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Abstract

In the classical species problem, the unknown N number of dis-
tinct classes in a population can be estimated by sampling individuals
from the population. There are several estimation procedures avail-
able when the abundance levels of classes are allowed to be different.
In this paper, it will be shown in a Poisson mixture model that N is
identifiable with heterogeneous class abundances. However, the only
way to construct a confidence interval with a target coverage 1 — «
is to let the upper confidence limit be infinity. That is, estimation of
number of classes is a one-sided inference issue in the sense of Donoho
(1988) in that it is possible to obtain sensible lower confidence limits
for any target confidence coverage but informative upper confidence
limits are not available. Finally, we extend our discussion on identifi-
ability and one-sided inference issues on population size estimation in

capture-recapture studies.
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1 Introduction

Since Fisher, Corbet and Williams (1943) established a statistical
model for estimation the number of butterfly species, the species prob-
lem has attracted many researchers. A wide variety of applications
have been found, such that the term “species” have been endowed
with many new meanings. The “species” may represent taxa in a eco-
logical community ( Colwell and Coddington 1994), distinct records in
a database ( Arnold and Beaver 1988), dies used in the minting process
( Esty 1983), words known by an author ( Efron and Thisted 1976),
executions in Vietnam ( Bickel and Yahav 1985), and expressed genes
in a cDNA library (Mao and Lindsay 2001); see Bunge and Fitzpatrick
( 1993) for a review.

The statistical description is that the individuals in a target pop-
ulation are classified into unknown N distinct classes being indexed
by 1, 2, ..., N and a random sample of individuals is drawn from
the population which is used to make inference about N. Let z; be
the number of individuals from the ¢th class that are present in the
sample, called the frequency of the tth class. Let €2 be the set of all
nonnegative integers and 2y be the set of all positive integers. For j

in €2, let n; be the number of classes that occur with frequency j and



n4+ be the number of distinct classes observed in the sample, that is,

N N
nj:ZI(xi:j) and ny :ZI($i>0): Z n;.
=1 =1 71€8Q

Note that ng is not observed and N = ng + ny. Let n be the vector
of observed frequency counts {n; : j € Qu}. The issue of interest is
estimation of N based on the observed frequency counts n.

In this paper each z; is assumed to follow a Poisson distribution
with mean A;. Given the \;’s, the x;’s are assumed to be independent
and constitute a Poisson sample. Let s be the total number of indi-
viduals in the sample, that is, s = Zf\; x;. Conditioning on s, the
x;’s follow a multinomial distribution with index N and cell probabil-
ities 7;’s with =; = /\Z/(Zf\;l Ai). Thus the Poisson sample becomes
a multinomial sample by conditioning. Note that m; represents the
relative abundance of the ¢th class in the population.

There are a number of estimation procedures proposed in the liter-
ature either based on the Poisson sample or the multinomial sample.
In a Poisson model, the A;’s may take distinct values. These A;’s are
often assumed to arise as a random sample from a latent distribution
so that marginally the x;’s come from a Poisson mizture. The Poisson
mixture model was used by Efron and Thisted (1976), Mao and Lind-
say (2001), Norris and Pollock (1998), Ord and Whitemore (1986) and
Zelterman (1988) among others. Alternative approaches are based on
the multinomial sample, such as the nonparametric models in Chao
(1984) and Chao and Lee (1992) in which the 7;’s are allowed to take

distinct values.



Although there has been so much work done for the species prob-
lem, 1. J. Good’s gave the following remark saying that “ I don’t be-
lieve it is usually possible to estimate the number of species, but only
an appropriate lower bound to that number. This is because there
is nearly always a good chance that there are a very large number
of extremely rare species”; see Bunge and Fitzpatrick (1993). This
motivates the authors to consider that it is possible that there is no
informative upper confidence limit for NV can be found for NV based on
the observed frequency counts n.

This paper is organized as follows. In Section 2, we formulate our
Poisson mixture model. In Section 3, the identifiability issues in the
Poisson mixture model will be addressed. Then we discuss some mo-
ment results which will be used to discuss one-sided inference issues.
In Section 5, we will show that upper confidence limit is often non-
informative for a fixed target coverage of an confidence interval. In
Section 6, our discussion on identifiability issues and one-sided infer-

ence will be extended to capture-recapture studies.

2 The Poisson mixture model

Let f(z; A) be the Poisson density with mean A with respect to count-

ing measure on €2, where
fl ) =e X z!, 2eQ, Xe(0,400).

To form a mixture model, we assume that A is from a latent distri-

bution (A) and that z has a Poisson distribution conditioning on A.



The marginal density of z, called the mizture distribution, is denoted

by f(2;Q), which can be written as

f@@Z/NMMN%xEQ

Given N and @), the joint density of the frequencies ;’s can be

written as
N
[[r@s@=1]rG:@m.
=1 JEQ
The joint density of the frequency counts {n; : j € Q} is given by
N!
—— [ ru:@m.
H]EQ n;! jen
Since ng is not observed, we consider the density of (n4,n) which is
denoted by L(N, Q). Note that we have suppressed the dependence
of L(N,Q) on (n4,n) for notational convenience. It is the observed
data likelihood, where
NUFO; QN TTjeq, F: Q)
(N — 1) Tlyey !

There are two parameters in L(N,Q), an integer-valued parameter N

L(NvQ) =

(1)

and an infinite dimensional parameter ). Note that L(N, Q) is the
product of a binomial density for ny and a multinomial density for n
given ny. The density of n given ny is denoted by L.(Q), which can

be written as

_ ny! f(;Q) 17
Lel@) = Hje;o n: jgfz[o [1 - f(O?Q)] ' ”

Also, the dependence of L.(Q) on n is suppressed. The density of ny
is denoted L,, (N, Q) and given by

N0 "1 = F(0:Q))"

n_|_'(N — n_|_)'

Ln(N,Q) = (3)
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The dependence of L,,(N,Q) on ny is suppressed. It is clear that

L(N,Q) = L (N,Q)L(Q).

Let Q be the set of all latent distributions for Poisson densities.

The model that we are considering is
M={L(N,Q): N € Qy,Q € Q}.

We may only consider submodels of the model M. There are several
parametric submodels discussed in the literature such as negative bi-
nomial and inverse Gauss Poisson. The latent distribution ) may be
assumed to have finite number of support points; see Mao and Lindsay
(2001) for nonparametric estimation about N, which says consistent

estimators exists for finite Poisson mixture models.

3 Identifiability issues

We will discuss identifiability issues about the model M. It is useful
to reformulate the model M in order to show that the parameters in
M are identifiable. To do so, for each ) in Q, let P be a re-weighted

measure from () defined by

AP = QL[ (1= Q) 0
Let P be the set of all such measures P which are reweighted from
latent distributions @ in Q. It is clear that via (4), we have defined a
mapping ¢ from Q to P where P = ¢(Q) for each ) in Q. From (4),

we have

dQ(\) = eAdP(/\)/[/eAdP(/\)]. (5)

7



Here, the latent distribution Q () is also a re-weighted version of P(A).
It is clear that ¢ is a bijection from Q to P, and via (5) we have also
defined a mapping ¢ = =1 with Q = ¢(P) for each P in P. We
can think that P and @ as alternating ways to represent the unknown
latent distribution in our model M and it will be useful to move back
and forth between these representations.

For any finite measure v on (0, 400), define p1,(v) by

pe(v) = //\Idl/(/\)7 r e

where i, () is the 2th moment of v when 2 € Qg and po(v) is the total
mass of v. From simple algebra, we obtain the relationship between

the moments of P and the mixture density f(z;@) as follows:

Lemma 1 For each x in §2, we have

pe(P) = 2! f(2;Q)/[1 - £(0;Q)] (6)

An important quantity in our analysis is the odds of getting a zero
frequency, po(P) = f(0;Q)/[1 — f(0;Q)], which will be written as
6(Q) or 8 with the dependence on @ being suppressed. Given 6, the

density of ny can be regarded as a likelihood for N, where

N! oN —n+

Lin(N;0) = (7)

which is obtained from (3) using (6). The maximum likelihood esti-

mator given @ for N is given by

-~

N(6) = ny + nyé. (8)



See Lindsay and Roeder (1987). If an estimator for 8 is plugged into
N(G), then we obtain an estimator for NV called the pseudo maximum
likelihood estimator by Gong and Samaniego (1981).

From (8), it is clear that estimation of N requires to develop sen-
sible estimators for . The density of n given ny can be regarded as
likelihood for P to make inference for P and hence . Substituting (6)
into (2), we have

!

Loy = = T [P )

. 1 !
[T;cq, ! ceo, L 7!

It is clear that the moment g, (P) of P is identifiable for each  in
Qo from (9). The following theorem is about P and its identifiable

moments.

Theorem 2 The measure P is uniquely determined by its moment

sequence {p;(P) 1z € Qo}.

The proof is simple. Let dP.(A) = AdP()), which yields dP(\) =
A7YdP. (). For t < 1, the moment generating function of P.(A) sat-

isfies
' _ S eTIAQ()
/eA dP*(,\) = f(l — e—A)dQ(A) < +oo.

Thus {p.(Ps) : ¢ € Q} uniquely determines P.(A) and the theorem

holds by noting that p,(Px) = p(z + 1; P) for  in Q.
Theorem 2 shows that P is identifiable. Now we are prepared to

discuss the identifiability of N and Q.

Corollary 3 The parameters N and ) are identifiable.



The proof is easy. Since P is identifiable, it is clear that 6 is identifiable
due to (6) and @ is identifiable due to (5). Then N is identifiable via
(7) since @ is identifiable.

4 Some moment results

It is clear that from (7) that our ability to make inference on N is
closely related to our ability to infer # = uo(P) based on the con-
ditional likelihood (9). To study the question, we first develop re-
sults in which we will see to what extent, § = uo(P) can be deter-
mined by {p,(P) : © € Qo}, in particular, how po(P) varies when
{1 (P) 1 & € Qo} varies.

To facilitate the discussion, we will endow P with a distance de-

fined by

d(Py, P;) = Z|pr1 — pe(P)], P, Py € P.
l’EQO

Note that the distance is possible to take value +o0o. It is clear that
the distance is well-defined based on Theorem 2. The essence using
moments to define distance is that we want to know how the moments
will affect the total mass.

A trivial lower bound for pg(P) is zero, which is of no interest.
A simple lower bound for po(P) is B(P) = pu?(P)/u2(P), that is,

po(P) > B(P). Note that from Cauchy-Schwartz inequality, we have

(/ AP(A)? < //\QdP(/\) X /dP(/\)

10



with po(P) = B(P) if and only if P is degenerate. For the lower bound

B(P), the following result is clear.

Lemma 4 For each € with 0 < ¢ < B(P), there exists 6 > 0, such

that
po(P) > B(P") > B(P) —¢, YP € P with d(P, P < o.

The proof is straightforward and omitted. This lemma says that when
P’ is close to P, its total mass possesses a nontrivial lower bound,
which is estimable. For more elaborate lower bounds in the case that P
is non-degenerate the readers are referred to Mao and Lindsay (2001).

However, no matter how small d(P, P') is, there exists particular P’
which has total mass po(P’) much larger than uo(P) at any specified

level. In fact, we have

Lemma 5 For each t and s in (0,1), there exists P' in P, such that
d(P, P") < Ct but pio(P') — po(P) = —log s

with C' being a constant. The proof is constructive and is given in the

Appendix.

Corollary 6 Fized P, for any € > 0 and any 6 > 0, there exists P’
such that

d(P, P") < ¢ and po(P") — po(P) > 4.
Here is the proof. Let t, = min(¢/C, 1) and s, = e~%. Then
d(P, Pst) < € and po(Pst) — po(P) > 6,5 < syt <.

11



The corollary holds by taking P’ to be any such P .

The moment results in Lemma 4 and Corollary 6 suggest that
one-sided inference issues may arise in the species problem. In Ba-
hadur and Savage (1956), it was shown that there is no approach
to constructing confidence intervals for the mean nonparametrically.
Donoho (1988) considered one-sided inference about functionals of a
density and showed that for many interesting functionals such as the
number of modes and the number of support points of a finite mixture,
it is impossible to get two-sided confidence intervals. After studying
several examples, Donoho (1988) concluded that “...one can only get
one-sided information, unless prior or external information is avail-
able”, in particular, when “the quantity of interest is a measure of the
complexity of a system.” In Pfanzagl (1998) various results on the
nonexistence of confidence procedures were summarized. The ideas in
Bahadur and Savage (1956) and Donoho (1988) are adapted here to

analyze the one-sided inference in the species problem.

5 One-sided inference

We start from considering conditional confidence inference about # in
the conditional distribution (9). As before, let puo(P) be written as
0(Q). Let 6, be a (1 —a)-level upper confidence limit for (QQ), where
probability calculations are made conditionally on ny. We will allow

8, = +oo if needed to obtain the target confidence coverage. By this

12



we mean that

Po{0u 2 0@Q)} >1-a, ¥Qe€Q (10)
The claim is that this implies
Theorem 7 PQ{éu =40} >1—a, Q€Q.

The proof is given in the Appendix. The theorem says that the upper
confidence limit for the total mass can take the noninformative value
400 with probability no less than 1 — « uniformly over Q.

We next discuss confidence inference about N in the model M
unconditionally, which are more desirable since N is the parameter of
primary interest. However, the result about N in next theorem is a
little bit weaker than that about the total mass # in Theorem 7.

Further discussion requires the introduction of the total variation
distance. Let (X, p) be a metric space with p being the metric. Let Hy
and Hy be two probabilities on the measurable space (X, p, B) with
B being Borel o-field generated by all open sets. The total variation
distance of Hy and Hj is denoted by 7(Hy, H3) and given by

T(Hy, Hy) = 2 sup |H1(B) — Ha(B)].
BeB
Let v be a o-finite measure on (X', p, B) dominating H; and Hy. It is
quite simple to show that 7(Hy, Hy) equals the L; distance of dH; /dv
and dH;/dv, the densities ( Radon-Nikodym derivatives) of H; and

Hj, with respect to v, ( see Bickel et al. 1998), that is,

T(HhHQ):/|dH1/dl/—dH2/dl/|dl/.

13



The two alternating expressions for the total variation distance are also
important to the proofs for Theorem prop:five and the next theorem.

Let N, be a (1 — a)-level upper confidence limit for N. We will
also allow Nu = 400 in order to obtain the target confidence coverage.

We consider Nu that satisfies
PyofN,>N}>1-a, VYN eQ,QecQ. (11)

Let v = 1— f(0; Q) and n(N, v) be the total variation distance between
a binomial density with index N and probability v and its Poisson
approximation with mean parameter N~. Based on (11), we have the

following result about the upper confidence limit Nu
Theorem 8 PN7Q{N =4oo} > 1—a—n(N,v)/2, N € Qy,Q € Q.

See the Appendix for the proof.

Note that the probability lower bound in Theorem 8 depends on
N and ~, which is not like the probability lower bound in Theorem
7. However, in Theorem 8, we can choose N and + such that n(N,v)
can be arbitrary small. Table 5 gives some numeric examples about
n(N,v). It turns out that n(N,~) depends on v much more than on
N. The numeric results also show that when a large proportion of
classes are observed, the probability that the upper confidence limit

takes infinity will be small. It is consistent with our intuition.

14



N\~ |0.0200 | 0.0300 | 0.0400 | 0.0500 | 0.0600 | 0.0700 | 0.0800 | 0.0900
100 0.0091 | 0.0152 | 0.0205 | 0.0252 | 0.0295 | 0.0351 | 0.0409 | 0.0464
1000 | 0.0097 | 0.0147 | 0.0198 | 0.0249 | 0.0299 | 0.0352 | 0.0404 | 0.0457
10000 | 0.0098 | 0.0147 | 0.0198 | 0.0248 | 0.0299 | 0.0351 | 0.0403 | 0.0456
N\~ |0.1000 | 0.2000 | 0.3000 | 0.4000 | 0.5000 | 0.6000 | 0.7000 | 0.8000
100 0.0517 | 0.1083 | 0.1731 | 0.2456 | 0.3332 | 0.4372 | 0.5672 | 0.7283
1000 | 0.0510 | 0.1079 | 0.1722 | 0.2458 | 0.3321 | 0.4360 | 0.5659 | 0.7398
10000 | 0.0510 | 0.1079 | 0.1722 | 0.2459 | 0.3321 | 0.4359 | 0.5657 | 0.7396
Table 1: The total variation distance between a binomial density with index

N and probability v and its Poisson approximation with mean N~.

6 Capture-recapture studies

The inference about the number of classes can be based on datasets

with only presence or absence information for each class available at

M independent observing occasions. Each class is present or absent

independently at each occasion with the same probability over occa-

sions. Let x; be the number of occasions on which the 7th class present

and 7; be the probability for the ¢th class to be present. Then z; is

a binomial random variable with index M and odds A\; = 7;/(1 — 7).

The z;’s are independent given the A;’s and constitute a binomial sam-

ple. The z;’s are also called frequencies. It is clear that ny and the

frequency counts n;’s can be defined as before.

15
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with M capture occasions. Capture-recapture experiments are useful
tools to estimate the size of a target population which consists of NV
individuals. In a capture-recapture experiment, z; is the number of
captures of the ith individual provided that the individuals are indexed
by 1, 2, ..., N. When we assume that each individual has the same
probability to be captured across capture occasions, then each z; is a
binomial random variable. For capture-recapture studies, Chao (2001)
is a comprehensive review.

Now let ©° be the set of nonnegative integers no greater than M
and Qf be the set of natural numbers no greater than M. Also let
f%(x; A) be the binomial density with odds A with respect to counting

measure on Q°, where
PPl ) =14+ A" MAz/ 2 2eQb Ae (0, +).

We can also form a mixture model by assuming that A is from a latent
distribution Q”()) and that x has a binomial distribution conditioning
on A. The marginal density of z is f°(2;Q"%) = il P MA@ (N).
Given N and Q°, the joint density of the frequencies ;s can be written

as
N

[[F @@ =]] ruenm.
=1 JEQY
The joint density of the frequency counts {n; : j € Q%Y is given by
N! , "
LU | sk

H]‘eQb n;! jeqb
which yields the the observed data likelihood L(N,Q"), where

NUFPO; QN [T eqe f2(5: Q)™
by _ JE4g
L(N,Q") = ) e :

(12)

16



Note that L(N, Qb) is also the product of a binomial density for n4,
denoted by L,,(N,Q"), and a multinomial density for n given n,

denoted by L.(Q), where

b g [ QY ]nj
L = o 1 [T (13)

and
NUP(0; Q)N =1 — f2(0; Q0™

n_|_'(N — n_|_)'

Lu(N,Q") = (14)

Also we have
L(]V7 Qb) - Lm (N7 Qb)LC(Qb)

Let Q” be the set of all latent distributions for binomial densities

f°(2;A). The model under consideration is
MO ={L(N,Q": N =1,2,...,Q" € O"}.

The parametric submodel discussed in the literature is beta-binomial;
see Burnham and Overton (1978). In Mao and Lindsay (2001) Q" was
assumed to have finite number of support points.

It is clear our binomial mixture model for binomial samples are
similar to our Poisson mixture model for Poisson samples by noting
the structure similarity between (12), (13), (14), and (1), (2), (3) re-
spectively. However, the model M?® is not identifiable. The reason
is that we have only finitely many identifiable moments for P’ cor-

responding to Theorem 2 where P’ is the reweighted measure of Q°

defined by
AP = (140 AQ /[ (L= (14 )7 )dQ )

17



In order to create an identifiable model, we must consider sub-
models of the model M®. One way to do so is to assume that P° is in
the class of measures uniquely determined by its their finite moment
sequences, to be specific, from the first moment up to Mth moment.
Such an assumption allows us to develop similar one-sided inference
results as what we have for a Poisson mixture model by noting that
our one-sided inference discussion does not dependent on any specific
property of the Poisson distribution and Poisson mixture provided

that we have identifiable models.

7 Discussion

Although in general two-sided confidence intervals are more desirable
than one-sided confidence interval, our analyses show that a two-sided
confidence interval for a target coverage probability will often take
the noninformative upper confidence limit and become a one-sided
confidence interval. The data with finite sample size do allow us to
set appropriate lower confidence limits for the number of classes while
informative upper confidence limits are usually hopeless unless we have
informative external to the data. Two-sided confidence intervals are
actually sensible for parameters only equal to N under explicit or
implicit restrictions on the latent distribution. In the literature, two-
sided confidence intervals for N were often reported, for example,
see Chao (1984) and Chao and Lee (1992) in nonparametric settings.

However, the claimed coverage should be questionable. Two-sided

18



confidence intervals via bootstrap were discussed in Mao and Lindsay
(2001) where the confidence intervals were not symmetric about the
estimate and the upper confidence limits were often extremely large.
It is clear that such phenomena are not surprising as a target coverage

requires the upper confidence limit to be noninformative.
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Appendix: Proofs

Proof for Lemma 5

The proof is constructive. For each ¢ in (0, 1), define a function g; on

(0, 400) as follows:

0 A€ (l,400)

Let G4 be the measure with density g; with respect to Lebesgue mea-

sure on (0, 400). Note that Gy is in P. We have

t 1
,uo(Gt):/gt(/\)d/\:/ t_ld/\—|—/ AldA =1 - logt
0 t

and when z is in g,

! ! 1 e
G = [ Mg (Ndr= [ t7IamdA / ANl =
4 ( t) / gt( ) /0 + t " x(x—l—l)

For each s and t in (0,1), we have

to(Gst) — po(Gi) = —log s

and

e st)* 1 —s%)t*
d(Gt7Gst): Z |$($+1) _x((w—l)-l)|: Z ﬁ<0t

z€8o z€8o
with C' =37 cq [z(z + 1)1
For each P in P, define P;; as follows:
Ps,t — P —|— Gst - Gt. (15)
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Note that Ps; is a well-defined measure on (0, 400) and is in P. It is

clear that

:ux(Ps,t) - :ux(P) = :ux(Gs,t) - :ux(Gt) = - logs >0 (16)

and

d(P, P,;) = d(Gy,Gy) < Ct (17)

Therefore, the lemma holds.

Proof for Theorem 7

Let Qs = ¢(Fsy) with Py, defined in (15) and P = ¥(Q). Now we
consider the total variation distance between L.(Q) and L.(Qs;). Let

Copt = ni ! Licq, n;!71. We have

@), (@) = zﬂ: cr ll:[z [MQE!P)]M _ o 11:[2 [Hx(js,t)
S Rl
) ;Cﬁ* 9016—&!0 [MQE!P)]M {xgo [1+ Mﬁ;)]“ _ 1}
< e(ng,t)

where

ety = Y cp IT [M4P] { e e Qo}ri ) 1} |

n l’EQO
(18)

Note that (17) has been used in the derivation. Also, it is clear that

€(ny,t) goes to zero when ¢ goes to zero for each fixed n .
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Since it is clear that

|PQ{éu 2 G(QSJ)} - PQs,t{éu 2 0(@5,1‘)” S ;%%UDQ(B) - PQs,t(B)|7

we have

PQ{éu 2 O(Qs,t)} 2 PQs,t{éu 2 O(Qs,t)} - T(LC(Q)7 Lc(Qs,t))/Q

From (10) and (16), we then obtain
Po{f, > 0(Q) —logs} > 1 — a— e(ny,1)/2.

The desired result can be obtained by letting s and ¢ goes to zero.

Proof for Theorem 8

For fixed N and @, consider the following mapping from (0,1) to
(0, 400):
s— K =K(s)=—-Nlogs/(1+0(Q)).

This gives an inverse mapping from (0, +o00) to (0,1)
Kv+— s=s(K)=exp(—K(1+6(Q)/N)).
It is clear that s goes to zero if and only if K goes to infinity and

N/[1+6(@)] = (N + K)/[1 4 6(Qs,1)] (19)

where Q5+ = ¢(Fs;) with P, being defined in (15) and P = 4(Q).
Now we will only consider sin the set § = {exp(—K(1+6(Q)/N)) :
K € Qu}. Such a restriction forces K = K(s) to be a natural number.

Note that s in § and K in €y are related such that the marginal
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distributions L, (N + K,Qs;) and L., (N,Q) have the same mean

because of (19). It is clear that

Y Lm(N 4+ K,Qsr) = Ln(N, Q)| — n(N,7) as K — +00. (20)

nt
Then calculate the total variation distance 7(L(N, Q), L(N+K, Qs +))
between the densities L(N, Q) and L(N + K,Q;4).

T(L(N,Q), LN + K,Qs,))

= Z |Lm(N —|— I(,Qs,t)LC(Qs,t) - Lm(N7Q)LC(Q)|

(n+.m)
<Y LN, Q) Le(Qs0) — Le(Q)]

(n+.m)

FL(Qo ) Lm(N + K, Qst) = Lin (N, Q)]
<Y LN, Q) Le(Qs0) — Le(Q)]

(n+,n)

H(Le(@) + [ Le(@s) = Le(Q)DLm (N + K, Qs) = Lin (N, Q)]

So we have

F(LIN.QL LN+ K.Qu)) < S (14 el ) LN + K, Qo) — L (N, Q)]

7

+ Y Ln(N.Q)e(n4t) (21)

where €(ny,t) = 0if ny = 0 and €(ny,t) is defined in (18) when

n_|_7é()

Since it is clear that
|Png{N. > N+K)}~Pyyr,o. AN, > N+K)}| < sup |Png(B)=Pnyirq..(B)l,
we have
Pyo{N, > N+K)} > Pyvix,g. ANy > N+K)}=7(L(N,Q), L(N,Qs.)) /2.
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Letting ¢ and s go to zero we obtain the theorem using (11), (18), (20)
and (21).
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