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Abstract

Suppose a nonlinear and non quadratic objective function is being optimized over a high

dimensional parameter space. Often a closed-form solution does not exist and iterative

methods are employed to �nd a local optimum of the function. However, algorithms

designed for such high-dimensional optimization problems tend to be very slow in order

to ensure reliable convergence behaviors. This problem occurs frequently, for example,

in training multilayer neural networks (NNs) using a gradient-descent (backpropagation)

algorithm. Lack of measures of algorithmic convergence force one to use ad hoc criteria

to stop the training process.

This paper �rst develops the ideas of Aitken Æ2 method to accelerate the rate of con-

vergence of an error sequence (value of the objective function at each step) obtained by

training a NN with a sigmoidal activation function via the backpropagation algorithm.

The Aitken method is exact when the error sequence is exactly geometric. However,

theoretical and empirical evidence suggests that the best possible rate of convergence

obtainable for such an error sequence is log-geometric (an inverse power of the epoch

n). The current paper develops a new Invariant Extended-Aitken acceleration method

for accelerating log-geometric sequences. The resulting accelerated sequence enables one

to predict the �nal value of the error function. These predictions can in turn be used

to assess the distance between the current and �nal solution and thereby provides a
1
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stopping criterion for a desired accuracy. Each of the techniques described in the paper

is applicable to a wide range of problems. The invariant extended-Aitken acceleration

approach shows improved acceleration as well as outstanding prediction of the �nal error

in the practical problems considered.
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I. Introduction

Suppose E(w): <� ! < is a nonlinear and non quadratic objective function that is be-

ing minimized over a high-dimensional parameter space w. In many instances, analytical

closed form solution does not exist and iterative methods are employed to �nd E(bw) � bE,
a local minimum on <�. In these techniques, starting with an initial parameter value

w0 and a corresponding function value E (w0) = E0, an iterative process constructs a

sequence of parameter values fwng
1

n=0 and corresponding sequence of function values

fEn = E(wn)g
1
n=0 that converges to bE. In the context of neural networks (NNs), the

function is the total error at the nth stage which is given by E(wn) =
P

pE[wn(p)],

where E[wn(p)] is the error for the pth training pattern (in a set of P training patterns

used for training a network). This paper introduces the ideas of Aitken Æ2 method and

presents its new invariant extension to accelerate the rate of convergence of the sequence

fEng
1
n=0.

A. Types of Convergence

Let rn = (En � bE) be the residual for each n > 0. If positive constants � and � exist

such that

lim
n!1

jrnj

jrn�1j�
= �; (1)
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then fEng
1

n=0 is said to have convergence of order � with asymptotic rate �. The con-

vergence is said to be of �rst-order if � = 1; i.e., if jrnj = O(jrn�1j) and second-order

or quadratic if j�j = 2; i.e., if rn = O(jrn�1j
2). The order of convergence is determined

only by the properties of the sequence that hold as n ! 1; i.e., the tail properties.

Larger values of order � imply, in a sense, faster convergence, since the distance from the

limit bE is reduced at least in the tail by the �th power in a single step. If the order of

convergence is equal to unity (� = 1), then depending on whether 0 < � < 1; � = 1 or

� = 0 the sequence is said to converge linearly, sublinearly or super-linearly respectively.

In addition, order � > 1 corresponds to super-linear convergence.

A linearly converging sequence, with convergence ratio �, has remainders rn that con-

verge as fast as the geometric sequence a�n for some constant a. Thus linear convergence

is sometimes referred to as geometric convergence. In the case of linear convergence,

some constant number of iteration steps, say m, are asymptotically required to reduce

the magnitude of rn by one tenth. In other words, after m further iterations, another

decimal place of the En is correct. From the relationship rn+m � �mrn, the condition

for m is m � �1=[log10j�j]. It is clear that the convergence factor j�j is an important

description of the convergent behavior. For example, for j�j = 0.316, 0.750 and 0.9716,

one requires m = 2, 8 and 80 iterations respectively to gain an extra correct decimal

place.

Delahaye (1980) provides precise de�nitions of algorithmic sequence transformations,

an analysis of the study of power sequence transformations and identi�es the families

of sequences that are not accelerable. He shows that the family of linearly convergent

sequences is one of the biggest families of accelerable sequences and certain types of alter-

nating and oscillating sequences can be accelerated using the Aitken acceleration method

(which is not a linear transformation). Delahaye de�nes the sequence as \logarithmically

convergent" if � = 1 for � = 1 in equation (1). Suppose F is a family of logarithmically

convergent sequences. Delahaye shows that it is diÆcult to accelerate the sequences in



4

F and in fact it is not possible to accelerate all of them with a single transformation.

However, one can �nd a speci�c transformation that accelerates many sequences. In

essence, the problem is no longer how to accelerate the sequences in F , but identifying

the accelerable subsets of the family and �nding a transformation to accelerate it. Our

goal in this paper is to identify one set of F and provide a transformation to accelerate

it (Sections IV and V).

B. Background

The situation of linear or sublinear convergence occurs in one of the popular learning

algorithms for NNs called the \backpropagation" (BP) algorithm (Rumelhart & Mc-

Clelland, 1986). The BP algorithm has emerged as the most popular algorithm for the

supervised training of multilayer networks for its numerical stability and computational

eÆciency (Haykin, 1999). It has long been noted that the major weakness of the BP

algorithm is its extremely slow rate of convergence. However, faster methods are not

necessarily as reliable. Towsey et al. (1995) showed that a network trained with the

conjugate gradient algorithm, which gives super-linear convergence in some cases, often

gets stuck in a bad local minimum from which it never escapes, and the resulting network

can have a poor generalization ability. Additionally, their empirical results show that the

local minimum achieved with the BP algorithm will in fact be a global minimum, or at

least a solution that is close enough to the global minimum for most practical purposes.

Several researchers have tried other techniques to improve the convergence of the net-

work itself. One of the more popular techniques is a dynamic adaptation of the learning-

rate (Jacobs, 1988; Roy, 1993; Salomon & van Hemmen, 1996; Silva & Almeida, 1990;

Weir, 1991; Pirez & Sarkar, 1993) and/or the dynamic adaptation of the momentum

term (Fahlman, 1989; Rumelhart & McClelland, 1986; Kanda et al., 1994; Yu et al.,

1993). These improvements have the disadvantage of being substantially more complex

and must often be \tuned" to �t the particular application (see P�ster & Rojas (1993) for
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a detailed comparison of these methods). In light of these limitations, the BP algorithm

is still a widely used method, despite its slow convergence.

Shepherd (1997) compared several �rst-order methods and second-order methods in

terms of the global reliability and convergence speed. In terms of speed, his recom-

mendation is to use the Levenberg-Marquardt (LM) nonlinear least-squares method { a

second-order method. However, speed is not the only issue as the storage requirements,

localities of the required quantities (for a parallel or network implementation), reliability

of convergence and the problem of local minima also play a major role when it comes to

large-scale problems. The two main problems with the LM algorithm is its O(w2) storage

requirements and O(w3) computational costs along with its sensitivity to the presence

of residuals at the solution, where w is the total number of parameters. He recommends

a �rst-order method to maximize the chance of avoiding local minima. Based on his

arguments and recommendation it seems like the on-line BP algorithm is a good option

for large-scale problems such as the ones considered in Section VII. We believe that there

may not be a single best approach and an optimal choice must depend on the problem

and on the design criteria.

We would like to emphasize that our goal in here is not speeding up the BP algorithm

itself instead accelerating the error sequence fEng
1
n=0 obtained by training the network

through the BP algorithm and provide a stopping criterion with a desired accuracy.

The rest of the paper is organized as follows. Section II describes the motivation for

developing several di�erent measures of algorithmic convergence. Section III presents

the concepts of Aitken Æ2 method for accelerating the rate of convergence of a geometric

sequence. Section IV derives an extended-Aitken Æ2 estimator to accelerate a sequence

that is converging more slowly than a geometric sequence. In Section V, we introduce

shift invariance properties and develop an invariant extended-Aitken acceleration method.

Section VI develops the measures of algorithmic convergence and Section VII discusses

the results of our methods when applied to several NN training problems. In Section
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VIII, we present the diagnostics to assess the reliability of di�erent prediction methods.

Lastly, Section IX presents the conclusions and future work.

II. Motivation and Objectives

Finding a stopping rule for training a feedforward multilayer NN when using the BP

method is an important problem in the �eld of arti�cial neural networks. With good

generalization as the goal, it is very diÆcult to �gure out when it is best to stop training

if one were to look at the learning curve for training all by itself. It is possible for the

network to end up over �tting the training data if the training session is not stopped at

the right point (Fausett, 1994).

Amari et al. (1996) presented a statistical theory for the over �tting phenomenon which

provides a word of caution on the use of an early stopping method of training based on

cross-validation (Hecht-Nielson, 1990; Haykin, 1999, Section 4.14). The theory depends

on batch learning and supported with detailed computer simulations involving multilayer

neural net classi�er. Two modes of behavior are identi�ed depending on the size of the

training set: (i) Non asymptotic Mode for N < w, where N is the size of the training set

and w is the number of free parameters in the network and an (ii) asymptotic Mode for

N > 30w. In the former case, the early stopping method does improve the generalization

performance of the network over exhaustive training, whereas in the latter case exhaustive

learning is preferable to the early stopping method of training. The latter situation occurs

frequently in problems of data mining with NN (Bigus, 1996).

In situations when either the early stopping method is prohibitively expensive { occurs

when the validation subset is large { or practically impossible to have the validation subset

(Twomey & Smith, 1995) and/or the early stopping rule is ine�ective, the following ad

hoc criterion is used to stop the training: \stop if the absolute rate of change in the En is

suÆciently small" (typically it is considered to be small enough if it lies in the range of 0.1

to 1 percent per epoch). That is, if
Pk

i=1 jEn�i � En�1�ij=(kEn�i) for a pre-determined
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integer k. Unfortunately this criterion may result in a premature termination of the

learning process (Haykin, 1999).

Often it is suggested to stop the iterative process when en = jEn � En�1j � � is

satis�ed, where � is the tolerance. However, this sequence which serves more as a lack-of-

progress criterion than a useful stopping rule, gives a misleading picture of the attained

accuracy. Another simple criterion is to stop the iterations when jEm � Enj � � for

m = n + 1; n + 2; : : : ; n + k and for a prede�ned integer k. However, this criterion is

also not satisfactory for an exponentially declining error-at-iteration function such as the

one shown in Fig. 1. In this case, the algorithm may be stopped prematurely because

a considerable increase in iterations causes only small changes in E even though the

minimum, bE, is far from Em. In essence, the stopping criterion can be satis�ed even if

the potential change in the error jEm � bEj is many orders of magnitude larger than the

tolerance.

Our goal in here is to develop an \ideal stopping criterion" based on the closeness of

En to bE rather than based on the closeness of w to bw. The gradient-based methods

such as the BP algorithm are more useful when the goal is to obtain accuracy in the

objective function { which is what is needed in the neural network problems, as opposed

to obtaining accuracy in parameter estimates. Note that if the goal is to obtain accuracy

in parameter estimates, gradient-based rules are not particularly useful.

The stopping rules that depend on the residual sums of squares, calibrated as fractional

sums of squares remaining, de�ned as [E(w) � bE]=[E(w0) � bE] can be thought of as a

measure of the degree of \shrinkage" of initial parameter estimates towards the solution

parameter estimators. Future work would relate this shrinkage factor to the prediction

sums of squares as in Stein Shrinkage and other methods used to reduce prediction

squared errors in statistics (Draper & Van Nostrand, 1979; Gunst & Mason, 1980). We

believe that the methods developed in this article could be used in a more systematic

fashion to correct the over�tting problem { reducing the sums of squares to a minimum,
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encountered in regression (Stone, 1974).

The Expectation-Maximization (EM) algorithm (Dempster et al., 1977) is a type of

gradient-ascent algorithm. In a potentially slow algorithm like EM, a far weaker con-

vergence criterion based on successive di�erences in the value of the objective function

or changes in the parameter estimates between iterations can be very misleading (Tit-

terington et al., 1985, p. 90). In addition, inherently slower algorithms are stopped at

smaller objective function values as the stepwise changes are smaller (Lindsay, 1995, pp.

62{63). A natural summary of the speed of a linearly convergent algorithm like the EM

is the rate of convergence of the function to its optimum value. The value of the objective

function is an important measurement of the convergence of an algorithm, as it provides

information about the accuracy of the parameter estimates on a con�dence interval scale

(Lindsay, 1995, pp. 131{132). Suppose we de�ne (En� bE), as the \residual" of the error
function at the nth iteration, then this residual can be used to assess the asymptotic

rate of convergence of the BP algorithm (see Pilla & Lindsay, 2001). In light of these

properties, a stopping rule based on an objective function is more desirable.

The current paper evaluates the performance of a theoretical Aitken Æ2 model and

its new invariant extension to (i) predict the value of the function E(w) at any future

iteration m, including the �nal value at m = 1, (ii) predict the number of iterations

needed to obtain a targeted function value, (iii) construct an algorithmic stopping rule

that provides a reasonable guarantee that one is near the solution and (iv) assess the

degree of convergence if the algorithm is stopped after a �xed number of iterations.

III. Accelerating the Convergence of a Sequence: Aitken Æ2 Method

This section describes the principles of the Aitken Æ2 method (Aitken, 1926). Suppose

the sequence fEng
1

n=0 is converging linearly to bE such that

[En � bE] �= �[En�1 � bE] for all n and 0 < � < 1 (2)
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or equivalently

[En � En�1] �= (1� �)[ bE � En�1]; (3)

where \�=" means equation (1) holds. We assume n to be suÆciently large so that (3)

holds in the sense of a good approximation for two consecutive index values and one can

develop an acceleration technique called the Aitken Æ2 method. From (3), it is clear that

if � is very close to 1, then a very small change in the error need not mean that En is

close to the minimum, bE. If the constant � can be estimated by b�n, one can predict bE
from (3) as

bE �= En�1 +
1

(1� b�n) [En � En�1] for n > 2: (4)

The next two sections o�er two derivations of the Aitken Æ2 method.

A. Estimating the Value of a Geometric Sequence

Given the sequence fEng
1
n=0, de�ne the backward di�erence rEn = (En � En�1) for

n > 1. Higher powers are de�ned recursively by rkEn = rk�1(rEn) for k > 2. From

this it follows that, r2En = r(En �En�1) = rEn �rEn�1 = (En � 2En�1 +En�2) for

n > 2. From equation (2) one can show that (En � En�1) �= �(En�1 � En�2), where � is

estimated via

b�n = rEn

rEn�1

for n > 2: (5)

We rewrite equation (4) to obtain the Aitken Æ2 estimator of bE, denoted bEa
n, as

bEa
n = En�1 �

rEnrEn�1

r2En

for n > 2: (6)

The above formula corresponds to the continuous case best and this will be used to

motivate the derivation of an extended-Aitken Æ2 estimator in Section IV.

The Aitken methodology is based on the following assumption on the sequence En:

A1. Sequence fEng
1

n=0 converges linearly to a limit bE such that rn = (� + Æn�1)rn�1

with j�j < 1 and lim
n!1

Æn�1 = 0 for n > 1, where rn = (En � bE).
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Aitken Æ2 method converts any convergent sequence { no matter how generated { that

satis�es assumption A1 into a more rapidly convergent sequence
n bEa

n

o1
n=0

, in accordance

with the following general result called the Aitken Acceleration Theorem.

Theorem III.1: If the assumption A1 holds, then the Aitken sequence f bEa
ng

1
n=0 given

in equation (6) converges to bE faster in the sense that bEa
n �

bE
En � bE

!
! 0 as n!1:

Proof: See Kincaid & Cheney (1990), p. 232.

Remarks III.1: (i) In general, accelerated sequence f bEa
ng

1
n=0 might itself form a linearly

convergent sequence, so it is possible to apply the Aitken Æ2 process again to obtain an

even more rapidly convergent sequence. However, this procedure is limited for numerical

reasons as the computation of the �rst and second di�erences together with the terms of

the new sequence su�er from rounding errors. (ii) By rewriting En�1 = (En�2 +rEn�1)

and En�1 = (En � rEn) in formula (6) one obtains a number of algebraically equiva-

lent Aitken Æ2 formulae: bEa
n = En�2 � (rEn�1)

2=r2En and bEa
n = En � (rEn)

2=r2En

respectively.

B. Extrapolating the Di�erences to Zero

Aitken Æ2 can be given a second interpretation that allows a graphical analysis of its

properties. In Aitken acceleration, what one wishes to �nd is the value of E when the

change in en = (En � En�1) is nearly zero. In the (En; en) plane let the line segment

joining the points (En�1; en�1) and (En; en) be extended to intersect the x-axis. It can

be shown that x-value at the point of intersection, which corresponds to e = 0, equals

the above derived Aitken Æ2 estimate. In other words, Aitken acceleration corresponds

to approximating (E; e) by a linear function e = �E + 
 passing through the points

(En�1; en�1) and (En; en), and solving �E + 
 = 0 for E to obtain a next approximation

to the desired root. (The plot would be exactly linear for an exactly geometric series.)
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Depending upon the location of the points in the plane, this procedure may be an inter-

polation or an extrapolation at each stage. Thus overall linearity of the plot of (En; en)

gives a diagnostic for the adequacy of using the Aitken acceleration estimate. Thus one is

applying the secant method to the sequence (En; en). Therefore, if the original sequence

was linearly convergent to bE, then the resulting sequence f bEa
ng

1
n=0 is super-linearly con-

vergent (B�ohning, 1993).

IV. Extended-Aitken Æ2 Method

In this section, we derive a correction factor for the original Aitken accelerated es-

timator given in (6). To this end, we start with the geometric case to motivate the

non-geometric case.

De�nition IV.1: A transformation T de�ned on a sequence fEng
1
n=0 is said to be exact

if there exists an N <1 such that T (En) = bE if n > N , where bE = limn!1En.

A. Geometric Case

We note that the Aitken accelerated estimator is \exact" when the original error se-

quence fEng
1

n=0 exhibits \exactly geometric convergence". That is, if

En = �e��n +K; (7)

where �; � and K are some constants. The constant K is the limit of the sequence and

�n = �e��n is a residual error tending to zero as n!1.

Theorem IV.1: The Aitken transformation bEa
n is exact when the sequence fEng

1
n=0

exhibits geometric convergence.

Proof: For mathematical simpli�cation, without loss of generality, we assume that the

limit of the sequence K = bE = 0. By substituting En = �e��n in the Aitken transforma-

tion formula (6), we obtain bEa
n = 0, the limit of the sequence.
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For some problems that we considered (see Pilla & Lindsay (2000) and Section VII), the

error sequence systematically deviated from geometric convergence. In fact the Aitken

sequence f bEa
ng

1
n=0 was very close to the sequence fd�Eng

1
n=0 for some constant d as shown

in Fig. 2(a). A subsequent plot of (n;E�1
n ) turned out to be nearly linear as shown in

Fig. 2(b); indicating that one could predict future errors extremely well from any point

in the sequence, even though the Aitken procedure was itself not working well. Thus the

underlying assumption, A1, for the Aitken Æ2 method fails here. Pilla & Lindsay (2000)

showed that this behavior would occur if the residual error (En � K) is proportional to

n�� instead of e��n. That is, an Aitken Æ2 method that accelerates a linearly convergent

sequence may not work very well in the sublinear (or \close" to sublinear) case as the

Aitken will not be exact in this case (follows from Theorem IV.1).

Tesauro et al. (1989) examined the analytical rates of convergence of the BP algorithm

as the training was approaching to �nal stages. We summarize their �ndings. (i) For

networks without hidden units that use the standard quadratic error function and a

sigmoidal transfer function for output units: (a) the error decreases as n�1 for large n,

(b) it is possible to obtain a di�erent convergence rate for certain error and transfer

functions, but the convergence can never be faster than n�1 and (c) the above results

are una�ected by a momentum term in the learning algorithm, but one could potentially

obtain n�2 error convergence by an adaptive learning-rate scheme. (ii) For networks

with hidden units, the rate of convergence is expected to be same as the single layer

case; however under certain circumstances one can obtain a slight polynomial speed-up

for non sigmoidal units, or a logarithmic speed-up for sigmoidal units. (iii) Lastly, the

the sigmoidal function provides the maximum possible convergence rate, and is therefore

a recommended choice of transfer function.
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B. Non-geometric Case

The goal here is to extend the Aitken estimator to predict the error at in�nity when

indeed the error sequence is decreasing proportional to an inverse power of n. To motivate

our derivation for the non-geometric case, we present another derivation for the geometric

case by considering the continuous problem. Taking the �rst and second derivatives

of En = �e��n + K with respect to n we obtain E 0
n = ���e��n and E 00

n = �2�e��n

respectively. If we de�ne the Aitken acceleration factor to be

An�1 =
E 0
nE

0
n�1

E 00
n

; (8)

then for an exact geometric sequence An�1 = �e��(n�1) predicts the residual error �n�1

as well as the value of K as bK = (En�1 � bAn). This prediction rule is exactly the Aitken

acceleration method. If analytical solutions for E 0
n and E 00

n are not available, one can use

symmetric di�erences: E 0
n � rEn and E 00

n � r
2En respectively.

Suppose the error sequence fEng
1

n=0 is not geometric, instead it behaves as

En = �n�� +K = �e�� loge n +K: (9)

In this case, the residual error �n = �e�� loge n approaches to zero much slower than

geometrically. In fact, the error sequence is converging geometrically on the loge n scale,

and hence we will call it an exact log-geometric sequence with a rate index parameter �.

C. Correction Factor for the Aitken Accelerated Estimator

In order to �nd a transformation that is more e�ective on a sequence that behaves as in

equation (9), we need to require a transformation to be exact on a sequence which closely

resembles an exact log-geometric sequence than a geometric sequence. To accomplish this,

we consider estimation of the parameters from the derivatives of an exact log-geometric

sequence. One obtains from (8)

An�1 =
�

(� + 1)

n

(n� 1)
� �n�1:
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That is, the Aitken factor no longer estimates the residual error, but rather a constant

times the residual error. Thus an extended-Aitken acceleration factor

bA"
n�1 =

�b�n + 1b�n

��
n� 1

n

�
� bAn�1

can be used to estimate the residual error �n�1 leading to the extended-Aitken accelerated

estimator bK = En�1� bA"
n�1, denoted bE"

n. A simpler equivalent formula arises by replacing

(n� 1)=n with 1 in which case bE"
n would always be less than bEa

n if b�n > 0. (In Appendix

A, we show that bA"
n�1=�n�1 ! 1 as n!1.)

Suppose we use ordinary Aitken on the sequence fEng
1

n=0 which is converging as an

exact log-geometric sequence. Then the change in Aitken estimate becomes

r bEa
n = bEa

n �
bEa
n�1 = rEn�1 �

� b�nb�n + 1
� �n�1 �

b�nb�n + 1
� �n�2

�

= r�n�1 �
b�nb�n + 1

� r�n�1 (since K is �xed)

=
1b�n + 1

� rEn�1:

Thus � can be estimated from the sequences f bEa
ng

1
n=0 and fEng

1

n=0 as

b�n =
rEn�1

r bEa
n

� 1 for n > 2: (10)

In Appendix A (Lemma A.2), we show that b�n ! � as n ! 1. Hence the extended-

Aitken accelerated estimator for the error at in�nity becomes

bE"
n = En�1 � bA"

n�1 for n > 2: (11)

Theorem IV.2: The Extended-Aitken transformation bE"
n is exact when the sequence

fEng
1
n=0 exhibits log-geometric convergence.

Proof: For mathematical simpli�cation, without loss of generality, once again, we assume

that the limit of the sequence K = bE = 0. By substituting En = �e�� loge n in (11), we

obtain bE"
n = 0, the limit of the sequence.
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Extended-Aitken is based on the following assumption of \asymptotic log-geometric

convergence":

A2. Sequence fEng
1

n=0 converges to
bE as n!1 and the residuals rn are proportional

to the inverse power of n. That is, rn = (En � bE) = kn��(1 + o(1)) for � > 0.

It is clear that, a sequence satisfying assumption A2 has convergence of order one and

is converging sublinearly since � = 1 in equation (1). The rate at which the sequence

fEng
1
n=0 is tending to bE is governed by �; the smaller the � is, the slower the sequence

is approaching to the solution. In other words, the sequence with 0 < � < 1 converges

slower than a sequence with � � 1.

Some properties of the extended Aitken accelerated estimator are established in the

following two theorems whose proofs are relegated to Appendix A.

Theorem IV.3: If assumption A2 holds, then the Aitken sequence f bEa
ng

1
n=0 does not

converge to bE faster than the original sequence fEng
1

n=0. Indeed

lim
n!1

 bEa
n �

bE
En � bE

!
=

1

(� + 1)
for any � > 0:

From the above theorem it follows that the underlying assumption for the Aitken Æ2

method fails and hence it may not work very well when the sequence has sublinear (or

close to sublinear) convergence. In fact, under the log-geometric convergence, we have

� = 1 giving bEa
n � (1=2)En (see Fig. 3 for illustration).

Theorem IV.4: If assumption A2 holds, then the extended-Aitken sequence f bE"
ng

1
n=0

converges to bE faster than the sequence (i) fEng
1
n=0 in the sense that bE"

n �
bE

En � bE
!
! 0 as n!1

and (ii) f bEa
ng

1
n=0 in the sense that bE"

n �
bEbEa

n �
bE
!
! 0 as n!1:
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Bj�rstad et al. (1981) considered a nonlinear acceleration formula reminiscent of the

Aitken method { called a modi�ed Aitken Æ2 formula { to accelerate the convergence of

the sequences ftng
1
n=1 satisfying

tn = t1 + n��(�0 + �1n
�1 + �2n

�2 + � � �) (12)

with �i 6= 0 and positive for i = 0; 1; : : : and for possibly non-integral � > 0. They

considered several examples to assess its performance when the limit t1 is known exactly.

Note that we have En = bE + n��(�0 + o(n�1)) with � > 0 and � 6= 0. Our extended

Aitken formula is equivalent to the formula (2.6) provided by Bj�rstad et al. (1981) with

i = 0. We provide a new extension which is similar in spirit to, but more general than,

the modi�ed Aitken acceleration method given by Bj�rstad et al. (1981) and relies on

the idea of a \shift invariance" (de�ned next) property.

V. Invariant Extended-Aitken Acceleration Method

In this section we de�ne an extended log-geometric family of sequences with one addi-

tional parameter. Since the log-geometric convergence is a tail behavior, this additional

parameter will enable us to shift the tail of the sequence to allow for any uncertainty

about where the tail behavior starts. The \exact shifted-log-geometric" sequences have

the form En = �e�� loge (n+s) + K. Note that if fEng
1
n=0 is exact shifted-log-geometric

sequence with a set of parameters (K; �; s), then fEn+mg
1
n=0 is also such a sequence with

the set of parameters (K; �; s+m).

Suppose we use our algorithm with an initial value of w0, then at epoch m we have

a current value of wm. If we were to restart the algorithm from an initial value wm,

then E?
n, the error at n, is equal to the error E(n+m) at epoch n? = (n + m) of the

original sequence. If we wish to have an approximation that works equally well for the

original sequence fEng
1
n=0 and the shifted sequence fE?

n = En+mg
1
n=0, then it should

have shift invariance properties in the sense that the predictions from En and E?
n should



17

be identical. To this end, Pilla & Lindsay (2000) found that the Aitken Æ2 formula (7)

is shift invariant; however, the extended-Aitken formula (9) is not independent of this

shift on the time scale. That is, if n is replaced by n? in the exact geometric and log-

geometric sequences respectively, the shifted geometric sequence is still geometric on the

new scale n? but the log-geometric sequence is no longer exactly log-geometric. We will

verify these statements below. However, if we derive a method of acceleration for all

exact shifted-log-geometric sequences, we will have a shift invariant methodology.

Lemma V.1: A geometric sequence is invariant under a transformation whereas a log-

geometric sequence is not.

Proof: Consider a shift in the geometric sequence by writing En = �e��(n+s) + K =

�e��se��n+K = �?e��n+K, where �? = �e��s is a constant independent of n; indicating

that the shift parameter s only e�ects the constant �. Next, we will rewrite the log-

geometric sequence with a shift parameter as

En = � (n+ s)�� +K = �n��
�
1 +

s

n

���
+K (13)

= �n��
�
1�

�s

n
+R?

�
+K (follows from Lemma A.1);

where R? =
P

1

i=2Ri(s=n)! 0 since jRi(s=n)j approaches to zero as n!1 for a �xed

s and �. We will only consider the leading terms and write

En = �n��
�
1�

�s

n
+ o

�
1

n

��
+K

= �n�� + �s n�(�+1) + o
�
n�(�+1)

�
+K:

Thus the shift on a time scale e�ects the log-geometric sequence.

More generally, truncated versions of expression (12) are not shift-invariant, so predic-

tions based on them will change with shifts on the sequence.

We consider a parametric family of exact sequences: (i) K + �e��n and (ii) K +

�e�� loge (n+s) called geometric and log-geometric sequences respectively. We consider a
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larger family of sequences generated by these families, which we call \asymptotic geo-

metric" and \asymptotic log-geometric" respectively. There exists a set of parameters

K; � and � such that in the case of geometric sequence (En � K)=e
��n ! � and in the

case of log-geometric sequence (En � K)=e
�� log

e
(n+s) ! � respectively. Thus both the

log-geometric sequence and its shifted version are in the asymptotic log-geometric family.

However, the latter is a richer family of sequences and provides a shift-transformation {

since the sequences in the family of asymptotic sequences are invariant to the starting

position.

A. Estimator Based on the Shifted-log-geometric Sequence

Pilla & Lindsay (2000) derived a correction factor for the original Aitken acceler-

ated estimator by considering the log-geometric sequence with a shift parameter s as in

equation (13). They called this sequence a shifted-log-geometric sequence since En /

�e�� loge (n+s) = �n. (We will see in Section VII that this model �ts our error sequences

much better than log-geometric without shift.) Following Pilla & Lindsay, we examine

in detail the Aitken factor when the sequence fEng
1
n=0 is an exact shifted-log-geometric.

From E 0
n = ���(n + s)�(�+1) and E 00

n = ��(�+ 1)(n+ s)�(�+2), we obtain

An�1 =

�
�

� + 1

�
�

�
n+ s

n� 1 + s

�
� �n�1;

where �n�1 = �=(n� 1 + s)�. If one can estimate �, one can use an invariant extended-

Aitken acceleration factor

bAi
n�1 =

�b�n + 1b�n

��
n� 1 + bsn
n+ bsn

�
� bAn�1

to predict the residual error at in�nity, leading to the invariant extended-Aitken estimator

bK = En�1� bAi
n�1, denoted bEi

n. By replacing the shift adjustment factor (n� 1+bsn)(n+
bsn)�1 with 1 it follows that bEi

n would always be less than bEa
n if b�n > 0.
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B. Estimation of the Rate Index from the Aitken Sequence

In this section, we will derive the estimator for the rate index parameter, given by Pilla

& Lindsay (2000). From E 00
n=E

0 = �(�+1)(n+ s)�1 and E 000
n =E

00 = �(�+2)(n+ s)�1 we

obtain (� + 1)=(� + 2) = (E 00
n)

2=(E 0
nE

000
n ). Solving for � yields the estimator of the rate

index parameter as

b�i
n =

�
E 000
n E

0
n � 2(E 00

n)
2

(E 00
n)

2 � E 000
n E

0
n

�
for n > 3

which is independent of the shift parameter or its estimator; b�i
n is used to distinguish

from the b�n in the extended case.

C. Estimating the Shift Parameter from the Aitken Sequence

In what follows, we will derive the estimator for the shift parameter given by Pilla &

Lindsay (2000). Solving the equation E 00
n=E

0
n = �(� + 1)(n+ s)�1 for s we obtain

bsn = �[(b�i
n + 1) � E 0

n (E
00

n)
�1

+ n] for n > 3:

Hence the invariant extended-Aitken accelerated estimator for the error at in�nity be-

comes

bEi
n = En�1 � bAi

n�1 for n > 3: (14)

Similar to Theorem IV.4, one can show that the invariant extended-Aitken accelerated

sequence f bEi
ng

1
n=0 converges to bE faster than the sequences fEng

1
n=0 and f bEa

ng
1
n=0 as

n!1. The details will not be presented here.

Just as in the ordinary Aitken case, one can �nd other algebraically equivalent formulae

for an invariant extended-Aitken accelerated estimator by rewriting equation (14) using

En�1 = (En�2 +rEn�1) and En�1 = (En �rEn) respectively.
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VI. Assessing Convergence via the Acceleration Schemes

This section describes how the Aitken Æ2, including the invariant extended-Aitken and

the related concepts can be applied to make predictions as well as to �nd a stopping rule.

A. Prediction of Error

One can use the geometric or shifted-log-geometric parameter estimates to predict not

just the �nal error, but also at any future stage m. For the geometric case, consider the

following set of equations

rEn+1
�= �rEn

...
...

rEn+s
�= �rEn�1+s

�= �srEn:

Summing the right and left hand sides of the above equations results in

En+s � En
�=

sX
i=2

�irEn
�= �

�
1� �s

1� �

�
rEn:

We predict the error E at any future stage m = (n + s) using the Aitken Æ2 estimator

(Pilla et al., 1995) as

bEa
n;m = En + b�n

"
1� b�fm�ngn

1� b�n
#
rEn; (15)

where the subscripts n and m in bEa
n;m refer to the current and future stages respectively.

Recall that for m =1, one can predict the error using equation (6).

For the invariant log-geometric case, we have Em = �m + K. After simpli�cation, we

have

bEn;m =
b�

(m+ bsn)b�in + (En�1 � b�n�1) = b�
(m + bsn)b�in + bEi

n:

From b�n�1 = b�=(n�1+bsn)b�in , it follows that b� = (n�1+bsn)b�in b�n�1 = (n�1+bsn)b�in bAi
n�1.

Hence the predicted error at stagem based on the invariant extended-Aitken Æ2 estimator
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(Pilla & Lindsay, 2000; Pilla et al., 2000) is

bEi
n;m =

�
n� 1 + bsn
m + bsn

�
b�i
n

� bAi
n�1 + bEi

n

= En�1 +

"�
n� 1 + bsn
m+ bsn

�
b�i
n

� 1

#
� bAi

n�1: (16)

B. Prediction of the Number of Stages

Our next goal is to predict the number of stages m required to reach a targeted error,

Etar, when the error sequence exhibits geometric or shifted-log-geometric convergence.

By rearranging equations (15) and (16) and replacing bEa
n;m and bEi

n;m with Etar one can

predict the number of stages required to reach the targeted �nal error Etar as

bma = n+
1

logb�n log
"
1�

 
1� b�nb�n

!
(Etar � En)

rEn

#

and

bmi = (n� 1 + bsn)
�
(Etar � En�1)b�i

n

+ 1

��1=b�i
n

� bsn:
respectively. Thus bsa = bma � n and bsi = bmi � n are the estimated additional number

of stages required to reach the desired error. We note that if the targeted error is too

small, namely smaller than the predicted �nal error, the prediction is that the targeted

error is impossible to achieve even in an in�nite number of epochs.

C. Stopping Rule and Assessment of Convergence Accuracy

Ensuring the convergence to a local minimum before stopping an iterative process

is important in many minimization problems. Construction of a rule for stopping an

iterative process is a somewhat ad hoc process that cannot be perfect for every problem,

yet it calls for considerable thought. The decision of when one is \close enough to the

minimum error" usually has two parts: \Have we approximately solved the minimization

problem?" and \Have we reached the targeted accuracy?" Our goal is to stop once the
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targeted accuracy is attained, but also not to be wasteful of computing time. A criterion

to stop the iterative process should be designed in such a way that it will not terminate

too early due to local properties of the error surface.

Suppose the error sequence has geometric convergence asymptotically. In this case,

one simple algorithmic stopping rule would require that the predicted distance to the

solution, j bEa
n�En�1j, be smaller than tolerance � for some speci�ed number of successive

stages s. That is, we stop the iterative process at the (n+ s)th stage if the following set

of equations is satis�ed:

j bEa
n � En�1j < �;

j bEa
n+1 � Enj < �;

...

and j bEa
n+s � En�1+sj < �:

The tolerance � would be chosen to re
ect the user's idea of being close enough to zero

for the problem at hand. We check the above conditions for s consecutive stages mainly

to maintain the regularity of the iterative process; i.e., to see if the rates are holding

steady and the predictions are good.

If the error sequence has log-geometric convergence asymptotically, then the stopping

rule based on the invariant extended-Aitken Æ2 estimator would give a better accuracy.

A possible stopping rule along the above lines would be to replace bEa
n with bEi

n in the

above set of equations.

VII. Experimental Results

In this section the convergence measures are demonstrated while training twolayer

feedforward NNs through the BP algorithm in the alphanumeric and car problems. Recall

from Section II that the performance of the cross-validation method for early stopping

will be poor in the case of the alphanumeric problem. In the case of car problem, the
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number of training patterns is very large compared to the network parameters (see Table

I) so that the cross-validation method may not prove useful. In addition, compared to the

number of network parameters, the amount of available training data is limited in which

case it is not a good practice to break the training data into cross-validation dataset and

training dataset. In this scenario, one needs a more sophisticated convergence criterion

to stop the training process.

Table I gives the network architecture for the problems considered in the study. In

general, a small learning-rate parameter � results in a slower convergence. However, it

can locate \deeper" local minima in the error surface than a larger � (Haykin, 1999, p.

194). We chose an � value of 0.01 to avoid oscillations in the error during the learning

as well as to achieve a small value for the �nal error at convergence. The proposed

methodology does not restrict the learning rate parameter � to be any value smaller than

what is usually chosen for the BP algorithm.

The thirty six binary patterns in the alphanumeric problem were created by repre-

senting the twenty six alphabet and ten digits on a 7 � 5 grid of binary values. The

objective of the second problem is to classify cars as unacceptable, acceptable, good or

very good based on several attributes (Bohanec & Rajkovic, 1988). The performance of

our new methodology in the thyroid decease problem (Coomans et al., 1983) which were

conducted to determine whether the thyroid glands are normal, hypo or hyper and tic-

tac-toe problem (Aha, 1991) are very similar to those of the above problems and hence

are not presented here.

In each problem, presentation of the complete set of training patterns was considered

as an epoch and the network was trained for 60,000 epochs; the error was recorded

only at every 100th epoch which we refer to as one stage. This decimation of the error

sequence was done as a smoothing technique to improve the regularity of the iterative

process. The hidden and output layer nodes of the networks used bipolar sigmoidal,

fh(x) = (1� e�x) = (1 + e�x), and binary sigmoidal, fo(x) = 1= (1 + e�x), activation
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functions respectively. Pilla et al. (1995a, 1995b) present the results for the XOR and

alphanumeric problems when the binary sigmoidal activation function was used for both

the hidden and output layer nodes.

A. Prediction of Error

The prediction results are summarized in Table 2. In the alphanumeric problem, the

Aitken acceleration and its invariant extension predict the error at m = 250 (from the

current stage n = 150 with E150 = 0:4888) as bEa
150;250 = 0:2889 and bEi

150;250 = 0:2686

respectively (E250 = 0:2692). That is, the invariant one predicts the change in the error

function over 100 stages with less than 1% relative error whereas the Aitken has 9%

relative error, where the \relative error" is de�ned as

b g
m =

j bEg
n;m � Enj

jEm � Enj

with g = a or i corresponding to the Aitken or its invariant one respectively.

Fig. 4 gives the plots of the number of stages versus (i) the actual error En, (ii) the

Aitken predicted error bEa
n;m and (iii) the invariant extended-Aitken predicted error bEi

n;m

for the alphanumeric (left panel) and car (right panel) problems respectively. For each

plot in the �gure, the current stage n was chosen and then varied the future stages

from m = n to m = (n + s). From these plots it is clear that the invariant extended-

Aitken predicted sequence follows closely the actual error sequence where as the Aitken

predicted sequence moves further away from it as the training proceeds farther away from

the current stage.

B. Prediction of Epochs

Goal is to predict the additional number of stages s = (m � n) required to obtain a

target error of Etar from the current stage n. By choosing the target error Etar to be

equal to Em, the error at future stage m, one can better assess the e�ectiveness of the
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Aitken-based predictions. In the car problem, Aitken-based methods predict that the

network needs to be trained for bsa = 235 and bsi = 156 additional number of stages to

reach the desired target error of Etar = 3:6576 = E450 from the current stage of n = 300

(E300 = 4:3365). The last two columns of Table 3 give the percent ratio of predicted

decrease in errors to actual decrease in error de�ned as

b�gs = 100�
jbsg � sj

s

with g = a or i corresponding to the Aitken Æ2 or its invariant one respectively. For this

problem, b�as = 56:7% and b�is = 9:3%. It is clear from Table 3 that the number of stages

needed for target error reduction, bma, can be predicted more accurately at advanced

stages of the network training than at moderate stages of the training. However, the

predictions based on the invariant extended-Aitken are more accurate over the whole

range of training.

Note that if the chosen Etar value is less than the Aitken predicted �nal error, then

naturally one cannot predict the number of stages using the Aitken formula (see Section

VI.B) even in an in�nite number of epochs. For example, in the alphanumeric problem the

chosen Etar = 0:2183, which is less than bEa
150 = 0:2304, is outside the Aitken prediction

range and hence not possible to predict the desired number of stages. This is indicated

by a \{" in Table 3. For example, one can never reach the target error of 0.2 since the

Aitken predicted error at in�nity is greater than the �nal predicted error of bEa
n = 0:2.

C. Prediction of Error at In�nity

The training error at in�nity can be predicted using either of the Aitken-based meth-

ods. Note that b�i
n is strictly greater than zero is a necessary condition for the invariant

extension to be stable. (See Section VIII for the conditions under which one can use the

invariant extended-Aitken method to make predictions.) It is clear from Table 4 that

the predicted training error at in�nity via the invariant acceleration method is approach-
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ing to the local minimum faster than the corresponding one via the Aitken acceleration

method.

D. Comparison of Error with Aitken-based Acceleration Schemes

In this section, we will compare the behavior of the Aitken and its invariant extension

in the alphanumeric problem. To this end, we plot log10 error versus log10 n to examine

the numerical convergence of the Aitken sequences, where the error is En, bEa
n or bEi

n. The

log10 error represents accuracy reached by a method in a given number of epochs, if the

minimum to which the sequence appears to be converging is zero. It is clear from Fig.

3 that an invariant extended-Aitken accelerated estimator has attained an accuracy of

0.01 in approximately 400 stages, whereas to reach the same accuracy, Aitken sequence

needs much more than 600 stages.

A second feature of these plots is the near linearity of the original error sequence on

this scale. Note that a true log-geometric sequence converging to zero is linear on this

scale, with slope equal to ��, the negative of the rate index. Thus the linearity of these

plots is diagnostic for the sequence being log-geometric.

E. Stopping Rule and Assessment of Accuracy via the Aitken-based Acceleration Schemes

We now demonstrate, through an example, that the rule based on the invariant

extended-Aitken acceleration generally provides better accuracy for a slowly converg-

ing sequence such as the log-geometric sequence. Table 5 presents the number of stages

required (and corresponding error value) by the network to reach the desired accuracy of

� based on several stopping criteria. From the alphanumeric problem, it is clear that if

one uses the \naive" stopping criterion then one would interpret that one has achieved

accuracy � which indeed is misleading as the invariant extended-Aitken based stopping

rule suggests that the network needs to be trained for approximately �fteen times as

many stages to reach the same accuracy. Similarly with the Aitken-based stopping rule
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one would falsely stop the training process at stage n = 333. This is because, the Aitken

sequence { exact only for geometric sequence and hence is a poor �t { predicts that

one is near the solution. The invariant extended-Aitken sequence which is exact for

log-geometric sequence gives a better �t to the original error sequence.

Remark VII.1: From our empirical evidence, we conclude that the on-line version of the

BP algorithm with a �xed or varying learning rate (not shown here) seems to generate an

error sequence that satis�es the conditions required for the application of Aitken-based

methods.

VIII. Diagnostics

In this section, we present some diagnostics to assess the reliability of predictions. One

should hold o� making predictions using the Aitken-based methods until the network has

�nished the initial stages of training. As evident from the examples, this initial stage is

problem dependent. If the number of training patterns are small to moderate in size, one

achieves stability after about 10,000 epochs, whereas in the case of large size stability is

reached after about 30,000 epochs.

One can evaluate the �t of the acceleration methods via the respective prediction

formulae in a \backward prediction" framework. If the approximations in (7) or (13)

are accurate then formulae (15) and (16) should be accurate for prediction at m; for any

m larger or smaller than the current stage n. We recommend an acceleration method

that has the least error in backward prediction. Perhaps a histogram of backward error

predictions (or forward ones) over time could be used to provide a \standard error" for

forward predictions, and even a bias correction.

Choosing an Acceleration Scheme: As a �rst step, make a short-term backward prediction

of error using both the Aitken and its invariant one. Compare the resulting predictions

with that of the original error values obtained during the earlier part of training. If

Aitken gives better backward predictions than the invariant one, then declare the former
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as a winner for making long term forward predictions.

We have tested the performance of this backward prediction rule in several problems.

The results were very similar to Fig. 4 and hence are not reported here. In all the

problems, the invariant extended-Aitken acceleration method gave better backward pre-

dictions compared to that of the Aitken and hence is in con�rmatory with our forward

predictions. From this empirical evidence, it appears that one can use the backward

prediction methodology for choosing a reliable acceleration scheme to make forward pre-

dictions.

Other simple diagnostic checks for each acceleration scheme are outlined below:

Aitken Case: One should use the Aitken acceleration scheme to make predictions if the

(i) number of epochs, n, is suÆciently large so that

En � En�1

En�1 � En�2

� � �
En+1 � En

En � En�1

holds and (ii) b�n obtained from (5) is constant over a wide range of n so that the estimated

asymptotic rate constant is stabilized.

Invariant Extended-Aitken Case: For suÆciently large n, one can make valid predictions

via the invariant extended-Aitken acceleration method if (i) b�i
n is stable over a certain

range; i.e., it is either steadily increasing or decreasing to a constant; (ii) b�i
n is strictly

positive; and (iii) ( bEa
n�

bEa
n�1)=(En�En�1) is small. In essence, the estimated � provides

a check of the underlying hypothesis. Successive estimates of b�i
n that steadily increase

indicate an error sequence that my be exponential in (�n), say, rather than polynomial

in n�1. The rate parameter was very stable through out the iterative process in our

examples. The rate parameter information suggests that in both the examples, the

original error sequence has �=(n+ s)� behavior as indicated in Section V.
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IX. Discussion

The BP algorithm used in training the NNs is very slow compared to the conjugate-

gradient or quasi-Newton methods, however, speed is not the ultimate issue to consider

as the storage requirements, reliability of convergence and the problem of local minima

are also important (see Section I.B). Probably there is no single best approach and an

optimal choice must depend on the problem and on the design criteria (see also Saarinen

et al. (1992)).

We introduced the ideas of Aitken Æ2 method (Section III) to accelerate the rate of

convergence of an error sequence obtained via the BP algorithm. We further developed

and investigated an extended-Aitken acceleration method and its invariant version, pro-

posed by Pilla & Lindsay (2000), for accelerating the convergence of a log-geometric

sequence while obtaining its shift invariance properties (Sections IV and V). In addition,

we proposed di�erent convergence measures including the stopping criterion based on

the Aitken acceleration estimator and its invariant extension (Section VI). The latter

technique is best suited for a sequence converging more slowly than a geometric conver-

gence. For example, when one is marching through a plateau region of the error surface,

then many epochs of the algorithm may be required to produce a signi�cant reduction

in the error performance of the network, which in turn may make it computationally

excruciating. The di�erent measures developed in this paper prove useful in reducing

the computational burden in these situations. The assessment of the convergence was

done while training multilayer NNs with the BP algorithm in several di�erent problems

(Section VII). We hope that the methods developed in this article will prove to be useful

for assessing convergence of NNs in applications such as data mining, sensor-assisted

monitoring, forecasting and diagnosis.

In applications such as, �nite mixture problems, random e�ects models, latent class

models, image analysis and missing data problems, it is a common practice to use the
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Expectation-Maximization algorithm (Dempster et al., 1977) to draw the appropriate

inferences but lack good convergence criteria. Future work involves further investigations

to assess the performance of the invariant extended-Aitken acceleration technique in such

types of problems.

APPENDIX A

Proof of Theorem IV.3: One can rewrite equation (6) using the residual rn = (En � bE),
for n > 0, as

bEa
n =

(rn + bE)(rn�2 + bE)� (rn�1 + bE)2
(rn + bE)� 2(rn�1 + bE) + (rn�2 + bE) :

After simpli�cation, the above equation reduces to

bEa
n �

bE =

�
rnrn�2 � r2n�1

�
(rn � 2rn�1 + rn�2)

:

Since �n = �n�1�n�1, where �n = (1 + 1=n)��, it follows from assumption A2 that

rn = �n[1 + o(1)] = �n�1�n�1[1 + o(1)] = �n�1 rn�1 and rn�1 = �n�2 rn�2. Thus the above

equation simpli�es to bEa
n �

bE
En � bE

!
=

(�n�1 � �n�2)

�n�1(�n�1�n�2 � 2�n�2 + 1)
: (17)

Using Lemma A.1 below, one can write

�n =

�
1 +

1

n

���
= 1�

�

n
+
�(�+ 1)

2n2
+ o

�
1

n2

�

by considering the leading terms only since the remainder term
P

1

i=3Ri(1=n) ! 0 as

n!1. The numerator and denominator of (17) simplify to � � [(n�1)(n�2)]�1+o(n�2)

and �(�+ 1) � [(n� 1)(n� 2)]�1 + o(n�2) respectively. Therefore, bEa
n �

bE
En � bE

!
= (� + 1)�1 [1 + o(1)]

tends (�+ 1)�1 as n!1.
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Lemma A.1: One can write �n as

�n =

�
1 +

1

n

���
= 1�

�

n
+
�(� + 1)

2n2
+

1X
i=3

Ri

�
1

n

�
;

where ����Ri

�
1

n

� ���� =
����(�1)i+1 �1 � (� + 1)

2
� � �

(� + i)

(i+ 1)
�

1

ni+1

����! 0 as n!1: (18)

Proof: We have from the Taylor's series expansion

f(x) = f(0) + x � f 0(0) +
x2

2!
� f 00(0) + � � �+

xi+1

(i+ 1)!
� f (i+1)(0) + � � �

with the Lagrange remainder term as

jRi(x)j =

���� xi+1

(i + 1)!
� f (i+1)(x)

����: (19)

Equation (18) follows from (19) with x = n�1. Since (�+ i)=(i+1)! 1 and n�(i+1) ! 0

as i!1, we have jRi(n
�1)j ! 0 as n!1 for any �xed i.

Lemma A.2: Estimated rate index parameter b�n ! � as n!1.

Proof: One can rewrite equation (10) as

b�n =

"
En�1 � En�2bAn�1 � bAn�1

� 1

#�1
: (20)

One can rewrite (En�1 �En�2) = (rn�1 � rn�2) = rn�2 (�n�2 � 1). By using Lemma A.1

and ignoring the leading terms, we obtain

bAn�1 =
rn�2 (�n�1 � 1)(�n�2 � 1)�n�2

(�n�1�n�2 � 2�n�2 + 1)

= rn�2

�
�

� + 1

�
[1 + o(1)]

and similarly

bAn�2 = rn�3

�
�

� + 1

�
[1 + o(1)]:
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After simpli�cation via rn�2 = �n�3rn�3, we have

bAn�1 � bAn�2 = rn�2

�
�

� + 1

�
(�n�3 � 1)

�n�3
[1 + o(1)]:

Thus  
En�1 � En�2bAn�1 � bAn�2

!
=

�
� + 1

�

��
�n�2 � 1

�n�3 � 1

�
�n�3 [1 + o(1)]

tends to (�+1)=� as n!1, since (�n�2�1)=(�n�3�1) = (n� 3)=(n� 2)[1+o(1)]! 1

and �n�3 ! 1 as n!1. Therefore, from equation (20) we have b�n ! � as n!1.

Proof of Theorem IV.4: (i) One can rewrite equation (11) as bE"
n �

bE
En � bE

!
=

rn�1

rn
�

�b�n + 1b�n

��
n� 1

n

� bAn�1

rn
:

We have rn�1=rn = rn�1=(�n�1rn�1) = 1=�n�1. Similarly, we obtain

bAn�1

rn
=

(�n�1 � 1)(�n�2 � 1)

�n�1(�n�1�n�2 � 2�n�2 + 1)

=
�

(�+ 1)
[1 + o(1)]

which tends to �=(1 + �) as n!1. Thus

lim
n!1

 bE"
n �

bE
En � bE

!
= 0 for any � > 0

since 1=�n�1 ! 1; b�n ! � and (n� 1)=n! 1 as n!1.

Part (ii) follows from part (i) and Theorem IV.3 since

lim
n!1

 bE"
n �

bEbEa
n �

bE
!
= lim

n!1

( bE"
n �

bE)=(En � bE)
( bEa

n �
bE)=(En � bE) =

0

(� + 1)�1
= 0:
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Fig. 1. An exponentially decreasing function.

Fig. 2. (a) Comparison of the original and Aitken predicted sequences and (b) Graph of E�1
n

versus n.

Fig. 3. Comparison of En; bEa

n
and bEi

n
sequences.

Fig. 4. Predicted errors based on the Aitken Æ2 and its invariant extension.



Problem I - Nodes H - Nodes O - Nodes Weights # Patterns � (Gain)

Alphanumeric 35 12 35 887 36 0.01

Car 6 15 2 137 1728 0.01



Problem n m Em
bEa

n;m
bEi

n;m
b a

m
b i

m

200 0.3489 0.3533 0.3483 0.96 1.00

150 250 0.2692 0.2889 0.2686 0.91 1.00

300 0.2183 0.2582 0.2176 0.85 1.00

350 0.1831 0.1835 0.1830 0.99 1.00

Alphanumeric 300 400 0.1575 0.1593 0.1574 0.97 1.00

450 0.1381 0.1426 0.1379 0.94 1.00

500 0.1229 0.1311 0.1227 0.91 1.00

300 550 0.1107 0.1231 0.1105 0.88 1.00

600 0.1008 0.1175 0.1005 0.85 1.00

350 3.9928 3.9984 3.9927 0.98 1.00

300 400 3.7904 3.8206 3.7986 0.94 0.98

450 3.6576 3.7270 3.6818 0.89 0.96

500 3.5634 3.5643 3.5631 0.99 1.00

Car 450 550 3.4928 3.4979 3.4925 0.96 1.00

600 3.4379 3.4507 3.4376 0.94 1.00

500 3.5634 3.6778 3.6078 0.85 0.94

300 550 3.4928 3.6519 3.5589 0.81 0.92

600 3.4379 3.6382 3.5255 0.77 0.90



Problem Current Error (En) m Etar � Em s bsa bsi b�a
s
(%) b�i

s
(%)

200 0.3489 50 52 49 4.0 2.0

0:4888
�
E150

�
250 0.2692 100 127 99 27.0 1.0

300 0.2183 150 { 149 { 0.6

350 0.1831 50 50 49 0.0 2.0

Alphanumeric 0:2183
�
E300

�
400 0.1575 100 104 99 4.0 1.0

450 0.1381 150 167 149 11.3 0.6

500 0.1229 200 251 199 25.5 0.5

0:2183
�
E300

�
550 0.1107 250 407 249 62.8 0.4

600 0.1008 300 { 298 { 0.6

350 3.9928 50 51 49 2.0 2.0

4:3365
�
E300

�
400 3.7904 100 112 102 12.0 2.0

450 3.6576 150 235 156 56.7 9.3

500 3.5634 50 50 49 0.0 2.0

Car 3:6576
�
E450

�
550 3.4928 100 104 99 4.0 1.0

600 3.4379 150 167 149 11.3 0.6

500 3.5634 200 { 244 { 22.0

4:3365
�
E300

�
550 3.4928 250 { 375 { 50.0

600 3.4379 300 { 788 { 162.6



Stage Alphanumeric Car

n bEa

n
bEi

n
bEa

n
bEi

n

200 0.1653 0.0050 2.2114 4.1909

250 0.1285 0.0073 3.5880 4.0044

350 0.0890 0.0100 3.5062 3.1080

450 0.0686 0.0115 3.3346 2.9473

550 0.0563 0.0125 3.2457 2.9599



Stages n and error En to reach

Problems � jEn � En�1j < � j bEa
n � Enj < � j bEi

n � Enj < �

n En n En n En

Alphanumeric 0.1 36 2.7668 333 0.1938 543 0.1123

Car 0.5 46 23.2830 346 4.0137 575 3.4638



TABLE I

Network architecture and training parameters.

TABLE II

Comparison of the Predicted Errors.

TABLE III

Comparison of the Predicted Number of Stages.

TABLE IV

Comparison of the Final Predicted Errors.

TABLE V

Comparison of Different Stopping Criteria.


