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Abstract. It is desirable that a numerical maximization algorithm
monotonically increase its objective function for the sake of its stability
of convergence. It is here shown how one can adjust the Newton-
Raphson procedure to attain monotonicity by the use of simple bounds
on the curvature of the objective function. The fundamental tool in the
analysis is the geometric insight one gains by interpreting quadratic-
approximation algorithms as a form of area approximation. The statis-
tical examples discussed include maximum likelihood estimation in
mixture models, logistic regression and Cox’s proportional hazards
regression.

Key words and phrases: Maximum likelihood estimation, curvature,
monotonicity, algorithms, Newton-Raphson algorithm.

1. Introduction and overview
Various statistical questions lead to the following problem:
(1.1) Find #ell suchthat [/(%)=I(n) forall mell.
The set J7 € R’ is a set of feasible parameter values and
ILIT—Il(n)eR,
describes the objective function to be maximized, in this paper always a

log-likelihood function. In the absence of a closed form solution to
problem (1.1), we consider algorithmic ways to attack the problem at hand.
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If the solution to (1.1) lies on the boundary of 77, then the constraints
imposed by IT may play an important role in an algorithm. Here we focus
on the simpler unconstrained optimization problem of finding solutions in
the interior.

In specifying the properties an algorithmic solution should have, we
frequently find the criterion of reliable convergence (to #) in the literature.
This issue can be critical: if we take as an example a simulation study in
which a certain algorithm is started 100,000 times and converges in 90% of
all cases to 7, and in 10% to something else, then the study results may be
highly biased.

A second major issue is that of convergence rate. The convergence rate
measures the gain at each step relative to the gain in the step before. An
algorithm with a “good” convergence rate will give a “large” improvement
at each step. Algorithms with good convergence rates often require a larger
number of operations at each step; in other words, the price to pay for the
large improvement at each step is a high numerical complexity. A measure
which adjusts to both these is the computational efficiency: the overall
price paid to obtain 7.

Sometimes other issues are discussed, such as the simplicity and
numerical stability of an algorithm.

In the present paper we focus on reliable convergence and convergence
rates for a class of quadratic-approximation based algorithms related to
the Newton-Raphson algorithm. The ideas are related to the EM-concept
of Baum and Eagon (1967), Sundberg (1976), Dempster et al. (1977) and
Wu (1983). In this regard we note that the EM-algorithm—celebrated for
the monotonicity property which ensures reliable convergence—converges
at a linear rate at best. Despite this apparent disadvantage, we note that the
numerical complexity involved at each step of the EM-algorithm is usually
low, and, especially in cases where the linear rate is governed by a small
rate-factor, the EM-algorithm could be more computationally efficient
than Newtonian methods. On the other hand, if the rate-factor is large the
convergence can be very slow, and thought should be given to methods to
accelerate its speed.

Quadratic methods are known to lead to rapidly convergent algo-
rithms. Moreover, for some statistical problems such as logistic regression,
the EM-approach is not applicable. For Newtonian methods, however,
problems sometimes arise in terms of non-monotonicity, leading even to
non-convergence. This fact is sometimes mentioned in the literature (e.g.,
Andersen (1980), p. 69). Cox and Oakes ((1984), p. 172) write:

“Divergence is much more frequent, as a full Newton-Raphson
step will not necessarily increase the log-likelihood. As against
this, the Newton-Raphson procedure usually converges rapidly
when it does converge, in particular when the log-likelihood is
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well approximated by a quadratic function, and the inverse of the
matrix of second derivatives is often needed for the estimation of
standard errors.”

The present paper considers the case where the quadratic-approxima-
tion to the log-likelihood based on the Taylor series is “flatter” than the
objective function, thereby sending the solution too far at the next step.
The idea of replacing the flat quadratic by a more curved quadratic leads
naturally to our approach of replacing the Hessian by some “bigger”
matrix. A key feature of our algorithms will be that they are monotonic—
that is, every step increases the value of the objective function /(7)—and so
have reliable convergence.

The paper is organized as follows: After presenting some notation, we
provide in Section 3 a simple example of a concave objective function in
which the Newton-Raphson method is nonconvergent. The example leads
to a general discussion of convergence properties of the Newton-Raphson
(NR) algorithm based on characteristics of the Hessian matrix. The focal
point is the introduction of an “area estimation” interpretation of the NR
algorithm. Two statistically important cases are discussed: in one, conver-
gence or divergence depends on starting value; in the other, convergence is
shown to hold by showing that monotonicity of the algorithm can be
violated in at most one step.

Sections 4 and 5 present a lower-bound algorithm for problems in
which there exists a single matrix which dominates the Hessian globally. It
is shown that this can be used to create a monotonically convergent
algorithm, and the linear rate is found. It has the additional advantage over
the NR of not requiring repeated calculation and inversion of the Hessian.
Two examples are given: logistic regression and Cox’s proportional hazards
model. For the logistic regression case we also present a simulation study
comparing our method with Newton-Raphson in high dimensional
problems.

In Section 6 we consider a second class of models in which there does
not exist a global lower-bound on the Hessian, but the Hessian does
possess a concavity property that enables one to bound the curvature along
lines by the curvature at the endpoints. This structure enables one to ensure
monotonicity by simple corrections to the NR algorithm.

2. Notations and definitions

e Parameter space of interest: I7 € R’.
* Function to be maximized (log-likelihood) I: IT — R.
* Gradient of / at 7 (score vector):.
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Let A and B be two p x p matrices. Then we say that “A is greater
than B in the Loewner ordering” (and write A = B) if A — Bis nonnegative
definite (see also Marshall and Olkin (1979), p. 462).

If p = 1, so that 7 is a scalar, then V'I(n) denotes the i-th derivative of
at 7. |||| denotes the Euclidean norm on R’ and if 4 is a p by p matrix,
then ||A|| represents the corresponding induced norm, sup {||4x||/ |zl
7 e RY).

We will say that a sequence (7;:j = 1,2,...) converges linearly to 7 if
there exists a constant ¢ € (0, 1) such that

|71 — £l < cllm — £

The sequence converges quadratically if there exists a positive ¢ such that:
1 — 1 < cllm— 2.

The sequence converges superlinearly it

limsup ||7j+1 — #|l/|lm — 2|l = 0.

J—oo

3. Convergence and quadratic-approximation

Suppose one uses a quadratic-approximation to /() in a neighbor-
hood of a current value 7o based on the Taylor series:

G.1) I(n) = Q(n) = I(no) + (1 — m0)" Vi(wo) + (m — m0) TV (7o) — o)/ 2 .

Solution to the corresponding quadratic maximization problem creates the
next value of the Newton-Raphson algorithm:

(3.2) T = o — V(70) " VI(0)

It is somewhat surprising that concavity of the objective function 1s not
sufficient to guarantee convergence of the Newton-Raphson algorithm. In
this section we present some results regarding convergence in some impor-
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tant statistical problems, based on the structure of the Hessian matrix. We
start with a simple example of nonconvergence.

Example A. Suppose that:

log(l+n)—n, =n=0,
I(m) =
log(l-n)+n, =mn<0

For this objective function the gradient is:

Vi(n) =

for which a graph is shown in Fig. 1. Note that / is strictly concave, twice
continuously differentiable and uniquely maximized at 7 = 0.
Here the Newton-Raphson iteration is given by
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Fig. 1. The spider-web-effect.
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Thus the algorithm has the characteristic that, depending on the initial
value 7, it does one of three things:

Converges | <1,
Oscillates between —land 1 mwe{—-1,1},

Diverges | >1.

This last case, the spider-web-effect, is also pictured in Fig. 1. We seek to
eliminate the potential for this behavior.

3.1 Area-estimation

Since the concavity of /(n) does not ensure the convergence of the NR
algorithm, one might ask if there are features of the problem which will
guarantee this convergence. In order to explore this issue we offer an
interpretation of the Newton-Raphson algorithm as an area-estimation
algorithm, restricting attention to the univariate case, p = 1. Since VI(#) = 0,
we have

o) Vi(ro) + VI(#) — Vi(m) =0;  or

Vi(no) + [ Vi(m)dn =0 .

If we think of the integral as the area defined by the Hessian curve, then
another way to view equation (3.3) is provided in Fig. 2: namely,

AREA = — Vi(n).

That is, although 7 is unknown, we do know the area above V*I/(x) from 7,
to 7; it is ~ V/(mo). Newton-Raphson assumes that AREA can be approxi-
mated by a rectangle with height V*/(o) and width (7 — 7o) so that:

— Vi(mo) = AREA = ( — m0) V(7o) ,

is satisfied. We note that if the lower edge of the rectangle is entirely below
the Hessian curve, then the step must be directionally monotonic. That is,
the step must land on a point between 7o and 7; if the objective function is
concave (negative Hessian), then this is also a point of higher likelihood,
and so the step is monotonic.

3.2 Type I likelihoods
The Hessian for Example A is pictured in Fig. 3. We might character-
ize it as follows:
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Type I: < misscalar;
* V2I(n) is negative, bounded below, and increasing in both
directions from a point of minimality.

It is clear that using the point of minimality as a starting value for the NR
algorithm in a Type I likelihood will ensure monotonic convergence, as NR
will at every stage use a box that overestimates the corresponding area
between the curve and the axis. It will be shown in Section 5 that in the
logistic regression model, scalar case, that the likelihood is of Type I, with
a point of minimality at = = 0, and we have therefore shown NR mono-
tonicity when the starting value is 7 = 0. This univariate result is not easily
extended to p>1, but it does shed some light on the apparent good
behavior of the NR algorithm in this model. That this good behavior is
related to the starting value will be demonstrated in Section 5.

Example A motivates as well an alternative approach taken in Sections
4 and 5. That is, consider VI(n), as shown in Fig. 3. Obviously, Vil is
bounded below by B= V?I(0) = — L. If instead of (3.1) we use the quadratic-
approximation

(3.4) I(710) + VI(mo)(m — o) + B(z — mo)’/2,
then, as verified in Theorem 4.1, we achieve a step which necessarily

increases / regardless of starting value. That is, we have created a globally
monotonically convergent procedure described by the mapping

1
7z+{ —l}, =0,
1+=

n+[l———1—], n<0.
1-7

=71+ Vl(n) =

Although the convergence rate for algorithms created in this fashion are—
in full generality—only linear, in this example the convergence rate is
superlinear because the lower-bound is sharp at the solution point # = 0.

3.3 Type Il likelihoods

Another important type of structure can be recognized in Fig. 2, where
the Hessian curve is not bounded below, but is concave. That is, consider
the class of models:

Type II: = is scalar; V2l is negative; V'] is negative.

Here is an important example of a Type II likelihood:






