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Abstract

Suppose a closed population has infinitely many individuals and
is partitioned into unknown N disjoint classes. A random sample is
drawn from the population, which may be a Poisson sample or a bi-
nomial sample. The issue of interest is the estimation of N. A new
nonparametric method is presented in this paper when the population
is heterogeneous, which means that the classes vary in abundance. A
simple graphical diagnostic is developed to detect the existence of het-
erogeneity. An estimator sequence is developed for N, which is based
on moment representation of mixture densities and approximation of
the total mass of a measure on the positive half of the real line through
its higher moments. A bootstrap confidence inference methodology is
provided. As illustrations of the procedure, the number of expressed

genes in a cDNA library is estimated from a tomato EST dataset and



the population size of rabbits is estimated from a capture-recapture
dataset.

KEY WORDS: Number of species; Population size; Multinomial
sample; Capture-recapture; Heterogeneity; Poisson mixture; Binomial

mixture; Moment estimator; Mixture identifiability.

1 INTRODUCTION

Suppose there are an unknown number N of distinct classes in a
closed population made up of infinitely many individuals. The classes
are indexed by 1, 2, ..., N. A random sample is drawn from the
population. The issue of interest is the estimation of N. Such an
estimation problem has interesting practical applications in many dif-
ferent fields, see Bunge and Fitzpatrick (1993). There are two kinds
of samples: Poisson samples and binomial samples. The multinomial
sampling model is also often used by statisticians. It can be obtained
from the Poisson model by conditioning.

Suppose that the number of individuals from each class is available.
Let z; be the number of individuals from the ith class that are present
in the sample, ¢+ = 1,2...N. Each #; is assumed to follow a Poisson
distribution with mean A; and the z;’s are independent. The z;’s
constitute a Poisson sample. Let s be the total number of individuals

in the sample, that is,

s = E x;.

=1

Conditioning on s, the z;’s follow a multinomial distribution with



index NV and cell probabilities as follows:
mi= NAi i=1,2...N.
Ding A
Thus the Poisson sample becomes a multinomial sample by condition-
ing.

Suppose only presence or absence information for each class is
available at M independent observing occasions. Each class is present
or absent independently at each occasion. Let y;; be 1 if the ith class
is present at the jth occasion, else y;; be 0, and let 7;; be the probabil-
ity that the ¢th class is present at the the jth occasion, 1 =1,2...N,
j=1,2...M. The y;;’s constitute a multiple Bernoulli sample. We

further assume that each class has the same probability to be present

at all occasions, that is,
=7, J=12...M,i=1,2...N.

For each 17, let A; be the odds of 7;, and x; be the number of occasions

when the ith class is present in the sample, that is,
M
N=m/(1—m), ;= Zyij’ 1=1,2...N.
i=1

Then z; is a binomial random variable with index M and odds A;. The
x;’s are independent given the A;’s and constitute a binomial sample.

Under the so-called homogeneity assumption, which says that the
Ai’s (or m;’s) are identical over i, there is a vast literature concern-
ing the estimation of N, for example, see Harris (1959) and Darroch
and Ratcliff (1980). However, the homogeneity assumption is unlikely

to hold in real populations. When the homogeneity assumption is
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violated, the A;’s (or m;’s) are often assumed to arise as a random
sample from a latent distribution. This is often called the heteroge-
neous case. For example, the binomial mixture model was considered
by Burnham and Overton (1978, 1979), Chao (1989) and Mingoti and
Meeden (1992). The Poisson mixture model was used by Efron and
Thisted (1976), Ord and Whitemore (1986) and Zelterman (1988).
More recently, nonparametric maximum likelihood estimation was in-
vestigated by Norris and Pollock (1995, 1996, 1998). There are other
approaches dealing with the multinomial sample, such as the nonpara-
metric models in Chao (1984) and Chao and Lee (1992), the paramet-
ric models in Kalinin (1965) and McNeil (1973), and the Bayesian
models in Lewins and Joanes (1984) and Keener, Rothman and Starr
(1987).

The authors are working with biologists on a floral genome project.
One interesting and important question is how many genes are ex-
pressed in a specific tissue when the expressed sequence tags (ESTSs)
are generated by sequencing sampled clones in a ¢cDNA library made
from the target tissue (Cantor and Smith 1999). In this project, some
well-known traditional nonparametric methods were applied, but the
simulation results suggested that the systematic bias of most of tradi-
tional nonparametric estimators was too large. The large bias is not
surprising since gene expression levels are highly differentiated while
most of traditional nonparametric estimators work well for the case
in which all genes have the same expression level. The authors were

thereby motivated to develop new approaches by which the systematic



bias can be reduced greatly.

The mixture models for both the Poisson sample and the binomial
sample are introduced in Section 2. The two mixture models share the
same mathematical structure, which allows us to develop estimators
for the Poisson sample and binomial sample in a new unified frame-
work. A simple log ratio plot is developed in Section 3, and it is shown
to provide an easy way to detect heterogeneity. An estimator based
on linear extrapolation from the log ratio plot is defined.

The mixture densities can be represented by moments of a measure
on the positive half of the real line R*. In Section 4, it will be shown
that the total mass of a finite measure on RT can be approximated
by a sequence of lower bounds. Each lower bound is a function of
the successive higher order moments of the measure. The moment
representation of the mixture densities and the mathematical results
about approximating the total mass through higher order moments
naturally motivate the development of a sequence of estimators for V.
The estimators in the sequence can be regarded as generalizations of
the linear extrapolation estimator. The methodology is nonparametric
in that the latent distribution is not modeled directly. Properties of
confidence inference and bootstrap confidence statements are provided
at the end of Section 4.

Two examples are studied in Section 5. The first example con-
cerns a genomic problem: the number of expressed genes in a cDNA
library needs to be estimated by a sequenced sample from the library.

The second example is the famous live-trapping dataset of cotton-tail



rabbits. Discussion of the properties of the proposed method and its

generalizations are presented in Section 6.

2 MIXTURE MODELS

We first present some basic facts about the Poisson distribution,
the binomial distribution and their mixtures. Let A be the mean of
a Poisson distribution or the odds of a binomial distribution. Both
the Poisson and binomial distributions are power series distributions,
which mathematically can be represented as densities with respect to
some o-finite measure dw(z) on the set of nonnegative integers in the

following form,
f@i ) =c(V)A, 2€Q, AeRT.

Here, Q is the sample space and ¢(A) is the normalization function.
Let I(F) be the indicator for the event . The Poisson and binomial

representations arise as follows:

9 {0,1,...}  (Poisson)
{0,1,...M} (binomial)

e (Poisson)

c(A) = Nodw(z)] = ,
W [/ ) (1+X)~M  (binomial)

Hzeq) (Poisson)

dw(z) = 'x!
% (binomial)
Let h(z) be dw(z). Then
fx:A) = e(A)h(2) A%, (1)



which is the density with respect to counting measure on the set of
nonnegative integers.

To create a mixture model, we assume that A arises from a latent
distribution Q(A) and that z has a Poisson or binomial distribution
conditioning on A. The conditional density f(z;\) is most naturally
called a component density. The marginal density of z, called the

mixzture distribution, is denoted by f(x;@Q). It can be written as

f(2:Q) = / fENAQ(N), Ve 2)

We next form mixture models for both the Poisson sample and the
binomial sample. Let z; be called the frequency of the ¢th class in the
sample. The z;’s are assumed to arise as a random sample from the

mixture density f(z;Q). Let

N
=1

{7>0}

Here, n; is the number of classes that occur with frequency j in the
sample. The n;’s are called frequency counts. Note that ng is not ob-
served and n is the number of distinct classes observed in the sample.
The joint density of the frequencies x;’s can be written as

N

[/@s@ =176

i=1 jeq
Therefore, the joint density of the frequency counts {n; : j € Q} is
given by

N T r:0m (3)



That is, {n; : j € Q} has a multinomial distribution with index N
and cell probabilities f(7;@)’s. In ( 3 ), we have given the “complete”

data likelihood for {n; : j € Q}. Since ng is not observed, the observed

data likelihood is

N g Il fser @

(N —n)! Hjeﬂo n;! e
where Qg = Q — {0}. Note that the observed likelihood in ( 4 ) can
be further factored into a binomial density for n times a multinomial
density for {n; : j € Qp} given n. The density of {n; : j € Qo} given

n can be written as

n! fU:Q) 1,
Moot Ui s )

" jEQ0

The density of n is given by

S QY- Q) ”

Comparing ( 5 ) and ( 6 ), we can see that ( 6 ) contains all the
information about IV in the sample.

Because N = n+ ng, the problem of inferring N can be treated as
one of inferring the latent variable ng via the set of observed variables
{n; :j € Qo}. Note that Eng = N f(0; Q). So one could also think of
the problem as one of estimating the parameter N f(0; Q) and adding
it to n, which estimates N(1 — f(0;Q)).

In this paper, we will develop a graphical diagnostic for heterogene-
ity and an estimation procedure for N, which do not require direct

modeling of the latent distribution Q.



3 HETEROGENEITY DETECTION

Graphical diagnostics are often used in the literature of mixture
models, see Titterington, Smith and Makov (1985), Lindsay and Roeder
(1992) and Lindsay (1995). They are easy to use and have good power
for detecting heterogeneity. A simple log ratio plot is developed in this
section. It is also used to define an estimator for N by linear extrap-

olation.
3.1 The log ratio plot

In the two mixture models constructed in Section 2, the component
densities form an exponential family. For any fixed Ay, define the ratio

function by
R(z) = f(z;Q)/ f(x; Xo) where Ao € RT.

Proposition 1 The function log R(x) is convex in x and it is linear

if and only if ) is degenerate.

Although the proof is simple, readers are referred to Lindsay and
Roeder (1992) and Lindsay (1995).
To adapt this plot to the case in which ng and N are unknown, we

define a translated version of log R(z) as follows,
H(z) = log[c(Ao) NR(z)] =log N f(z;Q) — log h(z) — xlog Ag.  (7)
Note the following result can be easily obtained from Proposition 1.

Proposition 2 The log ratio function H(x) is convex in x and it is

linear if and only if Q@ is degenerate.
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We next develop an empirical version of H(z). For every z ,
N f(2;Q) has an unbiased estimator n,;, which can be seen from ( 3 ).
Plugging this estimator into ( 7 ) yields an estimator ﬁ(w) for H(z)
of the form:

-~

H(z) =logn, — log h(z) — z log Ao.

We will leave ﬁ(w) undefined if n, = 0. The plot of {(x,IA{(x)) :
x € Qo}, called the log ratio plot, therefore has the following inter-
pretation: when N is sufficiently large, the log ratio plot should be
approximately linear in the homogeneous case and should be strictly
convex in the heterogeneous case. In the latter case, methods based
on the homogeneity assumption will tend to be conservative. If nei-
ther linearity nor strict convexity shows, the model itself should be
questioned. Examples of these plots are given in Section 5.

Finally, note that since ng is not observed, and N = n + ng, the
estimation of V can be viewed as a extrapolation problem, where we

extrapolate the value of IA{(O) from the set of values {ﬁ($) cx € Qb

3.2 Linear extrapolation

We present a simple extrapolation in this sub-section. Since H (z)
is convex in z, the point (0, H(0)) should be above the straight line
through the points (1, H(1)) and (2, H(2)) when () is not degenerate,
or on the line if () is degenerate. Suppose the line is ax+b with a slope

a and an intercept b, then we can obtain a and b via the equations:

H(l)=a+b, H(2)=2a+b.

11



So
H(0) > 2H(1) — H(2). 5)

When we replace H (z) with IA{(QC), an empirical version of the inequal-

ity (8 ) is obtained as follows:
H(0) > 2H(1) - H(2),

which yields,
[R(1)]*ns

since h(0) = 1 in both models. The right-hand side of the inequality

no = no/h(0) >

(9) can be regarded as a lower bound predictor for ng. It arises from
a linear extrapolation of the log ratio plot. We therefore define a lower

bound estimator Nh»ma, for N by

~ h(2)n2 n 4 o Poisson
Nlinear =n+ h ( )Zl = M2n2 2 ( )
[A(1)]?ns n 4 2]\_42:1 (binomial)

The estimator Nh»ma, for a Poisson sample was obtained in Chao
(1984) and Nh»ma, for a binomial sample was obtained in Chao (1989).
The linear extrapolation is equivalent to the theory behind Chao
(1989). In a homogeneity model, Nh»ma, is tight for N. In a het-
erogeneous population, the estimator Nh»ma, is only a lower bound
for N. Our next task is to create more sophisticated extrapolation

methods.
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4 THE ESTIMATION
PROCEDURE

In the Poisson or binomial model, the sample space is a lattice
(finite in the binomial case and infinite in the Poisson case). Such a
structure implies that the Poisson mixture and the binomial mixture

densities have moment representations.
4.1 Moment representation

Considering the mixture models introduced in Section 2, we first

define a new measure v by re-weighting the latent distribution ). Let
dv(A) = c(N)dQ(N). (10)

We can invert the relationship in ( 10 ) to obtain () from v as well.
4Q(A) = [e(N]dv ). (1)

Thus the re-weighting is a bijection. Note that the re-weighted mea-
sure v and the latent distribution () have the same support points.

Let p(z) be the th moment of v, that is,

,u(av)://\a”dl/(/\)7 r=0,1,....

From (1) and ( 2 ), the mixture density with respect to counting

measure can be represented in terms of the moment sequence M =

{4(z) Joca of v:



which yields the moment sequence of v as

p(a) = f@;Q)/h(z), =€ (12)

Note that the Poisson model generates an infinite moment sequence

but in the binomial model the moment sequence terminates at p(M).

4.2 Measure and its moments

The moment structure of the mixture density can be exploited to
characterize ;(0), and hence f(0;Q)), in terms of the remaining higher
moments pu(z), @ € o, thus providing a more general extrapolation
tool. To do so, we will develop some results about a measure and its
moment sequence.

Let M be any real number sequence {u(x)}123. For any nonnega-

tive integer p, the Hankelian matrices of M, H,(M) and H,(M), are

defined as follows:

[ u(0)  u(y) uip) |
H(M) = (1) p(2) u(p+1) |
| ulp) pp+1) 1(2p)
w1 e pp+1) |
(M) = 1(2) 1(3) ((p+2)
| ulp+ 1) plp+2) o p2p+1)

The corresponding determinants are called Hankelian determinants.

14



The following two theorems will play a significant role in our proce-

dure.

Theorem 3 (Stieltjes Moment Theorem) A sequence M is a mo-
ment sequence of some finite measure v(\) on R™ with infinitely many
support points if and only if the Hankelian determinants |H,(M)| and

|Hp(./\/l)| are positive for each nonnegative integer p.

Theorem 4 Let T be a natural number. A sequence M is a moment
sequence of some finite measure on Rt with exactly T support points
if and only if |H,(M)| and |H,(M)| are positive for each nonnegative
integer when p < T, and rank(H,(M)) =T and rank(H,(M)) =T

for each p when p > T.

These theorems are results in the Stieltjes moment problem, which is a
special case of the Hamburger moment problem. Readers are referred
to Widder (1941), Lindsay (1989) and Gyires (1998). Lindsay (1989,
1995) addressed the moment problem in mixture models. For more
detailed description about the moments, Hankelian matrices and their
properties, see Karlin (1968) and Dette and Studden (1997).

Let v(A) be a finite positive measure on Rt with 7' (possibly infi-
nite) support points. Let u(z) be the 2th moment of v(A) and let M be
the moment sequence of v. Let M(y) be the moment sequence where
all terms are identical to terms in M but the first term is replaced by
an unknown real number y. Let H, and Hp be the Hankelian matrices
of M and H,(y) and H,(y) be the Hankelian matrices of M(y). Let

A, be the set of real numbers y where |H,(y)| is nonnegative and let

15



fp be the infimum of the set A,. That is,

The determinant |H,(y)| is linear in y. If the coefficient of y is not

zero, then it is clear that p, is the single root of the following equation:

[ H,(y)| = 0.

We will say that p, is the p-th order lower bound for ;(0). This

terminology is justified by the following results.
Proposition 5 For all p in N, pu(0) is in A, and so p, < p(0).

The proposition comes from definitions and Theorem 3 directly.
The elements of A, are further described by the following propo-

sition.

Proposition 6 Ify is in A,, then it is nonnegative. Also, sup A, =

—+o00.

The proof is given in the appendix. This proposition implies that
there does not exist a corresponding upper bound theory for u(0).
The next proposition shows that the lower bounds are monoton-

ically increasing. Define two sub-matrices of the Hankelian matrices

16



H,(M) of a real number sequence M as follows:

1(2) 1(3) p(p+1)
A (M) = 1(3) f(4) u(p+2)
Culp+ 1) plp+2) o p2p)

For notational simplicity, set

where M is the moment sequence of v.

Proposition 7 Let g = 0. For each natural number p, we have

Hp = b;[Ap]_lbp and (13)
Hp = ,up—l‘|’ﬁp—17

where

Bo = s | (14)
S VP VIR

When T is finite, we only consider p <T.

The proof is given in the appendix. We will call 3, the pth order
bias-correction.
When the measure v has finitely many support points, the largest

lower bound is identical to the total mass, that is

because |Hy| = 0, which can be seen from Theorem 4.
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M

=0

Remark 1 Note that for the binomial sample, the sequence { p(z)
terminates at p(M). The lower bound sequence therefore terminates
at pa/2), where [M/2] represents the largest integer no greater than
M/2. Then for the binomial sample, if the latent distribution has more
than [M /2] support points, then there is a positive difference between
the total mass p(0) and the largest lower bound ppge- If T is no

greater than [M/2], then pr equals p(0).

The sequence {,up};'ig is strictly increasing and is bounded above
by 1£(0) when 7" is infinite. Therefore, it converges to some real number

no greater than p(0), denoted by pio, that is,

floo = lim 41, < (0).

p—r+0o

The following proposition is about the sequence M (jn,), which is

derived from the sequence M with p(0) being replaced by fie.

Proposition 8 The sequence M(p~) is a a moment sequence of

some finite measure on Rt with infinitely many support points.

The proof is given in the appendix.

The next proposition gives a sufficient condition for p., to equal

1£(0).

Proposition 9 If the moment generating function of v exists, then

freo = 11(0).

18



The proposition is proved in the appendix. Note that ur equals 1(0)

whenever T is finite or infinite.

Remark 2 For the Poisson sample, if the latent distribution @ has
finitely many support points, then the total mass pu(0) is always iden-
tical to the largest lower bound. When the latent distribution ) has
infinitely many support points, then po. equals j1(0) because the mo-

ment generating function of v exists. In fact, we have
vt < 1, /e”dl/(A) = /e(t_l)AdQ(/\) < +o0.

We can also represent the difference between p7 and p, in terms

of the bias-corrections as follows:

Proposition 10 Let 37 = 0. Then
T
:uT_:up:Zﬁkv p:0717T
k=p
The proof is simple. Due to Proposition 7, we have

m
o+ > Bk = fimgr,  Ym > p.
k=p
The proposition is established by letting m go to T.
Note that when T is infinite, the last proposition yields two simple
results as follows:

lim 8,=0, lim Y B =0.
k=p

p—r+0o p—r+0o

Hence, the bias-corrections must go to zero as p increases.
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Remark 3 In the preceding theory, it is important that v is allowed
no mass at zero, as otherwise we could add arbitrary mass there with-
out changing any of the moments except for 11(0). Thus the total mass

can not be characterized by the set of higher moments {u(x) : @ € Qp}.

4.3 The estimator sequence

We next create an empirical version of the moment sequence. In
both the Poisson sample and the binomial sample, all but a finite
number of n,’s are zero. In a typical sample of interest, the nonzero
n;’s correspond to values of z near zero. In fact, if we had, for example,
ny = ng = 0, then we would have high confidence in predicting that
ng = 0.

Define S to be the largest value of p such that
n, 0, x=12,...p.
Let

Ny

“@%:NM@’

z=0,1,...5. (15)

Note that going from in ( 12 ) to ( 15 ), the mixture density f(z;Q)
has been replaced by its “estimator” n,/N. The term “estimator”
here is somewhat unusual because there is an unknown constant in

the expression.

Remark 4 Since the frequency counts are used as moment estima-
tors, the estimation becomes less reliable when the frequency counts

are too small. In ( 15 ), we only require that n, > 0, which is the
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weakest requirement because we cannot use zero to estimate a positive
quantity. Additionally, we may require that n, is larger than some
positive integer, say b, in order to have more reliable moment estima-

tors.

The moment estimator fi(z) is an empirical version of u(z), and is

consistent because of the law of large numbers:
f(x) N p(z) as N — 4o0.

We can now construct an empirical version of the moment sequence
M by defining
M = {(0), 1), ... (S)

as well as the empirical moment matrices:
b, = b,(M) and A, = A,(M).

When A, is positive definite, we have
P{gp is positive definite} — 1,

as N goes to infinity.

When ﬁp is positive definite, based on ( 13 ), we define
fip = BZ ;lf)pv

which can be regarded an empirical version of u,, and a lower bound

estimator for ;(0). That is, asymptotically
A P
frp — pp < p(0). (16)
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From ( 16 ), it is reasonable to regard N i, as a lower bound predictor
for ng. Note that from ( 15 ) N is cancelled out in Nj,.

Let fip = 0 and define

N, =n+ Nj,. (17)

We call Np the pth order moment estimator for N. The 0th order
estimator is the naive estimator n. The estimators can be regarded as

generalizations of the linear extrapolation estimator because

) h(2)n? - . -
N,ulz W and N1:n+N,U1:Nlinear-

Although we have developed estimators for N directly, one could
also develop the methods from the likelihood using moment-based
nuisance parameter estimation. There are two parameters involved
in the procedure: the parameter of interest N and the nuisance pa-
rameter f(0;Q). Let § be the corresponding odds, that is, § =
£(0;Q)/[1— f(0;Q)]. The density of n given in ( 6 ) can be expressed

in terms of 4, denoted by L(N;6) and written as

L(N;6) = n!(NNi )l (ei 1)N_n (F:)n

When 6 is known, L(N;#) can used as a likelihood to infer N. From

Lindsay and Roeder (1987), the maximum likelihood estimator for NV,
is given by
N =n+nb. (18)

Comparing ( 17 ) and ( 18 ), we see that the sequence {Nf,/n : p =

1,2,...[5/2]} can be regarded as an estimator sequence for 6. If we
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substitute an estimator @ for @ into ( 18 ), we obtain an estimator
for N of the type called pseudo-likelihood estimators by Gong and
Samaniego (1981). Note that since N is an integer, technically, we

should use [Np] as an estimator for N (Lindsay and Roeder 1987).

Remark 5 It should also be noted that even though one could esti-
mate lower bounds for 8 by other methods, one cannot improve on
the asymptotic efficiency of the moment method in the nonparametric

setting. See Mao and Lindsay (2001) for more on this point.

Remark 6 IfT isinfinite, then no consistent nonparametric estima-
tor for N can be constructed via just a finite number of the n,’s. And
in a Poisson sample, it is difficult to use infinitely many n,’s because

all but a finitely many are zero at any fized sample size.

Remark 7 If T is finite, then fip is consistent for ur and hence for
w(0). Thus ZVT is tight for a latent distribution with T or fewer support

points. Otherwise, it displays a systematic bias.

Remark 8 When T is finite and S > 2T, we can construct a mo-
ment estimator for the latent distribution (). First, we estimate the

moments of v as follows:

Nj z
0y =L )= 2 g =1,2...T.
Nt Nrh(z)

Then we construct a moment-based estimator v for the re-weighted
measure v. Lindsay (1989) provides a detailed discussion of method
of moment estimation of a latent distribution. Finally, we can obtain

@ by re-weighting 0 through ( 11 ). From this point of view, one could

23



also say that va is the moment estimator of N based on a p-point

mixture model.

Remark 9 The determination of the number of support points T is
a one-sided inference problem in the sense that one can not construct
a two-sided confidence interval for the number of support points given
a sample of finite size but one can construct a lower confidence limit,

see Donoho (1988).

4.4 Fractional undercount
It is clear from ( 17 ) that the moment-based estimator va esti-
mates N,, where N, = N(1 — f(0;Q)) + Ny, and so the ratio

N,
1—Wp:f(0§Q)_Np

represents the fractional undercount. That is, if the fractional under-
count is 0.25, we are estimating 0.75N instead of N. Another way to
measure the undercount is to ask what fraction of the unseen classes,
no = N f(0;Q), will never be counted. This can be assessed by the
fractional unseen undercount, 1 — p,,/ f(0; Q).

The only time that the undercounts will be zero is if the true
latent distribution () has T support points and p > T. In order to
demonstrate the potential magnitude of the fractional undercounts in
continuous mixtures, we consider some classic mixture models.

We start with the gamma-mixed Poisson distribution, which re-

sults in the negative binomial distribution. That is, f(x; A) is Poisson
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(A) and A ~ gamma(a, #). The mixture density is

‘ _ a+zxz—1 J&; z 1
[(z;Q) = o (ﬂ+1) RN a>0, [>0.

For a =1 and 8 = 0.0526, we have f(0;Q) = 0.95. This represents
a situation where 95% of the classes are not observed. The fractional
undercounts for p = 1 top = 9 are 47.5%, 31.7%, 23.7%, 19.0%, 15.8%,
13.6%, 11.9%, 10.6% and 9.5%. Thus we cannot reduce undercount
to 10% without using p = 9. On the other hand, for a = 2 and
g = 1.7778, we have f(0;Q) = 0.36, so we expect to see 64% of the
classes. In this case, the fractional undercounts are 12.0%, 6.0%, 3.6%,
2.4%, 1.7%, 1.3% and 1.0% for p = 1 to p = 7. Here undercounting is
not such a severe problem.

As a second example, we consider the beta-binomial family, in
which f(z;A)is binomial(M,A/(14X)) and # = A/(14)X) ~ beta(a, 3).
The mixture density is given by

M (a+0), (@4 a), (M —z+5)
d(M-2)!  (M+a+tB), (e, B

If we set M =5, a = 0.1 and g = 0.1, then f(0;Q) = 41.4%. We

fl2;:Q) = a>0, />0

then have the fractional undercounts 38.5%, 37.9% for p = 1 and p = 2
respectively. In this case, the fractional unseen undercounts are 93.1%
and 91.6%, indicating that we have an extreme poor estimate of the
number of unseen classes. This case is rather extreme in that the
beta distribution puts a great deal of mass on the classes with a small
probability of being viewed because the distribution on 7 is U-shaped.

A more realistic setting might give mean detectability a/(a+3) =
0.25, with standard deviation {af/[(a + 8)%*(a + 3 + 1)]}V/2 = 0.18
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to the distribution on w. This results in &« = 1.2 and § = 3.6, and a
unimodal distribution, which is skewed to the right. In this case, for
M =5, we have f(0;Q) = 5.7% so that a large fraction of classes will
be seen and the fractional undercounts are 2.3% and 1.6% for p = 1

and p = 2 respectively.

4.5 Confidence inference and bootstrap

The confidence inference for the estimator va requires the descrip-

tion of its distribution. Let

£, = (f(0;Q), f(1,Q) ..., f2p; Q)

and
5, = diag(f,) — £,£, & =&(fp) = 1= f(0;Q) + puyp,
o — &, (£) o — dlog&,(f,)
P 8fp ’ P 8fp ’
O'Z = U;Epvp, 5; = w;Epwp.
Then we have
(No2)"V3(N, — N,) =% N(0, 1), (19)
and
2\1/2 N d
(N/(Sp) log(N,/Ny) — N(0,1) (20)

as N goes to infinity. Similar central limit theorems hold for all
moment-based nonparametric estimators, see Burnham and Overton

(1978, 1979).
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However, it is difficult to express O'z and 5% explicitly for each p
except for p = 1. Thus a bootstrap re-sampling procedure is presented
here to obtain confidence statements. Since the frequency counts n;’s
arise from a multinomial distribution with index N and cell proba-
bilities f(z;Q), € Q, and the estimator sequence only depends on
the observed frequency counts, it is reasonable to re-sample from the
multinomial distribution. Let N be an estimator for the index N. The

simple estimators for the cell probabilities are given by

f:Q) = % T €Q.

We may use a collapsed multinomial distribution by combining
the higher order frequency counts. For example, since we only use
the first .S + 1 frequency counts, we may bootstrap from the following

multinomial distribution with index N and probabilities.

~ nx ~ ~
fl@;Q)= =, 2=0,1,...5, f(S+Q)=N"" Z Ny
N {z>S}
The bootstrap procedure has two steps.
(1). Generate a random vector (ng, nj,n3,...,n% ) from the esti-

mated multinomial distribution and compute N* from ny, ni, ...,

*
nS-

(2). Repeat (1) B times and obtain N*', N*2 .. N*B

Let

B
G(z) = B! ZI(N*b < z) and G7Hu) = inf{z : G(z) > u}.
b=1
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Then for any a with 0 < o < 0.5, a (1 — &) two-sided bootstrap
confidence interval is given by (G~ !(a/2),G7H1—a/2)) and a (1 —«)
one-sided bootstrap confidence interval is given by (G~!(a), +00).

We note that the bootstrap intervals should not be interpreted as
confidence intervals for the true N except for the unlikely situation in
which 7', the number of support points in ), is known and finite. They
are rather intervals for the corresponding lower bounds. As such, the
lower limits do represent consecutive lower limits for IV, but the upper
limits are only valid for the lower bounds V,,.

It should not be surprising that the bootstrap yields a wide con-
fidence interval because the confidence interval necessarily becomes
wider and wider as NV increases. In fact, the confidence interval width
can shrink at the usual rate 1/\/N only on the log scale and the con-
fidence intervals for N have width proportional to /N, see (19) and

(20).

Remark 10 There are model-based bootstrap procedures in which () is
modeled parametrically or nonparametrically. There exists a moment-
based estimator for the latent distribution as seen in Remark 8. Non-
parametric mazimum likelihood estimation of the latent distribution is
another nonparametric approach, see Norris and Pollock (1995, 1996,
1998). The present authors are investigating alternative approaches
to obtain moment estimators and nonparametric maximum likelihood
estimators for the latent distribution Q. In there, estimation of ()
can be separated from N and then N is estimated given the nuisance

parameter 8, which is a functional of the latent distribution.
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4.6 Selection rules

If one wishes to select a single va from the lower bound estimators,
the following considerations are relevant.

The moment-based estimator va does not estimate N directly but
rather IV,, where 0 < N, < N. Thus as an estimator for NV, it has
bias of the form N(u(0) — p,). The estimator va has an asymptotic
variance of the magnitude O(N). Thus for fixed p, the mean squared
error of va, E(Z/\\fp — N)?, is eventually dominated by the bias-squared
term. On the other hand, as a function of p, for fixed N, the bias of Np
decreases in p while the variance increases. Thus one can anticipate
that the optimal choice for p will depend on N and ), and will be
increasing as a function of N.

In the face of this complexity, we therefore propose two simple

rules of selection. For the first, let K be the largest p such that
Ny <Ny <<,

and set that Nmax = ZVK. The logic here is that as long as va is
increasing, we seem to be removing bias. We also note that this is the
largest p that makes the empirical moment sequence consistent with
a theoretical moment sequence.

A second strategy attacks the bias-variance tradeoff more directly.

Consider the construction of lower 95% confidence limits {El, Eg, .. .E[S/Q]}

for the true values of {Ny, N, ... Njg/9}. Since the lower confidence
limits for N, is also a conservative limit for N, the largest Ep in the se-

quence is the best lower limit for V. Let NLL be va for this value of p.
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This choice balances the decreasing bias of va against the increasing

variance.

5 EXAMPLES

5.1 The tomato EST data

A prepared ¢cDNA library typically consists of 10° clones. Each
clone represents one copy of cDNA from a gene. Usually a ¢cDNA li-
brary is highly heterogeneous in the sense that the numbers of cDNA
copies of each gene, that is, the expression levels, may differ by 10% ~
10* fold. When sequencing a sample of clones from a cDNA library,
the “single-pass” ¢cDNA sequences are called expressed sequence tags
(ESTs). The ESTs from the sample are clustered into groups, each cor-
responding to a distinct gene and the data are used to make inference
about N, the unknown number of distinct genes in the library. Let z;
be the number of ESTs from the ith gene, ¢ = 1,2,...N. We study
one tomato flower cDNA library, which was made from 0 ~ 3 mm buds
of tomato flowers. A sample of 2586 ESTs was generated from the li-
brary. We list the nonzero EST frequency counts here: n; = 1434,
ng = 253, ng = 71, ny = 33, ny = 11, ng = 6, ny = 2, ng = 3,
ng = 1, nyg = n1p = 2, and ni2 = n13 = n1g = nie = N2z = ng7 = 1.
The original data are from the Tomato Gene Index at the Institute of
Genomic Research (TIGR). The library identifier is T1526. For more
information about the Gene Index at TIGR, the readers are referred

to Quackenbush et al. (2000).
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It is reasonable to assume the data approximate a Poisson sample.
Since the estimation will rely on the frequency counts with z near zero,
we only plot (z, ﬁ(w)) relative to first 6 frequency counts in Figure
1, in which the log ratio plot shows a clear convexity. The lower
bound estimates are Nl = H&8Y, ng = 7024, N:), = 7300, z@ = 7430,
z% = 8037, ng; = 7414 and z@ = 7437. However, since the last four
estimators depend very small frequency counts, they are less reliable.
if we follow the first selection rule, the estimate for N is z% = 8037. If
we follow Remark 4 and the first selection rule, then the estimate for
N is ng = 7300 because ny = 2 < 5 and only the first six frequency
counts are used to construct the estimator sequence.

When the estimate Ng = 7300 is used and 500 bootstrap re-
samples are generated, the two-sided 95% confidence interval for N3 is
(5902, 24245). The upper-end is noninformative because it is known
that the total number of tomato genes is about 23000. The one-
sided 95% confidence interval for N3 is (6103,400). When the esti-
mate z% = 8037 is used, the two-sided 95% confidence interval Nj
is (6001,31277). The upper-end is noninformative again. The one-
sided 95% confidence interval for N5 is (6236, 4+00), representing an

improvement in confidence for N itself over using Ns.

5.2 The cotton-tail rabbit data

The estimation of population size via capture-recapture experi-
ments is mathematically equivalent to the estimation of the number of

classes via a multiple Bernoulli sample. If each individual is assumed
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to have the same probability to be captured on all occasions, the mul-
tiple Bernoulli sample becomes a binomial sample. The heterogeneity
model in capture-recapture studies allows the capture probabilities to
vary among individuals. The methodology developed in this paper
for a binomial sample can be applied to the heterogeneity model in
capture-recapture studies. The following example is from such a study.

Edwards and Eberhardt (1967) performed a live-trapping study
on a closed population of wild cotton-tail rabbits with known popula-
tion size N = 135. The experiment was performed for 18 consecutive
nights and the presence/absence of particular rabbits was recorded.
The nonzero observed frequency counts are ny = 43, ny = 16, ng = 8,
ng = 6, ng = 2 and ny = 1. Here, for example, the frequency
count nqy = 43 means that 43 rabbits were caught exactly once in
18 nights. This famous dataset has received attention from many au-
thors. The Schnabel-type estimates were reported in Edwards and
Eberhardt (1967). The Schnabel estimate is 96. The Schumacher and
Eschmeyer estimate is 97. Edwards and Eberhardt (1967) fit a geo-
metric series and obtained the estimates 136 and 164 using two differ-
ent procedures. Burnham and Overton (1978, 1979) used a third-order
jackknife estimate, 159, with a 95% confidence interval (116,202), and
an interpolated jackknife estimate, 142, with a 95% confidence inter-
val (112,172). The estimate in Chao (1984) is 134, with a bootstrap
confidence interval (97,168). Chao (1987) used a refined version of
the estimator in Chao (1984), which yields an estimate, 136, with a

95% confidence interval (87, 185).
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Figure 2 shows that the log ratio plot is convex. This means
a mixture binomial model may be appropriate. The moment lower
bound estimate sequence is Nl = 131 and NQ = 144, and the maxi-
mum estimate is NQ = 144. The smallest frequency count used in NQ
equals six.

When NQ = 144 is used, the (500 re-samples) bootstrap 95% two-
sided confidence interval for Ny is (103, 546). The one-sided 95% con-
fidence interval for Ny is (106, +0c). If we use Ny = 131, then the 95%
two-sided confidence interval for Ny is (101,202) and one-sided 95%
confidence interval for Ny is (107, +00) from 500 re-samples. Thus the
lower variation of N gives some improvement for inference on V.

Comparing of the preceding estimates with the ones considered
here is rendered more difficult by two considerations:

(1) As all point estimates are based on lower order frequency counts,
they must have some systematic bias in the mixture model, bias that
varies from method to method.

(2) The confidence limits themselves represent different methodolo-
gies. One way to make a fair comparison of variability would be to
use the same procedure to assess variability of all estimates, a subject

which is still under investigation.

6 DISCUSSION

The detection of heterogeneity is important in the estimation of the

number of classes N. An asymptotic y? test statistic was introduced in
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a binomial sample by Burnham and Overton (1978). However, many
estimation methods often assume either homogeneity or heterogeneity
without providing a model-checking procedure, for example, see Chao
(1984). The diagnostic proposed in this paper displays heterogeneity
in an easy way without requiring model fitting. Convexity is a strongly
graphical property and easily assessed by the simple log ratio plot.
The authors are investigating more delicate graphical diagnostics and
a dispersion score test.

The proposed moment estimator sequence has the advantage of
having an explicit expression for its bias under minimal assumptions.
The combinations of observed frequency counts used to define the es-
timators are based on the properties of the latent distribution only
through the mixture density. The total bias is expressed as the sum-
mation of a sequence of bias-corrections, which can be estimated by
functions of observed frequency counts. If the lower order bias terms
are very large and can be well estimated, then the significant improve-
ment can be made. All nonparametric estimators use some function of
the observed frequency counts as an predictor for ng. Unfortunately,
higher order frequency counts usually will introduce large variance into
the estimator. On the other hand, using only lower order frequency
counts may significantly under-estimate the true value. Unfortunately,
there is no upper bound theory that enables one to trap the true value
of N from above.

The estimation of the number of shared classes in two popula-

tions is a more difficult task. Only Chao et al. (2000) generalized
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sample-coverage based methods to address a two-population problem.
However, the approach in this paper can be conveniently generalized
to estimate the total number of classes of multiple populations, which
automatically yields estimators for the number of shared classes of two
populations. The generalization will be reported in a sequel paper.
Finally, the moment results in this paper can be rephrased in terms
of the identifiability of the parameters in the observed data sampling
models (4 ), (5 ) and ( 6 ). That is, the multinomial distribution
of {ny : @ € Qp} given n can be used to consistently estimate (as
n — +oo) the cell-probabilities f(j;Q)/[1 — f(0;Q)] for j in Q.
However, if these cell probabilities do not determine f(0;Q) ( or 6 )
uniquely, then there is no hope that the binomial distribution of n
will uniquely determine N. The question as to whether and how the
cell probabilities constrain f(0;@Q) can be deduced from the moment

results in this paper.

APPENDIX: PROOFS

In all the proofs, for a matrix A we will use the notation A > 0 to
represent that A is positive definite and A > 0 to represent that A is

nonnegative definite.
Proof of Proposition 6

Since H,(y) has entries identical to those of H, except for the
entry in the left-upper corner, the condition that |H,(y)| > 0 and the

nonnegative definiteness of H,, which can be obtained from Theorem
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3 and Theorem 4, ensure that [,(y) > 0 by simple algebra theorems
for testing nonnegative definiteness. Hence we have y > 0 due to the

nonnegative definiteness of H,(y).

Proof of Proposition 7

One result about the determinant of the sum of two matrices and
two results about the inverse and determinant of a partitioned matrix
are used in the proof. For convenience, we describe them first, see
Schott (1997).

Let A be a matrix, b be a vector and ¢ be a scalar, such that A
and A + cbb’ are nonsingular. Then

|A 4 cbb’| = |A|(1 + cb’A™'Db).
Let

A= All A12 7 B— Bll B12

A21 A22 B21 B22
Then

|Az| 0 = |A| = |Al|(A11 — A12AZ Asr),
A1 #£0 = |A| = |An1]|(A2z — A A Ar)|.

Suppose A, Aj; and A,y are nonsingular, and B is the inverse of A.

Then
Biin = (A - A12A2_21A21)_1 = A1—11 + Af11A12322A21A1_117
By, = (Agg— A21A1_11A12)_1 = A2_21 + A2_21A21B11A12A2_217
By = —Aj'A1;3By,

By = _A2_21 A1 By
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We first consider the case T = +00. We have
H,>0= A, > 0.
Let
By, = Ayt and ¢, = (u(p+2), u(p+3), ... u(2p + 1))

Then

A, ¢y _ b, A,
App1 = ( ) y Hp= ( )
c, n(2p+2) pp+1)

and for all y in R,
y b,
Hy(y) = "
b, A,

[Aps1] = |Ap|(n(2p+2) - C;Ag:lcp) > 0.
|Hp| = (_1)p|Ap|(N(p‘|‘ 1) - b;A;ICp) > 0.
For all y in A,, we obtain
[Hp ()] = |4,](y — by AL by).

We can conclude that

jip = bLA b,

FE, d
Bp-l-l = ( 8 8 ) 3
d; 9p

where I, € RP*P, d, € RP and g, € R. Then

Let

By = (Ap—c[u(2p+ 2)]_1%)_1 = A;I + A;ICPQPC;)A;17
g = (u(2p+2) - C;Ag:lcp)_l = |Ap||Ap-I—1|_17
d, = —A;lcpgp.
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_ W -1
fp+1 = by A by
/
- bp-l—pr-I-lbp-I—l

F, o d b
= bup+) | 7T g
d; 9p ,u(p—l—l)

= byEpb, +2u(p + 1)bjd, + gp[n(p + 1))
= b;(A;l + A;lcpgpc;A;I)bp
+20(p + )by (= A5 epgp) + gplnlp + 1))

= oAb, gy u(p+ 1) - )AL e, )

N L
? |(_1)pAp|2 |Ap+1|
||
? |Ap||Ap+1|

Using /3, defined in ( 14 ), we get

Bp >0 and pipp1 = pip + Bp > pip.

We next consider the case in which 7 is finite. From Theorem 4,
the expression for p, holds for p < T'. We only need to show that
A7 > 0 such that pr is well defined. Then it is clear that the rela-
tion between successive lower bounds holds. Consider a re-weighted

measure v (A) defined by
dvt(A) = Adu(N).

It is clear that 1 () also has exactly T support points. Consider the

moment sequence M™ of the measure v () from v()), defined by
MY ={ut(2): pt(2) = //\l’dl/‘i'(/\),w =0,1,...}.
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Then
pt (@) =p(z+2) = Ar = Hy_1 (M) > 0.

Proof of Proposition 8

M(pioo) is a strictly increasing sequence. From the definitions and

Proposition 6, we have
VpeN, pp < ploo = |Hp(ptoo)| > 0= H,(pte0) > 0.

From Theorem 3,
0 < Hy= Hp(peo)-

Then Theorem 3 ensures that the proposition holds.

Proof of Proposition 9

Suppose there exists § such that
/e”dy(/\) < o0, t<6.
It is clear that
/eM/\dl/(/\) < oo, t<§/2.
Let v.(A\) be one measure determined by M(poo). Let dvt(A) =
Adv(A) and dvf(A) = Adyt(N). Let p*(2) be the xth moment of
vT(A). Then
pt(z)=p(z+1), Yo=0,1,...

pt(z) is also the zth moment of vF(A). The moment generating

function of ¥*(\) exists because
/e”dzf"(A) = /eM/\dl/(/\) < oo, t<§/2.
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Thus {p*(2)}127, that is, M — {u(0)}, uniquely determines v+ (\).
So we have

vt = v (N).

The proposition holds because

mm:/k*mJQy:/A*mﬁ@yzmm.
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Figure 1: The log ratio plot (EST data, A\g = 1)
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Figure 2: The log ratio plot (rabbit data, Ay = 1/9)
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