy to check using (2.4) and P(|X2 — v| > v/2) = O(n™"), that
P (|R,| > 5vo~'logt) = o(t~/?). Hence it is enough to prove that (2.1) holds uni-

formly in |z| < 5vo~'logt. Let

(2.5) V(x, Vi) = 32000V, — pu3(V2 —1).



By Lemma 4, we have on Cy uniformly in |z| < 5v0~!logt, that

1
603/ M\t

Since on Cy, ¥(z, Vy)¢(Vi) = O(|z|) and /At/N(t) = 1+ O ((log t)t~/2), we have

for |z| < 5vo~tlogt and on CY,

(2.6)  P(R, <z[N(t)) = &(Vp) + V(2 V)s(Vo) VAN (1) + o(t™1/?).

(2.7) U@, Vi)o(Vi) (1 = VAL/N (L)) = O((logt)*t~7%).

Similarly on Cf,

Vi Zi = (u/o)W; (1 VM/N()

- (2o ()
|

— 2amwf+0((1ogt)3t—1)

(2.8) = (Z = (vz /o))" + O((logt)*t™"),
and

(2.9) (Vi = Z1)* = O((log t)*t71).

By (2.8) and (2.9), there exists a & between V; and Z; such that on C},

(V) = @(Z)+ (Vi — Z)(Z) + O((V — Z1)*&d(&))

(2.10) = ®(Z)+ (Z = (vz/o))* $(Z,) + O((log )t ™Y),

o
20/ \t
uniformly in |z| < 5vo~!logt.

For any polynomial ), we have on Cf,

Qx, Vi)o(Vi) — Q(, 20)d(Z:)| = Vi — Zil - 142(&) — &Q(, &) [0(&)

(2.11) = O((logt)"t™1/?)



uniformly in z, for some positive integer r depending on the degree of the polynomial

Q. Here ¢,(y) =

oQ

8—y(3:,y) and & is a number between V; and Z;. Thus from (2.6)-

(2.11), we have, uniformly in |z| < 5vo~!logt,

(2.12)

1 30 VT

g

E<Bt\P(Rt < 2| Z)—®(Z)— —— (— (Zt——>2+%¢(x, Zt)>¢(zt)\) — o(t11?).

6v/ A\t

1

We have by Lemmas 1 — 3, uniformly in |z| < 5vo~!logt,

— <(3§ - g) 0—3(x2 ~1)+ (3—9 - 6—”) x20—2+ 30” (1+ - $2) ¢(x) + o(1)

(27—1<)“3 (2% +1) +

U3

vo? v v

W+ B0 407 ) o) + o),

Finally to estimate E(®(Z;)), let Z ~ N(0,1),U and the process {N(t),t > 0}

be independent, where U is uniformly distributed on (—1/2,1/2). Then W = (zv —

oZ)u~! has the normal distribution with mean zv/u and variance o?p 2.

2 Since

E(U) = 0, we have by Lemma 3 (see A.12),

E(®(Z1))

B(9(Z, — Ul M) + oft ™)
P(Z <vole — o™ Wi = (UnfoV) ) +oft™?)

E(P(W, 4+ (U/VA) < W|W)) + o(t~1/?)

E(®(W)) - %mmwz ~ )W) +o(tV?).



Lemma 3 is essentially used, for the expansion, only here. By Lemma 1, E(®(W)) =
®(z) and E(W? — 1)p(W)) = (u/v)*(z* — 1)¢(z). Therefore
3

613\

uniformly in 2. Theorem 2.1 now follows from (2.12)—(2.14).

(2.14) E(®(Z))) = (x) - (2% = 1)g(z) + ot ™2)

3 Bootstrapping

To describe the bootstrap procedure for Ry, let 11,15, . .., Ty and Xy, Xo, ..., Xy

be the observed data. Let
N(t N(t
i 1 1 1
= N0 Z nd == o Z
i=0 =0
Let T7,...,T. be ii.d. exponential random variables with mean A1 satisfying
RETRD St
i<m*—1 i<m*
Here N*(t) = m* — 1. Thus N*(¢) is a Poisson random variable with mean M.

Also, note that 75 = E*(T7 — A™')3 = 2A=%. Furthermore, let X7, X;,..., Xx., be

random draws with replacement from Xy, Xy, ..., Xy.

Theorem 3.1 Under the conditions of Theorem 2.1 we have, for almost all sample

sequences {(X;,T;)} and N(t), that

zng(t) H < _pr ZZSN (t) H <zl =0

ZigN(t) X? E@<N *(t) X2

\/z_fsup P

ast — oo.



Proof. Using Theorem 1 of Babu and Singh (1984), a result similar to Lemma 4
can be established for the bootstrapped version. We also note that for any ¢, C' > 0,
estimate (A.3) of Lemma 3 holds uniformly for ¢ < A < C and |v3] < C. By
strong law of large numbers, the empirical versions of 2, s, A, 02, ;1 converge to the

corresponding parameters. This leads to

e X — Nt
P* ZZSN ® . <z = d(x)

1
+——=(ps(22” + 1) — p*(a* — 1)
Dicne Xi” Gr2 vt

+3u(0? + o2 + v22?))p(x) + o(t™?)

uniformly in z for almost all sample sequences. Now the result follows from (2.1).

4 Simulations

Figure 1-12 give simulation results on the true distribution, bootstrap distribution
for normalized and studentized compound Poisson processes. Taking A\ = 1, the
Poisson process is simulated up to time ¢ = 40. Given a realization of Poisson
process N(t),t < 40, the reward random variables X, Xy, - -+, Xy(0) are generated
from exponential distribution with mean p = 1 (Figure 1-4), log-normal distribution
LN(0,1) (Figure 5-8) and normal distribution N(0,1) (Figure 9-12), respectively.
Each figure is based on 10,000 runs. Figure 1, 5, 9 are the simulated true distribu-

tions of the normalized processes
N
Zi:(f) Xi — Aut
VAt(0? + p2)
Figure 2, 6, 10 are the bootstrap distributions for the normalized processes
N* « A~
SN0 X — At

~

AL(62 + [2)
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Figure 3, 7, 11 are the simulated distributions of the studentized process R, and
Figure 4, 8, 12 of their bootstrapped versions. From these histograms, it can be
seen that the normalized Poisson processes are approximately normally distributed
for t = 40 whatever the rewards are. But, the studentized ones are seriously skewed
to the left for exponential or log-normal rewards. The skewness in each case is
almost perfectly captured by the corresponding bootstrap distribution. For normal

reward, studentization of the process does not incur any evident skewness.
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lognormal, normalized, true distribution
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lognormal, studentized, true distribution
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lognormal, normalized, bootstrap distribution
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normal, normalized, true distribution

Figure 9

normal, studentized, true distribution
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Appendix
We now present some technical lemmas needed in the proof of Theorem 2.1.

Lemma 1 If X ~ N(z+/1+ 32,%) for 3 and x real, then

(A1) E(@(X)) = ®(x)
E((X)) = (1+06°)7%(x)
E(X¢(X)) = (1+5°) "zg(x)
E(X*-1)g(X)) = (146°) 2" - 1)g(x).

Proof. Let Zy, Zy be i.i.d. standard normal random variables. If X = x+/1 + 52+

BZ1, then (Zy — $Z1)(1 + $%)71/2 is a standard normal random variable, and
E(O(X)) = P(Zy < B2y +2(1+ )2 = P(Zy — BZ) (1 + B2 V? < z) = B(2).

The rest of the three equations follow by taking derivatives of (A.1) with respect to

x.

Lemma 2 Let F' and G be two probability distribution functions. Suppose f is a

differentiable function with derivative f' and satisfying

[ 15wy < oo, [151aF <o, [ |fld6 < o

Then for any real o and (3, we have uniformly in x,
(A.2)
‘/f ax + By)dF(y) /f ax + [y)dG(y )‘<sup|F |/|f )|du.
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Proof. If 5 =0, then the left side of (A.2) is zero. For 3 # 0, the use of integration
by parts yields the Lemma.

To prove Theorem 2.1, we require a result on one-term Edgeworth expansion for
the Poisson Process. However, we derive a result on Edgeworth expansions for a
general renewal processes, as it is of interest on its own. Though, Lemma 3 appears
to be a standard result, a short and simple proof of it is presented here for the sake of
completeness. For a renewal process {N(t), t > 0}, the inter-arrival times 71,75, . ..
are i.i.d. positive random variables. Let E(T7) = A™! > 0, 72 = var(Ty), and v3 =
E(Ty, — A71)3. Recall that for the Poisson process with rate A, T} are exponentially

distributed with 72 = \72.

Lemma 3 For a renewal process {N(t), t > 0}, if 7 > 0, E|T1|*> < oo and T} is a

non-lattice random variable, then as t — o0,

(2 =1)¢(x)+ ¢(x) = o(t™"?)

(A3) P<N(t)—/\t gx)—q)(x)—yg_g)\7—4 he(x)

ATV 673Vt AV
uniformly in x, where hy(z) = 1(A7)? — 1 + {M + ArzV/At}, {a} = a — [a], and [a]
1s the integer part of a. Further, if U is a uniformly distributed random variable on

(—1/2,1/2) and is independent of the process {N(t), t > 0}, then uniformly in z,

(A.4)
N(t)—M+U o) - JU_V?)—?)/\T4 2 . 7% -1 ) = o412
P (MU <o) <o) - AT 0ol + 5 T olo) = o)

Proof. For any real x, define a; = a,(z) = 1+ M + A\rzv/Mt, ny = [a,]. We will

estimate the left side of (A.3) on z < —v/At/(2A7) and © > —+/At/(2)A7) respectively.
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Uniformly for z < —At/(2)7), we obviously have ®(x) + (2% + 1)¢(x) = O(t™!) and

by the renewal theorem, that
P <N(t) — At < xm\/ﬁ) < P2IN()=At| > M) < (2/A)*B(N(#)—=At)> = O(t™).

So we only consider the case z > —v/At/(2A7). Note that in this case n, > At/2. In

addition, let |z| < logt,

~ ng — At
S, = T;, and x; = .
izl ¢ AT /Ny

By applying the usual Edgeworth expansions for sums of i.i.d. random variables, we
have
p (N(t) A< mm) — P(N(H) <ar—1)=P(N(t) <ny — 1)
= P(Sy, > 1) =P (= (S, — A'y) < 2 7/14)

(A.5) = O(z) ;=)o) + o(t™1?)

+ 2 (
673\/n¢
uniformly for x > —v/At/(2A7). As n, — M = O(1 4 |z[v/1)) and |z| < logt, we have

by Taylor series expansion

L= (n/M)2 = ((ny = At)/208) + O(((ny — M)/ At)?)

(A.6) = (Arz/2VAt) + 0 (1 +2*)t™)
(A7) = O((1+2)t7"?).

Estimates (A.6) and (A.7) yield,
2(1 — {a}) — N7r22?

ATV
_1—{at}(1_ 1) (1 At Atz
N AT N VIt v ne o 2Vt
(A.8) = Ot~ (1 + |z*)),
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and hence |z, — 2| = O(t~'/2(1 + |2|®)). By another Taylor series expansion

(A.9) D(x;) = @(x)+ (v — 2)d() — %(l’t - 95)205(&,1)&,1,

(A10) (27— Do) = (2% = Do(a) + O((w — 2)(3&,2 — §2)(&2)),

for some &; 1, & 2 between z; and z. Since y*¢(y) is uniformly bounded for any k£ > 0,

we have by (A.8),

(A1) (2 —2)*3(E)én = O(t) and (= )3z — §2)6(Ea) = O,

uniformly for > —v/At/(2A7) and |z| < logt. In particular, it implies that for

r < —logt,
P (N (t) = At < x&) <P (N(t) — M < =Vt log t) — o(t™V/?),
and for z > logt,
P (N(t) — Xt < x\/@ > P (N(t) — M < VM logt> _ 1otV

Consequently (A.3) holds uniformly for x > —v/At/(2A7), by (A.5), (A.8)—(A.11).
The expansion (A.4) follows as E{a + U} = 1/2 for any real number a. This

completes the proof of Lemma 3.

Remark: For the Poisson process N(t), the results reduce to

P (10) =30 < /3E) = 0(0) = T (e = 4 000 + 2V ) oko) + o),
and
1 2 —1/2
(A12) P (N(t) SMAU< xm) = () = = (o = o) + ol 2
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uniformly in z.

Although the Edgeworth expansions for studentized random variables are well
known, the explicit forms of expansions for ‘perturbed’ studentized random variables
are not easily available. Before stating the next lemma on such expansions, we
establish some notation. Let {m,} be a sequence of real numbers satisfying m,, =

O(logn). Define

0 = B(XY) = = s + 200, 0% = (0/0)? — (O V/mymv?,
0, = (u/v)m, —(0/2¢/n)Wv >, 43 = pzv > —306°v "0, Z,,= (vx —pmy,)o ",

B 1 n B o 1 n )
X, = E;Xi, W, = vn(X, — u), and Xg:ﬁ;)(i.

Lemma 4 Suppose E(X?) < oo and the distribution of X; has a continuous com-

ponent. Then as n — oo,

sup P (mxn — 1) + Mg < \/?) = @(Zy) + (60°v/m) " (1s(Z2, 1)

= 0(n‘1/2).

— 3¢9IO'V_IZ,L7$) N Znz)

Proof. We start with the computation of the first three “approximate cumulants”

of
(A.13) (Wo + pm)(X2) ™ = Z, + O(UL (W, + logn) /n),

where



A simple algebra leads to

1

BUW,) = 0, Zy—b0y= "Wy~ e (um, Uy + (WU, — 0)),

1/3\/_
(A14)  E(Z,) = 6, Var(Z,) =o2+0((1+m2)/n),
and
V’E(Z, - 0)° = E(W,) - M,\/— EW,(W,U, —0))
(A.15) +O (n7 M1+ m2) + n 3 PE|UW,[%) .

So the third “approximate cumulant” of (A.13) is given by

- 30%0v%) = s

1
v i
To establish the validity of the formal one term Edgeworth expansion, note that
the distribution of (X, X?) is strongly non-lattice. So by Theorem 20.8, 24.2 and
Lemma 24.1 of Bhattacharya and Ranga Rao (1986), it follows that the distribution
of (W, Uy,) has a valid one term Edgeworth expansion. Hence by (A.14) and (A.15),
as in Lemma 3 of Babu and Singh (1984) or Theorem 2 of Babu and Singh (1985),

it follows that

P (Wn + pumy, < m\/X:,%) = O((z—6,)/0on) + o(n?)
(A.16) (((z = 0)/00)* = 1) é((x = 0,) /o),

L
6o2\/n
uniformly in z. See also Bhattacharya and Ghosh (1978). Since

R R T T PO TS WP LAY
On O ov2\/n o 20%12\/n n
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and

r—0, im0 0 1
= an Zn:v O —(1 s )
On # 1 o, 202v2\/n * 2v%0+/n * (n( * |x|mn)>

the lemma now follows from (A.16) and the estimate

x—0 1 L s0um 0
d LI S an n,x n an ~1/2
( 0, ) (Znz) + 2\/n ( o022 + 1/20> H(Znz) + o(n™1%),

which holds uniformly in x. This completes the proof.
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