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SUMMARY

This article develops a new method for building a hierarchical tree from binary sequence data. It
is based on an ancestral mixture model. The sieve parameter in the model plays the role of time in
the evolutionary tree of the sequences. By sliding the sieve parameter, one can create a hierarchical
tree that estimates the population structure at each fixed backward point in time. A case study of
clustering the Mitochondrial DNA sequences of Griffiths and Tavare (1994) is used to show that
the approach performs well. In addition, theoretical and computational properties of the ancestral
mixture model are further developed.
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1. INTRODUCTION

One very natural method for clustering data is to build a mixture model for the data and then use
the components of the fitted model to assign the data points to clusters. McLachlan and Basford
(1988) provide an extensive treatment of this approach for the multivariate normal mixture model.
Our interest here is to develop and extend the mixture model methodology with particular focus
on binary sequence data because of its importance in biology.

Recently, single nucleotide polymorphisms (SNPs) have been gaining increasing attention. Here
single nucleotide polymorphisms are single base pair positions in genomic DNA at which different
sequence alternatives exist in normal individuals (Ott, 1999). Typically only two alternatives exist
at any one position (either A and G at purine site or T and C at pyrimidine site) so that the data can
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be thought of as binary. A map of 1.42 million single nucleotide polymorphisms (SNPs) over the
human genome is described by the international SNP map working group (Sachidanandam, 2001).
It is believed a map of these high density SNPs could be a public resource for defining nucleotide
variation within the human genome that could help in identifying disease genes.

In this article, we show how to use mixture methodology to construct a hierarchical tree for
binary sequence data. We first introduce an ancestral mixture model. This model is a discrete
parallel to the multivariate normal mixture model that is used to cluster continuous multivariate
data (McLachlan and Basford, 1988). We introduce a new methodology to build a hierarchical tree
of clusters by mixture analysis, giving relationships between sequences that can be visually iden-
tified. After the clusters are identified, any individual can be assigned to a cluster in a probabilistic
way. A case study indicates our approach performs quite well.

In previous literature, the ancestral mixture model was called a Bernoulli mixture. We have
chosen a new name because of the close relationship of the model to a phylogenetic process.
Govaert (1990) and Celeux and Govaert (1991) first used Bernoulli mixtures in clustering analysis.
The same model was then used by Govaert and Nadif (1996) to compare different approaches to
clustering analysis.

In this article, we propose a different rationale for using ancestral mixtures for cluster analysis.
The structure and properties discovered in the article allow us to create a hierarchical tree. In
addition, we perform a case study which shows our computer methodology works quite well.

The layout of this article is as follows. In section 2, we will describe the model we propose. In
section 3, identifiability in the ancestral mixture model will be discussed. Point estimation by the
maximum likelihood method will be described in section 4. Then, the induced tree structure will
be discussed in section 5. Finally, some computing results on a case study will be shown in section
6.

2. THE MODEL AND ITS STRUCTURE

Suppose X1, X, ..., X, are binary sequences of length L with (0, 1) coding. The goal of this
article is to cluster these binary sequences in a probabilistic way. Some notations used in this
article will be introduced as follows. The sampled binary sequences are denoted as X, ancestor
sequences are denoted by |, and the mutation rate is denoted by p. We will call each location in
the sequence a site (or a locus), and each cluster a component, as it arises as a mixture component.
The unicomponent model will be introduced first.

2.1 Unicomponent model

In the unicomponent model, we assume there is one component for the data. The simplest model,
one ancestor with fixed mutation rate and one observation, will be introduced first.

We first build the model for a single binary sequence X of length L. The sample space for X
can be represented as {0,1}". In the single ancestor model, we assume there is a single ancestral
sequence p1=(H11,H12, ..., ML) Which is an unknown parameter. Here p; itself is a binary sequence
from {0,1}-. The observations (X, Xz, ..,X.) are then modelled as independent Bernoulli trials
with

P(Xs # H1s) = pand P(Xs = fis) = p
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fors=1,2,..,L. If Xs # U1, We say a mutation occurred at site s, otherwise not. Here p =1 — p;
p will be called the mutation probability. It is constrained to be less than 0.5 as is needed for the
identifiability of parameter 1, as we will show in section 3.

Another way to develop this model is to create a binary sequence €, where 0’s represent no
change and 1’s represent change, where the €5 are independent with

Ples=1)=p.
Then we can create the model by adding € to p1, using mod 2 arithmetic, i.e.
X=u1+€ (mod2).

That is, we can think of the X's as “ancestral type plus error” in modulo arithmetic. In this form we
can see the close relationship to the additive normal model X = 1 + €, where € ~ N(0, %) implies
X~ N(Hg, 2).

This model can also be thought of as arising from a process by which the ancestral sequence u
evolves in one generation to X, where each site has a probability p of mutation from the ancestral
sequence type p1; to the other type (1 — p1j). That is to say, we move along the ancestral sequence
and make independent decisions at each site about mutating the ancestor sequence; because p <
0.5, the probability of mutating the sequence at a site is less than leaving it as the same. As we will
show later, the model is closed under multiple generations of this kind of mutation. Next, we will
introduce the mutation kernel.

First, we can write the single ancestor model in a suggestive manner by using the following
relationship. For variables a and b that are either 0 or 1,

0 , ifaandb agree.
(a_b)z:{ : (1)

1 ,ifaand b disagree.

Since the observations X = (Xy, ..., X,) are independent Bernoulli trials, using the device of equa-
tion (1), we can write the density for X as:

- (Xj—M1j)? gl (xj—H1j)?
K(X|p1,p) = piH ) gt T
=1
= pD(XaI‘ll) 5L_D(X7I‘ll)
D(xaul)
L (P
= = 2
P (p) @
where
L
D(X, H1) Z U—lj

is the number of disagreements between the elements of x and the element of p;. We will call
K(X|U1, p) the mutation kernel. When we use the mutation kernel with p1 as an unknown parameter,
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we will call it the single ancestor model, with p1 as the ancestral sequence. Next, we will discuss
the relationship to Normal density.

A simple mathematical relationship of the mutation kernel to the normal density can be derived
as follows. Let 6 = % be the odds of mutating, and let ¢ = log % so that = —log(B). Since

p< % the range of W is (0, ). Using this transformation, equation (2), the single ancestor model,
can be rewritten as

KX, ) = e WER ) (1 eyt 3)

Viewed from the structural perspective provided by equation (3), the single ancestor model looks
like the independent normal density with means i1 and variance ﬁ That is, Y plays the role of

72Xva%iance in the normal density, and iy j is either 0 or 1.

In addition to providing some intuition about the model, this relationship can be used to develop
results about the modality of the mixture model.

2.2 Mixtures of mutation kernels

The single ancestor model can be extended to our mixture model as follows. We start building
a mixture model with a random variable § that takes on values in the p-parameter space under a
distribution Q, where Q will often be a discrete distribution with K points of support g1, U, ---, Uk
and corresponding probabilities
PO =) =T% .

Here g >0 and S, g = 1.

We then suppose the random variable X is generated hierarchically by first generating 9 = i
from Q, then generating X = x from K (x|, p). We assume that 9 is unobserved, and so it will be
called a latent variable.

If X is generated in this fashion, then it will be said to have an ancestral mixture model, sym-
bolically X ~ A(Q, p). The notation A(l, p) will mean that Q is degenerate at p. We can write the
density of X as

f06Q.p) = [ k(xli, PIIQUW.

This density function will be called a “Q-mixture of mutation kernels”. When Q is discrete, we
can write this as

K

fxQ,p) = Y TK(X|p, p)
k=1
K

= Z T pP M) pL—DOGHe)
k=1

If we consider K fixed, we will call this the K-component ancestral mixture model. If we allow
the distribution Q to be arbitrary, we will call the model the nonparametric ancestral model. This
corresponds to allowing an arbitrary number of components.
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In the ancestral mixture model, we can create an observation X by drawing 9 from Q, then
adding an error €, using mod 2 arithmetic. Therefore we can write the model as X = (3 +¢)
(mod 2).

The ancestral mixture model is a conditional independence model; that is, given & = |, the vari-
ables Xis, s=1, ..., L are independent. It is the variation in the latent variable 9 that “explains” the
correlations between the observations. Next, we will discuss the nested structure of the ancestral
mixture model.

A closure property of the normal mixture model, described in Lindsay (1995), is very helpful to
learn the nested structure of the ancestral mixture model. It is described as follows.

Proposition 1. Let N(Q,a?) be the normal mixture model with mixing distribution Q. Any mixture
N(Q,a?) can also be represented as a normal mixture by N(Q*, 0? — a?)), where 6% < 02 and Q*
is the convolution of Q and N (0, %) (Lindsay, 1995).

As a consequence, the class of normal mixtures becomes richer and richer as the parameter
0 | 0. We can think of 02 as a “sieve parameter”, in the sense that it can be used in a method
of sieves approach to inference (Lindsay, 1995). A key here is that this sieve parameter cannot be
estimated by maximum likelihood or other standard methods, as 62 = 0 always provides the best
fit.

The nested structure of the ancestral mixture model can be developed as follows. Suppose an
ancestral sequence p goes through one generation of mutation at rate p; = 0.5 —vyi, then goes
through a second generation of mutation at rate p» = 0.5 —v,. We can calculate that the new
distribution is also a single ancestor distribution with ancestor p and mutation rate

p = pip2+pip2
= 05-2yy,. (4)

We can write this symbolically as X = (14 €1 + €2), using mod 2 arithmetic, where g1+ €5 is the
two-generation mutation error.

This structure suggests a natural reparameterization of the model. Define n(p) = —log(1—2p).
This provides a one-to-one increasing transformation of p € [0, %) into n € [0, ). We will write
A(Q,n) for the ancestral mixture model when using this parameter. Result (4) can be used to prove
thatif €1 ~ A(0,n1) and €2 ~ A(0,n32) are independent, then (€1+¢€2) mod 2 ~ A(0,n1+n2). That
is, the parameter n is additive in the same fashion as 2 in the normal model.

Moreover, if a sequence 1 were to undergo T generations of mutation with constant rate pg and
No = log(1—2po), then
X=u+¢€1+...+¢7 (mod2)
has distribution A(l,n1) with n1 = T - no. For this reason we will call n the time parameter.
Finally, this structure gives us a result parallel to Proposition 1 for normal mixtures.

Lemma 1. If N1 < N2, then X ~ A(Q,n2) implies X ~ A(Q*,n1), where Q* is the convolution
(mod 2) of Q and A(0,n2 — N1).



Proof : First, if €1 ~ A(0,n1) and €2 ~ A(0,n2 — 1) are independent, then
(e1+¢€) mod 2 ~A(0,n2) .
Hence, if & ~ Q, then we can write X ~ A(Q,n32) as
X=39+(e1+€) mod 2,

but we can also write it as
X=(®%)+€ mod 2

where 9* = 9 + €, has the Q* distribution. O

Following from above, if we can write a density g as a (Q, ) ancestral mixture, then we can also
write g as a (Q*, n1) mixture, for any n; < n, where Q* corresponds to the distribution of p+€;.
This means that if we let M, be the set of all mixture densities for a fixed n, then M, C M,,, so
that the models are nested as n varies, become richer as p (or n) goes to 0, with M, containing all
possible densities on {0,111,

As a consequence, we will be able to use n as a sieve parameter, where as n | 0, the class of
mixture models becomes richer and richer. For the model selection, we will consider the problem
of selecting a suitable value of n from this sieve of models. Next, the identifiability in the ancestral
mixture model will be discussed.

3. IDENTIFIABILITY IN THE MODEL

In this section, we will verify the identifiability of the parameters in the nonparametric ancestral
mixture model.

A parameter 0 for a family of distributions fg is said to be identifiable if distinct values of 6
correspond to distinct distributions; that is, 0 is identifiable if 8, # 6 implies fg, # fg,. Note that
identifiability of the parameters in a model can depend on the choice of parameter space. Here,
we will seek the largest parameter space in which the ancestral mixture model is identifiable. First
identifiability in the unicomponent model will be discussed.

3.3 Identifiability in the unicomponent model

We first note that the parameter p in the unicomponent model is not identifiable when p = 1/2.
This is clear because the density is a constant when p = 1/2: for any y,

f(x;u,1/2) = (1/2)-.

Hence f(X;H1,1/2) = f(X;u2,1/2) for every pp and p. Hereafter we exclude p = 1/2 from the
parameter space.

Secondly, we have that f(x;y, p) = f(x;l, p), where p= (1 —u1,1—po,...,1—pr) is the com-
plement of p. Thus identifiability will fail unless we make some further constraint on the parame-
ters. To do so, we restrict p to [0, %). With this done, the parameters are identifiable.
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Proposition 2. The parameters (i, p) in the unicomponent model are identifiable in Q1 = {0, 1}% x
[0,1/2).

Proof : We show how to solve for the parameters from the density. Suppose
PXij=1)=q.

If g < 3,setyj=0andif g > 3, then yj = 1. Clearly p=min{q,1—q}. O
Next, the identifiability in the ancestral mixture model will be discussed.

3.4 Identifiability in the nonparametric ancestral mixture model

In this section, some basic results about noncentral moments of the joint distribution of n binary
variables from Settimi and Smith (2000) will be reviewed. Starting from these, we can prove
identifiability of the distribution Q in the nonparametric ancestral mixture model when0 < p < 0.5
is a fixed parameter but Q € P, the class of all possible mixing distributions on the parameter space
ue {0,134

Suppose Y = (Y1,Y2,...,Yn) Where Y1,Y2,...,Y, are binary variables taking values in {—1,1}.
Given a vector of nonnegative integers, a = (a1,a, ..., an), we define the notation Y2 = [, ;&'
SinceYjislor —1, Yi2 =1, and therefore,

n

Y2a — I—lYiZai
= ]:l(Yiz)ai

= 1

Let the elements of the vector b(a) be the elements of the vector a reduced to 0 or 1 using mod
2 arithmetic. It follows that

Y2 = yb@,
As a result the noncentral moments, my (a) = E(Y@), have the property
my(a) = my(b(a)).

Thus the moments corresponding to strictly {0, 1} sequences a determine all the moments. We now
apply the results above to prove that when Q = {0,1}- x [0,1/2), the parameters in the ancestral
mixture model are identifiable. We will use the fact that a finite discrete distribution is completely
determined by its moments (Settimi and Smith, 2000).

Proposition 3. The parameters (Q,p) in the ancestral mixture model are identifiable in Q =
P x {p}, where p is any fixed value in [0, 3). (If p= 3, the model is not identifiable.)



Proof : We can change our sample and parameter space from {0,1}" to {—1,1}" by setting all 0
values to -1. We can then represent the ancestral mixture model symbolically as Y; = 6;€;, where 6
is from the Q distribution transformed to {—1,1}%, and &1, €5, ..., € are i.i.d. with P(gj=—1) = p
and P(gj = 1) = 1 — p. Further, 8 and € are independent. This follows because

VA 8 if & =1 (no mutation)
b 6; if & =—1(mutation).

Therefore, the noncentral moment of Y can be expressed as

my(a) = E(X%)
L

= E(Il:l<9i5i)ai)

- e
= mo(a) qae?“a‘)),

where mg(a) is the ath moment of 6 and under Q

1C N 1 if bi(a)=0
EE®) = {l—2p it bi(a)=1.

I

Therefore,
L
my(a) = mQ(a)rl(l—ZP)bi(ai)
1=
= mQ(a)(l — Zp)ZE'zlbi(ai)
where bj(a;) is either 0 or 1. Because the moments of Y are identifiable, Q is identifiable for fixed
p if
mq, (a)(1—2p) Tmabi@) - maq,(a)(1—2p) Sieabi(ai) (5)
implies Q1 = Q.. If p < 1/2, (but possibly 0), then we can cancel (1 — 2p)Z=1%(@) from (5) to

get mo, (a) = mo,(a), s0 Q1 = Q. If p=1/2, then my(a) = 0 for all a, regardless of Q, so we
cannot determine Q from Y’s distribution. O

So far we have discussed the identifiability in the model when the number of components is not
fixed. We will discuss other identifiability questions next.

3.5 Other identifiability questions



The nested structure of the ancestral mixtures implies that given any A(Q, p) and any g < p, there
exists Q* such that A(Q, p) = A(Q*,q). Therefore, (p,Q) jointly are not identifiable in the non-
parametric sense.

A modelling technique one might use to overcome the identifiability problem in this case would
be to fix the number of components in the distribution Q at K. If we denote the mixing distribution
as Qg for K fixed, then it can be proved that (p, Qk) are jointly identifiable in the reduced param-
eter space, provided K < 2", Note that Q* above has K = 2" support points, so that K = 2- must
be excluded. We will discuss this modelling approach further in the next section.

4. POINT ESTIMATION BY MAXIMUM LIKELIHOOD METHOD

The nested structure of the nonparametric ancestral mixture model implies that (p,Q) are not
jointly identifiable. To overcome the identifiability problem, two possible approaches will be dis-
cussed here.

The first one is to use a fixed number of components K in the model, then jointly estimate
the resulting parameters and the mutation rate p. However, compared with the second approach
we develop later, this approach lacks uniqueness of the likelihood solutions (as the likelihood is
potentially multimodal). In addition, only the second approach leads to a hierarchical tree.

The second approach is to use a fixed p, and model the mixing distribution nonparametrically. If
we do so, the nonparametric maximum likelihood estimator (NPMLE) will automatically produce
an estimate of the number of components in the ancestral model. This approach will have a unique
solution, and as we show, will produce a tree structure as we vary the fixed p. Therefore, we will
focus on the second approach.

Next we will show how to determine the NPMLE of the mixing distribution Q with p fixed, then
apply the properties of the NPMLE summarized in the monograph of Lindsay (1995).

4.1 One ancestor with fixed p

We will start with maximum likelihood estimation in the single ancestor model with fixed p.

Following equation (2), a random sample X1, X, ..., X, from the single ancestor model has the
likelihood function

n

L(k,p;X) = rlK(Xalul, p)

L p Zin:l D(Xi aul)
~(G)

Since p is fixed and 0 < p < 0.5, we have

p Zin=lD(xi7p'l)
o< (257



If follows that maximizing L is equivalent to minimizing Y ; D(xj,M1). But one can minimize
St zlj':]_(Xij - I.llj)z for each j separately by choosing p1j to minimize the number of disagree-
ments. That is to say, l;j, the estimate of |1, j, is equal to the majority vote of the elements of the
sequence Xij,X2j, ..., Xnj. Thatis, the MLE for ji is

) 1 , if%ZLlXij>l
fuj = 0 L ifaylixj<j
either , if 57, Xij =3
where j=1,2,..,L.
4.2 Multiple ancestors with fixed p

In this section, we consider the NPMLE of the multiple ancestors mixture model with fixed p.
For p = 0, an explicit solution can be found. For 0 < p < 0.5, we will use the K-component EM
algorithm as a tool in computing the NPMLE. For the case of multiple ancestors with fixed p, we
have the following result.

Lemma 2. When p = 0, the NPMLE Q of Q for the ancestral mixture model is the empirical dis-
tribution of the sample, X1, X2, ..., X,. That is, Q has as support points the set of distinct sequences
Y1,Y2,---, YD, With masses T = % where ny is the sample frequency of sequence yk.

Proof : Asp — 0,

p
{ 1 ifD(X,u)=0

L (p)P*Y
KpOGH) = p (—)

0 otherwise.
Thus the distribution of X becomes degenerate at 1. Thus, we can write the likelihood kernel as
Ko(x;p) = l(x=W).

To check that Q is the NPMLE, it suffices to check a gradient inequality (Lindsay, 1995). Using
the notation of Lindsay (1995, p. 115), it states that Q is a NPMLE if and only if

Do(M) < 0, YpeQ. (6)

Here

& KOl g

D — — P
o) k:lnk[Zj"jK(yk,uj)
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We have
Li(Q) =

Hence, the gradient is

De) = In ll(yjnj b 1]

= N3 =0-3 .

This function equals n —n = 0 when L is one of the support points (y;) and equals —n < 0 when it
is not. This verifies the gradient characterization. O

As a computing approach to find the NPMLE for other values of p, we will follow the lead of
Laird (1978), who suggested using the K-component EM algorithm with a large number of support
points K. However, we will also utilize the sieve parameter p in order to get good starting values
for the algorithm. From Lemma 2, we know the solution for p = 0. We might suppose that this
solution is also a good set of starting values for p = 0.001. Similarly, the solution at p = 0.001
obtained by the EM algorithm might be a good starting value for p = 0.002, and so forth. In this
way, we will compute a linked family of estimates Qp, for p on a grid. We will consider the conse-
quences of this linkage after introducing the EM algorithm.

Then, we will show how to compute estimates of parameters using the EM algorithm introduced
by Dempster et al. (1977). We will use multinomial indicator vectors to construct the “complete
data” likelihood function.

For fixed p, consider K ancestor sequences px with weights Pr(8 = pi) = T, giving a density

K
FOGQK) = 3 x k(X p) -
=1

Let the multinomial indicator vector be defined fori=1,..,nand j=1, ..,K as

7 1 , if x; originated from component |
' 0 , otherwise.

Then, the augmented-data likelihood function for individual i is
Li = PXi=x,Z=1)
P(Xi = Xi|Zi = Zi) X P(Zi = Zi)
= K0 | H)ZK(x | H2)%2 K (X | i) R TERTER - T

K ,
RIS
[1m
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Here

and

The augmented-data likelihood function is therefore

Ly = .IjL‘
n K . .
— I]:HJK(xiluj) xr

Taking logarithms, we get
n K
logla = Zl > Zij [logk(xi|u;) + log ] .
i=1j=1

The EM algorithm involves two steps, the E-step and the M-step. The E-step is to calculate a
function H that is defined as the expectation under current parameter values of the augmented
data log-likelihood function conditional upon the observed data. The M-step is to maximize the
function H with respect to the parameter over the parameter space.

In summary, the estimates for the parameters at (t 4 1)th iteration of EM algorithm are

1 if ST S(TH Y,y ) i
’ Z{‘=15(Tl(‘+l),u5(t)|xi)

A (t+1) _ 0 if Zin=15(n(t+1),llj(t %) X Xis
15 ’ Y (D), V)
; e S (Y 1 Ok xxis 1

either , if SIS0 @) 2

NV
NI, Nl

()

and

iy 3, 1y x;)
n

Ty (t+1)

where t
i x k(xi|iy V)

z‘leﬂﬁ” x K (il V)

Note that the structure of the model makes the third case, the ties, in (7) extremely rare. It also

makes no difference in the EM likelihood which ; we use in this case. We arbitrarily programmed

ﬁ%“rl) to be 0 if § occurred.

6(1-[(t)a p’] ®) |Xi) =
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5. INDUCED TREE STRUCTURE

In this section, we will discuss how the NPMLE of the ancestral model under varying p induces a
tree structure.

If we take a set of data to compute the NPMLE for fixed p, we will find some random number of
components between 0 and D (Lindsay, 1995). If we compute the NPMLE Qy, for each p between
0 and 0.5, then we will find a linked sequence of mixture estimates. If we equate p (actually
n = —log(1—2p)) with “number of generations of mutation”, it is intuitively clear that the further
back in time we go (larger n) the fewer the ancestors.

From Proposition 3, we know the parameters in the model are not identifiable when p = 0.5.
When p is near 0.5, no matter what the ancestral sequences are, the sequences we observe look
very similar to sequences generated by randomly tossing a coin to decide success or failure at each
site, with nearly equal probability of choosing 0 and 1. Thus we might expect a single ancestor
sequence to fit the data adequately. At the other extreme, when p = 0, we have already seen in
Lemma 2, that each distinct observed sequence becomes a support point. These D sequences are
the ancestral sequences with weights equal to ny /n.

This heuristic thinking gives us a feeling for how the ancestral mixture model might generate a
tree structure. Let us treat the y-axis as n, where we can think of n representing time measured
in amount of mutation. When p is close to 0.5, so n is very large, which is at the top of the tree,
the NPMLE will estimate that the data are from one common ancestor . In biological terms, this
ancestor might be called the most recent common sequence (MRCS) of the sample sequences.
Moreover, we know from the results of section that the MRCS is the majority winner of the
sequences in each site. As time goes forward (i.e. when p decreases), we anticipate that the single
ancestor will split into two ancestor sequences (i.e. Qp has two support points), then three, and so
forth until we reach D ancestral sequences at p = 0, where D is the number of observed distinct
sequences.

From this argument, we conjecture that the NPMLE of the ancestral mixture model under vary-
ing p will induce a tree structure, something like an ancestral tree. \We will call these linked
estimators (p, Qp) the induced mixture tree. When we compute the tree from the bottom up, our
computational experience is that as we increase p, the number of components decreases monoton-
ically, with two components that are distinct at one p merging at the next p.

After fitting the NPMLE for a fixed p, one can assign a sequence, X to the component j that
maximizes its posterior probability &(t, yj|x) of being from this component. In the process we not
only get a cluster assignment, but also a measure of the certainty with which the assignment is
made. Different values of p will give a range of possible numbers of clusters to use.

6. CASE STUDY
In this section, we will present as a case study a computer analysis of a data set. We fit the ancestral
mixture model to the Mitochondrial DNA sequences found in Griffiths and Tavare (1994). The

performance of our approach and some computing issues for our algorithm will be discussed in
this section.
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6.1 Mitochondrial sequences from Griffiths and Tavare (1994)

The data we used for our investigation is from the paper of Griffiths and Tavare (1994). These
Mitochondrial DNA sequences first appeared in the paper of Ward et al. (1991). For studying
the mitochondrial diversity within the Nuu-Chuah-Nulth, an Amerindian tribe from Vancouver
Island, Ward et al. (1991) sequenced 360 nucleotide segments of the mitochondrial control region
for 63 individuals from the Nuu-Chuah-Nulth. Because of the coalescent theory assumption that
substitution at any nucleotide position can only occur once, Griffiths and Tavare (1994) eliminated
some lineages and 8 of the pyrimidine segregating sites from the Mitochondrial DNA sequences
of Ward et al.. This resulted in a subsample comprised of 55 of the 63 distinct sequences and 18
segregating sites including 13 pyrimidines (C,T) and 5 purines (A,G). The Mitochondrial DNA
sequences are shown in Table 1. In the table, each lineage represents a distinct sequence. The
frequency of a lineage represents the total number of individuals who have the same sequence.
Next, we will apply the ancestral mixture model to these Mitochondrial DNA sequences.

Table 1: Mitochondrial data from Griffiths and Tavare (1994)
1 1 2 2 3 1 1 111 2 2 2 2 3 3
Poston|0 9 5 9 4(/8 9 2 4 6 6 9 3 6 7 7 1 3|

6 01 6 4/8 1 4 9 2 6 4 3 7 1 5 9 9]|Lineage

Ste |1 2 3 4 5|6 7 8 9 10 1T 17 13 14 15 16 17 18| fregs.
Lineage

a A GGAATCCTCTTT CTZ CTTZC 2
b A GGAATCCTTTTT CTZ CTTC 2
c GAGGACCCTCTTCCCTTT 1
d GGA GACCCccTTCCCTTC 3
e GGGAATCCTCTTTCTTCTTC 19
f GGGAGITCCTCTTTCTT CTTC 1
ﬁ GGGGACCCTCCC CcCccCcTTT 1

GGGGAICCCTCCCTCCTTT 1
i GGGGAICCCTCTTTCCCCCT 4
E< GGGGAICCCTCTTCCCCTT 8

GGGGACCCTCTTCCCTTC 5
I GGGGAICCCTCTTCCCTTT 4
m GGGGACCTTCTTCCCTTC 3
n GGGGAICTCTCTTCCTTTC 1

6.2 Mixture tree by the ancestral mixture modelling

Using the Mitochondrial DNA sequences in Table 1, we first choose the majority of each site as
the sequence type of MRCS, which is the sequence (G, G, G, G,A,C,C,C, T,C, T, T,C,C,C,
T, T, C). Next we re-code those Mitochondrial DNA sequences into sequences with (0, 1) coding,
where 0 represents the estimated type of the MRCA sequence, and 1 represents the opposite. For

p = 0, the number of the components is K = 14 and the estimated ancestral types {1, fi2, ..., fl14
are the original coded lineages y1, Y2, ..., Y14

As we move n slowly upward and run the EM algorithm at each ), we will see that the support
points fi;(n), ..., ik (n) will stay constant for a period, then evolve into a new set at some ). That
is, at some point in “time”, say no, a merger will occur in the sense that i, (No) = {1;(no) for some
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(k, j) pair. The path taken by an individual f1,(n) as n varies from 0 upward will be called the kth
lineage. In the data of Table 1, we will be able to trace the lineages a to n backward in mutation
time. At any point in time g, we can identify different lineages that have merged with each other
as corresponding to clusters of the original sequences. The gradient check that enables us to check
if we have found the NPMLE was discussed in Lindsay (1995).

In practice, there are two problems with using (6) to verify whether Q is an NPMLE. First,
Q is usually obtained by an algorithm, so for any stopping rule in the algorithm there is limited
accuracy, which means that (6) is inherently violated. Secondly, checking the inequality for a large
number of values of | is time consuming.

As a solution to the second problem Lesperance and Kalbfleisch (1992) proposed to take a basic
grid, then search the neighborhood of each grid point to see if there is gradient violation. That
is, define a subset Qs of Q, and check if the inequality (6) holds for all p € Qs. In our problem
Q = {0,1}" has 2- elements; for L large, this is an infeasible space to search. Here, we will use
the gradient stopping rule by defining the subset Qs={the support points {l in Q, and all the original
distinct sequences y1, Y2, ....Yp }-

Even with the use of a grid basis, the algorithm will not stop in a finite number of steps unless
we allow a tolerance in (6). Lindsay (1995) proposed that one allow a small positive tolerance
value on the gradient function and stop the algorithm if

Do(k) < tol, Ve Qs

where tol is a small positive number. An important property of this rule is that it guarantees that
the current log-likelihood is near its final maximized value (In(L(Q)) — In(L(Q)) < tol, where Q
is the maximizing mixture). Following Lindsay (1995, p. 131), we used tol = .005.

Using the gradient stopping rule proposed the previous section, we did C++ programming of
the EM algorithm. We estimated the ancestral mixture model by sliding p in increments of 0.01
and the 0.001. The clusters obtained by using a 0.01 sliding scale are listed in Table 2, and those
obtained with a 0.001 sliding scale are listed in Table 3.

In Table 2, the first row shows that, at p = 0.09, lineages e and f merged due to a mutation
occurring at site 5 in the p for lineage f so that the p-values became identical. Thus 13 clusters
are identified between p = 0.09 and p = 0.19; lineages e and f form one cluster and the other 12
lineages are 12 distinct clusters. At p = 0.19, we see that lineages ¢ and | merged due to a mutation
in lineage c at site 2.

The goal of sliding p at a slow rate is twofold. First we wish to keep good starting values for
the EM. Secondly, we wish to accurately capture the merging of support points. In Table 2, we see
that three mergers happened “simultaneously” at p = 0.32. In order to capture the times and order
of mergers, we did further sliding of p between 0.31 and 0.32 using a 0.001 scale. This showed
that lineage i first merges with lineage j at p = 0.314, later lineage g merges with lineages ¢ and
| at p = 0.316, and finally lineage h merges with lineages c, g and | at p = 0.320. Notice that the
structures of the two trees in Tables 2 and 3 are the same in terms of the order of events. There are
only small differences in the mutation times p between these two trees.

6.3 Performance of the tree algorithm
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Table 2: Clusters of Mitochondrial DNA data from Griffiths and Tavare (1994) using 0.01 scale

‘ p ‘ —log(1—2p) ‘ Clusters ‘ Mutated Site ‘
0.09 | 0.198451 {(ef),abrcdaghijklmn} f: 5 (Site 5 of lineagef)
0.19 | 0.478036 {(ef),(c1),abdghijkmn} c 2
0.24 | 0.653926 {(@ef),(cl),bdaghijkmn} al
0.27 | 0.776529 {(@ef), (), kn),bdgijm} n: 7,15
0.28 | 0.820981 {@ef), ), kmn),bdghij} |m8
0.29 | 0.867501 {(@hb,ef),(cl), (K mn),daghij} |b110
0.32 | 1.02165 {(@bef),(cghl),dj,Kmn),d} |i17; g 11,12; h: 11, 12,13
0.35 | 1.20397 {(@bef),(cahl),(@j@dkmn}|d39
0.42 | 1.83258 {@hb,ef),Gjcahl),dkmn} |(Gj:16
0.45 | 2.30259 {(abef),(canhlij,dkmn)} (c,g,h1,i,j): 18
0.49 | 3.91202 {(ab,ef,cdghijklmn)} (a b,ef): 4,614

Table 3: Clusters of Mitochondrial DNA data from Griffiths and Tavare (1994) using 0.001 scale

‘ p ‘ —log(1—2p) ‘ Clusters ‘ Mutated Site ‘
0.084 | 0.183923 {(ef),abrcdaghijklmn} f: 5(Site 5 of lineagef)
0.188 | 0.471605 {(ef),(c1),abdghijkmn} c2
0.239 | 0.650088 {(@&ef),(c]l),bdagh,ijkmn} al
0.264 | 0.750776 {(aef), (), kn),bdgijm} n: 7,15
0.272 | 0.785262 {(@ef), ),k mn),bdghij} m: 8
0.284 | 0.83933 {(@b,ef),(l),Kk mn),dghij} b: 1,10
0.314 | 0.988861 {(@hb,ef),cl),dj) (kmn)dgh} |i17
0.316 | 0.999672 {@hb,ef),(cal),j kmn),dh} | g1l 12
0.320 | 1.02165 {(@bef),(cahl),(dj), Kk mn),d} | h 11,1213
0.342 | 1.15201 {(@bef),(cahl),(@j@dkmn}|d39
0.422 | 1.8579 {@hb,ef),Gjcahl),dkmn} |(Gj:16
0.447 | 2.24432 {(ab,ef),(canhlij,dkmn} (c,g,h1,i,j): 18
0.489 | 3.81671 {(ab,ef,cdghijkl mn)} (a b,ef) 4,614
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Figure 1. Mixture tree of Mitochondrial DNA data from Griffiths and Tavare (1994) using 0.01
scale and natural time parameter.

A graphical representation of the mixture tree for the sliding scale .001 using the natural time
parameter n = —log(1 — 2p) is shown in Figure 1. To illustrate, if one starts at the bottom of the
tree and moves upwards along the branch of lineage f, one finds the merger at p = 0.09, where
—log(1—2p)=1.98451. At this time, site 5 in lineage f mutates, resulting in the same ancestor p
as in lineage e. Therefore lineages e and f merge.

Our experience was that the tree algorithm performed quite reliably. The EM stopped in a few
steps, each site mutated only once, and the two mixture trees using different sliding scales were
consistent with each other. In our investigation, we expected that the p at which the lineages
merged in 0.001 scale should be slightly smaller than those in 0.01 scale. We found one discrep-
ancy at p = 0.422. So, we did some further investigation at this time point. Indeed the “votes” to
decide f1j: were very close to 50/50; we believe that this discrepancy was caused by computing
rounding error.

6.4 Numerical questions

In this section, we investigate two important points regarding the success of our EM algorithm.
We wish (1) to know whether our initial values for our EM algorithm were adequate to find the
NPMLE and (2) to demonstrate that the EM converged adequately by the gradient stopping rule.

First, we consider the initial value problem. We have proposed that in the tree algorithm, the
initial value of the EM at the current p should be given by the estimate Qp obtained for the previous
value of p. We did the following investigation of this method.
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Figure 2: Mixture tree of Mitochondrial DNA data from Griffiths and Tavare (1994) using 0.001
scale and natural time parameter.

For a given p, we compare the L(Q, p) and the total number of iterations for three different
methods to select initial values which will be described in the following manner: (1) the empirical
sequences, Y1,Y2,---, Y14; (2) the estimate obtained for the previous value of p, sliding by 0.02 until
the fixed p; (3)the estimate obtained for the previous value of p, sliding by 0.001 until the fixed p.

Log-likelihood values and total number of iterations are investigated for p = 0.08, 0.16, 0.22,
0.34, 0.40 and the three methods. Not surprisingly, the estimate based on the smaller sliding scale
is usually the best one in terms of likelihood. However, all values are very close, suggesting that
the solutions are robust to the choice of starting methods.

Secondly, we would like to verify that the EM has adequately converged under the gradient
stopping rule. To do so we compared the log-likelihood value from the gradient stopping rule with
the log-likelihood value obtained by running 1000 iterations in each call of the EM algorithm, a
technique that creates considerably more accuracy at the expense of long run times.

We estimated Q at p = 0.34 and the values of p are identical in the two runs, although the values
of Tt differ slightly. The result was that the second likelihood is only 0.0000018 better than the
first, much less difference than the target tolerance of .005. We also did comparisons with p =
0.07,0.15, 0.23, 0.34, 0.38, and 0.43. As predicted by the gradient stopping rule, no case occurred
where the tolerance bound was exceeded by the difference in log-likelihood.

In conclusion, we found that our tree algorithm is reliable in finding the maximum and that the
stopping rule provides high accuracy without excessive computation.

18



7. DISCUSSION

In this article, we proposed an ancestral mixture model for clustering high dimensional binary
sequences, such as SNP data. We proved that the mixing distribution Q in the nonparametric
ancestral mixture model is identifiable for each fixed p in [0,0.5), and so we could use nonpara-
metric estimation methods. By sliding the sieve parameter representing the mutation probability p,
one can create a hierarchical tree which estimates the population structure at each fixed backward
point in time. The parameter p was transformed to n = —log(1 — 2p), a natural time scale for the
mutational process.

The nonparametric maximum likelihood estimate (NPMLE) in the ancestral mixture model was
implemented via the EM algorithm using a gradient stopping rule. By computing the NPMLE
for each fixed value of the sieve parameter p, we created a linked sequence of mixture estimates.
Finally, a hierarchical mixture tree was constructed from these linked estimators, giving cluster re-
lationships that can be visually identified. After the clusters are identified, any individual sequence
can be assigned to a cluster in a probabilistic way. This technique was shown to be powerful in
clustering bi-allelic genetic sequences.

After building up the hierarchical tree, we might be interested in selecting a value of n such that
the model fits well. In doing so, we also obtain Qn, which determines the number of components
needed to fit the data well. In future work, we will propose a quadratic distance based approach
for model selection. As for studying the variation properties of the ancestral mixture trees method,
we will in the future report on a nonparametric bootstrap analysis.

Some extensions of the ancestral mixture model will be developed in the future. In many impor-
tant genetics problems, the sequence data is polytomous in nature. For instance, in disease studies,
the site variable Xs might indicate which one of many “marker alleles” is present; such a site is
called a multi-allelic locus in biological terms. Also, in some biological sequences, different nu-
cleotides seem to have different rates of mutation as well as different components of the population
might have different mutation rates.
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