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Summary

Suppose a population has in�nitely many individuals and is partitioned into
N disjoint classes. For any k, the abundance-k coverage of a random sample
from the population is de�ned to be the sum of the proportions of the classes
that contribute exactly k individuals in the sample. The sample coverage is the
total proportions of the classes that contribute at least one individual in the
sample. The asymptotic distribution for the abundance-k coverage is developed
under a Poisson model. A new derivation of the well-known Turing's estima-
tors is presented. It shows that Turing's estimators are sensible if N is large
enough. As an application, a gene classi�cation issue in genomic research is
addressed. Since Turing's approach is method of moment estimation, maximum
likelihood estimation is presented as an alternative approach for the coverage
problem. Finally, we show that any Turing-type estimator is asymptotic fully
eÆcient among a class of estimators satisfying the regularity conditions de�ned
by Tierney and Lambert.

Some Key words : Abundance-k coverage; sample coverage; number of species;
Poisson process.

1. Introduction

Suppose there is a population composed of in�nitely many individuals. The
population has been partitioned into N disjoint classes. A random sample is
taken from the population. For any k, the abundance-k coverage of the random
sample is de�ned to be the sum of the proportions of the classes that contribute
exactly k individuals in the sample. The sample coverage is the sum of the
proportions of the classes that contribute at least one individual in the sample.
The well-known coverage estimators due to Turing were discussed in Good (1953,
1956) as well as some related issues, such as estimation of the number of classes
and estimation of the probability of discovering a new class. Darroch and Ratcli�
(1980) and Chao (1992, 1993) developed estimators for N based on the sample
coverage. There are many papers addressing the probability that a new class is
observed when the sample is enlarged, for example, see Robbins (1968), Starr
(1979), Chao (1981), and Clayton and Frees (1987).

The authors were motivated to address inference about coverage by certain
problems arising in genomic studies. Scientists are interested in categorizing
genes by abundance, for example, see Cantor and Smith (1999). One issue of
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interest is the estimation and con�dence inference about the total proportions
of the abundant genes and the rare genes in a library. The only available
con�dence inference is about the sample coverage studied in Esty (1982, 1983).
The analysis in Esty (1982, 1983) is quite complicated, which encourages us to
consider modeling the coverage problem by other means.

It has been recognized that Turing's estimators have wide validity. The orig-
inal derivation of Turing's estimators given in Good (1953) is from a Bayesian
point of view. This paper develops a simple frequentist model in which the cov-
erage problem can be readily analyzed. In particular, it provides a framework to
assess Turing-type estimators as well as other natural model-based competitors.
In addition to providing estimators, such a model allows direct and easy devel-
opment of con�dence statements both asymptotically and by bootstrapping.

Our results are derived by treating the sampling model as a superposition
of N independent Poisson processes. The rates of these Poisson processes are
assumed to be a random sample from a latent distribution with �nite variance.
Such a representation brings much simplicity in modeling. A mixture model
arises when the sampling is stopped at any �xed time. The limiting distribution
for the abundance-k coverage is developed under the mixture model.

In Section 2, we build up a Poisson model for the coverage problem and
establish a central limit theorem from which the limiting distribution of the
abundance-k coverage can be readily derived. In Section 3, the estimation of
the mean abundance-k coverage and prediction of the abundance-k coverage
are addressed together. The limiting distributions about the estimation and
prediction are derived from the central limit theorem developed in Section 2. In
Section 4, a genomic data set is studied as an application, in which it shows that
our framework facilitates the analysis of any speci�c Turing-type estimator. In
the last section, alternative approaches and eÆciency of Turing-type estimators
are investigated. From the mixture model point of view, Turing-type estimators
are moment estimators, maximum likelihood estimation provides an alternative
approach. Inference about the abundance-k coverage can be easily obtained
from bootstrapping. By applying a general result in Tierney and Lambert (1984)
about asymptotic eÆciency of functionals of mixture distributions, it turns out
that Turing-type estimators are asymptotically fully eÆcient among a class of
estimators that satisfy some regularity conditions given in Tierney and Lambert
(1984).

2. The coverage problem

Let the classes be indexed by 1, 2, : : : , N . The number of individuals
from the ith class in the sample is assumed to follow a homogeneous Poisson
process, denoted by Xi(t), with rate �i, i = 1; 2; : : :N . The �i's are assumed

to be a sample from a latent distribution eQ(�), which is assumed to have �nite
variance. The Xi(t)'s are assumed to be independent. Let �i(t) be the mean
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value function of Xi(t). Then

�i(t) = �it; i = 1; 2 : : :N: (1)

The �i(t)'s are a sample arising from a latent distribution Qt(�), where

Qt(�) = eQ(�=t): (2)

So for any �nite t, the latent distribution Qt(�) also has �nite variance. Let �i
be the true proportion of ith class de�ned by

�i =
�iPN
j=1 �j

=
�i(t)PN
j=1 �j(t)

; i = 1; 2 : : :N: (3)

Each Xi(t) is a Poisson random variable with mean �i(t). Let 
 be the sam-
ple space of a Poisson distribution, which is the set of all nonnegative integers.
The Xi(t)'s constitute a Poisson sample for any �xed time t. Let s(t) be the
number of individuals observed at time t, called the sample size. For any k in

, let nk(t) be the number of classes that contribute exactly k individuals up
to time t, called abundance-k frequency, and let n(t) be the number of distinct
classes observed in the sample up to time t, which can be written as N � n0(t),
that is,

nk(t) =

NX
i=1

I(Xi(t) = k); n(t) =

+1X
k=1

nk(t) and (4)

s(t) =

NX
i=1

Xi(t): (5)

Conditioning on the sample size s(t), the Xi(t)'s constitute a multinomial

sample. That is, they arise from a multinomial distribution with index N and
cell probabilities �i's. Coverage models are usually based on this multinomial
framework, for example, see Good (1953) and Esty (1982, 1983). The Poisson
framework used here seems to be both new and useful.

For any k in 
, let A(k; t) be the total proportion of those classes that
contribute exactly k individuals up to time t. We will call this abundance-k
coverage, that is,

A(k; t) =

NX
j=1

�jI(Xj(t) = k); (6)

where I(E) is the indicator function of the event E.

The abundance-0 coverage is the total proportion of those classes that have
not been observed through time t. The sample coverage at time t is the total
proportion of those classes actually seen up to time t, denoted by C(t), that is,

C(t) =

NX
j=1

�jI(Xj(t) > 0) = 1�A(0; t): (7)
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We can express A(k; t) and C(t) in terms of the �i(t) instead of the �i's as

A(k; t) =

PN
j=1 �j(t)I(Xj(t) = k)PN

j=1 �j(t)
and (8)

C(t) =

PN
j=1 �j(t)I(Xj(t) > 0)PN

j=1 �j(t)
: (9)

Under such a representation, A(k; t) and C(t) can be regarded as random
variables which are functions of the observed Xi(t)'s and the unobserved �i(t)'s.
The original de�nitions of A(k; t) and C(t) contain constrained �xed parameters
and random variables, which makes inference much more diÆcult. The key idea
in this paper is to utilize the new representation to derive some results about
the estimation and con�dence inference of the coverages.

We consider a sampling framework in which observations have been made
up to a �xed time t. Therefore, we will omit t in later discussions. That is, s(t)
will be written as s, nk(t) as nk, n(t) as n, A(k; t) as A(k), C(t) as C, Qt as Q,
Xi(t) as Xi, and �i(t) as �i. To emphasize that � is a (latent) random variable,
we will use the notation �.

Let � be a random variable from the latent distribution Q(�). Let X be
a Poisson random variable with conditional mean � = �. Let f(x;�) be the
density of X given � = � with respect to the counting measure !(x). Let
f(x;Q) be the mixture density of X with respect to !(x). Hence

f(x;Q) = Ef(x; �) =

Z
f(x;�)dQ(�); x 2 
: (10)

From our present point of view, X1, X2, : : : , XN , constitute a random sample
from ( 10). The joint density of fXigNi=1 is given by

NY
i=1

f(xi;Q) =
Y
j2


f(j;Q)nj :

The joint density of the abundance frequencies fnjgj2
 is given by

f(n0; n1; : : : ;Q) =
NQ

j2
 nj !

Y
j2


f(j;Q)nj : (11)

That is, fnjgj2
 follows a multinomial distribution with index N and probabil-
ities f(j;Q), j 2 
. The following result is clear:

Enk = Nf(k;Q); k 2 
: (12)

We note that model ( 10) could also arise in sampling from non-homogeneous
Poisson processes provided the mean value function at time t can be considered
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as a random sample fromQ. Our asymptotic results will be based on the number
of classes N becoming in�nite rather than letting t go to in�nity. One unusual
feature of this is that the number of classes N is not known since n0 is not
observed. So the application of the asymptotic results requires special care.

Our analysis depends on a general central limit theorem result for which we
need to de�ne the following random variables. For all j, j = 1; 2; : : :N , let

Yj = �jI(Xj = k); (13)

Zj = �j ; (14)

Uj = (k + 1)I(Xj = k + 1); (15)

Vj =
X
k2


(k + 1)I(Xj = k + 1) and (16)

Wj = (Yj ; Zj ; Uj ; Vj)
T : (17)

Now set

�Y = N�1

NX
j=1

Yj (18)

�Z = N�1

NX
j=1

Zj ; (19)

�U = N�1

NX
j=1

Uj ; (20)

�V = N�1

NX
j=1

Vj and (21)

�W = (�Y ; �Z; �U; �V )T : (22)

The mean and asymptotic covariance matrix will be determined by the following
terms. For all k in 
, set

�k = (k + 1)f(k + 1;Q) and �k = (k + 1)�k+1: (23)

Then set

� =
X
j2


�j and � =
X
j2


�j : (24)

Finally, de�ne

��� = (�k; �; �k; �)
T and (25)

� =

0
BB@

�k �k 0 k�k
�k � �k �

0 �k (k + 1)�k (k + 1)�k
k�k � (k + 1)�k �+ �

1
CCA�������T : (26)

Our main results are based on the following theorem.
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Theorem 1 Let W =W1. The mean vector of W is ��� and � is the variance-

covariance matrix for W. As N goes to in�nity, we have

p
N( �W � ���)

d�! N(0;�): (27)

The proof is straightforward and is given in the appendix. The convergence
of the series used to de�ne � and � in ( 24) is guaranteed by the �nite variance
assumption of Q.

As a corollary, we can provide asymptotic normality results for the abundance-
k coverage random variable A(k) and the sample coverage C. For k in 
, de�ne

Ae(k) = �k=� and �2k = ��4[�k�
2 � 2��k�k + ��2k]: (28)

Additionally, set
Ce = 1�Ae(0) and �2 = �20 : (29)

The following proposition describes the limiting distribution of A(k) (and C).

Proposition 2 For all k in 
, as N goes to in�nity, we have

p
N
A(k)�Ae(k)

�k

d�! N(0; 1): (30)

Additionally,

p
N
C � Ce

�

d�! N(0; 1): (31)

The proof is given in the appendix.

Proposition 2 can be stated informally as follows:

A(k) � N(Ae(k); N
�1�2k) and C � N(Ce; N

�1�2) approximately: (32)

3. Semi-parametric inference

In the present framework, one might consider estimating the parameter
Ae(k) (and Ce), which represents the mean abundance-k coverage ( mean sam-
ple coverage), or estimating the random quantity A(k) (and C). The latter
might be termed a prediction problem rather than an estimation one. Both
points of view will be considered here.

We consider �rst the estimation of Ae(k), N
�1�2k , Ce and N�1�2. For all k

in 
, f(k;Q) can be estimated by nk=N , denoted by bf(k;Q). Essentially these
estimators are moment estimators since a mixture density can be represented as
moments of a measure, see Lindsay (1995). One can estimate �k, �k, � and �
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in ( 23) and ( 24) using the bf(x;Q)'s. The estimators are denoted by �̂k, �̂k, �̂

and �̂ respectively. When �̂k, �̂k, �̂ and �̂ replace �k, �k, � and � respectively
in formulas ( 28) and ( 29) for Ae(k), �

2

k , Ce and �2, we obtain estimators for

them, denoted by bAe(k), �̂
2

k,
bCe and �̂

2 respectively. All of these estimators are
consistent, see the appendix. Set

m =
X
j2


(j + 1)(j + 2)nj+2: (33)

We can write these estimates as follows:

bAe(k) =
(k + 1)nk+1

s
; (34)

bCe = 1� n1

s
; (35)

N�1�̂2k =
(k + 1)2(k + 2)

s4
[
nk+2s

2

k + 1
� 2nk+1nk+2s+

mn2k+1
k + 2

] and (36)

N�1�̂2 =
1

s4
[2n2s

2 � 4n1n2s+mn21]: (37)

Note that bAe(k), bCe,N
�1�̂2k andN

�1�̂2 do not depend on the unknown constant
N . Formulas in ( 34 ) and ( 35) are identical to Turing's estimators for A(k)
and C given in Good (1953).

We need to consider the variance of bAe(k) (and bCe) when it is used as an
estimator for Ae(k) (and Ce). De�ne the variance functions:

�2k = ��4(k + 1)�k�
2 + �2k[� � (2k + 1)�] and (38)

�2 = �20 = ��4[�0�
2 + �20(� � �)]: (39)

The following proposition is a corollary of Theorem 1.

Proposition 3 (Estimation) For all k in 
, as N goes to in�nity, we have

p
N
bAe(k)� Ae(k)

�k

d�! N(0; 1): (40)

Additionally,

p
N
bCe � Ce

�

d�! N(0; 1): (41)

The proof is given in the appendix.

We next turn to the prediction problem. While bAe(k) is devised as an

estimator for Ae(k) and bCe as an estimator for C, bAe(k) can also be regarded as
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a predictor for A(k) and bCe as a predictor for C. De�ne the following variance
functions for prediction:

Æ2k = ��4[�2(�k + k�k + �k)� ��2k] and (42)

Æ2 = Æ20 = ��4[�2(�0 + �0)� ��20]: (43)

The following proposition is also a corollary of Theorem 1

Proposition 4 (Prediction) For all k in 
, as N goes to in�nity, we have

p
N
A(k)� bAe(k)

Æk

d�! N(0; 1): (44)

Additionally,

p
N
C � bCe

Æ

d�! N(0; 1): (45)

The proof is given in the appendix.

One can also estimate �2k, �
2, Æ2k and Æ2 by using f̂(x;Q). These estimators

are denoted by �̂2k, �̂
2, Æ̂2k and Æ̂2 respectively. We can also write the variance

estimates as:

N�1�̂2k =
(k + 1)2nk+1

s4
fs2 + nk+1[m� (2k + 1)s]g; (46)

N�1�̂2 =
n1

s4
[s2 + n1(m� 3s)]; (47)

N�1Æ̂2k =
k + 1

s3
fs[(k + 1)nk+1 + (k + 2)nk+2]� n2k+1g and (48)

N�1Æ̂2 =
(n1 + 2n2)s� n21

s3
: (49)

We have the consistency results about the variance estimators.

Proposition 5 For all k in 
, as N goes to in�nity, we have

�̂2k
P�! �2k and Æ̂2k

P�! Æ2k: (50)

Additionally,

�̂2
P�! �2 and Æ̂2

P�! Æ2: (51)

The result in ( 49) was previously given in Esty (1983) in the multinomial
model. All the results for the estimation problem and abundance-k prediction
problem are new. One assumption in Esty (1983) requires n1=s converges to
some constant, which is clearly guaranteed by the existence of Ae(0). These
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results are semi-parametric in the sense that the latent distribution Q is treated
as completely unknown.

Proposition 5 paves the way for the construction of asymptotic estimation
con�dence interval for Ae(k) ( and Ce ) and asymptotic prediction con�dence
interval for A(k) ( and C ).

4. An application

Now we return to the gene categorization problem. A prepared cDNA library
typically consists of 106 clones. Each clone represents one copy of cDNA from
a gene. The cDNA copy numbers of genes, that is, the expression levels, may
di�er by 103 � 104 fold. Genes in a library are categorized into abundant and
rare ones according to their expression levels. Since the actual gene expression
levels are unknown, one strategy is to sequence a sample of clones from a cDNA
library. The \single-pass" cDNA sequences are called expressed sequence tags
(ESTs). The ESTs are clustered into unique genes. The number of ESTs from
a unique gene in the sample is regarded as an indicator of the expression level
of that gene. Suppose there are N genes indexed by 1; 2 : : :N , where N is
unknown. Let Xi be the number of ESTs from ith gene. Suppose scientists set
a demarcation d and categorize genes according to the following rule:

If Xi � d, then the ith gene is rare, else it is abundant.

The issue of interest is the total proportions of the rare and abundant genes
in the library. Note that all unobserved genes have to be assumed to be rare.
When d equals 0, one can apply the sample coverage results directly. Now we
consider the general case. Let A� be the coverage of all rare genes de�ned by

A� =

NX
i=1

�iI(Xi � d): (52)

Note that the coverage of all abundant genes is 1�A�. We may write

A� =

dX
j=0

A(j); A�e =

dX
j=0

Ae(j) and bA�e =
dX

j=0

bAe(j): (53)

It is clear from our earlier derivations that A� is a normal random variable
asymptotically. bA�e is a Turing-type moment estimator for A�e and predictor for

A�. Asymptotically, cA�e and A��cA�e are normal random variables because of
the following proposition. First, we de�ne

�� =
X
j�d

�j ; �� =
X
j�d

�j ; �� =
X
j�d

r�j = �� � �d; (54)

��2 = ��4[�2(�� + ��) + (� � �)��2 � 2�����] and (55)

Æ�2 = ��4[�2(�� + �d)� ���2]: (56)
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Our key result for the gene categorization is the following proposition, which is
a corollary of another central limit theorem given in the appendix.

Proposition 6 As N goes to in�nity, we have

p
N
bA�e �A�e
��

d�! N(0; 1); (57)

p
N
A� � bA�e

Æ�
d�! N(0; 1): (58)

There are consistent plug-in estimators for ��2 and Æ�2, denoted by b��2 andbÆ�2. The unknown constant N is cancelled out in N�1b��2 and N�1bÆ�2. The
consistency of variance estimators allows us to construct con�dence intervals as
follows.

The estimation con�dence interval for A�e and prediction con�dence interval

for A� are given by

bA�e � Z
=2

p
N�1�̂�2; bA�e � Z
=2

p
N�1Æ̂�2; (59)

respectively, where Z
 is the 
 upper quantile of the standard normal distribu-

tion.

One tomato 
ower cDNA library is studied here. It was made from 0 � 3
mm buds of tomato 
owers. Totally 2586 ESTs were generated from the library.
The nonzero EST abundance frequencies are given in the following table.

j 0 1 2 3 4 5 6 7 8

nj ? 1434 253 71 33 11 6 2 3

j 9 10 11 12 13 14 16 23 27

nj 1 2 2 1 1 1 1 1 1

Data source: TIGR Tomato Gene Index. Library Identi�er: T1526.
Reference: Quackenbush et al (2000).
c
1995-2000 The Institute for Genomic Research. All rights reserved.

The predicted abundance-0 coverage is 0:555 with prediction standard error
0:013. The 95% prediction con�dence interval is (0:529; 0:580). That is, an
estimated 55% of the clones in the library are from those genes that are not
identi�ed by the sample. If we set d to be one, then the predictors for A�

and C� are 0:750 and 0:250 respectively with prediction standard error 0:012.
The 95% prediction con�dence intervals for A� and C� are (0:726; 0:774) and
(0:227; 0:273) respectively.

5. Discussion

The Poisson representation of the coverage problem suggests alternative ap-
proaches in which Q is modeled. Inference about the coverage problem becomes
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easy when the estimators for the two parameters of interest Q and N are ob-
tained. For example, bootstrap re-sampling can be readily applied. Maximum
likelihood estimation can be an alternative approach, for example, see Ord and
Whitmore (1986) and Norris and Pollock (1995, 1996, 1998). The authors are
investigating a conditional maximum likelihood approach, in which estimation
of Q can be separated from N and estimation of N will be done given the es-
timator for Q. Such a conditional approach removes the confounding of Q and
N in ( 11) and facilitates the analysis and computation. Estimation of Q itself
provides direct information about the distribution of gene abundance, and could
be used to provide empirical Bayesian estimation of the true abundance �i of
the ith gene.

The mixture framework also simpli�es evaluation of the eÆciency of Turing-
type estimators. It was shown by Esty (1986) under the multinomial framework
that Turing's sample coverage estimator is quite eÆcient when it is compared
to the mle in the case that all classes have the same abundance. The Poisson
representation allows us to investigate the eÆciency of all Turing-type estima-
tors for the general case. Note that all mean abundance-k coverage or their
summations over some index set A are functionals of the mixture density, which
can be expressed in the ratio form as follows:

P
j2A(j + 1)f(j + 1;Q)P
j2
(j + 1)f(j + 1;Q)

: (60)

Turing-type estimators simply estimate f(j;Q) by the sample proportion nj=N .
Although N is unknown, it is cancelled out due to the ratio structure of the
functionals. Tierney and Lambert (1984) studied the asymptotic eÆciency of
estimators for functionals of a mixture density. Note that in the non-parametric
mixture of Poisson densities, the corollary in Section 3 of Tierney and Lambert
(1984) can be applied. So we conclude that any Turing's estimator is asymptot-
ically fully eÆcient among all estimators that satisfy their regularity conditions.
Tierney and Lambert (1984) conjectured that the non-parametric mixture mle
is eÆcient. In their setting, n0 and hence N are known. So the conjecture
does not apply to the mle here. Although the mle should give less variable
estimators in �nite samples, the simple computation of Turing-type estimators
and their con�dence intervals make them more attractive than mle for coverage
estimation.
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First, we calculate the necessary moments of the de�ned random variables.

EY = (k + 1)f(k + 1;Q) = �k:

EZ =
X
k2


(k + 1)f(k + 1;Q) = �:

EU = (k + 1)f(k + 1;Q) = �k:

EV =
X
k2


(k + 1)f(k + 1;Q) = �:

EY 2 = (k + 1)(k + 2)f(k + 2;Q) = �k:

EZ2 =
X
k2


(k + 1)(k + 2)f(k + 2;Q) = �:

EU2 = (k + 1)2f(k + 1;Q) = (k + 1)�k:

EV 2 =
X
k2


(k + 1)2f(k + 1;Q) = �+ �:

EY Z = (k + 1)(k + 2)f(k + 2;Q) = �k:

EY U = 0:

EY V = k(k + 1)f(k + 1;Q) = k�k:

EZU = (k + 1)(k + 2)f(k + 2;Q) = �k:

EZV =
X
k2


(k + 1)(k + 2)f(k + 2;Q) = �:

EUV = (k + 1)2f(k + 1;Q) = (k + 1)�k:

Note that the variance of Q(�) is assumed to be �nite, which implies � and
� are �nite. For all k in 
, �k and �k are �nite.

Since
8x 2 
; EI(X = x) = f(x;Q) < +1; (61)

by Khinchine's WLLN, we have consistency of f̂(x;Q) as follows:

f̂(x;Q) =
nx

N
=

1

N

NX
i=1

I(Xi = x)
P�! f(x;Q): (62)

The consistency of �̂k, �̂k follow this directly. De�ne

�Y 2 =
1

N

NX
j=1

Y 2

j and �Z2 =
1

N

NX
j=1

Z2

j : (63)

Then
�̂ = �Z and �̂ = �Z2: (64)

12



Also by Khinchine's WLLN, we obtain the consistency of �̂ and �̂.

It is clear now that ��� is the mean vector of W and � is the variance-
covariance matrix of W. By the CLT, we have

p
N( �W � ���)

d�! N(0;�): (65)

Theorem 1 has been shown. Next we consider the propositions.

Ae(k) =
EY

EZ
=

EU

EV
: (66)

A(k) =

PN
j=1 �jI(Xj = k)PN

j=1 �j

=

PN
j=1 YjPN
j=1 Zj

=
�Y
�Z
: (67)

bAe(k) =
(k + 1)nk+1

s
=

�U
�V
: (68)

Set

R = (
1
�Z
;� EY

�ZEZ
; 0; 0)T ; (69)

S = (0; 0;
1
�V
;� EU

�V EV
)T ; (70)

T = R� S = (
1
�Z
;� EY

�ZEZ
;� 1

�V
;
EU
�V EV

)T ; (71)

Re = (
1

EZ
;� EY

(EZ)2
; 0; 0)T ; (72)

Se = ��2(0; 0; �;��k)T and (73)

Te = Re � Se = ��2(�;��k;��; �k)T : (74)

Then
�2k = RT

e �Se; (75)

�2k = STe �Se; (76)

Æ2k = TT
e �Te; (77)

p
N [A(k)�Ae(k)] = RT ( �W ����); (78)

p
N [ bAe(k)�Ae(k)] = ST ( �W ����) and (79)
p
N [A(k)� bAe(k)] = TT ( �W ����): (80)

Because �Z and �V go to EZ and EV respectively in probability as N goes
to in�nity, we have

R
P�! Re; (81)

S
P�! Se and (82)

T
P�! Te: (83)

13



Then

p
N [A(k)�Ae(k)]

d�! N(0; �2k); (84)
p
N [ bAe(k)�Ae(k)]

d�! N(0; �2k) and (85)
p
N [A(k)� bAe(k)]

d�! N(0; Æ2k): (86)

bAe(k) is a consistent estimator for Ae(k). The consistency of �̂2k, �̂
2

k and Æ̂2k
can be easily derived since �2k, �

2

k and Æ
2

k are functions of f(x;Q), �k, �k, � and
�.

The results about C, Ce and bCe follow the results about A(0), Ae(0) andbAe(0) directly.

Finally, we develop another center limit theorem which is used in the appli-
cation of the gene categorization. For j = 1; 2; : : :N , let

Y �j = �jI(Xj � d) and (87)

U�j =
X
k�d

(k + 1)I(Xj = k + 1): (88)

Using Zj and Vj from ( 14), ( 16), set

W�
j = (Y �j ; Zj ; U

�
j ; Vj)

T : (89)

Then let

�Y � = N�1

NX
j=1

Y �j and �U� = N�1

NX
j=1

U�j : (90)

Using �Z and �V from ( 19) and ( 21), set

�W� = (�Y �; �Z; �U�; �V )T : (91)

De�ne

���� = (��; �; ��; �)T and (92)

�� =

0
BB@

�� �� �� ��

�� � �� �

�� �� �� + �� �� + ��

�� � �� + �� �+ �

1
CCA���������T : (93)

Theorem 7 Let W� be W�
1. The mean vector of W� is ���� and �� is the

variance-covariance matrix for W�. As N goes to in�nity, we have

p
N( �W� �����)

d�! N(0;��): (94)
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The proof is some simple calculations of moments. Then Proposition 6 follows
directly because

��2 = (0; 0; �;���)��(0; 0; �;���)T and (95)

Æ�2 = (�;���;��; ��)��(�;���;��; ��)T : (96)
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