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SUMMARY. We fit parametric models to survival data in the case of censoring and (outlier)
contamination. To do so, we adapt the robust density power divergence methodology of A.
Basu, I.R. Harris, N.L. Hjort and M.C. Jones (1998, Biometrika 85, 549-559) to the case
of censored survival data. Asymptotic properties, simulation performance and application

to data are provided.
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1. Introduction

Survival data are commonly encountered in biomedical or industrial settings where n in-
dividuals are followed until occurrence of a particular event of interest or n items are put
on test until failure. Analysis of survival data is typically complicated by various censoring
mechanisms. Since the failure times in many cases are not observable and the censoring
mechanism may or may not be known, a host of semi-parametric procedures have been
developed for survival analysis. However, it is well known that the semi-parametric proce-
dures are not as efficient as the maximum likelihood approach (or other efficient parametric
methods) if the specified parametric form is valid.

On the other hand, when the underlying model is misspecified or contaminated the
maximum likelihood or other classical parametric methods may be severely affected and lead
to very poor results. In the presence of censoring the nature and amount of contamination
can be very difficult to detect. Therefore, robust methods, which automatically discount

the effects of contamination and model misspecification, can serve to provide a compromise



between efficient classical parametric methods and the semi-parametric approach provided
they are reasonably efficient at the model. In this paper, we consider parametric estimation
for right censored data with and without contamination, and try to balance the dual aims
of robustness and efficiency using a density-based minimum divergence procedure.

Basu et al. (1998) introduced a family of density-based divergence measures indexed by
a tuning parameter .. The population parameters of interest are estimated by minimising
a data-based estimate of the proposed divergence between the density underlying the data
and the assumed model density. The trade-off between robustness and asymptotic efficiency
of the parameter estimators is controlled by . When o = 0, the density power divergence is
the Kullback-Leibler divergence (Kullback and Leibler, 1951) and the method is maximum
likelihood estimation; when o = 1, the divergence is the mean squared error, and a robust
but relatively inefficient minimum mean squared error estimator ensues (Scott, 2001). Basu
et al. (1998) have shown that the estimators with small @ > 0 have strong robustness
properties with little loss in asymptotic efficiency relative to maximum likelihood under
model conditions.

Here, we extend the estimator developed by Basu et al. to estimation of the population
parameters under a parametric approach in the context of right censored data. The method
has the great advantage that it does not require any nonparametric smoothing for producing
a data-based estimate of the true density function, the empirical distribution function alone
being used to approximate the appropriate divergence in the case of independently and
identically distributed (i.i.d.) data. For the right censoring situation, we take advantage of
the well known Kaplan-Meier estimator (Kaplan and Meier, 1958), appropriately modified
to make it complete, and the substitution of this in place of the empirical distribution
function leads to our objective function which is minimised to generate robust parameter
estimates.

The rest of the paper is organised as follows. In Section 2 we provide a brief review
of the density power divergence and related inference in the case of i.i.d. data, and pro-
pose a modified estimator to handle right censored data. In Section 3 we consider the
asymptotic properties of the proposed estimator. Proof of part of our theorem is given
in the Appendix. Some simulation results involving exponential and Weibull distributions
are presented in Section 4, along with robust fitting of Weibull models to data from Efron
(1988). Throughout the rest of the paper we will denote distributions by upper case letters
and their densities by corresponding lower case ones. The distribution generating the data

will be denoted by G, having density g, and will be called the target distribution.



2. The Density Power Divergence and Right Censored Data
2.1 The Density Power Divergence for 1.1.D. Data

Consider a parametric family of models {F;}, indexed by an unknown parameter vector
t € © C IR?, possessing densities {f;} with respect to the dominating measure, and let G
be the class of all distributions having densities with respect to that measure. Define the

divergence d,(g, f) between g and another density function f to be

do(g, f) = / {f1+a(z) — (1 + é) g(2)f*(2) + églw(z)} dz for a > 0. (1)
When « = 0, the divergence dy(g, f) is defined as

do(g, f) = lim da(9, /) = [ [9(2)08(9(2)/ F(2)) + (f(2) = 9(2)]

which is a version of the Kullback-Leibler divergence. The choice a@ = 1 generates the mean
squared error or Ly distance [{g(z) — f(z)}?dz. We eschew values of a > 1 in practice in
view of their diminished efficiency. Basu et al. (1998) show that for all a > 0, du(g, f) is
a divergence in that it is nonnegative for all g, f € G and is equal to zero if and only if
f = g almost everywhere. A simple consequence of the latter fact is that for any given «
the minimum density power divergence functional 7,(G) at G, defined by the requirement
da(9, fr.(c)) = mingeo do(g, fi), is Fisher consistent.

Note that the density power divergence d,(g, f;) between the target density g and
the model density f, can be represented as [ f;*(z)dz — (1 + i) [ ff(z)dG(z) + 3. The
quantity [ is independent of the parameter ¢, so does not affect the minimisation procedure,
and the first term is known, given ¢. Using a random sample X,..., X,, from the target

distribution G one can actually minimise
1+a 1 a 1+a 1 -1 = «@
[ie@as— (14 ) [ f:0dGae) = [ fire@as— (142 0t S ppx) @)
[0 [0 im1

with respect to ¢, where G,, is the empirical distribution function, to obtain the minimum
density power divergence estimator of the parameter vector. Notice that this method
has the greatly appealing advantage that it does not require a smooth nonparametric
estimate of g which is necessary, or unnecessarily imposed, in other robust density-based
minimum divergence approaches (e.g. Beran, 1977, Heathcote, 1977, Cao et al., 1995); thus
the bandwidth selection problem and rate of convergence results for the kernel density
estimator are not relevant. It is possible that [ f;7*(z)dz is infinite for some ¢, but this

just means that (2) will not be minimised at such t¢.
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Under differentiability of the model and appropriate regularity conditions, the minimum

density power divergence estimators can be obtained by solving the estimating equation
[ w2 fre )z =0 S wl(X) f(X0) =0,
i=1

where u;(2) = 0Olog fi(2)/0t is the maximum likelihood score function. Note that the
above estimating equation is unbiased when g = f;. If, for example, {F;} is a location
model, with location parameter ¢, the minimum density power divergence estimator is
the maximiser of °; f*(X;), with corresponding estimating equation >; u:(X;) f2(X;) = 0.
This contrasts with the maximum likelihood estimator which maximises >, log f;(X;), with
the corresponding estimating equation being Y=, u;(X;) = 0. For several parametric models
such as the normal, us(2)f(z) is a bounded function of z for fixed ¢ and for all o > 0,
although wu;(z) itself is not. Thus the estimating equation of the minimum density power
divergence estimator downweights the score function in a probabilistic manner. Basu et al.
(1998) have shown that the estimators corresponding to small values of o combine strong

robustness properties together with reasonably high efficiency.

2.2 The Density Power Divergence for Right Censored Data

Now let (X;,C;), i = 1,...,n be n ii.d. pairs of random variables. The variables X; are
randomly generated from the target distribution G' which is modeled by the parametric
family {F;}. The sequence of variables {C;} are censoring variables, so that one actually
observes Y; = min (X;, C;) and the indicator function d;, where §; = 1 if X; < C;, 6; =0
otherwise. Although in most conceivable applications the distributions G and H of X;
and Cj, respectively, will both be absolutely continuous with respect to Lebesgue measure,
our results will also hold if they are not but do not have any jump points in common.
Throughout the rest of the paper we will assume that the variable of interest X and the
censoring variable C' are independent.

Kaplan and Meier (1958) developed a nonparametric estimator for the survival function
S(z) =1-G(x) as

n—i V0@mH=1) .
Mivy<a (72557) if 2 < Vi),
Sn(®) =19 0 if 5(n) = lforz > Y,
undefined if §(ny = O forz > Yy,

where (Y, d@)), ¢ = 1,2,...,n are the n pairs of observations ordered over the Y{;. The

Kaplan—Meier estimator is a step function with positive mass points at those observations
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X, for which §; = 1, i.e. only if X is a failure; if §; = 1 for all 4, the Kaplan—Meier estimator
reduces to the ordinary empirical survivor function 1 — G,,. In the case where the largest
observation is censored, the Kaplan—-Meier estimator is undefined after the largest failure
point. It is convenient to artificially complete S, by distributing the leftover mass equally
among all the censored observations greater than the largest failure. In this paper we have
followed this convention.

The Kaplan—Meier estimator is the nonparametric maximum likelihood estimator of
the underlying survival function. It is a strongly consistent estimator of the target survival
function S = 1 — G, so that S,(z) — S(z) almost surely under appropriate conditions
(see Peterson, 1977; Miller, 1981), the most important one of which is formally stated in
assumption A6 in Section 3 (implicitly, we assume this to be true for the rest of the paper).
When these conditions are satisfied, the method described in the previous paragraph of
artificially completing the Kaplan—Meier estimator has no role in its asymptotic properties;
the adjustment is simply a tool to make the method work in small samples.

Now, the reason why the minimum density power divergence method is able to avoid
the use of a smooth nonparametric density estimate is that in expression (1) for the diver-
gence the target distribution appears only in a linear functional (except in the part which
is independent of the unknown parameter and which therefore has no role in the optimi-
sation). Thus, in the right censoring context described above, we can replace Gy, in (2) by
Gn(z) =1 — S, () which provides a consistent estimator of the true distribution function
in this context, and which is the Kaplan-Meier estimator of the distribution function G.
Therefore, for the right censoring situation we generate the sample version of the density
power divergence between the model density f; and the target density g, minus the term

[ independent of ¢, as

Da(t) = [ fire@)dz — (14 2) [ f2(2)dGa(e) )

The corresponding estimating equation for the unknown parameter is then given by

~

Un(t) = / u(2) F1+ (2)dz — / us(2)dGn(2) = 0. (4)

3. Consistency and Asymptotic Normality

Here we establish the consistency and asymptotic normality of the minimum density power
divergence estimator in the right censored situation when the data are generated from the

target distribution G. In the following theorem, 6 represents the best fitting parameter,



whereas t denotes a generic element of ©. The best fitting parameter is the minimiser of
D(t) = [ fi**(2)dz— (1 + i) [ f(2)dG(z) with respect to ¢ which will be assumed to exist
and be unique. Let € be the minimiser of D, (¢) given by (3). One can represent D, (t) as
[ Vi(2)dGy(z), where

V@) = [ @ = (14 ) f2@)
We assume that G' and the censoring distribution H have no common points of discontinuity.

The minimum density power divergence estimator which is obtained as the solution of
J0(2,1)dGr(2) = 0, where ¢(z, 1) = (1 (z, 1), ..., s(x, 1))’ = (OVi(z)/0ty, ..., 8Vi(x)/0t,)",
is also a particular form of M—estimator for censored data; for the latter, see e.g., Reid
(1981) and Wang (1999). The difficulty in developing the asymptotic properties of M-
estimators for censored data in general has been the absence of a law of large numbers and
central limit theorem results for general functionals [ ¢ d@G,, of the Kaplan—Meier estimator.
However, during the last decade the works of W. Stute and J.L. Wang (Stute and Wang,
1993, Stute, 1995, Wang, 1995, 1999) have laid down just such a theoretical framework and
obtained strong consistency and asymptotic normality results.

Below, we present a theorem on the asymptotic properties of our minimum divergence
estimator; the theorem has two parts, (i) consistency, (ii) asymptotic normality. It turns
out that, since we do not assume the components of ¥ (z,t) to be bounded, it is easiest to
adapt Lehmann’s (1983) Theorem 6.4.1(i) on consistency to the censored data case; this
is done in the Appendix. Had we assumed boundedness, as would often be the case, then
the consistency result of part (i) of our theorem would follow from Wang (1999, Theorem
3(i)). Part (ii) of our theorem follows directly from Theorem 5 of Wang (1999). For any
given «, we first make the following assumptions:

A1: The distributions F; have common support, so that the set A = {z|f;(z) > 0} is
independent of t. The true distribution G is also supported on A, on which g > 0.

A2: There is an open subset w of the parameter space © containing the best fitting
parameter 6 such that [ f/7*(2)dz < oo and, for almost all z € A and all t € w, fi(2) is
three times differentiable with respect to ¢ and the third partial derivatives are continuous
with respect to t.

A3: The integrals [ f;T*(z)dz and [ f*(2)dG(z), when finite, can be differentiated three
times, and the derivatives can be taken under the integral sign. Eq {0Vi(X)/0tk|,_y} < 00
forallk=1,...,s.

A/: The s x s matrix J(G,t) is defined by

Ju(G,t) = Eg {0*Vi(X) /ot ), k,l=1,...,s.
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All elements of J(G, 6) are finite and the matrix is positive definite.
Ab: For all k,l,m =1,...,s, there exist functions My, (x) such that

‘831/;(15)/61&,981518%‘ S Mklm(x)

for all t € w, where Eg[My,(X)] = mgy, < oo for all k,I,m=1,...,s.

A6: For a distribution L, let 7, = sup{z : L(z) < 1} denote the upper bound of the
support of L. Then, 7o < 7y, where equality may hold except when H is continuous at 7¢,
and G(7g) — G(1g—) > 0.

A7: The conditions of Lemma 1 and Theorem 5 of Wang (1999) hold. These are
essentially conditions on the first two moments of ¥ (z,t), k = 1,..., s, when ¢t = 6 and on

the continuity of their derivatives with respect to elements of ¢t at t = 6.

THEOREM 1. Under the above conditions, with probability tending to 1 as n — oo,
there eist solutions 6, of the density power divergence estimating equation (4) such that:

(i) 0,, is strongly consistent for estimating 0;

(ii) n/2(6, — 0) is multivariate normal with (vector) mean zero and covariance matriz
J(G,0)~'C(¢,0,G, H)J(G,0)", where C(,-,-,-) is as defined in equation (2.15) of Wang
(1999) with our G and H replacing F' and G in the notation of that paper.

To keep the description simple, we have limited the statement of the theorem to the
existence of one sequence of consistent roots to the estimating equation. However, if there
exists a compact set K C IR® such that tlél}f(‘ ‘/wj(z,t)dG(z)‘ >0, for 1 < j < s, then any
sequence of solutions to the estimating equation converges to the best fitting parameter 6
(Wang 1999, Theorem 3(ii)). Expressions (3.2) of Wang give the basic form of the influence

functions for our estimators.
4. Numerical Studies

4.1 Simulation Results: Exponential Distributions

Consider the lifetime distribution to be the one parameter exponential with density fy(z) =
Ae ™z > 0, referred to as exp()). Hence, the first term in (2) is
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The second term in (2) may be written as

(1+2) [ 156 dGate)

I
7~
—
+

| =
~——
>~
Q
Ne)
S
—~~
@
~
ml
>
R
&



Here, the y;s are the set of failure times plus all the censored values greater than the
largest failure time and g,(y;) is the mass attributed to y; by the completed Kaplan-Meier
estimator (recall that if Y{,) is not a failure, then the residual mass is assigned equally to
all censored observations larger than Y{,)). To obtain the minimum divergence estimator

of A\, we therefore minimise

A% 1+« .
— _ )\a (Y —Aay;
T e el

do (9, f)
with respect to A for fixed . This leads to the estimating equation for A,

a— 1+a)” Y (1—Ay;) galy;) e =0,

J

which can be solved numerically, using, for example, the Newton-Raphson procedure.

A modest numerical study is performed to compare the performance of the maximum
likelihood estimator (MLE) and the minimum divergence estimator (MDE) developed in
this paper in the exponential model with or without contamination for various values of a.
A sample is generated from ezp(5) and 0%, 5%, 10%, 15% or 20% of the observations are
contaminated by exp(0.66) successively. We have used an exponential censoring scheme
with the censoring rate determined so as to keep the expected proportions of censoring
under the true distribution at 10% or 20%: when the true distribution is exp(5), to keep
the expected proportion of censoring at 10%, the censoring distribution is taken to be
exp(5/9); when the expected proportion of censoring is 20%, the censoring distribution is
exp(5/4). The values of « are chosen to be 0.001, 0.01, 0.1, 0.2, 0.25, 0.5, 0.75 and 1.0. For
given levels of contamination and censoring, the MLE and MDE for each value of a are
calculated for a randomly generated exponential sample of size 50 and the whole procedure
is repeated 500 times. The mean squared errors between the MLE and the true parameter,
MSE(MLE), and between the MDE and the true parameter, MSE(MDE), are computed.
Empirical efficiency is defined to be the ratio of MSE(MLE):MSE(MDE) so that efficiency
greater than 1 implies the density-based estimator is performing better than the MLE. The

results of the simulation study are given in Table 1.
k%% Table 1 about here * * *

The general observations from the empirical efficiencies in Table 1 are as follows. Under
pure data (no contamination) the MDEs are generally less efficient than the MLE, as one

would expect. In this case the efficiencies are generally decreasing functions of a. As the



contamination proportion increases, however, the MLE gets progressively worse. Even for
moderate contaminations at 5-10% levels, the estimators for relatively small values of « (say
between 0.1 and 0.25) are superior to the MLE. For the largest contamination proportion
considered here (20%) all estimators corresponding to o > 0.1 outperform the MLE, some
of them substantially. However, the gains from using the robust estimates are reduced

somewhat when the censoring proportion increases.
4.2 Simulation Results: Weibull Distributions
Now consider the lifetime distribution to be the two parameter Weibull with density given

by
b b—1
fap(z) = <—) (E) e_(m/“)b, a,b>0, >0,

a) \a
denoted Weibull(a, b); a and b are scale and shape parameters, respectively. For the Weibull

density, the first term in (2) may be written as

b /°° Leli=4) ~(+a)z g,

a 0
b\ 1 et 1
@) (2 rl0-5)+)

provided that b > /(1 + «) (which is assured for b > 1/2if 0 < a < 1). For b < /(1 + @)

this term is infinite, which means that for any given «a, the MDE of b will always be greater
than «/(1 + «). The second term in (2) reduces to

(1 +a) <é> > 9n(y)) (yj)a(b_l) emewi/a)’,
a7

which equals

a a

Random samples of size n = 50 are generated from a Weibull(2,5) distribution and
the censoring scheme is taken to be exp(0.0575) for an expected censoring proportion
of 10% and exp(0.1222) for an expected censoring proportion of 20%. Contamination is
introduced through exp(1.5) and the contaminating proportion is varied as in the case of
exponential lifetime distribution; note that the contamination is (largely) to the left of the
true distribution in this case. The MLE of b is found by solving the appropriate likelihood
estimating equation utilizing the bisection method. Once b is estimated, the MLE of a
is immediately available. To obtain the MDEs of a and b, we do a bivariate grid search.
Mean squared errors and their ratio, the empirical efficiency, are calculated separately for
the scale and shape parameters and the results are presented in Tables 2 and 3, respectively.

The number of replications is again 500.



* * % Tables 2 and 3 about here * * *

For the Weibull distribution, in general, the performance of the MDE compared to
MLE is superior than in the case of the exponential distribution, both in magnitude and
scope. At higher levels of contamination and larger values of o the MDE is between 2.5
to 7 times better than the MLE in terms of empirical efficiency. Even at moderate levels
of contamination, the superiority of the MDEs, including those for larger values of «, are

clearly apparent.

4.8 Data Example

Next we apply this procedure to a real example taken from Efron (1988). Data are avail-
able from a study comparing radiation therapy alone (arm A) and radiation therapy and
chemotherapy (arm B) for the treatment of head and neck cancer. There were 51 patients
assigned to arm A of the study of which 9 were lost to follow-up and, therefore, censored;
alternatively, 45 patients were assigned to arm B of the study of which 14 were lost to
follow-up. Note that censoring levels are fairly high in these data sets, approximately 20%
and 30% respectively. Efron (1988) makes various analyses of these data, which show radi-
ation and chemotherapy B to be more effective in terms of survival times. Our focus here
is on the appropriateness or otherwise of certain parametric models for these data, basing
our analysis on a standard model for such data, the Weibull distribution.

The MLEs and the MDEs of the two Weibull parameters are given for various values
of the tuning parameter « in Tables 4 and 5. There are very considerable changes in both
parameter estimates with « including, importantly, a change from b<1 (MLE and small
o MDE) to b > 1 (larger a MDE).

* % * Tables 4 and 5 about here * * *

Figures 1 and 2 illustrate the results for Arms A and B, respectively. On each figure is
shown: a kernel density estimate formed by kernel smoothing the Kaplan-Meier estimator
(e.g. Wand and Jones, 1995, Section 6.2.3), using a bandwidth subjectively chosen not to
oversmooth the data; the Weibull model fitted by MLE; and the Weibull model fitted by
MDE with o« = 1. What is clearly shown by the kernel density estimate is a main body of
data to the left, together with some much more long-lived individuals to the right. (The
precise nature of the long tail may not be very well reflected by the kernel density estimate,

especially when there are several large censored observations as in Arm B.)

X %k ok X %k >k

Figures 1 and 2 about here

10



The MLE Weibull model is monotone decreasing because b < 1, striking an uneasy
compromise between accommodating the main body and the long tail of the data, and
consequently failing to capture either. The robust Weibull fit, with b > 1, provides a wholly
better fit to the main body of the data at the expense of essentially ignoring the long tail.
If the consequent ‘outliers’ could indeed be disregarded, then our methodology would have
won the day, but it seems inappropriate to ignore those for whom the treatment(s) have
worked especially well in this case! What our analysis has demonstrated most clearly is
that the Weibull model is inadequate for these data and that alternative parametric models
with heavier tails than the Weibull (e.g. the F'?) would seem to be the best way forward
in this case.
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APPENDIX
Proof of Part (i) of Theorem

To prove the existence, with probability tending to 1, of a sequence of solutions to the
estimating equation given in (4) which is consistent, we shall consider the behaviour of the
density power divergence, given by (3), as a function of ¢, on a sphere @), with center at
and radius a. We will show that for sufficiently small a the probability that D, (t) > D, (0)
tends to 1 for all points ¢ on the surface of Q,, and hence that D, (¢) has a local minimum
in the interior of ),. It will follow that for any a > 0, with probability tending to 1 as
n — oo, the density power divergence estimating equations have a solution §n(a) within

Qa-
To study the behaviour of D, (t) on @, we expand D, (t) around . Thus

Da(®) = Dalt) = =3 Ax(t — 04) — % S Bulte — 0)(t — 01)

k=1 k=11=1
+ é;g;l(tk = 0k)(tr = 00) (b — Om) [ Yo (2) M ()G (2)
= Si+85+8s,
say, where
A= 2 Dlce Bu= 30 Dulee 0< ()] <1,
Ot D10t

the last by assumption A5. First, note that

0 ~
Ay = a—tht(z)dGn(z),

12



so that it converges (using assumptions A3, A6 and Proposition 1 of Wang, 1999), with
probability tending to 1, to {0D(t)/0t;}|i=¢ = 0 as n — oo. Similarly, By — Ji with
probability tending to 1 (using assumptions A4, A6 and Proposition 1 of Wang, 1999). For
any given a it follows that |A;| < @ and hence |S;| < sa® with probability tending to 1.
Next,

S S

25y = — Zs: ZS: Tri(te = Ok) (te = 00) + > D (=B + Jia) (te — ) (s — 60)-

It follows from an argument similar to that for S; that the absolute value of the second term
of 25, is less that s?a* with probability tending to 1. The first term of 2S5, is a negative
(nonrandom) quadratic form in the variables (¢ — 6x). By an orthogonal transformation
this can be reduced to a diagonal form >, \;&? with 3, €2 = a®. As the )s are all negative,
by ordering them as A\, < A\, ; < ... < A < 0, one gets 3°; \i&? < A\ja?. Combining the
first and the second terms, there exist ¢ > 0, ag > 0 such that for a < ag, So < —ca?, with
probability tending to 1. Finally, with probability tending to 1, [ fyklm(z)Mklm(z)d@n(z) <
2Myim, and hence |S3| < ba® on Q, where b = (343, ¥ Mkim)/3. Combining these
inequalities, we see that max(S; + Sz + S3) < —ca® + (b + s)a®, which is less than zero if
a<c/(b+s).

Thus, for sufficiently small a there exists a sequence of roots 6, = gn(a) such that
P(||0, — 0]| < a) — 1 where || - || represents the Ly, norm. It remains to show that we
can determine such a sequence independently of a. Let 6 be the root closest to #. This
exists because the limit of a sequence of roots is again a root by the continuity of D,(t) as
a function of ¢. Then clearly P(||6% — 0|| < a) — 1. This concludes the proof.
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Table 1: Empirical efficiencies of MDE in exponential case

Contamination
Censoring | « None 5% 10%  15%  20%
10% 0.001 | 0.9738 0.9378 0.9083 0.8921 0.8944
0.01 | 0.9777 0.9544 0.9278 0.9091 0.9100
0.1 0.9708 1.0845 1.1215 1.1095 1.0967
0.2 0.8976 1.0808 1.2356 1.3266 1.3240
0.25 | 0.8500 1.0439 1.2446 1.4062 1.4227
0.5 0.6314 0.8189 1.0799 1.4659 1.6300
0.75 | 0.5118 0.6844 0.9261 1.3508 1.5822
1.0 0.4477 0.6096 0.8401 1.2635 1.5120
20% 0.001 | 0.9342 0.9406 0.9194 0.9085 0.9115
0.01 | 0.9413 0.9502 0.9303 0.9183 0.9199
0.1 0.9722 1.0230 1.0348 1.0307 1.0206
0.2 0.9335 1.0214 1.0993 1.1539 1.1493
0.25 | 0.8945 0.9895 1.0990 1.2003 1.2103
0.5 0.6748 0.7649 0.9291 1.2128 1.3453
0.75 | 0.56459 0.6356 0.7951 1.1198 1.3121
1.0 0.4787 0.5692 0.7239 1.0539 1.2640
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Table 2: Empirical efficiencies of MDE for the scale parameter a in the Weibull case

Contamination

Censoring | « None 5% 10%  15%  20%

10% 0.001 | 0.8389 0.9561 0.9460 0.9693 0.9587
0.01 |0.8313 0.9629 0.9974 1.0023 1.0069
0.1 0.8313 1.3349 1.6491 1.6079 1.4695
0.2 0.8128 1.5171 2.2004 2.5407 2.3708
0.25 | 0.8164 1.5457 2.3371 3.1872 3.1102
0.5 0.7088 1.5116 2.7428 5.0173 6.6880
0.75 | 0.6699 1.3937 2.6331 4.8940 7.1853
1.0 0.5787 1.2889 2.4231 2.7685 4.4410

20% 0.001 | 0.8647 0.9876 0.9050 0.9225 0.9301
0.01 | 0.8502 1.0151 0.9526 0.9816 0.9650
0.1 0.7876 1.2318 1.6244 1.5624 1.4526
0.2 0.7845 1.3790 2.0134 2.4312 2.3120
0.25 | 0.7639 1.4666 2.1803 2.9464 2.9616
0.5 0.6684 1.4472 2.5090 4.6709 5.7438
0.75 | 0.6272 1.3208 2.4487 4.7457 6.6456
1.0 0.5613 1.2249 2.1346 2.6133 4.2133
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Table 3: Empirical efficiencies of MDE for the shape parameter b in the Weibull case

Contamination

Censoring | « None 5% 10%  15%  20%

10% 0.001 | 1.0004 1.0935 1.0840 1.0610 1.0468
0.01 |1.0018 1.1523 1.1234 1.0819 1.0612
0.1 0.9925 2.0475 1.7989 1.3841 1.2271
0.2 0.9333 2.8173 3.0232 2.1039 1.6107
0.25 |0.8912 3.0231 3.6257 2.6355 1.9480
0.5 0.6526 2.7759 4.7854 5.2673 4.2476
0.75 | 0.4997 2.2982 4.5611 6.0480 5.5647
1.0 0.4288 2.0680 4.2297 5.7778 5.7615

20% 0.001 | 0.9790 1.1960 1.1627 1.1240 1.1025
0.01 | 0.9851 1.2683 1.2101 1.1455 1.1137
0.1 0.9503 2.2121 1.9597 1.4742 1.2932
0.2 0.8885 2.9204 3.2302 2.2503 1.7103
0.25 | 0.8560 3.0785 3.8005 2.8034 2.0666
0.5 0.6388 2.6578 4.7352 5.4376 4.4194
0.75 | 0.4945 2.2625 4.2925 6.0052 5.6851
1.0 0.4236 2.0129 3.9816 5.7084 5.8421
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Table 4: Analysis of Efron data assuming Weibull model: Arm A

o scale, a shape, b

MLE | 0 399.24 0.91

MDE | 0.001 | 418.18 0.98
0.01 | 417.72 0.98
0.1 412.72 0.99
0.2 402.51 1.00
0.25 | 395.31 1.02
0.5 321.90 1.16
0.75 | 252.85 1.44
1.0 249.47 1.47

Table 5: Analysis of Efron data assuming Weibull model: Arm B

Q scale, a shape, b

MLE | 0 925.45 0.76

MDE | 0.001 | 789.23 0.91
0.01 | 790.07 0.91
0.1 791.81 0.90
0.2 789.26 0.90
0.25 | 785.13 0.90
0.5 726.72 0.93
0.75 | 551.53 1.03
1.0 343.07 1.31
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Figure 1: Kernel density estimate (dotted line), MLE Weibull fit (dashed line) and MDE
a = 1 Weibull fit (solid line) for Arm A of the Efron (1988) data.
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Figure 2: Kernel density estimate (dotted line), MLE Weibull fit (dashed line) and MDE
a = 1 Weibull fit (solid line) for Arm B of the Efron (1988) data.
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