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Abstract

Consider a collection of populations, each of them with in�nitely many

individuals. All individuals are classi�ed into N disjoint classes. The sta-

tistical goal is the estimation of N , the total number of distinct classes in

these populations from independent abundance-based or incidence-based

random subsamples drawn from each population. There exists a collection

of estimators by linear extrapolation of a multivariate log ratio function,

which include several estimators developed in the literature, such as the

well-known Lincoln-Peterson estimator and some triple system estimators

used in census undercount adjustment. A second kind of estimation proce-

dure is based on frequency-pro�le combinations, which allows the estima-

tion procedure for one population to be applied directly. The asymptotic

behavior and a bootstrap con�dence inference methodology are presented

for each estimator. Three datasets from epidemiology, ecology and ge-

nomics are studied for illustration.

�Changxuan Mao is a graduate student and Bruce Lindsay is Distinguished Professor of

Statistics in the Department of Statistics, Pennsylvania State University, Thomas Building,
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1 INTRODUCTION

Suppose there are K populations. Each of these populations has in-

�nitely many individuals. The individuals are classi�ed into some disjoint

classes. Suppose there are totally N distinct classes which are present

in at least one of these K populations. For each population, a random

subsample is taken. The subsamples are assumed to be independent. If

the number of individuals from each class is recorded in the subsample,

the subsample is called an abundance-based subsample. If only presence

or absence information of each class is available in the subsample, the

subsample is called an incidence-based subsample. The issue of interest is

the estimation of N .

The authors were motivated to address estimation in multiple popu-

lations by certain problems in genomic studies. When scientists sequence

sampled clones from cDNA libraries made from di�erent tissues, they are

interested in the overlap of the expressed genes in di�erent tissues. One

overlap index is the number of genes expressed in both tissues ( Gower

1985), denoted by N12. Here, N represents the total number genes ex-

pressed in at least one of two tissues. Let N1 (N2) be the number of

genes expressed in the �rst (second) tissue. Then N12 = N1 + N2 � N .

There are many approaches for the estimation of N1 (N2), see Bunge and

Fitzpatrick (1993). Let bN1 ( bN2) be an estimator for N1 (N2). If we can

estimate N by bN , then N12 can be estimated by bN12 = bN1 + bN2 � bN .

This estimation problem is the genomic version of the problem of es-

timating of the number of species present in at least one of two ecological

communities, which has been proposed by ecologists and regarded as a

challenge to statisticians for a long time (Colwell and Coddington 1994).
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While the estimation of the number of distinct classes in one population

has received extensive research (Bunge and Fitzpatrick 1993), relatively

little attention has been paid to the estimation of the number of distinct

classes in at least one of multiple populations. Only Chao et al. (2000), an

updated version of Chen at al. (1995), presented a generalized coverage

approach for the estimation of the number of species present in both of

two communities from two abundance-based subsamples.

In ecological species collection projects, a target community is often

divided into some sub-communities in which di�erent sampling methods

are used to access species (Longino, Coddington and Colwell 2001). One

type of dataset is made up of multiple abundance-based subsamples, which

have never been treated statistically (Colwell, personal communication,

April 2001).

In this paper, several new nonparametric methods are developed for

the estimation of the number of distinct classes N in at least one of multi-

ple populations. We start from introducing some necessary concepts and

notations. Let the classes be indexed by 1, 2, : : : N , and let the popula-

tions and subsamples are indexed by 1, 2, : : : K, where the kth subsample

is from the kth population. We �rst consider abundance-based subsam-

ples. For each i and each k, let x
(k)
i be the number of individuals from

the ith class in the kth subsample, called the frequency of the ith class in

the kth subsample, i = 1, 2,: : : N , k = 1, 2,: : : K. Each x
(k)
i is assumed to

be an independent Poisson random variable with mean �
(k)

i , where �
(k)

i

is the population abundance of the ith class in the kth population. For

each �xed k, the x
(k)
i 's constitute a Poisson sample. Together, the x

(k)
i 's

constitute a multiple Poisson sample.

We next consider incidence-based subsamples. Suppose for the kth

population, there are M (k) observing occasions. At each occasion, each

class is present or absent independently. Let y
(k)
i;j be an indicator variable

of presence, that is, y
(k)
i;j = 1 if the ith class is present on the jth occasion in

the kth population, else y
(k)

i;j = 0, i = 1, 2, : : : N , j = 1, 2, : : :M (k), k = 1,
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2, : : : K. For each �xed pair of (j; k), the y
(k)
i;j 's constitute a Bernoulli

sample. For each �xed k, the y
(k)
i;j 's constitute a multiple Bernoulli sample.

Let

p
(k)
i;j = P (y

(k)
i;j = 1) and x

(k)
i =

M(k)X
j=1

y
(k)
i;j :

That is, x
(k)
i is the number of occasions when the ith class is present in the

kth subsample, called the frequency of the ith class in the kth subsample.

For each �xed pair of (i; k), if we further assume that

p
(k)
i;j = p

(k)
i ; j = 1; 2; : : :M (k)

;

then each x
(k)
i is an independent binomial random variable with success

probability p
(k)

i and index M
(k). For each �xed k, the x

(k)

i 's constitute

a binomial sample. Together, the x
(k)
i 's constitute a multiple binomial

sample. The odds ratio �
(k)
i = p

(k)
i =(1 � p

(k)
i ) is also used to represent a

binomial distribution.

Note that for the multiple binomial sample, if all M (k)'s equal 1,

the x
(k)
i 's , which are identical to the y

(k)
i;1 's now, constitute a multiple

Bernoulli sample. This special case has been studied throughly in the

literature, see Chao (2001).

Let

xi = (x
(1)
i ; x

(2)
i ; : : : x

(K)
i )0:

This is called the frequency-pro�le of the ith class in the whole sample.

The complete data form a matrix as follows:

2
66666664

x
(1)
1 x

(2)
1 : : : x

(K)
1

x
(1)
2 x

(2)
2 : : : x

(K)
2

...
...

. . .
...

x
(1)

N x
(2)

N : : : x
(K)

N

3
77777775
:

For each k, let 
(k) be the sample space for frequencies in the kth

subsample, k = 1, 2, : : : K. Let 
 be the Cartesian product of these

sample spaces, that is, 
 =
QK

k=1 

(k), which is the sample space for

frequency-pro�les.
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For each � = (�1; �2; : : : �K)
0 in 
, let n� be the number of classes that

occur with frequency-pro�le �, called the frequency-pro�le counts. Let 0

be the origin of RK , that is 0 = (0; 0; : : : 0)0. Note that n0 is the number

of classes that are absent in all subsamples. Let n be the number of classes

present in at least one of these subsamples. It follows that N = n + n0.

Finally, n is observed but n0 is not, so estimating N is equivalent to

predicting n0.

The degenerate Poisson or binomial distribution, with �
(k)
i = 0, is

allowed. Note that if x
(k)
i follows a degenerate distribution, it means the

ith class is absent in the kth population.

Mao and Lindsay (2001) developed a sequence of moment-based non-

parametric estimators for the number of distinct classes in one population.

A special case of the estimators in Mao and Lindsay (2001) can be ob-

tained by linear extrapolation of a log ratio function. These methodologies

will be extended to multiple populations in this paper. Both the multi-

ple Poisson sample and the multiple binomial sample are addressed from

mixture model point of view. The estimators are nonparametric because

a joint latent distribution is assumed, but not modeled directly.

In Section 2, we develop mixture models for both the multiple Poisson

sample and the multiple binomial sample. It will be shown that the two

mixture models have the same mathematical structure, as seen in Mao

and Lindsay (2001) for single populations. In Section 3, we separate the

likelihood of observed data and show that there are two parameter of in-

terest, the parameter of interest N and a nuisance parameter. We point

out that it is possible to obtain pseudo maximum likelihood estimators

for N . In Section 4, a collection of estimators by linear extrapolation are

developed. For the special case, the multiple Bernoulli sample, we de-

velop new estimators from linear extrapolation and also show that several

estimators in the literature are linear extrapolation estimators. In Sec-

tion 5, we give a review of estimation of one-population models in Mao

and Lindsay (2001). Then we introduce an easy method for the multiple
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Poisson sample, that is, combining the subsamples and then applying the

estimation procedure in a one-population Poisson model, which is based

on the reproductivity of Poisson distributions. We next introduce meth-

ods to form moment sequences of �nite measures on the positive half of

the real line R+ from the multivariate mixture densities and develop esti-

mators based on the moment sequences. It turns out the for the multiple

Poisson sample, the moment-based procedure yields the same estimators

as the subsample combination. Both linear extrapolation estimators and

moment-based estimators are pseudo maximum likelihood estimators with

the nuisance estimator estimated by moment methods. In Section 6, we

study three real datasets to illustrate the procedures. In the �rst exam-

ple, the number of students infected by Hepatitis A virus in a college is

estimated. The second is a bird census dataset, from which the number of

bird species that appeared in at least one of two communities is estimated.

The last dataset is from genomic research. We will estimate the number

of total genes expressed in at least one of two tissues of tomatoes.

2 THE MIXTURE MODELS

We �rst consider the representations of the Poisson density and the

binomial density. Let x be a Poisson random variable given the mean �

or binomial random variable given the odds ratio �. That is,

xj� � f(x;�);

where f(x;�) is a Poisson density with mean � or a binomial density with

index M and odds ratio �. The density f(x;�) with respect to counting

measure on R, takes the following form:

f(x;�) = c(�)h(x)�x; x 2 
; � 2 [0;+1):

Here, c(�) is the normalization function and 
 is the sample space. The

representation arises by letting


 = f0; 1; 2 : : : g (Poisson) or 
 = f0; 1; 2 : : :Mg (binomial);
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[c(�)]�1 = exp(��) (Poisson) or [c(�)]�1 = [1 + �]�M (binomial);

and

h(x) =
I(x 2 
)

x!
(Poisson) or h(x) =

M !I(x 2 
)

(M � x)!x!
(binomial):

where I(E) is the indicator function of the event E.

Let

� = (�(1); �(2); : : : �(K))0:

The density of a frequency-pro�le x for one class is given by

f(x;�) =
KY
k=1

f(x(k);�(k)) = h(x)
KY
k=1

c(�(k))[�(k)]x
(k)

with respect to counting measure on RK , where

h(x) =

KY
k=1

h(x(k)):

To form a mixture model, we assume that � is a random vector from

a K-variate latent distribution Q(�) with no mass on the origin. That is,

� � Q(�) and PQ(f� = 0g) = 0:

Conditioning on �, the frequency pro�le x is a multivariate Poisson or

multivariate binomial random vector. The marginal density of x is called

a mixture density, denoted by f(x;Q), and de�ned by

f(x;Q) = EQf(x;�) =

Z
f(x;�)dQ(�):

The joint density of all frequency-pro�les is given by

NY
i=1

f(xi;Q) =
Y
�2


f(�;Q)n� :

The resulting joint marginal density of the frequency-pro�le counts fn�g�2

is given by

N !Q
�2


n� !

Y
�2


f(�;Q)n� : (1)

That is, fn�g�2
 arise from a multinomial distribution with index N and

cell probabilities f(�;Q)'s.
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Remark 1 It is important to note that by allowing arbitrary Q, we are

allowing dependence between the components of �. Thus, although the

frequencies x
(k)
i and x

(l)
i in two populations (k; l) are conditionally inde-

pendent given the population abundances �
(k)
i and �

(l)
i , the pair (�

(k)
i ; �

(l)
i )

can be correlated. This might be expected. For example, if a bird census

dataset was collected from two adjacent communities, we expect the abun-

dances of a bird species in the two communities to be similar.

3 PSEUDO MAXIMUM

LIKELIHOOD ESTIMATION

Estimating N and Q simultaneously seems very diÆcult. A simpler

approach is to separate the estimation of N and that of Q, which leads

to the pseudo maximum likelihood estimation.

Let


0 = 
� f0g:

We have given the \complete" data likelihood for fn� : n� 2 
g in ( 1 ).

Since n0 is not observed, the observed data likelihood is

N !

(N � n)!
Q
�2
0

n�!
[f(0;Q)]N�n0

Y
�2
0

f(�;Q)n� : (2)

The observed likelihood in ( 2 ) can be further factored into a binomial

density for n times a multinomial density for fn�g�2
0 given n. The

density of fn�g�2
0 given n can be written as

n!Q
�2
0

n� !

Y
�2
0

[
f(�;Q)

1� f(0;Q)
]n� : (3)

The density of n is given by

N !

n!(N � n)!
f(0;Q)N�n[1� f(0;Q)]n: (4)

Note that there are two parameters in ( 4 ), the parameter of interest N

and a nuisance parameter f(0;Q). Let # be the corresponding odds ratio,

9



that is, # = f(0;Q)=[1� f(0;Q)]. The density of n given in ( 4 ) can be

expressed in terms of #, denoted by L(N ; #), and written as

L(N ; #) =
N !

n!(N � n)!

�
#

#+ 1

�N�n �
1

#+ 1

�n
:

When # is known, L(N ; #) can used as a likelihood to infer N . From

Lindsay and Roeder (1987), the maximum likelihood estimator for N , is

given by

bN = n+ n#: (5)

If we substitute an estimator #̂ for # into ( 5 ), we obtain an estimator for

N , called a pseudo-likelihood estimator (Gong and Samaniego 1981). Note

that since N is an integer, technically, we should use [ bN ] as an estimator

for N , where [ bN ] represents the largest integer no greater than bN (Lindsay

and Roeder 1987).

In the following sections, we will �nd moment estimators for the nui-

sance parameter #. That is, the methods in this papers give pseudo-

likelihood estimators for N with the nuisance parameter # estimated by

moment methods.

4 LINEAR EXTRAPOLATION

ESTIMATORS

In the one-population models described by Mao and Lindsay (2001),

a log ratio function was de�ned to be ratio of the Poisson mixture density

or the binomial mixture density to h(x). The empirical version of the

log ratio function can be plotted in order to detect heterogeneity. An

estimator was also derived from the plot by linear extrapolation. We

extend these ideas to a multivariate log ratio function. Although it is

hard to plot such a function, it can be used to develop estimators through

linear extrapolation.
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4.1 The estimators

Let R(�) be the multivariate ratio function de�ned by

R(�) = f(�;Q)=h(�)

Proposition 1 The function logR(�) is convex in � and it is linear if

and only if Q is degenerate at one point.

See the appendix for the proof.

Since N is unknown, we de�ne a translated version of logR(�) as

follows:

H(�) = logN + logR(�) = log[Nf(�;Q)=h(�)]: (6)

Proposition 2 The function H(�) is convex in � and it is linear if and

only if Q is degenerate at one point.

Thus the plot (�; H(�)) represents a convex surface when Q is not degen-

erate.

Suppose n� 6= 0. If we replace f(�;Q) with its unbiased \estimator"

n�=N in ( 6 ), we have an \estimator" bH(�) for H(�) given by

bH(�) = log n�=h(�):

Note that bH(0) is \estimated" by n0 since h(0) = 1. Now consider the

special case in which Q is degenerate at some point �. We can develop

a collection of estimators for N which would be tight for this case and

which, by convexity, estimate lower bounds for N in mixture settings.

We can write, in the degenerate case,

H(�) = log[N +
KX
k=1

c(�(k))] +
KX
k=1

log �(k) � �k = �0 +
KX
k=1

�k�k;

where

�0 = log[N +

KX
k=1

c(�(k))] and �k = log �(k); k = 1; 2; : : : K:

Let

� = (�1; �2; : : : ; �)
0
:
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Then

H(�) = �0 +�
0
�;

and in particular,

H(0) = �0: (7)

The plot (�; H(�)) presents a linear surface, which is determined by the

K + 1 parameters, the �i's.

Note that the H(�)'s can be used to express the �i's. Then H(0) can

be expressed through other H(�)'s in multiple ways. That is, there are

many functionals F satisfying

H(0) = F (H(�(1));H(�(2)); : : : H(�(L))); (8)

for a set of frequency-pro�les, �(i) in 
0, i = 1, 2, : : : L, which can be

obtained by solving for the �k's in the linear equation system:

H(�(i)) = �0 +�
0
�
(i)
; i = 1; 2; : : : L:

Suppose n
�(i)

6= 0, i = 1; 2 : : : L, and n0 6= 0. Plugging these estima-

tors in ( 8 ), we obtain an empirical version as follows:

bH(0) = F ( bH(�(1)); bH(�(2)); : : : bH(�(L))): (9)

We can obtain a predictor for n0 from ( 9 ) given by

~n0 = exp[F ( bH(�(1)); bH(�(2)); : : : bH(�(L)))];

which yields an estimator for N as follows:

bNF = n+ ~n0 = n+ exp[F ( bH(�(1)); bH(�(2)); : : : bH(�(L)))]:

The subscript F in bNF represents the speci�c functional form F . Such

estimators will be called linear extrapolation estimators. There exists a

collection of linear extrapolation estimators, which depend on how one

expresses H(0) through other H(�)'s.

12



Note that these estimators are consistent for N when Q is degenerate

at a point �. In the general mixture model, the estimator bNF actually is

a consistent estimator for the parameter NF given by

NF = N(1� f(0;Q) + exp[F (H(�(1)); H(�(2)); : : : H(�(L)))]:

Usually NF =N < 1 when Q is not degenerate at a speci�c point; it is a

function of f(0;Q) and the f(�(i);Q)'s which does not depend on N .

Our motivation for using linear extrapolation estimators needs some

elaboration. When Q is degenerate at �, the maximum likelihood esti-

mator for N can be easily derived. The maximum likelihood estimator

for N should be less variable than a linear extrapolation estimator if Q

is degenerate at �. However, the maximum likelihood estimator is nega-

tively biased when Q is not degenerate at a point. Extrapolating H(0)

using the log ratio function can generate estimators with smaller bias; see

Mao and Lindsay (2001).

It is clear that the linear extrapolation estimators are also pseudo-

maximum likelihood estimators. The nuisance parameter # is estimated

by #̂F , where

#̂F = n
�1 exp[F ( bH(�(1)); bH(�(2)); : : : bH(�(L)))]:

Finally, we point out that whether there exists the \best" one among

all linear extrapolation estimators according to some optimality require-

ments is still a subject under investigation.

4.2 Con�dence inference

Let �F denote NF =N , which is assumed to be independent of N . Let

fF = (f(0;Q); f(�(1);Q)0; : : : f(�(L);Q):

Then we have

�F = �F (fF ):

Let

�
2
F =

@�F

@f 0F
(diagfF � fF f

0

F )
@�F

@fF
:
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Then

(N�
2
F )
�1=2( bNF �NF )

d�! N(0; 1);

and

(N�
2
F =�

2
F )

1=2(log bNF � logNF )
d�! N(0; 1);

as N goes to in�nity. It is clear that the width of the con�dence interval

for NF is proportional to
p
N while only the width of the con�dence

interval for logNF shrinks at standard rate 1=
p
N .

If bNF is tight for N , then �F and �
2
F can be consistently estimated

and we can construct con�dence intervals based on the asymptotic results.

When bNF is a lower bound for N , then �F and �2F cannot be consistently

estimated. Such con�dence intervals may still be used but the actual

coverage for N is questionable. However, the lower con�dence limits for

NF are necessarily conservative lower limits for N .

As an alternative approach, bootstrap re-sampling can be used to

get con�dence intervals. Consider the multinomial distribution for all

frequency-pro�les counts in ( 1 ). If it is estimated, we can take bootstrap

re-samples from the estimated multinomial distribution. For the linear ex-

trapolation estimator, we consider a collapsed multinomial distribution.

Let

n+ = N � n0 �
LX
i=1

n
�(i) :

and

f(+;Q) = 1� f(0;Q)�
LX
i=1

f(�(i);Q):

Then fn0; n+; n�(i) ; i = 1; 2 : : : Lg can be regarded as a random sam-

ple from a multinomial distribution with index N and cell probabilities

f(0;Q), f(+;Q) and f(�(i);Q), i = 1, 2, : : : L. Suppose we have ob-

tained the estimator bN for N , say bNF here. The estimators for the cell

probabilities are given by f̂(0;Q) = 1 � n= bN , f̂(+;Q) = n+= bN , and

f̂(�(i);Q) = n
�(i)

= bN , i = 1, 2, : : : L.
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4.3 An example

We de�ne a linear extrapolation estimator for illustration. Let ek be

kth standard basis vector of RK , k = 1, 2, : : : K. That is, the kth entry

in ek equals 1 and all other entries are zero. Let 1 = (1; 1; : : : ; 1)0 in RK .

It is clear that

H(1) = �0 +
KX
k=1

�k and H(ek) = �0 + �k; k = 1; 2; : : : K: (10)

From ( 7 ) and ( 10 ), we have

H(0) = (K � 1)�1[
KX
k=1

H(ek)�H(1)]: (11)

The empirical version of ( 11 ) is given by

bH(0) = (K � 1)�1[

KX
k=1

bH(ek)� bH(1)];

which yields a predictor for ~n0 as

~n0 = [n�11

KY
k=1

nek ]
1=(K�1)

:

The estimator for N is denoted by bNF = bNe and is given by

bNe = n+ [n�11

KY
k=1

nek ]
1=(K�1)

:

The corresponding �F and �
2
F are denoted by �e and �

2
e respectively.

Let

�e = [f(1;Q)�1
KY
k=1

f(ek;Q)]1=(K�1):

Then

�e = 1� f(0;Q) + �e;

and

�
2
e = f(0;Q) + [�=(K � 1)]2[1=f(1;Q) +

KX
k=1

1=f(1;Q)]� [�e � f(0;Q)]2:
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4.4 The multiple Bernoulli sample

We will focus on the multiple Bernoulli sample, the special case of the

multiple binomial sample with all M (k) equal one. The models for this

special case is the same as the models used for population size estimation,

in which K subsamples are taken from a closed population with unknown

size N . The individuals are indexed by 1, 2, : : : N . The presence or

absence information of each individual is recorded in each subsample, that

is, x
(k)
i is the presence indicator of the i th individual in the kth subsample.

For example, the subsamples may be obtained from capture-recapture

experiment in ecological studies or multiple census lists in epidemiological

studies or population census.

We �rst develop some new linear extrapolation estimators using the

frequency-pro�les near the origin and then show that several estimators

in the literature can be obtained by linear extrapolation quite easily.

Note that now all frequency-pro�les are composed of 1's and 0's. For

k 6= l, let ekl equal ek + el. There are K frequency pro�les with only one

1 as their components ( the ek's) and K(K� 1)=2 frequency pro�les with

exactly two 1's as their components ( the ekl's). We will use the H(�)'s

with � being among the ek's and ekl's to express H(0). It is clear that

H(ekl) = �0 + �k + �l; k; l = 1; 2; : : : K; k 6= l: (12)

Then X
1�k<l�K

H(ekl) = [K(K � 1)=2]�0 + (K � 1)
KX
k=1

�k:

From ( 7 ), ( 10 ) and ( 12 ), we obtain

H(0) = 2fK�1
KX
k=1

H(ek)� [K(K � 1)]�1 �
X

1�k<l�K

H(ekl)g: (13)

Note that ( 13 ) and ( 11 ) are the same for a multiple Bernoulli sample

when K = 2.

Suppose all of the nek 's and the nekl 's are not zero. The empirical
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version of ( 13 ) is given by

bH(0) = 2fK�1
KX
k=1

bH(ek)� [K(K � 1)]�1 �
X

1�k<l�K

bH(ekl)g;

which yields

~n0 =

KY
k=1

n
2=K
ek

�
Y

1�k<l�K

n
�2=[K(K�1)]
ekl

:

The estimator is denoted by bNt and given by

bNt = n+
KY
k=1

n
2=K
ek

�
Y

1�k<l�K

n
�2=[K(K�1)]
ekl

:

The corresponding �F and �
2
F are denoted by �t and �

2
t respectively.

Let

�t =

KY
k=1

[f(ek;Q)]2=K �
Y

1�k<l�K

[f(ekl;Q)]�2=[K(K�1)]
:

Then

�t = 1� f(0;Q) + �t;

and

�
2
t = (2�t=K)2[

KX
k=1

1=f(ek;Q) + 1=(K � 1)2 �
X

1�k<l�K

1=f(ek;Q)]

+ f(0;Q)� [�t � f(0;Q)]2:

Our next goal is to show that some estimators in the literature are

linear extrapolation estimators although the original methodologies from

which they have been developed are di�erent.

When K = 2, the Lincoln-Peterson estimator is well-known (Peterson

1896 and Lincoln 1930), which is given by

bNlp = n+
n(1;0)n(0;1)

n(1;1)
:

The Lincoln-Peterson estimator is also called the dual-system estima-

tor and used for census undercount adjustment (Wolter 1986 and Hogan

1993). The Lincoln-Peterson estimator is a linear extrapolation estimator,

which can be obtained from the following equation:

H((0; 0)) = H((1; 0)) +H((0; 1))�H((1; 1)): (14)
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Note that the Lincoln-Peterson estimator is a special case of the linear

extrapolation estimators bNt and bNe because ( 13 ) and ( 11 ) are identical

to ( 14 ) for two Bernoulli subsamples.

Bishop, Fienberg and Holland (1975) gave three estimators for N when

K = 3. Let bNbfh1, bNbfh2 and bNbfh3 be the �rst estimator, the second

and the third respectively, which are given by

bNbfh1 = n+
n(0;0;1) � [n(0;1;0) + n(1;1;0) + n(1;0;0)]

n(1;0;1) + n(1;1;1) + n(0;1;1)
;

bNbfh2 = n+
n(0;0;1)n(1;0;0)

n(1;0;1)
;

and

bNbfh3 = n+
n(1;1;1)n(1;0;0)n(0;1;0)n(0;0;1)

n(1;0;1)n(1;1;0)n(0;1;1)
:

These estimators are linear extrapolation estimators, which can be derived

from the following equations respectively:

H((0; 0; 0)) = H((0; 0; 1)) + log
e
H((0;1;0)) + e

H((1;1;0)) + e
H((1;0;0))

eH((1;0;1)) + eH((1;1;1)) + eH((0;1;1))
;

H((0; 0; 0)) = H((0; 0; 1)) +H((1; 0; 0))�H((1; 0; 1));

and

H((0; 0; 0)) = H((1; 1; 1)) +H((1; 0; 0)) +H((0; 1; 0)) +H((0; 0; 1))

� H((1; 1; 0))�H((1; 0; 1))�H((0; 1; 1)): (15)

The estimator bNbfh2 is called a triple system estimator in Darroch et

al. (1993) where it was used for census undercount adjustment. The esti-

mator bNbfh1 is also a triple system estimator given by Zaslavsky andWolf-

gang (1990). Besides bNbfh1 and bNbfh2, Zaslavsky and Wolfgang (1990)

gave several other triple system estimators. For example, bNzw1, bNzw2,

bNzw3 and bNzw4 were four estimators developed in Zaslavsky and Wolf-

gang (1990), which can be written as follows:

bNzw1 = n+
n(0;0;1) � [n(1;0;0) + n(0;1;0)]

n(1;0;1) + n(0;1;1)
;

bNzw2 = n+
n(0;1;1)n(1;0;1)n(0;1;0)n(1;0;0)

n(0;0;1)n(1;1;1)n(1;1;0)
;
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bNzw3 = n+
n(1;0;0)[n(1;0;1) + n(0;0;1)n(1;0;0)]

n(1;0;1) + n(1;1;1)n(1;1;0)
;

and

bNzw4 = n� n(0;0;1) +
n(0;1;1)n(1;0;1)

n(1;1;1)n(0;0;1)

[n(1;0;1) + n(1;0;0)][n(0;1;1) + n(0;1;0)]

n(1;1;1) + n(1;1;0)
:

The estimators bNzw1, bNzw3, bNzw2 and bNzw4 can be obtained from the

following four equations respectively:

H((0; 0; 0)) = H((0; 0; 1)) + log
e
H((1;0;0)) + e

H((0;1;0))

eH((1;0;1)) + eH((0;1;1))
;

H((0; 0; 0)) = H((0; 1; 0)) +H((1; 0; 1)) +H((0; 1; 1)) +H((1; 0; 0))

� H((0; 0; 1))�H((1; 1; 0))�H((1; 1; 1));

H((0; 0; 0)) = H((1; 0; 0)) +
e
H((1;0;1)) + e

H((1;0;0)) + e
H((0;0;1))

eH((1;1;0)) + eH((1;0;1)) + eH((1;1;1))
;

and

e
H((0;0;0)) = �eH((0;0;1)) +

e
[H((0;1;1))+H((1;0;1))]

e[H((1;1;1))+H((0;0;1))]

� [eH((1;0;1)) + e
H((1;0;0))][eH((0;1;1)) + e

H((0;1;0))]

eH((1;1;1)) + eH((1;1;0))
:

So bNzw1, bNzw2, bNzw3 and bNzw4 are also linear extrapolation estimators.

Fienberg (1972) developed an estimator for general K. Let

j�j =
KX
k=1

�k:

The estimator in Fienberg (1972) is given by

bNf = n+
Y

�2
0 with odd j�j

n� �
Y

�2
0 with even j�j

n
�1
� :

It is clear that

X
�2
0 with odd j�j

H(�)�
X

�2
0 with even j�j

H(�) � H(0)

=
X

�2
with odd j�j

H(�)�
X

�2
with even j�j

H(�) = 0

Then we have

H(0) =
X

�2
0 with odd j�j

H(�)�
X

�2
0 with even j�j

H(�); (16)
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which will yield bNf . Thus, the estimator bNf is a linear extrapolation

estimator. Note that bNf = bNbfh3 for K = 3 and bNf = bNlp for K = 2

since ( 14 ) and ( 15 ) are special cases of ( 16 ).

Finally, we conclude that all linear extrapolation estimators are con-

sistent for the population size N in capture-recapture studies if we assume

that capture probabilities vary only among occasions, not among individu-

als. In fact, such an assumption holds if and only if the latent distribution

Q is degenerate at a point.

5 MOMENT-BASED ESTIMATORS

The preceding estimators were all designed to be consistent estimators

of N when Q is degenerate at a point but only removed some bias when

Q is not degenerate at a point. We now turn to develop estimators for

the general mixture case.

5.1 Review of estimation in one population

The one-population model in Mao and Lindsay (2001) will play a sig-

ni�cant role in our procedures. We brie
y review the estimation of the

number of classes in one population, which is the special case in which

K equals one. We can simplify notations by omitting the index for pop-

ulations. Then the xi's are the frequency for N classes the nx's are the

frequency counts, and Q will be the latent distribution. Note that the

Poisson distribution and the binomial distribution cannot be degenerate

and Q can not put mass on zero.

To develop the estimators for the case in which Q is not degenerate,

Mao and Lindsay (2001) developed a mathematical result about approx-

imation of the total mass of a �nite measure on R+ through its higher

moments. Let � be a �nite measure onR+ and let �(x) be its xth moment,

that is,

�(x) =

Z
�
xd�(�); x = 0; 1; : : : :

LetM = f�(x)g+1x=0 be the set of all moments, called a moment sequence.
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Suppose � has T support points where T is a natural number or in�nite.

For any natural number p, let

bp(M) = (�(1); �(2); : : : �(p))0;

and

Ap(M) =

2
66666664

�(2) �(3) � � � �(p+ 1)

�(3) �(4) � � � �(p+ 2)

...
...

. . .
...

�(p+ 1) �(p+ 2) � � � �(2p)

3
77777775
:

For notational simplicity, set

Ap = Ap(M); bp = bp(M);

whenM is the moment sequence of �. For each p, 0 < p, and p � T when

T is �nite, let

�p = b
0

p[Ap]
�1
bp;

called a pth order lower bound for �(0), which is the unique solution to

the equation

jHp(y)j = 0 where Hp(y) =

0
@ y b0p

bp Ap

1
A :

It was shown in Mao and Lindsay (2001) that the sequence of the �p's

is monotonically increasing when p increases. Additionally, when T is

�nite, �T = �(0). When T is in�nite and the moment generating function

of � exists, the �p's converges to �(0). That is, the �p's constitute a lower

bound sequence of �(0) when the �(x)'s are a sequence of moments of �.

Let

d�(�) = c(�)dQ(�):

Then

�(x) = f(x;Q)=h(x);

which can be \estimated" by

�̂(x) = nx=[Nh(x)]:
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The �̂(x)'s constitute an empirical version of moment sequence M, de-

noted by cM. Let

bAp = Ap(cM) and b̂p = bp(cM):

When bAp is positive de�nite, let

�̂p = b̂
0

p[ bAp]
�1
b̂p:

The �̂p's constitute a lower bound sequence for �̂(0) = n0=N . Thus the

N�̂p's can be regarded as a predictor sequence for N�̂(0) = n0 and the

n+N�̂p's can be regarded as an estimator sequence for N . The estimator

n + N�̂1 is the linear extrapolation estimator. Note that in the N�̂p's,

N is cancelled out. For detailed description, readers are referred to Mao

and Lindsay (2001).

5.2 Subsample combination

We start from a method only for the multiple Poisson sample, which

is based on the well-known reproductivity of Poisson distributions. Recall

that conditionally, each x
(k)
i is a Poisson random variable with mean �

(k)
i ,

k = 1, 2, : : : K. Let

zi =
KX
k=1

x
(k)
i and �i;S =

KX
k=1

�
(k)
i ; i = 1; 2; : : : N: (17)

We present the reproductivity property as a proposition to emphasize its

importance.

Proposition 3 Conditionally, the random variable zi is a Poisson ran-

dom variable with mean �i;S.

Thus the zi's constitute a Poisson sample. Regardless of dependence

of the �
(k)
i 's, the �i;S's can be regarded as a random sample arising from a

latent distribution QS, which can be derived from the multivariate latent

distribution Q. The estimation method for one population can be used

for the combined sample, see the review subsection or Mao and Lindsay

(2001).
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Unfortunately, the binomial distributions do not have the same repro-

ductivity property as the Poisson distributions. However, we can take a

rather abstract approach which results in estimators both for the multi-

ple Poisson sample and the multiple binomial sample. Additionally, such

an approach is equivalent to the subsample combination for the multiple

Poisson sample as we will show later.

5.3 Moment sequence construction

There are two key ideas used in the one-population models ( Mao and

Lindsay 2001 ): �rst, the total mass of a �nite measure on R+ can be

characterized by its higher moments, and secondly, the mixture densities

can be used to construct a moment sequence of a �nite measure on R+.

There is only one natural choice of the moment sequence in the one-

population models. In the multiple-population model, we �rst present

a simple approach to construct moment sequences of a measure on R+

based on the multivariate mixture densities.

Let


 =

8<
:

f0; 1; : : : g (multiple Poisson)

f0; 1; : : :Mg (multiple binomial)
;

where M = min(M (1)
;M

(2)
; : : :M

(K)). Let

C
j�j

� =
j�j!QK

k=1 �k!
and �S =

KX
k=1

�
(k)
:

For each j in 
, de�ne

g(j) =
X
j�j=j

C
j�j

�

f(�;Q)

h(�)
and M = fg(j)gj2
: (18)

The following proposition is about the sequence M.

Proposition 4 The sequence M is the moment sequence for a measure

on R+ with T (possibly in�nite) support points.

The proof is given in the appendix.

In particular, for a multiple Poisson sample, for all j in 
, we have

g(j) = j!
X
j�j=j

f(�;Q);
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because

C
j�j

� = j�j!h(�):

De�ne

d(j) = g(j)=j! =
X
j�j=j

f(�;Q) and D = fd(j)gj2
:

The following proposition is a corollary of Proposition 4.

Proposition 5 The sequence D represents a Poisson mixture density.

Because of Proposition 4, we can construct a lower bound sequence

for g(0). For each natural number p, de�ne the pth order lower bound for

g(0) to be

gp = b
0

p(M)[Ap(M)]�1bp(M);

where p � T for a multiple Poisson sample when T is �nite, and for a

multiple binomial sample, p � min(T; [M=2]).

Proposition 6 If T is �nite and for a multiple binomial sample T �

[M=2], then gT = g(0). If for a multiple Poisson sample, T is in�nite,

then fgpgp2N is strictly increasing sequence with gp < g(0). Let

g1 = lim
p!

gp:

Then g(0) = g1. So we have gT = g(0) in both cases.

The proof is omitted. See Mao and Lindsay (2001).

5.4 The estimator sequence

If f(�;Q) in ( 18 ) is \estimated" by n�=N , then we obtain an empir-

ical version of the sequence M, denoted by cM = fĝ(j)gj2
, where ĝ(j)

is an \estimator" for g(j), and is given by

ĝ(j) =
X
j�j=j

C
j�j

�

n�

Nh(�)
; j 2 
:

In particular, for a multiple Poisson sample, we have

d̂(j) =
X
j�j=j

n�

N
; j 2 
:
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Such an empirical sequence cM can be used to construct a predictor

sequence for n0 and an estimator sequence forN . For each natural number

p, if gp is de�ned, then Ap(M) is positive de�nite. Thus we have

P (Ap(M̂) is positive de�nite)
P�! 1 as N �! +1:

When Ap(M̂) is positive de�nite, let

ĝp = b
0

p(M̂)[Ap(M̂)]�1bp(M̂):

Thus ĝp can be regarded as an estimator for gp and a prediction lower

bound estimator for g(0), and Nĝp is a lower bound predictor for n0.

Note that N is cancelled out in Nĝp. Let

bNp = n+Nĝp: (19)

This will be called the pth order estimator for N . Note that bNp is a

consistent estimator for Np, where

Np = N [1� f(0;Q) + gp]:

Additionally, it is clear that the �rst order estimator bN1 is a linear ex-

trapolation estimator.

For more discussions about such estimators, see Mao and Lindsay

(2001). Mao and Lindsay (2001) also provided two selection rules about

choosing a speci�c estimator from the bNp's.

We next point out that for the multiple Poisson sample, the estimators

developed in this subsection are identical to the estimators from subsample

combination. In fact, we can obtain the sequence d̂(j) by combining all

subsamples. Let nj be the number of zi's that occur with frequency j.

We have

Nd̂(j) = nj =
NX
i=1

I(zi = j); j 2 
;

because

Nd̂(j) =
X
j�j=j

n� =
X
j�j=j

NX
i=1

I(xi = �) =
NX
i=1

I(
KX
k=1

x
(k)
i = j) =

NX
i=1

I(zi = j):
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Finally, we explain that the moment-based estimators are also pseudo-

maximum likelihood estimators. When the pth order estimator bNp is used,

we can think that the nuisance parameter # is estimated by Nĝp=n, which

is clear from ( 5 ) and ( 19 ).

5.5 Con�dence inference

We �rst present the asymptotic distribution for the estimators devel-

oped in last subsection. Let fp be a vector composed of elements in the

set ff(�;Q) : j�j � 2pg with each element used once and only once. Let

�p = �p(fp) = Np=N = 1� f(0;Q) + gp;

and

�
2
p =

@�p

@f 0p
(diagfp � fpf

0

p)
@�p

@fp
:

Then

(N�
2
p)
�1=2( bNp �Np)

d�! N(0; 1);

and

(N�
2
p=�

2
p)

1=2(log bNp � logNp)
d�! N(0; 1);

as N goes to in�nity.

Again, the width of the con�dence interval for Np is proportional to
p
N while only the width of the con�dence interval for logNp shrinks at

standard rate 1=
p
N .

For the multiple Poisson sample, we give an explicit formula for the

linear extrapolation estimator bN1.

�1 = 1� f(0;Q) + [d(1)]2=[2d(2)];

and

�
2
1 = f(0;Q) + [d(1)]3=[d(2)]2 + [d(1)]4=f4[d(2)]3g � (�1 � 1)2:

Although we can de�ne the �2p's for any p, it is diÆcult to express them

explicitly generally. Moreover, since f(0;Q) is contained in �
2
p, if f(0;Q)

cannot be consistently estimated, we cannot estimate �2p consistently.
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As an alternative feasible approach, we present a bootstrap procedure

to obtain con�dence statements. We can estimate the multinomial dis-

tribution for all frequency-pro�les counts. Let bN be an estimator for N .

Then the cell probabilities are estimated by

f̂(0;Q) = 1� n= bN and f̂(�;Q) = n�= bN; � 2 
0:

We take the bootstrap re-samples from the estimated multinomial distri-

bution and use the re-samples to get variance estimators.

Additionally, for a multiple Poisson sample, Proposition 5 provides

an easier way to perform the bootstrap procedure. Set

bD(j) =
X
j�j=j

n� :

Since we can regard f bDjgj2
 as the frequency counts of a Poisson sam-

ple, which means they arise from a multinomial distribution with index

N and cell probabilities d(j)'s. Thus we can estimate this multinomial

distribution. The cell probabilities are estimated by

~d(0) = 1 � n= bN and ~d(j) = bD(j)= bN for j > 0:

For the construction of bootstrap con�dence intervals, see Mao and Lind-

say (2001).

5.6 A family of moment sequences

There are many alternative approaches to construct moment sequences

of �nite measures on R+ based on the multivariate mixture densities. We

present some results as generalizations of Propositions 4, 5, and 6.

Let w = (w1; w2; : : : wK)
0 be a weight vector, where wk > 0 for each

k. Let

�S;w =

KX
k=1

wk�
(k)
:

For each j in 
, let

gw(j) =
X
j�j=j

C
j�j

�

KY
k=1

w
�k
k

f(�;Q)

h(�)
:
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In particular, for a multiple Poisson sample, we have

gw(j) = j!
X
j�j=j

KY
k=1

w
�k
k f(�;Q); j 2 
:

Let

dw(j) = gw(j)=j! =
X
j�j=j

KY
k=1

w
�k
k f(�;Q); j 2 
;

and

Mw = fgw(j)gj2
 and Dw = fdw(j)gj2
:

Proposition 7 The sequence Mw is the moment sequence for variable

�S;w of a measure on R.

The proof follows that of Proposition 7 in a similar way.

Proposition 8 The sequence Dw represents a Poisson mixture density.

For each p, when Ap(Mw) is positive �nite, let

gp;w = b
0

p(Mw)[Ap(Mw)]
�1
bp(Mw):

Then the gp;w's constitute a lower bound sequence for gw(0) = g(0).

Proposition 9 If T is �nite and T � [M=2] for a multiple binomial

sample, then gT;w = g(0). If T is in�nite, for a multiple Poisson sample,

fgp;wgp2N is strictly increasing sequence with gp;w < g(0). Let

g1;w = lim
p!

gp;w:

Then g(0) = g1;w. So we have gT;w = g(0) in both cases.

Note that �S = �S;1. Thus Propositions 4, 5, 6 can be regarded as

a special case of Propositions 7, 8 and 9 respectively.

If jwj = 1, then w is called a standardized weight vector. Given w, let

w
�
k = jwj�1wk. We can get a standardized weight vector w�, where

w
� = (w�1 ; w

�

2 ; : : : w
�

K)
0
:

It is clear that

�S;w = jwj�S;w� and gw(j) = jwjjgw�(j):
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The sequenceMw� = fgw�(j)gj2
 is called a standardized sequence. The

following proposition shows that any standardized weight vector uniquely

determines a lower bound sequence.

Proposition 10 The original sequenceMw and the standardized sequence

Mw� yield the same lower bound sequence. That is, for each p.

gp;w = gp;w� where gp;w� = b
0

p(Mw�)[Ap(Mw�)]�1bp(Mw�):

The proof is given in the appendix.

Remark 2 We recommend taking the inverse of the sample size of sub-

samples as the weights for a multiple Poisson sample when the sample

size is an indicator of sampling e�ort. Let sk be the sample size of the kth

subsample. Then set

wk = s
�1
k ; k = 1; 2 : : : K:

For a multiple binomial sample, we suggest the weights as follows.

wk = [M (k)]�1; k = 1; 2 : : : K:

When all these sk's or M
(k)'s are close to each other, the simple sequence

with weight vector 1 is recommended.

6 EXAMPLES

6.1 Hepatitis A virus data

From April to July 1995, an outbreak of the Hepatitis A virus infec-

tion occurred mainly in and round a technical college with about 5000

students in Taiwan. The dataset is about the infected students in that

college, which was analyzed in Tsay and Chao (2001). There are three

lists: records based on a serum test taken by the Institute of Preventive

Medicine, Department of Health of Taiwan, records by doctors in local

hospitals, and records based on questionnaires conducted by epidemiolo-

gists, in which cases were wither con�rmed by serum test or identi�ed by

symptom combinations.
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The frequency pro�les are: n(1;0;0) = 69, n(0;1;0) = 55, n(0;0;1) = 63,

n(1;1;0) = 21, n(0;1;1) = 18, n(1;0;1) = 17, and n(1;1;1) = 28. We have

n = 271.

In the model Mt, we assume that all a�ected students have the same

probability to be in a list but the probabilities in di�erent lists may be

di�erent. We have

bNt = n+

�
[n(1;0;0)n(0;1;0)n(0;0;1))

2

n(1;1;0)n(0;1;1)n(1;0;1)

�1=3
= 271 + 207 = 478:

Suppose the model Mt is appropriate, then we have the two-sided

asymptotic 95% con�dence interval for Nt is (397; 559). The one-sided

asymptotic 95% con�dence interval for Nt is (410;+1). The two-sided

bootstrap 95% con�dence interval for Nt is (415; 589) ( 500 re-samples)

The one-sided bootstrap 95% con�dence interval for Nt is (428;+1).

Note that the lower limit are valid for N regardless of the heterogeneity

structure.

In December 1995, the National Quarantine Service of Taiwan con-

ducted a screen serum test and concluded that the number of infected

students N was about 545. It seems that bNt underestimated the true

value although the con�dence intervals cover N . The underestimation

could also be due to the negative bias of linear extrapolation if there was

heterogeneity of the probabilities that students were infected.

6.2 Bird census data

The bird data were collected in two river estuaries in Taiwan (Ke-yar

river and Chung-kang river) every Sunday morning from April 1994 to

March 1995. The two bird communities share many species because they

are only 20 kilometers apart, and the environmental factors are similar.

The dataset was �rst analyzed by Chen et al. (1995). Chao et al. (2000)

re-analyzed the dataset. In Chao et al. (2000), the estimates for the

number of bird species in Ke-yar River, the number of bird species in

Chung-kang River and the number of shared bird species are 181, 163
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and 134, associated with bootstrap 95% con�dence intervals (167; 213),

(150; 192) and (116; 210) respectively. The total number of distinct species

in at least one of the two communities is therefore estimated to be 181 +

163 � 134 = 210.

The �rst six frequency counts of based on the subsample combination

are given by n1 = 22, n2 = 13, n3 = 8, n4 = 5, n5 = 7, n6 = 5. The

remainder nonzero frequency counts are n10 and n14 equal 3, n18 equal 5,

n9, n13, n15, n20, n25, n77, n97 and n353 equal 2, and n7, n8, n12, n16, : : : ,

totally 95 frequency counts equal 1. The estimated lower bound sequence

is bN1 = 203, bN2 = 209, bN3 = 203, bN4 = 212 and bN5 = 216. Following

the �rst selection rule from Mao and Lindsay (2001), we use bNp with the

largest p for which the sequence f bN1; bN2; : : : bNpg is increasing. This gives
bN2 = 209 as the estimator for N . which is close to the estimate in Chao et

al. (2000). The two-sided bootstrap 95% con�dence interval is (196; 264).

The one-sided bootstrap 95% con�dence interval is (197;+1).

6.3 Tomato EST data

A prepared cDNA library may consist of 105 � 107 clones. Each clone

represents a copy of an expressed gene. Sequencing random picked clones

will generate Expressed Sequence Tags (ESTs), which are the \single-

pass" cDNA sequences ( Cantor and Smith 1999). The ESTs from the

sample are clustered into groups, each corresponding to a distinct gene.

The Institute of Genomic Research (TIGR) hosts public databases of

plant, animal and microbial ESTs ( Quackenbush et al. 2000). Two

tomato 
ower cDNA libraries (TIGR library identi�er: T1626 and T1527)

are analyzed in this paper. The total number of distinct expressed genes

in at least one of two libraries is estimated.

The �rst ten frequency counts of based on subsample combination are

given by n1 = 2314, n2 = 503, n3 = 163, n4 = 71, n5 = 33, n6 = 24,

n7 = 16, n8 = 6, n9 = 8 and n10 = 1. The remainder nonzero frequency

counts are n14 = 6, n12 = 3, n13, n15, n17 and n18 equal 2, and n11,
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n16, n19, n25, n28, n38 and n43 equal 1. The estimated lower bounds

are bN1 = 8486, bN2 = 10539, bN3 = 10640, bN4 = 9895, bN5 = 12118,

bN6 = 12149, bN5 = 9626, bN8 = 11900 and bN9 = 9259. If we follow the

�rst selection rule from Mao and Lindsay (2001), we will use bN3 = 10640

as the estimator for N . The two-sided bootstrap 95% con�dence interval

is (8879; 38988). The upper limit is noninformative since it is known that

the total number of genes in tomatoes is about 23000. The one-sided

bootstrap 95% con�dence interval is (9115;+1).

7 DISCUSSION

We presented a mixture model framework for the estimation of the

number of classes in at least one of a collection of populations. The lin-

ear extrapolation estimators are tight for the case when the multivariate

latent distribution is degenerate at a point. They are lower bounds for

general situations. In particular, we provide a family of linear extrapola-

tion estimators for population size models, which include several estima-

tors developed in the literature. The moment-based estimators do allow

a general multivariate latent distribution.

All of the estimators presented in this paper can be regarded as pseudo

maximum likelihood estimators with the nuisance parameter estimated by

moment methods. The authors are investigating nonparametric maximum

likelihood estimation for the nuisance parameter #.

APPENDIX: PROOFS

Proof of Proposition 1

The Poisson and binomial densities form exponential families. Let

�
(k) = log �(k); k = 1; 2 : : : K; and � = (� (1); � (2); : : : � (K))0:
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Then the Q-distributed � induces a distribution for � , denoted by U,

that is,

� � Q(�) =) 9U; such that � � U(� ):

De�ne a re-weighted measure of dU as follows:

dV =

KY
k=1

c(� (k))dU:

Then

R(�) = log
f(�;Q)

h(�)
= log

Z
exp(� 0�)dV;

which is the logarithm of the moment generating function for the re-

weighted measure dV. Thus the Hessian matrix of R(�) is non-negative

de�nite, which is de�ned by

@
2
R(�)

@�@�0
:

The Hessian matrix is identical to a zero-matrix if and only if Q is degen-

erate at one point. Convexity comes from the nonnegative de�niteness

of the Hessian matrix while linearity is due to the fact that the Hessian

matrix is identical to a zero-matrix.

Proof of Proposition 4

De�ne a re-weighted version of the latent distribution as follows:

dP(�) = c(Q)
KY
k=1

c(�(k))dQ(�)

where

[c(Q)]�1 =

Z KY
k=1

c(�(k))dQ(�):

In fact, Q is a re-weighted measure from P since we have

dQ(�) = c(P)[

KY
k=1

c(�(k))]�1dP(�)

where

[c(P)]�1 =

Z
[
KY
k=1

c(�(k))]�1dP(�):
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We obtain

f(�;Q) = h(�)c(P)

Z
[

KY
k=1

�
(k)]�kdP(�):

For each j in 
, we have

�
j
S =

X
j�j=j

C
j�j

�

KY
k=1

[�(k)]�k ;

which yields

EP�
j
S =

X
j�j=j

C
j�j

�

Z KY
k=1

[�(k)]�kdP(�) = [c(P)]�1
X
j�j=j

C
j�j

�

f(�;Q)

h(�)
;

and

g(j) =
X
j�j=j

C
j�j

�

f(�;Q)

h(�)
= c(P)EP�

j
S:

Therefore, the proposition holds.

Proof of Proposition 10

Let

Hp;w(y) =

0
@ y bp(Mw)

0

bp(Mw) Ap(Mw):

1
A ;

and

Hp;w�(y) =

0
@ y bp(Mw�)0

bp(Mw�) Ap(Mw�):

1
A ;

which yields

jHp;w(y)j = jwjp(p+1)jHp;w�(y)j:

Note that that the pth order lower bounds gp;w and gp;w� are unique

roots of the following equations respectively ( Mao and Lindsay 2001)

jHp;w(y)j = 0 and jHp;w�(y)j = 0:

Hence, we have

gp;w = gp;w� :
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