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Statistical Computing in Mixture Models

Mary L. Lesperance and Bruce G. Lindsay

1 Introduction

1.1 The mixture model

The term mixture model encompasses many types of statistical structures

including random and mixed e�ects models, empirical Bayes, latent class and

trait models, models for overdispersion, measurement error and nuisance

parameters, clustering and deconvolution. Mathematically, we denote a

�nite mixture model as follows. Let X be a random variable or vector

taking on values in a sample space, X , with probability density function (or

probability mass function)

g(x; �; �; �) = �1f(x; �; �1) + �2f2(x; �; �2) + ::: + �mf(x; �; �k): (1)

Such a model can arise if one is sampling from a heterogeneous popula-

tion that can be decomposed into m distinct homogeneous subpopulations,
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called component populations. If these components have been \mixed" to-

gether, and we measure only the variable X without determining the com-

ponent identities, then this model holds. The component weight �j � 0 rep-

resents the proportion of the total population in the j-th component. These

parameters are therefore constrained so that
P
�j = 1. The component den-

sities, f(x; �; �j) represent the densities or probability mass functions that

one would use for sampling from the homogeneous components, and so are

often presumed to have a nice parametric form. They depend on a parame-

ter �j that describes the component population characteristics, but may also

depend on a parameter � that is common to all components.

We can generalize (1) by rewriting it as an integral where G is a discrete

probability distribution that puts mass �j at the support point �j, so that

f(x; �;G) =

Z
f(x; �; �) dG(�): (2)

A natural extension is to allow G to be a continuous distribution, as for

example, in the study of latent class models or random e�ects models. We

can think of this model as a missing data model by letting the complete data

be (�i; Xi), where the unobserved variable �i is sometimes called a latent
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variable. The term G is sometimes called the mixing distribution; we will

call it the latent distribution. The densities de�ned in (1) and (2) are called

the mixture densities.

1.2 Example

As an example, consider a random sample of black widow spiders and let

X represent their length. We assume that given their gender, the lengths

are normally distributed with mean and variance (�F ; �
2) for the females and

(�M ; �
2) for the males, with �F > �M : The component weights, �F ; �M = 1�

�F , represent the population proportion of spiders that are female and male

respectively. If we sample their lengths without identifying their gender,

the density for X is a mixture of the two normal distributions. The latent

distribution is discrete, with masses ( �F ; �M) at (�F ; �M):

To illustrate problems that can arise in estimating the parameters in the

mixture model, suppose that the two components have equal weights of 1/2,

and �F = �M +4�. Figure 1 shows the curves of the component densities as

dashed lines and the mixed density as a solid line. There is a clear separation

between the two components, and one would expect to obtain a great deal of

information about gender given length. Suppose now that �F = �M + 2�.

5



Figure 2 shows the component and mixed densities. The population mixed

density is unimodal, and there is considerably less information about gender

given length. In this case, algorithms used to �t the two component mixture

model will have diÆculty converging or will be extremely slow to converge.

1.3 Resources

The subject of mixture models is particularly challenging, and therefore in-

teresting, because much of the theory lies outside the traditional domain of

parametric statistical modelling. One must be very cautious about apply-

ing asymptotic distributional results because the model has a high degree

of irregularity. In addition, one must be cautious about applying standard

numerical routines for methods such as maximum likelihood.

Although we lay out a number of the important features of the mixture

model here, one should also consult some of the book-length treatments of the

model found in Titterington (1985) , McLachlan & Basford (1988) , Lindsay

(1995, pp. 108-136), B�ohning (1999) and McLachlan & Peel (2000).

The world of software is constantly evolving, but hardly perfected yet.
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At the time of writing, there is a website maintained by David Dowe

http : ==www:csse:monash:edu:au=~dld=mixture:modelling:page:html

that has an extensive listing of many resources for mixture modelling.

1.4 Other Sampling Schemes

In the spider example we assumed that we had data only on the spider

lengths. The information in the experiment could be augmented by addi-

tional sampling of the following two types:

(a) We may take separate samples from the male and female component

populations and measure length in these groups. (This provides no new

information about the relative proportion of males and females.)

(b) The gender categorized lengths in (a) may be obtained from a random

sample from the population, in which case we gain additional informa-

tion about the relative frequencies of the two components.

Clearly we have successively more information about the parameters

�F ; �M ; � and then �F ; as we move from (a) to (b) above. The additional
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information can be easily incorporated into a maximum likelihood analysis

as will be shown in the next section. (Lindsay 1995; Titterington et al. 1985)

1.5 Number of Components

In many examples, the number of components, m, is unknown, in which

case a mixture model with the fewest components that describes the data

well is sought. In e�ect, one is asking, \What is the minimal number of

components we can clearly identify?" The resulting statistical problem is

related to cluster analysis.

Inference concerning the number of components is not a standard para-

metric hypothesis testing problem. To see this, consider testing the null

hypothesis of one normal component versus two where � is the standard

normal density function:

H0 : g(x) = �(x;�; �)

H1 : g(x) = ��(x;�1; �1) + (1� �)�(x;�2; �2):

The null model can be obtained from the alternative model in two ways: by

setting � = 0 or 1 or letting (�1 = �2; �1 = �2); with � any value. Thus,
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although it appears that the null model is simply nested within the alternate,

it is not, and the standard chi-squared asymptotic distribution theory is not

appropriate when using the likelihood ratio test. This has rami�cations for in-

terval estimation of the number of components m as well. It has been shown

(Donoho, 1988) that one cannot set an upper con�dence limit on the true

value of m; although lower con�dence bounds are possible. Curiously, it does

appear possible to consistently estimate m nonetheless (Chen & Kalb
eisch,

1996). Although consistency is clearly desirable for an m estimator, the lack

of a con�dence interval implies that we should be very cautious in its in-

terpretation. Intuitively, although one might have a good estimator of the

number of components that were in the actual sample, there could be many

\unseen" components with very small values of � that we were unable to

detect because of a small sample size.

1.6 Identi�ability

Identi�ability questions, which can a�ect estimation procedures, are also an

important aspect of mixture models. For example, consider the case of two
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component mixtures of binomial (2; �) distributions:

g(0) = �(1� �1)
2 + (1� �)(1� �2)

2

g(1) = 2��1(1� �1) + 2(1� �)�2(1� �2):

The third equation, that for g(2); is super
uous because g(0)+g(1)+g(2) = 1:

The representation of g(x) as a mixture of the two binomials in terms of

(�; �1; �2) is not unique; given the probabilities g(0) and g(1), we have two

equations and three unknowns. Estimation procedures for the parameters

in a mixture model will not be well de�ned without identi�ability. This

is especially problematic with discrete data. Fortunately many mixtures of

continuous densities are identi�able. (Maritz & Lwin, 1989; McLachlan &

Peel, 2000; Prakasa Rao, 1992, pp. 183-228; Titterington et al. 1985).

1.7 Chapter Overview

In the remaining sections of this chapter, we review techniques for estimating

parameters and standard errors for those parameters in the mixture model (2)

where we have a random sample of independent observations. The standard

analyses of the mixture model involve making one of three assumptions:
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� There are a �xed and known number of components m, so that the

unknown parameters are the �0s; �0s and �:

� The distribution G is continuous, from a known parametric family.

� The distribution G is unknown. In this \nonparametric" case, we can

consider estimating G either with a continuous density function or a

discrete distribution.

We consider the �rst and last cases here.

There is a vast literature on mixture models and their variants, and many

methods have been used for estimation. Much of this literature has been

reviewed in the aforementioned books. In Section 2, we review some meth-

ods for �nite mixture models where the number of components m is �xed,

including the method of moments, maximum likelihood and Bayesian meth-

ods. Methods for the case when m is not �xed are discussed in Section

3.

2 Fitting mixture models, m �xed
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In this section, we assume that the number of components is known and �xed

equal to m. The latent distribution G therefore has support size m:

2.1 The Method of Moments

2.1.1 The method and asymptotic properties

Karl Pearson (1894) �rst used the method of moments to �t a mixture of

two univariate normal components to crab measurements. The method does

not always yield numerically simple estimators for the parameters. However,

simple solutions have been obtained for several models.

Let  represent the vector of all parameters, �0s; �0s; and � 0s: Let

x1; x2; ::: ; xn represent a random sample from f(x; �;G). In the method

of moments, we equate a set of theoretical moments, which are functions of

the parameters  ; to the sample moments and solve for the unknown param-

eters. That is, if we let �( ) be the vector of theoretical moments and m

be the vector of corresponding sample moments, we solve

�(b ) = m (3)

for b : If we have � functionally independent unknown parameters, we then
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need � moment equations. Explicit solution of (3) for  may be diÆcult, and

the solution need not be unique. Lindsay (1989, 1995) describes a class of

exponential family models with moment estimators that are well-de�ned and

straghtforward to calculate. Lindsay & Basak (1991, 1993) demonstrate the

use of moment methods for multivariate normal mixtures.

Consistency of b typically follows from the laws of large numbers, however

the estimator may not be eÆcient. For large samples, the covariance matrix

of b is approximately D(b )�1cov(m; b )[DT (b )]�1 where D = @�=@ , and

cov(m; b ) is the covariance matrix of m under the assumption that  = b .
(Titterington et al. 1985, p. 71)

Moment methods have a long history of application from the days before

there were computers fast enough to perform maximum likelihood computa-

tions. Even so, the method of moments can still be useful for determining

good initial values for algorithmic methods such as those used to compute

maximum likelihood estimates, for simulations, bootstrapping and comput-

ing diagnostics. We return to their use as starting values later.
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2.1.2 Examples

Titterington et al. (1985) give examples of using the method of moments to

�t mixtures of two known densities, two known exponentials, two univari-

ate normals and two multivariate normals, and a general class of k compo-

nent mixtures. They also provide references for other examples. See also

McLachlan & Peel (2000).

As an example, consider a two component mixture of binomial random

variables with index k and known success probabilities �j; j = 1; 2; so that

g(x; �; �) = �

�
k

x

�
�x1 (1� �1)

k�x + (1� �)

�
k

x

�
�x2 (1� �2)

k�x:

To estimate �, we equate the �rst population moment, E(X) = �k�1+(1�

�)k�2 to the �rst sample moment, �x; and solve for � :

�x = ~�k(�1 � �2) + k2�2:

Solving for ~� yields ~� = �x�k�2
k(�1��2)

: Note that this estimator of � is not

guaranteed to lie between zero and one!
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2.2 Maximum Likelihood Estimation

2.2.1 The likelihood

We consider the three sampling schemes mentioned in Section 1 and the like-

lihoods arising from each. If none of the observations have been categorized,

then the likelihood has the form:

Lo( ) =

nY
i=1

f(xi; �;G) =

nY
i=1

"
mX
j=1

�jf(xi; �; �j)

#

In case (a) of Section 1, we may have observations known to arise from

a given category. Let observations categorized to the j 0th component be

fxjh; j = 1:::; m; h = 1:::; njg; then the contribution to the likelihood for

these observations is:

L�(�; �) =

mY
j=1

njY
h=1

f(xjh; �; �j):

If the categorized observations can be assumed to be a random sample from

the populations with incidence rates �1; :::; �m the likelihood is augmented

by:

L��(�) =

mY
j=1

�
nj
j :
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The likelihood, L( ) = L0 ( )L� (�; �)L�� (�) where only the applicable

terms are included. With Maximum Likelihood Estimation, we usually ob-

tain a root,  ̂; of the Likelihood equations, @L ( ) =@ = 0; which corresponds

to a local maxima of the L ( ) in the interior of the parameter space.

2.2.2 Asymptotic properties of MLE's

Redner & Walker (1984) show that under identi�ability and regularity condi-

tions, and given that the Fisher information, I( 0) = E
�
[@ logL ( ) =@ ] [@ logL ( ) =@ ]T

	
;

evaluated at the true  0; is well de�ned and positive de�nite, asymptotically

the probability goes to one that there is a unique solution  ̂n of the likelihood

equations in a certain small neighbourhood of  0. They also show that the

usual asymptotic distribution of the maximum likelihood estimator (MLE)

holds as n!1; that is

p
n( ̂n �  0)

L! N [0; I( 0)�1]:

2.2.3 Numerical properties of MLE's

In computing the MLE's, the parameters � are constrained so that
Pm

j=1 �j =

1; �j � 0: One can use Lagrange multipliers to incorporate the constraint
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or eliminate one parameter by setting �m = 1� �1 � � � � � �m�1:

It is possible there there does not exist a maximum likelihood solution

with the desired number of components. That is, there exists anm�component

mixture, with m� < m; that has greater likelihood than any m component

mixture. Any attempt to �t m will cause the algorithmic methods to move

from the initial values to the parameter space boundaries in one of two ways.

First, the maximum likelihood estimates for some of the �0js may become

zero. Secondly, some of the neighboring component parameters �j can be

come equal.

Care must be taken in computing ML estimates because the likelihood

can be high dimensional and is known to be multimodal. In some cases,

it is not only multimodal, but unbounded, and so there is no maximum

likelihood estimator. For example, consider a two component mixture of

normal densities where we have a random sample of unclassi�ed observations.

The log-likelihood is:

L( ) = L(�; �1; �2; �1; �2) =
nX
i=1

ln[��(xi;�1; �1) + (1� �)�(xi;�2; �2)]:

If we set �1 = x1, and let �1 ! 0, then the log-likelihood tends to in�nity.
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The likelihood is riddled with global maxima, one at each observation xi.

In many applications, the likelihood equations may have multiple roots

corresponding to local maxima. If the likelihood is bounded, one might wish

to choose the root which yields the largest local maxima. However, this would

require �nding all the roots with certainty, or at least with high probability.

An alternative that leads to consistent eÆcient likelihood estimators is to use

consistent but ineÆcient estimators for starting values; see Lehmann (1983,

Chapter 6.3) for the theory. One possibility, explored by Furman & Lindsay

(1994), is to use moment estimators for this purpose.

2.2.4 The main algorithmic choices

There are three main issues that must be addressed in constructing an algo-

rithm for maximum likelihood estimation. We will deal with them over the

following subsections.

� The selection of initial values. In a multimodal likelihood, an

algorithm tends to go to a root nearest the initial value. Thus it is wise

to either search over the space of initial values or to use starting values

known to have good properties.

� The algorithm. In a multimodal likelihood, a fast algorithm also

18



tends to be an unreliable one. Here we present a fast algorithm, Newton

Raphson, and a slow one, EM. The literature has many papers trying to

�nd algorithms with an ideal blend of reliability and speed. Although

the speed of computers is increasing, there are still limitations in using

the EM algorithm with bootstrapping and Monte Carlo simulation

� The stopping rule. In a fast algorithm, there is no diÆculty with ad

hoc stopping criterion based on the changes in the parameters between

iterations. In slow algorithms, however, these changes can be small

even if the algorithm has a long ways to go.

2.2.5 Computing the MLE's: Newton-Raphson

Newton-Raphson or other quasi-Newton methods may be used to compute

the maximum likelihood estimates. The generalized Newton-Raphson iter-

ations are at the (c+1)'st step:

 (c+1) =  (c) � �c[D
2L( (c))]�1DL( (c))

where D and D2 represent the �rst and second di�erentiation operators with

respect to  ; and �c is a tuning parameter that is set to 1 in the conventional
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Newton-Raphson. Note that matrix inversion is required at each iteration

and there is no guarantee that the log-likelihood will increase at each itera-

tion.

Finch et al. (1989) investigated the behaviour of a quasi-Newton method

for computing the maximum likelihood estimates of the parameters in a two-

component mixture of unknown normals. They found that more than 8

percent of the starting values resulted in a failure to converge in 750 itera-

tions, and 25 percent of the starting points resulted in a solution that was

not the global maximum.

In the mixture model we recommend that, at least in the intial algorithm,

one check for increases in the likelihood at every step. If the algorithm gives

 (c+1) that leaves the parameter space or does not increase the likelihood

over  (c), a subroutine could be used to adjust the tuning parameter, say

by sequentially halving its value, until a likelihood increase is found without

leaving the parameter space.

If the Newton-Raphson iterations converge, they do so quickly, since the

algorithm is of second order (or \quadratically convergent", Fletcher 1987

p.20). If the standard asymptotic theory holds for the problem, then the

Newton-Raphson iterations yield an estimator of the covariance matrix of  ̂;
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�[D2L( (c))]�1:

2.2.6 Computing the MLE's: EM algorithm

The EM algorithm is a method that is commonly used to compute maximum

likelihood estimates in the mixture model with �xed number of components

(Dempster et al., 1977; McLachlan & Krishnan, 1997). It has the advantages

over the Newton-Raphson algorithm that it is often very easy to program and

very reliable.

Suppose that we have a random sample of fully categorized data. This

is the idealized complete data. The i0th observation of a fully cateogrized

random sample, can be represented as yi = (xi; zi); where zi is a \multinomial

indicator vector" of length m: That is, if the i-th observation came from the

j-th component, then zi has a 1 in the j-th position and zeroes elsewhere. The

indicator vectors are the ideal ways to represent the component information

because the complete data likelihood can then be written in product form

as:

Lc( ; y) =

nY
i=1

mY
j=1

�zijf(xi; �; �j)
zij

21



with logarithm

L( ; y) =
nX
i=1

zTi V (�) +

nX
i=1

zTi Ui(�; �); (4)

where V (�)T = (ln�1; :::; ln�m) and Ui(�; �)
T = [ln f(xi; �; �1); ::: ln f(xi; �; �m)]:

In the standard mixture setting, the indicator vectors z are not observed,

and so the data are `incomplete.' The EM algorithm is a clever device that

exploits the simplicity of the optimization problem for the complete data to

obtain an algorithm for incomplete data.

In the E-step of the EM algorithm, we compute the expected value of the

complete log-likelihood, L( ; y); given the observed data x and the current

value of the parameter,  (c) :

Lem( ; 
(c); x) = E[L( ; y); x;  (c)]:

At the M-step in a cycle, we maximize Lem( ; 
(c); x) with respect to  to

�nd the value  (c+1): The E and M steps are iterated until convergence

is obtained. The incomplete likelihood is increased at each step, that is,
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L( (c+1); x) � L( (c); x):

The form of Lem( ; 
(c); x) is particularly interesting in the case of mix-

ture models. Given xi; the indicator vectors z are the only random quantities,

and they enter the likelihood linearly. It is straightforward to calculate

E[zij; x;  
(c)] = E[zij; xi;  

(c)] = �
(c)
j f(xi; �

(c)
j )=f(xi;G

(c)) := wij

�
 (c)
�
:

This term can be interpreted as the posterior probability that the component

is j given that the observation was xi; assuming that G(c) is the \prior"

distribution. The EM log-likelihood is then

Lem( ; 
(c); x) =

nX
i=1

wT
i

�
 (c)
�
V (�) +

nX
i=1

wT
i

�
 (c)
�
Ui(�; �): (5)

Maximizing (5) over � in the M-step yields the explicit solution for the �

parameters:

�
(c+1)
j =

nX
i=1

wij( 
(c)) =n j = 1; : : : ; m: (6)

If �; � are unknown, we maximize the second term in (5) with respect to �; �:

This involves solving a weighted set of score equations
Pn

i=1w
T
i

�
 (c)
�
@Ui(�; �)=@�j =

0 and
Pn

i=1w
T
i

�
 (c)
�
@Ui(�; �)=@� = 0 . In some problems, especially ex-
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ponential family models such as the binomial, these equations have explicit

solutions. Otherwise, one might need to incorporate a subalgorithm such as

a Newton-Raphson-type procedure within each EM step. Fortunately, the

EM likelihoods tend to be much more stable than the full likelihood and so

the use of Newton Raphson can be straightforward.

As an example, consider an m�component mixture of binomial ran-

dom variables each with index k and with unknown probabilities of success,

�j; j = 1; : : : ; m: At the c-th E-step, the weights wij are:

wij( 
(c)) =

�
(c)
j

�
k

xi

�
�
(c)xi
j

�
1� �

(c)
j

�k�xi
Pm

j=1 �
(c)
j

�
k

xi

�
�
(c)xi
j

�
1� �

(c)
j

�k�xi :

These are the posterior probabilities that X is from the j-th component,

given that xi is observed and the `prior distribution' is de�ned by (�(c); �(c)):

At the M-step, we derive the terms @Uij(�)= @�j =
xi
�j
� k�xi

1��j
; and solve the

j = 1; :::; m equations

nX
i=1

wij

�
 (c)
� �xi
�j
� k � xi

1� �j

�
= 0:
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The estimates of �j at the (c+ 1)-th step are

�̂
(c+1)
j =

nX
i=1

 
wij

�
 (c)
�

Pn

`=1w`j ( (c))

!
xi

k
:

So the updated component probabilities of success are weighted averages of

the sample proportions of success, xi=k: The updated estimates of � are given

in equation (6). The next step is an E-step where the wij's are recomputed

using the updated parameter values, and the iteration proceeds.

In practice, the EM algorithm is relatively easy to program, however, it

displays a very slow linear rate of convergence, especially if the components

are similar in their densities. This would be the case, for example, if the

two binomial components had values of � close to each other. Convergence

is also slow when the maximum likelihood solution for some of the �'s is

zero, a point on the boundary. This is not particularly troublesome when

one is �nding maximum likelihood estimates for one data set, but it does

pose problems when one is simulating a number of data sets and computing

estimates.
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2.2.7 Stopping criteria

One must always stop an iterative algorithm at some point; ideally that

decision would be made because the estimators at the stopping time were

suÆciently close to the answers one would get in the limit of the iterations.

In the case of fast algorithms, like Newton Raphson, the answer might be

determined simply by the limitations of the machine accuracy. However, the

slow convergence rate of the EM algorithm can make it diÆcult to discern

when one has converged to a local maximum with a suÆcient accuracy. Un-

fortunately, stopping rules for the EM have often been based on naive ideas

about the relationship between the size of the steps of the algorithm and the

distance to the solution.

In a quadratically convergent algorithm, the size of the steps is very

closely related to the distance remaining to the solution, and a small step

implies that the remaining distance after that step is yet an order of magni-

tude smaller. However, in a linearly convergent algorithm like the EM, the

step sizes can be very small even though there is a large distance yet to be

traversed.

An additional issue is that the problems at hand are multidimensional,

so one must decide how one is going to measure distance. One could use,
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for example, the sums of squared di�erences between the current and �nal

point estimators. This criterion ignores the fact that certain parameters will

have higher statistical accuracy than others, and we would like the numerical

errors in the point estimators to be small relative to the standard errors of

the estimators. We need this if our statistical tests are to be meaningful.

Fortunately, we can make the errors small in this sense if we insist that

the current log likelihood lc be close to the �nal log likelihood l̂. This is

discussed in Lindsay (1995); in essence, if the log likelihood is close to l̂, then

likelihood based con�dence intervals must be close. Thus we recommend

that the likelihood be the function on which we base our stopping rules, and

that an ideal stopping rule is to stop when l̂ � lc <target. Of course, the

ideal cannot be used because we do not know the �nal likelihood. Consider a

naive stopping rule based on the successive di�erences in the log-likelihood:

stop when lc � lc�1 < tolerance.

As indicated, for a slow linear algorithm, the tolerance level need not predict

well the targeted di�erence between the current and �nal likelihoods, and so

this is not a good surrogate for the ideal rule.
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However, we can use a clever method, calledAitkin acceleration, to predict

the �nal value l̂ based on the values of the likelihood over several iterations,

and then plug this prediction into the ideal rule. (Lindsay, 1995). This is

how it goes: Let lc�2; lc�1; and lc be consecutive values of the log-likelihood

at iterations c�2; c�1; and c respectively. The Aitkin predicted �nal value

is

l1c = lc�2 +
1

1� kc
(lc�1 � lc�2) where kc =

lc � lc�1

lc�1 � lc�2
:

If the algorithm progresses slowly, then kc will be close to 1, and l1c will be

larger than lc: If l1c is a good estimator of the �nal likelihood, the rule

stop if l1c � lc < target

will result in an actual error much closer to the targeted error.

B�ohning et al. (1994) used this stopping rule in a simulation study of

the likelihood ratio test for one component versus two components.

2.2.8 Starting values

The presence of multimodality in the �nite component mixture likelihood

has implications for how one chooses starting values. For example, Seidel,
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Mosler & Alker (2000) showed that di�erent starting and stopping strategies

with the EM algorithm can lead to quite di�erent estimates for exponential

mixture models. The choice of starting value is especially important given

the EM algorithm's slow convergence. Also, the sequence of estimates may

diverge if the starting value is close to the boundary and the likelihood is

unbounded there.

The magnitude of the problem has lead to a diverse set of approaches to

deal with the problem. We mention some of them here; which one to use

depends somewhat on the needs of the problem. For example, nonsystem-

atic methods are ill-suited for simulation studies and it is therefore hard to

determine their operating characteristics.

Informal. It is generally recommended that one perform several runs of

the chosen optimization routine using di�erent starting values. If the same

answer reappears, one feels reassured.

Random. Finch et al. (1989) suggest using multiple random starting

values. If the random starts come from a distribution, then it is possible to

estimate the probability that further searching will turn up more solutions.

In this, as in all cases, one would like the distribution to cover the plausible

values without giving nonsense starts. One possibility, used by Markatou
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(2000) is to bootstrap small samples of the data and use the moment esti-

mators that arise therefrom as starts.

Method of moments. If one can get good enough initial values, then

maybe searching is not necessary. To investigate this, Furman & Lindsay

(1994) showed by simulation that the moment estimates provided good start-

ing values for the EM algorithm. They worked as well as the true values

(which generated the data) in the sense that the likelihoods were larger at

the start with moment estimators, and the moment and true-value starting

values proceeded almost universally to the same mode of the likelihood.

Data digging. McLachlan & Peel (2000) suggest starting the E-step with

wij( 
(0)) = z

(0)
ij where z

(0)
ij is an intial partition of the data xi into one of the

m components. For some examples, the initial partition can be obtained

from a plot of the data or from a clustering algorithm such as k-means. The

initial partition could also be obtained from a random partitioning of the xi

into the m components.

NPMLE. Another approach suggested in B�ohning et al. (1992) is to

calculate the nonparametric maximum likelihood estimator of G, that is an

estimator which does not �x the number of components, m. If the resulting

estimator has more components than desired, one can often choose a way to
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combine nearby support points while keeping the likelihood near its maxi-

mum value. One might be able to do this systematically by computing a

penalized minimum distance estimator of G, which typically has fewer points

of support than the nonparametric maximum likelihood estimator. (Chen

& Kalb
eisch, 1996; Leroux, 1992; Leroux & Putterman, 1992)

We note that if the nonparametric maximum likelihood estimator has

fewer than the desired number of components, then as we mentioned earlier

it will not be possible to compute a maximum likelihood estimator with the

desired number of components. In this case, the EM algorithm will slowly

merge points of support, �; together or force some values of � toward zero.

2.2.9 Information Matrix

The inverse of the observed informationmatrix, I�1 ( ; y) = [�@ logL( )=@ @ T ]�1

is often used to estimate the covariance matrix of the MLE  ̂: Chapter #???

provides methods for computing and approximating I�1 ( ; y) at the end of

an EM iteration.

Estimates of standard errors may also be obtained using resampling meth-

ods such as the bootstrap (see Chapter #???). Basford et al. (1997) and

Peel (1998) found that unless sample sizes were very large, that standard
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errors from the information matrix were too unstable and recommended us-

ing the bootstrap. For mixture models, a parametric bootstrap approach is

suggested by McLachlan & Peel (2000).

2.3 Bayesian methods

The development of Bayesian approaches for mixture models has mush-

roomed with the popularization of Markov Chain Monte Carlo methods

(MCMC).

In the Bayesian approach, L ( ) de�ned in Section 2.2.1 is combined with

a prior density p ( ) for the parameter vector  to obtain a posterior density

for  :

p ( ; x) = c�1L ( ) p ( )

The computational e�ort required to compute the posterior is very large

even for moderate sample sizes. Approximate posterior quantities of inter-

est can be obtained through the use of MCMC methods (see Chapter #???).

McLachlan & Peel (2000, Chapter 4) provide a nice introduction and refer-

ences to the literature on using MCMC methods to Bayesian quantities of

interest in the mixture model.
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3 Fitting Mixture Models, m unknown

In this section, we assume that the number of components in the mixture

model, m; is unknown. The problems at hand are to estimate G, the un-

known mixing distribution, and any other structural parameters �: We will

focus on one particular method here called nonparametric maximum likeli-

hood.

3.1 The nonparametric maximum likelihood estimator

Kiefer & Wolfowitz (1956) developed the theoretical background for maxi-

mum likelihood estimation of the mixing distribution G; showing that the

estimator is consistent. However, they did not address issues of computa-

tion nor did they characterize the solution in any way. Papers by Simar

(1976), Laird (1978), Jewell (1982), Lindsay (1981, 1983a, b) and B�ohning

(1982) have since given us a number of tools to compute the nonparametric

maximum likelihood estimator, Ĝ:

3.1.1 Geometric characterization

One of the key tools to understanding the nature of the nonparametric max-

imum likelihood estimator is to characterize the maximization problem in
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geometric terms. We start with the likelihood we wish to maximize. For

simplicity, we consider models that do not contain structural parameters �;

and so the only unknown is the latent distribution G: If we have a random

sample x1; x2; : : : ; xn; then the log likelihood we wish to maximize has the

form X
log

Z
f(xi; �) dG(�):

Now it is important that we write this likelihood as compactly as possible.

In particular, if the data is discrete (categorical, for example), then many of

the xi will be the same. We therefore let L��
= [L1(�); L2(�); : : : ; LD(�)]

T

represent the D distinct likelihoods Ls (�) = f(xi; �) arising from the data

x1; x2; : : : ; xn, and let ns be the multiplicity of Ls(�). The log-likelihood of

G can then be written in the form

L(G) =
DX
s=1

ns ln

Z
Ls(�) dG(�) =

DX
s=1

ns lnLs(G)

where Ls(G) :=
R
Ls(�)dG(�):

We can geometrize the problem by noticing that the likelihood problem
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depends on G only through the values taken by the D-dimensional vector

LG = [L1 (G) ; L2 (G) ; : : : ; LD (G)]T :

That is, we can re-formulate the problem of maximizing L(G) over all distri-

butions G , to the problem of maximizing the objective function

l(p) :=

DX
s=1

ns ln ps

over the elements p = (p1; p2; : : : ; pD)
T in the set B = fLG : G is a distribu-

tiong that correspond to LG for some G.

Now the beautiful result is that B is a convex set, and the objective

function is a concave function, so we can appeal to convex optimization

theory to describe our maximum likelihood solution. Let us describe the

set B: First, let � = fL��
: � 2 �g; so that � represents the set of all

possible likelihood kernel vectors that could arise from a one component

mixing distribution, that is where G is ��; which is degenerate at � 2 �:

The convex hull of �, the set of all convex combinations of �; is conv(�);

which is also the set B: In conclusion, the maximization problem can now be
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written as

sup
p2conv(�)

DX
s=1

ns ln ps = sup
p2conv(�)

l(p) where p = (p1; p2; : : : ; pD)
T
: (7)

We next observe that if the set � is closed and bounded, then conv (�)

is a compact subset of Rd: Under this assumption, Theorem 18 of Lindsay

(1995) states the following:

� that if conv(�) contains at least one point with positive likelihood, then

there exists a unique L̂ 2 @conv(�); the boundary of conv(�); such that

L̂ maximizes l(p) over conv(�)

� that the solution L̂ is expressible as LĜ where Ĝ is a discrete distribu-

tion with no more than D points of positive support. Recall that D

is the number of distinct components in the likelihood and so is never

larger than n; the sample size.

This characterization has now moved us closer to a solution. In fact, one

strategy to �nd the solution would be to maximize the likelihood over m

components, for each m less than or equal to D; and to choose the number

of components m̂ with the largest likelihood. Of course, this strategy would

leave us with the search problem we described in Section 2; at each stage m;
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how can we be sure we found the global maximum? Fortunately, as we will

see shortly, there are some other tools we can use to identify the solution.

3.1.2 Example

As an example, consider a random sample of size two from a mixture of

normal component densities with unknown means, �j; and variances equal

to one, � (x� �j) : Suppose that we observe x1 = 1:5 and x2 = 3: Figure

3 shows the set � as a solid line, and conv (�) is the convex region inside

the boundary of conv (�) : The dashed lines are contours of the objective

function l(p), and L̂ is the point (marked with an asterisk) on the boundary

of conv (�) that maximizes l(p): Here L̂ is expressible as LĜ where Ĝ places

mass one on the point � = 2:

3.1.3 A gradient characterization

Returning to our set of tools, we next show that the optimal vector L̂ 2

conv(�) and a corresponding mixing distribution Ĝ; where L̂ = LĜ; can be

characterized in terms of directional derivatives. The result will be that we

can verify, in a straightforward way, whether we have attained a maximum

of the likelihood. Recall that this is very di�erent from the case where m
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was �xed.

Consider the log-likelihood as a function of the D-dimensional vector

LG = [L1 (G) ; L2 (G) ; : : : ; LD (G)]T : If we use the geometric optimization

problem, the directional derivative of the objective function l(p) from the

point LG0
towards LG1

is de�ned to be:

dLG0
(LG1

) := lim
�#0

l[(1� �)LG0
+ �LG1

]� l(LG0
)

�
:

It can be easily calculated in our problem as

dLG0
(LG1

) =

DX
s=1

ns

�
Ls (G1)

Ls (G0)
� 1

�
:

This describes the optimization problem on the set B: For example, it must

be true of the maximum point L̂ that dL̂ (LG1
) � 0 for every other LG1

; as

otherwise we could increase the likelihood by moving in the direction of LG1
:

We can think of characterizing the solution in this manner as being parallel

to the way we use the likelihood equations to characterize the maximum

likelihood estimator{the derivatives must be zero at the maximum.

However, as a practical matter we are more interested in how the likeli-

hood changes with the choice of latent distribution, and so we want deriva-
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tives in the space of distribution functions. However, it turns out the prob-

lem is not very di�erent in this space. For example, it is easily shown that

dLG0
(LG1

) is also equal to the directional derivative of the log-likelihood, L;

from the point G0 towards G1; which we de�ne to be:

DG0
(G1) := lim

�#0

L[(1� �)G0 + �G1]� L(G0)

�
= dLG0

(LG1
) :

Although these directional derivatives also characterize the maximum, in

the sense that DĜ(G1) � 0; it would be very onerous to use this criterion, as

we would have to check the inequality for every possible latent distribution

G1: It is our good fortune that the values of DG0
(G1) can be generated from

a simpler function.

For the special case when G1 = ��; a point mass distribution with mass

at a single point �, we de�ne the gradient function

DG0
(�) := DG0

(��) =
X

ns

�
Ls(�)

Ls(G0)
� 1

�
:

Geometrically, this is also the directional derivative of l(p)from a point LGo 2

conv (�) towards a point L��
on the curve �: The relationship DG0

(G1) =R
DG0

(�) dG(�) shows that the gradient function can be used to calculate all

39



the other directional derivatives as well, and so it is no surprise that it can

be used the characterize the NPMLE.

The following fundamental theorem for nonparametric mixture maximum

likelihood provides much of the basis for algorithms to compute the nonpara-

metric MLE. It is extracted from Lindsay (1995, pp. 115-6)

Theorem 1: The following three statements are equivalent:

1. Ĝ maximizes L(G).

2. Ĝ minimizes sup�DG(�):

3. sup�fDĜ(�)g = 0:

The third criterion is the key to identifying in an algorithm when one has

found the solution. One checks the gradient function DGc(�) at any current

estimator Gc to see if for any � it violates (at some level of tolerance) the

nonnegativity constraint.

The following theorem can sometimes be useful in the construction of an

algorithm as well.

Theorem 2: The support of any maximum likelihood estimator Ĝ lies in

the set f� : DĜ(�) = 0g:
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A result from Lindsay (1981) can be useful because it enables us to restrict

our search for support points of Ĝ to a �nite interval.

Proposition 3: Suppose that the parameter � is real-valued and that for

every i, the likelihood kernel Li (�) is unimodal in �, with unique mode at ~�i:

Then all the support points of Ĝ lie in the interval

[min
i

~�i;max
i

~�i]:

3.1.4 Computational Strategies.

As in the case of the mixture model with �xed m; there are a number of

choices to be made in creating an algorithm.

� Starting values. Fortunately, the choice of a starting distribution

G is no longer an issue, as the likelihood has a unique solution that is

characterized by the gradient function. There should be no dependence

on where we start, provided we use the gradient for our stopping rule.

� Stopping Rules. We believe that the gold standard stopping rule

would be to stop when the current likelihood is suÆciently close to the

maximum likelihood. Again, we are in fortune because the gradient

function can help us achieve this, as discussed in the next subsection.
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� Algorithms. Here we have a wide variety of choices, ranging from EM

based to convex optimization based approaches. We will discuss a few

of the possibilities in the next few subsections.

3.1.5 Stopping criteria

In theory, we should continue an iterative algorithm until we obtain the max-

imum, L̂ = LĜ where Æ =sup�fDĜ(�)g = 0: In practice, we may not reach

the exact value LĜ; and one might think that a reasonable approximation to

the maximum may be obtained by stopping when DĜ(c)(�) � 
; for all � 2 �;

where 
 is a small positive number.

It turns out that this simple rule is also a gold standard stopping rule.

The following theorem from Lindsay (1995, p. 118) provides upper and

lower bounds on the maximum change in the log likelihood in going to the

maximum from a given a candidate estimator, Ĝ(c):

Theorem 4: et Ĝ(c) be the current mixing distribution estimate in an

iterative algorithm designed to compute the maximum likelihood estimator.

De�ne Æ =sup�fDĜ(c)(�)g: Then

A(Æ) � l(L̂)� l(LĜ(c)) � B(Æ) � Æ;
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where B(Æ) := n ln(1 + Æ=n); A(Æ) := B(Æ) � n� ln(1 + Æ=n�) and n� =

n�minsfnsg:

Lindsay (1995, p. 132) provides some guidance as to the choice of 
:

In practice, it is also diÆcult to ensure the inequality DĜ(c)(�) � 
 for all

� 2 �; and Lindsay (1995, p. 127-8, 133-5) suggests testing the inequality

for a carefully chosen grid of � values, where the choices can be made so

as to preserve the gold standard of stopping within a �xed tolerance of the

likelihood maximum.

3.1.6 Algorithms - EM

The EM algorithm can be used to compute the nonparametric MLE. One

could start the algorithm assuming D points of support and iterate. If the

MLE has fewer than D points of support, the mass associated with some of

the points will tend to zero. The gradient bound should be used to ensure

adequate convergence, and one must be prepared to allow the algorithm to

run a long time. (DerSimonian, 1986; Laird, 1978)
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3.1.7 Algorithms - gradient based

B�ohning (1999, 1995) provides a overview of algorithms available to compute

the nonparametric MLE. These algorithms generally use the gradient func-

tion evaluated at the current location, DĜ(c)(�); to de�ne new directions that

will increase the likelihood.

3.1.8 A dual problem, semi-in�nite programming problem

A dual form of the maximum likelihood problem yields a problem in the form

of a semi-in�nite programming problem. (Lindsay 1995, pp. 117-8, Coope

& Watson, 1985)

Dual: Minimize l(p) subject to the constraints p � 0; and dp(L��
) � 0;

for all � 2 �:

If the nonparametric MLE solution is L̂; then p = L̂ solves the Dual

problem. Lesperance & Kalb
eisch (1992) solve the dual formulation of the

problem using a Lagrangian algorithm (Coope & Watson, 1985) to estimate

the population distribution in cure rates for data from Laird (1978).
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Figure 1:  Mixed normal densities with means four standard deviations apart, and equal weights.  The dotted lines show the
component densities and the solid line is the mixture density.  (Note that the mixed density is scaled to have integral equal to
two for comparison purposes.)
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Figure 2:  Mixed normal densities with means two standard deviations apart and equal weights.  The dotted lines show the
component densities and the solid line is the mixture density.  (Note that the mixed density is scaled to have integral equal to
two for comparison purposes.)
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Figure 3:  The solid line is the curve Gð for two observations (x1=1.5, x2=2.5) from normal component densities with variances
equal to one.  The region within the solid curve is conv(Gð).  The dotted lines show the contours of the log likelihood.  The point
marked with an X is the point (p1, p2) at which the likelihood is maximized, subject to the constraint that (p 1, p2) is in conv(Gð).
The corresponding maximum likelihood estimator G, places mass one on  


