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Abstract. There are a number of cases where the moments of a distribution are
easily obtained, but theoretical distributions are not available in closed form. This
paper shows how to use moment methods to approximate a theoretical univariate
distribution with mixtures of known distributions. The methods are illustrated
with gamma mixtures. It is shown that for a certain class of mixture distributions,
which include the normal and gamma mixture families, one can solve for a p-point
mixing distribution such that the corresponding mixture has exactly the same first
2p moments as the targeted univariate distribution. The gamma mixture approx-
imation to the distribution of a positive weighted sums of independent central x?
variables is demonstrated and compared with a number of existing approximations.
The numerical results show that the new approximation is generally superior to

these alternatives.
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1 Introduction

There are a variety of statistical situations in which one can readily calculate or
asymptotically approximate the higher order moments of a given target distribu-
tion, call it H, but the density and tail probabilities cannot be simply derived. An
example is the distribution of weighted sums of independent central x? variables,

each with one degree of freedom, i.e.,
Sn(d) =D dW7, (1.1)
i=1

where d; are known positive weights and the W; are independent N (0, 1) random
variables. The higher order cumulants of S,(d) are easily derived, and one can
then use recursion methods to calculate moments. [In Appendix A, we indicate

how one can recursively solve for moments from cumulants, and vice versa.]

We investigate here a general strategy of approximating a target distribution
H, such as the distribution of (1.1), by a finite mixture of readily computed dis-
tributions, such as the gamma. The p-point mixture will be chosen so as to match
the first 2p moments of H. The component densities of the mixture will be cho-
sen both for ease of calculation and for theoretical considerations. For example, a

mixture of normals is natural for a problem in which a central limit theorem holds.

We believe this approach is attractive for several reasons:

e There is some initial reason to think that matching moments will give a good
approximation. For example, Lindsay and Roeder (1997) showed that if two
distribution functions H and F' have the same first £ moments, then they
must cross each other at least k& times. Moreover, the possible error can be

bounded by methods found in Lindsay and Basak (1995).

e Unlike some other approximation methods based on moments, such as Gram-

Charlier series (Stuart & Ord, 1987, page 222), our approximation is a bona
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fide distribution function, with nonnegative density. And unlike yet other
methods, such as saddle point approximations, it can be refined to arbitrary

accuracy by taking enough terms.

e Some modern results on fitting by moments, derived in the context of method
of moments estimators (Lindsay, 1989a, b) provide us with a set of theoretical

and computational tools that make such approximations feasible.

e In matching the first 2p moments, we also match the first 2p cumulants, so
there is a reason to expect good stochastic properties in certain central limit

theorem-type problems.

A random variable X or its distribution function G(z) is said to have a mizture
distribution relative to a parametric family of distributions {Fyp: 8 € Q} if the

distribution function has the form
7) = [ Fo(z)dQ(6),

where @), the mizing or latent distribution, is a distribution on the parameter space
(). We consider here () to be a finite discrete distribution; in which case G is called
a finite mixture. In this case if (), has p support points 61, ..., 0, with probability

masses 7, ..., Tp respectively, the p-point mizture distribution can be written as
GP( ) FQp Z WJFQ

In the families of mixtures we will be considering, there is an additional dis-

persion parameter A in each distribution, yielding mixtures of the form
Gp(z) = FQp A ZT‘—JFQ NG (1.2)

Let miy = my(H),...,mg = mg,(H) be the first 2p moments of a target

distribution H. Our methodology will give us a p-point distribution @, and a
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dispersion parameter A such that we match the moments of H and G,:

m, =m,(H) =m,(Fg,, ») for r=1,...,2p. (1.3)
Note that there are 2p free parameters in F, »; namely A, 61,...,6, and 74,.. .,
Tp—1, S0 we have the same number of equations as unknowns. Call my, ..., mg, the

target moments. Thus we find a p-point mixture distribution G,(z) that matches
the first 2p moments of the target distribution H(z), and then use G,(z) to cal-

culate the approximate tail probabilities.

Our strategy is based on a technique for fitting mixtures of normals that was
developed by Lindsay (1989b). That theory is generalized here. (Some corrections
are also made.) As an application, this paper focuses on fitting using mixtures of

gamma distributions.

The paper starts with some numerical comparisons. Section 2 compares the
mixture approximation to Sy,(d)’s distribution with those given by Solomon and
Stephens (1977) and Wood (1989). In these examples the exact cumulative dis-
tribution function (CDF) values are available and therefore one can compare the

various approximations for their level of error.

Section 3 develops the theory and methods for general mixtures while special-
izing the application to gamma mixtures. We note a key feature: one is, at least
in theory, able to fit an arbitrarily large number of moments, and therefore as the
number of moments increase, the sequence of approximations converges to the tar-
get distribution (assuming the distribution is determined by its moments). Section
4 discusses the computational issues. Lastly, Section 5 presents the conclusions of

the paper.



2 Evaluation of Several Approximations

In this section, the gamma mixture approximation to the CDF of S,(d) is com-
pared with the following approximations: Jensen-Solomon and the three-moment
x? fit given by Solomon and Stephens (1977); three-parameter F, Satterthwaite-
Welsh and Hall-Buckley-Eagleson given by Wood (1989).

2.1 Approximating the CDF of S,(d)

Several applications of x? tests lead to the problem of evaluation of probabilities
involving S, (d); for example, the Pearson X? statistic and other goodness-of-fit
statistics, of Cramer-von Mises type, based on the empirical distribution function
(EDF) (see examples in Stephens, 1986). The exact probabilities are tabulated only
for some special cases; for other cases, due to the well-known problems of numerical
integration (Gabler and Wolff, 1987) it is complicated to compute them. Following
are some of the references that have dealt with the problem of approximating
Sp(d). Imhof (1961) and Davies (1980) considered the numerical inversion of the
characteristic function of S,(d). Imhof’s method may be regarded as essentially
exact and gives excellent results in both tails, as one would expect for such a
tailor-made approximation. However, it is not easily implementable and when
high accuracy is sought, Solomon and Stephens (1977) found it to be relatively
expensive in computer time. Sheil and O’Muircheartaigh (1977) and Farebrother
(1984) have exploited Ruben’s (1962) x? mixture representation for S,(d) and
produced algorithms for evaluating the CDF of S, (d). Davis (1977) has given a
method for evaluating S, (d) based on a numerical solution of a differential equation
and Oman and Zacks (1981) presented a mixture approximation to the CDF of
Sn(d). A recent article by Waller et al. (1995) reviews and discusses numerical

inversion of the characteristic function as a tool for finding the distribution function



of S,(d). As a data analysis tool the method is only limited by the numerical
precision of both the evaluation of the characteristic function and the evaluation

of the fast Fourier transform.

We conclude that the available methods in the literature seem to be compu-
tationally intensive or are designed for special cases. We believe that the mixture
approach we present here has several strengths relative to these other methods: it
is computationally simple and fast, it is highly accurate, and it is general rather

than being tailor made for any particular example.

We take G)(x) as a p-point gamma mixture and H as the CDF of S, (d). The
relevant theory for fitting H with G, is presented in Section 3. We denote the
mixture approximation by C:’p (z), where the fitted parameters gj, 7; and Xp satisfy

the equation (1.3).

2.2 Gamma Mixtures

A gamma random variable X with shape and scale parameters o and [ respec-
tively can be written in terms of the parameters («, 1), where u = (a/f3), giving
probability density function

() o ten (%)

o) or a>0,u>02>0. (2.1)

flz;onp) =

If in equation (1.2), we take Fy, \(7) to be the gamma distribution with 6; = p;
and A = 1/, then F  » is a mixture of p gamma distributions. We will denote this
model by X ~ Gam(Qy, M) = G, (the symbol £ stands for definition). Note that to
find the tail area P[X > t] for such a mixture, we merely calculate - 7, P[Y; > {],

where Y; ~ Gam(a, y1;).



2.3 Numerical Illustrations

In this section, we compare the mixture approximation ép with other methods
of approximating the CDF of S,(d). In order to facilitate this, we calculated the
moment approximations at the same values of the weights and quantiles considered
by Solomon and Stephens (1977) and Wood (1989). The “exact” CDF values of
Sp(d) that are labeled H were reported in those papers as being calculated by
numerical methods to high accuracy. The moment approximations were done using
a FORTRAN program called Approximation Using Gamma Mixtures (AUGM)
(Pilla & Lindsay 1995).

Our first comparisons are with a set of methods considered by Solomon and
Stephens (1977). Jensen & Solomon (1972) gave an approximation of the Wilson-
Hilferty type, here denoted .J, which takes z = (S, (d)/6;)", where 6; is the mean of
Sn(d), and approximates z by a normal distribution, where the mean and variance
of the approximating distribution depend on the first three cumulants of S,(d).
Solomon and Stephens (1977) gave a three-moment x? fit, here denoted S, that
fits S,,(d) = Aw", where w has the x?, distribution and A, 7 and m are determined
by the first three moments of S,,(d). Both the J and S approximations have the

disadvantage that an iterative fit is necessary (numerical details omitted).

In Table 1, the exact CDF values of S,(d), H, are compared with Jensen-
Solomon (J) and three-moment x? fit (S) approximations considered by Solomon
and Stephens (1977) as well as the p-point gamma mixture approximation (C:*p)
developed in this paper, with values of p = 1,2,3,4. No method did well at the
very smallest quantile, but the four point fit G, was accurate to three digits for

every other quantile, and is by far the most accurate method.
Table 1 comes here.

Our next comparisons are with methods considered by Wood (1989). In the



“F-method”, a three-parameter F' distribution approximation to S, (d) is obtained

by matching moments. The F' density has the form

_ ﬁazxal_l(ﬁ+$)_al_a2

f(:E) B(Ql,CYQ)

x>0,

where B(aq,as) = I'(aq)T(a2) /T (1 + 2) is the beta function and the parameters
a1, ao and B are positive. Using standard formulae which relate moments to
cumulants, Wood expresses a1, as and [ in terms of the first three cumulants.
The idea is to find the rth (r = 1,2,3) cumulant of S, (d), x.(d) and substitute
them in the re-expressed formulae of oy, ay and 5. Finally, use the F' distribution

with these parameter values to approximate S, (d).

Based on the earlier work of Hall (1983), an approximation was suggested by
Buckley and Eagleson (1988), and is here denoted HBE. Finally, the Satterthwaite-

Welsh (SW) approximation is the same as our one point gamma approximation.

In Table 2, the exact CDF values of S,(d) (H) are compared with three-
parameter F (F), Satterthwaite-Welsh (SW) and Hall-Buckley-Eagleson (HBE)
approximations given by Wood (1989) and the approximation ép. Table 2 clearly
shows the superiority of approximation C~v’p over the others, with G, having three
digit accuracy at all but one quantile. Also note the shrinking of the error, namely

H— G'p, as the number of support points (p) increases.
Table 2 comes here.

Computation of G, in Table 2 required a total of 0.36 seconds of CPU time on
SUN SPARC 10. Compared to the other methods, it seems clear that our method

is relatively inexpensive to compute.

Table 3 gives a summary of how the different methods performed over all the
quantiles for the four distributions given by Solomon and Stephens (1977) and the
14 distributions given by Wood (1989). The G, approximation shows an excellent

performance when compared with other methods. Column 3 in the table gives
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the percentage of times each method was accurate to three digits to the true (H)
value. The last column gives the average absolute error incurred by using the given

approximation. [For more details, see Lindsay, Pilla, & Basak (1995).]

Table 3 comes here.

3 Fitting Mixtures of Distributions

In this section we will present the general mathematical developments that enable
one to construct C:’p when using a family of mixtures. We start by showing how the
highly nonlinear equations in (1.3) can be solved with straightforward procedures

for selected families of distributions.

3.1 Deriving Unbiased Moment Estimators

Lindsay (1989b) proposed methods that use method of moments to estimate the
normal mixture parameters; that is, the p-point mixing distribution, ),, and the
dispersion parameter, ag. That paper dealt only with mixtures of normals, and
concentrated on the problem of estimating the parameters of a mixture distribution
from the sample moments. We show here how one can extend those methods by re-
placing the normal model with another family Fy , that satisfies certain properties

described below.

In the families F} , we will consider here, we assume that for each r there exists

a polynomial 6, (z, ) of degree r in z, written ) ay)(/\) 27, such that
=0

Eg A[0-(X,\)] =6". (3.1)

Example 1. If we use the gamma density in equation (2.1), set § = p and
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A =1/a, then

X’I‘

"N = T S =D

(3.2)
satisfies Ep [0, (X, )] = " as desired.

From equation (3.1) it follows that if ), is a mixing distribution on the param-
eter 6 of a such a family and X has the corresponding mixture distribution Fy j,
then 6,.(X, ) is an unbiased estimator of the rth moment of 6, m,(Q). That is,

the expectation of §, (X, A) under the mixture model, Fy ,, is given by

Eqal6,(X, 0] = [ [ 6:(2, \)dFy(2)dQ(6)
= [ Boalér(X, )ldQ(0)
= [0dQ(6) = m(Q). (3.3)

One can also write m,(Q) = Eg [6-(X, \)] as

Ega

> o’ () Xj] = 3 0 (N) EqalX7]

= Z a;-r) ()\)mj(FQ,)\).

We thus have

S0 (0 my (Fo) = m (Q).

=0

This implies that if we wish to find a p-point distribution (), and dispersion pa-
rameter A to match the target moments, that is, satisfying m, (Fg,, ») = m,(H) =

m, forr =1,...,2p, we need to solve for A and (), in the system of equations

Zay)()\) m; =m.(Q,), r=1,...,2p.
=0
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In this equation my,...,mg, are the target moments and the coefficients ay) are
determined by the family Fj 5. For an arbitrary A, let 3, ag-r)(/\) m; be denoted by

0%(X), so that the equations we need to solve for A and @), are:

W) =m.(Qp), r=1,...,2p— 1. (3.4)

Example 1. (continued). In the gamma model, we have for # = y and 4, as in

(3.2), EgA[0,(X,A)] = 6" and so in the mixture model, where 6 ~ ),, we have
Eaual6(X,\)] = [ 074Q(0) = m.(Qy).

After inserting the target moments m, into the left side, we find the goal is to
solve for A and @, in §%(\) = m,(Q,), where

1
A+ N(T 2N 1+ (=D

5N = 1 -1, (3.5)

The equations (3.4) are solved in two steps. First, we know that one can solve
these equations for a distribution @), only if A is chosen such that the numbers
61(A),---,05,(A) are exactly the sequence of moments to some distribution @,
with exactly p-points of support. However, we can use moment theory to solve for

a unique Xp that makes this true, without ever determining Q),,.

Then, in the second step, we find the p-point distribution @p by solving

a(Ap) =m,(Qp), T=1,...,2p—1

using standard techniques from moment theory.

3.2 Solving for A

We start by showing how j\p can be determined. The techniques we use are heavily

dependent on the use of certain moment matrices. For a given sequence of numbers,
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mi, ..., Mgy, let

1 mi My -+ My
mq mo ms o My
My=| my ms my - Mpya
Mp Mpy1 Mpya -+ My

be the p-th moment matriz. The following theorem (see, for example, Lind-
say, 1989b) establishes the relevant properties of moment sequences to determine

whether a moment solution exists.

Theorem 3.1 (a). A sequence of numbers 1,my, mo, ..., my, are the moments of
a distribution with exactly p points of support if and only if det M; > 0 for all j =
1,...,(p—1) anddet M, = 0. (b). If the sequence of numbers 1, my, ma, ..., Moy 2
satisfies det M; > 0 for all j = 1,...,(p — 1) and mgp_y is any scalar, then 3 a

unique p-point distribution with exactly those initial (2p — 1) moments.
To proceed further, we will need two assumptions on the function §%(\).

A1. 67()) is continuous in A for A € [0, 00).

A2. 5%(0) = m,(H).

Example 1. (continued). In equation (1.2), if we take Fy, »(7) as gamma distri-
bution with mean 6; = p; and variance A = 1/a, then the preceding assumptions

are satisfied for the gamma family.

We next define the pseudo-moment matrix
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Note that at A = 0, from assumption A2 we get A,(0) = M, (H), the moment
matrix for H. Also, if H is a true mixture, F(Q, \g), then, §*(Ag) = m,(Q) by
equation (3.4), so Ay(Ag) = M,(Q), the moment matrix for Q.
Example 1. (continued). For the gamma distribution the unbiased estimators
of m,(Q) = /u"dQ(p,) for r =1,...,2p are obtained using equation (3.5). Thus,
for example, if H is a Gam(Q, \) mixture, then

m (Q) = E(X) = m(H),

ma(Q) = TREX?) = o me(H),

m3(Q) = Ty P& = aymray me(H),

and

BE(XY) = H). (3.7)

_ 1 1
my(Q) = FEBYI(ESINIGEEY) AN T2 (113N my(

For any given distribution H, the pseudo-moment ¢§*()\) is the corresponding right
hand side of the above equations, and so the second pseudo-moment matriz Ay(N),

using equation (3.6), is then given by

Our objective is to find X such that this is the moment matrix for a p = 2 point

distribution Q».

The first step of our strategy is to let /N\p (where the subscript denotes depen-
dence on p) be the smallest nonnegative root, if it exists, of det [A,(A)] = 0.

Our claim is that §7(A),..., 5§p(5\) is then the moment sequence for some p-point

distribution Q).

We start by studying the properties of roots defined in this way. The following

lemma shows that we can generally assume that the root Xp is strictly positive.
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Lemma 3.1 The root Xp =0 if and only if H has p or fewer points of support.

Proof. Note that ), = 0 if and only if det A,(0) = 0. However, det A,(0) = 0 =

det M, (H), and the latter is zero if and only if H has p or fewer points of support.
|

Given the positivity of /N\p, we can make the following strong statement about

the pseudo-moment matrix.
Lemma 3.2 If ), > 0, then A,(\) is positive definite for A € [0,),).

Proof. The smallest eigenvalue of a symmetric matrix is a continuous function
of the matrix entries, so by assumption Al the smallest eigenvalue of A,()), say
e1(A), is a continuous function of A. Note that by the hypothesis A,(0) = M, (H),
which is positive definite, so e1(0) > 0. We have det Ap(\) = [Tj_¢e;(A), the
product of its eigenvalues, so the determinant can not be zero in |0, Xp) unless an
eigenvalue is zero. But if no eigenvalue crosses or touches zero, all remain positive.

Thus A, () is positive definite on the given range. |

The next proposition indicates the nested structure of the A-roots. It is very

useful in computations as it enables a simple root search strategy.

Proposition 3.1 If i exists finitely, then every j\p exists, and we have

M>> > >N >

Proof. The proof is inductive on p. Suppose Xp_l exists finitely. Then Ap_l(j\p_l)
has a zero determinant and so is singular. Hence there exists a nonzero vector x

such that A,_1(Ap—1)x = 0. It follows that

- X -
( x' 0 ) Ap(Ap-1) 0 =x'Ap-1(Ap-1)x = 0.
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Since ( x' 0 ) is a nonzero vector, it follows that A,(X,_1) cannot be positive

definite. Lemma 3.2 then implies that ), exists and \,_; ¢ [0, \,). |

Finally, we establish our claim.

Proposition 3.2 (a). If j\p,l > :\p, then 3 a unique p-point mizrture @p satisfying
55(N) = m,(Q,) for r = 1,...,2p. (b). If \, 1 = Ny, then there does not exist a

p-point solution.

Proof. Since \,1 > A, A, 1(},) is positive definite by Lemma 3.2, and so
by Theorem 3.1 there exists a unique p-point mixture @p satisfying (5;_*(5\1,) =
m,(Q,) for r = 1,...,2p — 1. Moreover, we claim (5’2"1)(5\1,) = mgy(Q,). This
follows because the 2p-th moment of a p-point distribution is uniquely determined
by the preceding 2p — 1 moments, as follows from the relationship det M,, = 0. If
Ap—1 = Ay, then A,_;(},) is not positive definite and hence does not represent the

moment matrix for a distribution ) with p points of support. [

Remark 1: In Lindsay (1989b, Theorem 5C), the analogue of this result was
stated incorrectly. Instead of the correct condition “if \,_; > X,”, it was stated -

“if det A,(\) has a root of order 1 at A = \,”.

3.3 Solving for Qp

We now describe how to reconstruct @, from its moments, 1, (5;(5\1,), . ,6§p(:\p).

We start by finding the support points. These can be determined using the fol-
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lowing Theorem (Lindsay, 1989b). Define the polynomial:

1 5T(Xp) T 5;—1()‘1)) 1
5?(/\1)) 5;(/\p) T 6;(/\17) t
Sp(Ap, ) = det 55(7\1)) 5§(j\p) ... 5;+1(5\p) 2 |. (3.8)
L 5;(5‘10) 5;4-1(3‘1)) T 55;;—1(5‘1)) g ]

Theorem 3.2 If there exists a solution @p to the moment equations, then it has

as its support points fi, ..., fi, the roots of §p(j\p,t) =0.

See Section 4 for an algebraic simplification that we used in computing the

roots of the polynomial §p(7\p, t).

For the second step in reconstructing @p, once we have found the roots fiy, ..., fi,
to the polynomial gp(j\p, t), we solve for the masses 7; at each support point fi; by

solving the linear system of equations

11 1 =1 [ 1 ]
i i i 7 5 (X
%51 M2 Hp .2 _ 1( p) (3'9)
R e Ty o ~ « (X

| M1 Mo Hp = | | Tp | | p—l( p) i

The matrix on the left is nonsingular, being a Vandermonde matrix, so that there

is a unique solution to these linear equations.

In the following example we illustrate the above methodology using the two

point gamma mixture fit.

Example 1. (continued). Given a solution Xy to det As(X) = 0, we can solve

for Q, as follows. The two support points are calculated by solving the quadratic
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equation
1 m;y 1
det | my me t | =0, (3.10)

mo M3 t2

where 7,’s are the 0*()\y)’s given in equation (3.7). The solutions to equation

(3.10) are given by

(i3 — 11 my) & 1/ (s — a2 — Ay — M3) (Myms — m3)

t =
2(my — m3)

Call the two solutions #; = fi; and £, = [is respectively. We then solve for the

masses 71 and 7Ty using the full rank equations

1 1 m 1
f1 o fho Ty my
giving us
L M
™ = = =
M2 —
and

77'2:].—77'1.

3.4 Uniqueness and Root Finding Issues

Here we will discuss the uniqueness of the fitted mixture distribution G,. That is,
given a sequence my, ..., My, of moments that can be fit by some p-point (@p, j\p)
mixture, is it possible that there exists another mixture (NZ,S\;) that generates
exactly the same moment sequence? The following assumption gives us a natural

sufficient condition that will ensure the uniqueness of (Qp, \,) as generated from

mi,...,Myp.
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Assumption A3. For every f € © and for every 0 < A < )\ there exists a mixing

distribution )y with infinite support > Fy », = Fo,, 1.

This assumption is verified for the gamma example in Appendix B. Note that
assumption A3 implies that if ) is any mixing distribution on 6, then for any
A < Ag, we can find @Q* with infinite support satisfying Fg , = Fg«, A. This is
done by setting

Q" (4) = [ dQ*(9) = [ dQu(#)dQ(6). (3.11)

Proposition 3.3 Suppose the pseudo moments 5;()\) exist as above and that as-
sumption A3 holds. Then for every p-point distribution @p and )g, the wvalues

(@p, Xo) are uniquely determined by the first 2p target moments, my, . .., May.

Proof. For any 0 < A < A, let @* be the mixing distribution such that F(Q*, \)
is distributionally equivalent to F(Q,, Ao). Then &%()),. -+, 05,(A) are the mo-
ments of @* and so the pseudo-moment matrix A,(\) is the moment matrix for
a distribution with infinite support. It therefore is positive definite with positive
determinant. It follows that Ay = /N\p must be the first nonnegative root of det

[Ap(A)], and so is uniquely determined.

However, knowing A then uniquely determines §;(Xg), - .., d2p(Ag), the first 2p
moments of @p, which in turn uniquely determines @p, since it has p-points of

support. [ |

The following proposition gives us important practical information for the de-

sign of algorithms for finding j\p.

Proposition 3.4 Suppose that :\p,l > Xp and that assumption A3 holds. We have
(i) det Ay(X) > 0 for (0,),) and (ii) det A,(N) < 0 for A € (A, \p_1). Therefore
N, is the unique root of det A,(N\) in [0, Xy_1).

Proof. (i) Follows from the Lemma 3.2. (ii) Suppose for contradiction of (ii) that
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there exists a root A\* of det A,(\) that is in (X, A,_1). For any A € (A, A,_1),
Ap_1(A) is positive definite by Lemma 3.2 and so A,(\*) satisfies the conditions
needed to be the moment matrix of a p-point distribution @;. Hence ( ;,)\*)
and (Q)p, A) represent two formal solutions to the moment equations, which is a

contradiction to the preceding proposition and so root \* cannot exist.

Since there are no roots in (A, Ap_1), det A,(X) > 0 is strictly positive or
negative on that range. Suppose for contradiction it is positive. Then on this
range A,(A) is positive definite, and so represents the moment matrix for a dis-

tribution @), with more than p-points of support. It follows using (3.11) that

*
Q7

there exists ( Xp) with infinite support generating the same G distribution as

(Qx,A). However, the moments of Q% must then be 67(},),. ..,(5§p(5\p), which

satisfy det A,(),) = 0, contradicting that Q% has infinite support. We conclude
that det A,(\) must be negative on (X, Ap_1). |

Remark 2: One technical difficulty standing in the way of a simple general theory
is as follows: Suppose that we find ), such that A,(}),) is a moment matrix for
p-point distribution C~2p. Then there is no general guarantee that @p has all its
support points within the #-parameter space. If it does, we will say it is a proper
solution. This is not a problem in the mixtures of normals case, as the parameter
space is (—o00,00), so all the solutions are necessarily proper, but it could be
an issue in other cases. We will not tackle the technical problems involving the
existence of proper solutions here. The reader can refer to Lindsay (1989b, Section

2.3) for some of the issues.

4 Computational Issues

This section describes some of the computational issues involved in finding the j\p

and the roots fi, ..., fi,. It is most efficient to proceed sequentially. Thus first we
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find A;. In the gamma case, A1 is the unique root of the equation:

1 mq(H
det 1(H) =0.

mi(H) gisyme(H)
In order to find )y, the unique root of det Ay()) in [0, );), we used a bisection al-
gorithm. Bisection simply divides the interval repeatedly in half, selecting at each
stage the half-interval in which the sign change occurs. Given the sign-change
behavior, it is simple, effective, easy to program and guaranteed to converge. We
note there is some danger of facing the situation j\p_l = j\p because of numerical in-
accuracy. To avoid this difficulty it is recommended to carry out the computations

in double precision.

Next, to find the roots fii, ..., fi, to the polynomial equation gp(:\p, t) =0, one
needs to find the right hand side of equation (3.8). For the sake of programming
simplification, the following trick was used. We replaced the last column of the
matrix on the right hand side of equation (3.8) with §%(\) for » = p, ..., 2p. Notice
that the resulting matrix is identical to the M, matrix with estimated moments as
elements. Denote this matrix by 1\7[,,. Next, we found the eigenvalues and eigen-
vectors of ﬂp. Thus 1\~/Ip = ADAT, where D is a diagonal matrix of eigenvalues.
One can easily obtain 1\71; ! by taking the reciprocal of the corresponding elements
of the D matrix. Hence finding IVI; 1 = AD'AT is a computationally straightfor-
ward task. Notice that the elements of the last row of IT/I; L are the coefficients of
the support point equation gp(xp, t) = 0, up to proportionality. However, the con-
stant of proportionality can be ignored for it can be cancelled out of the equation.
At this stage, solving the equation for the roots can be easily accomplished with a
simple root finding subroutine. We used zrhqr subroutine (see Press et al., 1992)

since the polynomial has real roots.

Lastly, solving the equation (3.9) for the masses 7; at each support point is

accomplished with a simple subroutine that takes advantage of the special struc-
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ture of the Vandermonde matrix. We used vander subroutine that solves the

Vandermonde linear system (see Press et al., 1992).

5 Conclusions

We have shown that by using the method of moments, one can create families of
distributional approximations that are highly flexible and straightforward to fit.
We have shown that if one uses mixtures of gammas, one can in this fashion reason-
ably approximate the distribution of a linear combination of chi-squared variables.
Although the theory looks rather complicated, the method is relatively straightfor-
ward to program (the FORTRAN program AUGM is available from author Pilla).
In theory one can use this methodology to fit an arbitrary number of moments.
However, increasing the number of mixture components can lead to computational
accuracy problems due to the use of ill-conditioned moment matrices. Our ex-
perience with the examples considered in this article was that after p reached 6
or 7, the moment method would fail to generate a p-point approximation due to
:\p,l = :\p (see Proposition 3.2(b)). Indeed, up to this value of p, the estimates
tended to improve but when we tried to push the method beyond this point by
fitting with a larger p, there was no change in . This indicates that one cannot
fit a higher order mixture to improve the approximation. In light of this, we offer
a practical recommendation that one use the largest value of p possible; that is

proceed sequentially, and stop when Xp_l = :\p.
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Appendix A
Relation Between Moments and Cumulants

The r-th moment about the origin of a random variable X, or equivalently of
its distribution H(z) denoted by m, is defined as m,(H) = / 2"dH (x) and the
corresponding r-th moment about the mean (r-th central moment) denoted by .
is defined as p,.(H) = / (x —my)"dH (z). The moment generating function (mgf)

of X is given by

M) = | °; eap(tz)dH (z).

The cumulant generating function (cgf) K () of X is defined by natural loga-
rithm of the mgf, i.e.,

K(t) = log M(t).

Both these generating functions can be expanded as a Taylor series.

Given a list of cumulants (or moments) one can obtain the other list by the

recursion

r—1 r—1 r—1
my = Ky + Kr_1m1 + Kp_gMg + + -+ + K1Myp—1,
1 2 r—1

which can be obtained from the following mathematical relation
K'(t)M(t) = M'(t).
For example, k; = mi,ky = g, k3 = l3,Kk4 = l4 — Ha. Such a recursion,
simplifies the calculation of the moments of a convolution, as the cumulants are

easily calculated because they add over independent observations. For example,

the cumulants of a weighted sums of independent central x? variates,
Sp(d) = diWE + dyW2 + -+ d W7
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are k, = »_ dike(x3) =) dj 2" '(r—1)! for r = 1,2,.... Also, it can be easily
i=1 i=1
shown that p,(dX +b) = d"p,(X) and &, (dX + b) = d"k,(X) for r > 2, where d

and b are any real constants.

When we match moments to order 2p we also fit cumulants to the same order.

For example, in the normal mixture model, - 7; N (p, 0?),

kr(H) = £, (Q) + £r(N),

the second term on the right hand side being zero for » > 2. Hence, when we

match cumulants, k,(Q) equals x,(H) for r > 2.
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Appendix B

Nested Mixing Structure of Gamma Distributions

In order to apply the Proposition 3.3, “identifiability”, we need to verify the as-
sumption A3. We want to know if for any given «, pg and any 6 > 0, with

ap = a — 6 > 0, there exists a continuous mixing distribution () such that
| £l a,m)dQ(n) = £(z; a0, ). (B.1)
The following proposition clarifies the assumption.

Proposition B.1 f(z; g, 10) can be written as a mean mizture of gammas, i.e.,

as in equation (B.1).

Proof. Let n = a/p and ny = a/po. We need to show that the mixing distribution
Q o (n—m0)*~ 'y~ *I{n > mo}dn. i.e., dQ = k(n —10)°~'n~*I{n > no}dn with k as

the constant of proportionality. Thus we will show that d@) satisfies equation
o o 5
/0 n“exp (—nz)dQ <;> =cexp (—noz)z~’, (B.2)

where ¢ = T'(a)(19)* /T (co) is a constant. The left hand side of equation (B.2)

becomes

||k ez (=na)n =o)Ly > mdn =k | " exp (=na)n — )" dn,
0

— keap (~nw) [ eap (~€n)" e,
= kexp (—nox)z °T'(9). (B.3)

Simplification follows by taking n — 1y = £. Equation (B.3) is valid since 6 > —1
and x > 0. If we let k = %{5), then (B.3) becomes ¢ 1 %exp (—nox). Thus the
mixing distribution is given by d@ = ﬁ(n —n9)°~ I {n > no}dn. |

The following corollary shows the nested mixing structure of gamma distribu-

tions.
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Corollary B.1 {Gamma(a+6,Q)} C {Gamma(a, @)} for any é > o> § > 0.

Assumption A3 and Proposition B.1 give the identifiability of (@p, 7\1,) in the

gamma mixtures.
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Table 1: Comparison of the Jensen-Solomon (J), Three-Moment x? Fit (S) and
p-point mixture (G,) approximations at selected quantiles of S,(d) = 2.5W? +
0.7W2 + 0.4 W3 + 0.4 W2 with the exact CDF values (H).

Quantiles | 0.500  1.000 3.000 3.600 8.500 11.00 14.00

H (True) |0.0048 0.1385 0.5197 0.6005 0.8980 0.9452 0.9731

Gy 0.0453 0.1385 0.5197 0.6007 0.8979 0.9452 0.9732
J—H 0.0597 0.0357 0.0218 0.0148 -0.0036 -0.0045 -0.0045
S—H 0.0486 0.0129 -0.0044 -0.0070 -0.0005 0.0013 0.0014

G,—H 0.0905 0.0558 -0.0074 -0.0177 -0.0104 -0.0020 0.0020
Gy — H 0.0499 0.0085 -0.0079 -0.0072 0.0025 0.0013 0.0001
Gs— H 0.0422 0.0010 -0.0015 -0.0005 0.0002 -0.0002 -0.0001
Gy,— H 0.0405 0.0000  0.0000 0.0002 -0.0001 0.0000 0.0001
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