Homework 13
Due Friday, April 25 in class

Lecture 34 (Friday, April 18)
Do exercises 5.69, 5.70 and 5.75.

For problem 5.69, you may use Theorem 5.9 in the book.

Lecture 35 (Monday, April 21)
Do exercises 5.87, 5.92 and 5.94.

Use Theorem 5.12 in the book.

Lecture 36 (Wednesday, April 23)

Problem 1.

Consider the example given in today’s lecture. The probabilities that a certain exper-
iment will last less than 50 hours, between 50 and 90 hours, or more than 90 hours, are
p1 = 0.2, p, = 0.5 and py, = 0.3, respectively. Suppose we are going to do this experiment
8 times, and set X; for the number that last less than 50 hours, X, for the number that
last between 50 and 90 hours, and X3 for the number that last more than 50 hours. Then
(X1, Xo, X3) follows a multinomial distribution (Note that X; + X5 + X3 = 8). In class,
we already found out Cov(Xy, X3). Go ahead to find

1. B(X; — 2X, + 5X3)
2. Var(Xs)
3. COU(XQ,X3)

(Hint: Still let (Y1, Ys,Y3) be the r.v.s for a single experiment (n = 1) and use the
relationship between X and Y to solve the problem. Also note that r.v.s that come from
different experiments are independent of each other because experiments are assumed to
be independent with each other.)

Solution: It is easy to start from the joint distribution of (Y7, Y5, Y3) to obtain distri-
butions for Y7, Y5, V3, Y5Y3, etc. And then we have E(Y]) = p; = 0.2, E(Y;) = py = 0.5,
E(Ys) = py = 0.3, V(Y) = B(Y?) — E*(Ya) = py — p} = 0.21, Cov(Ya, Ys) = E(YaYs) —
E(Y2)E(Y3) =0 — pops = —0.15.



We know that X; = 30 Vi, Xo =30 Yo, Xa =30 Y3, And Y, LY, ifi # j.
Therefore,

B(X, —2X, +5X3) = E(X)) — 2E(X,) + 5E(X3) = 8(0.2 — 1+ 1.5) = 5.6

Var(Xs3) =8Var(Y;) = 1.68

Cov(Xa, Xs) = Cov(5y Yau, Yoy Yag) = 2y gy Cov(Yas, s j) = 8Cou(Ya, Ys) =
—1.2.

That’s all for homework 13.



5.69 since ¥; and ¥; are independent, with fy (1) = tyie ¥ and fo(ys) = L e,
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since the second integral is the variable factor of a gamma distribution with o = 2,
§ = 2 and integrates to I'(2)2% = 4.
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570 The marginal distribution of Y7 is fi{y:) = 1 for 0 < y; < 1, sothat E(Y}) = [ v dy;
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= L. Using the joint distribution of ¥} and Y2, we obtain
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Thas, Cov(¥;, Y1) = (3) - (3) (2) = - 2 3

6.
No, as value of Y} increases, value of Y5 tends 1o decrease.

5. 8 7 Referto Theorem- 5.12.
5&}} + 4;2 —6Y3) =3(2) + 4(~1) - 6(4) = _22
L+ 4Y2 ~ 6Y3) = 9(4) + 16(6) + 36(8) + (2)(3)(4)(1 3)(~
| it + @0+ ) -o
5.92 From Exercise 5.29, fi(y1) = y1e™¥, which is a gamma distribution with & = L,B=1
Hence E(¥;) = 2(1) = 2and V(¥}} = ef? = 2.

folw) = [ e dy = —e™¥|T =¥
L'
which has a gamma distribution with o = § = 1. Hence E(Y2} = V(¥3} = 1. Finally,
|| W o
E(YiYy) =] [ nupe ¥ dypdy = [ Sendy = O = 3
Q L) Q

Cov(Yy, o) =3 - (1}(2) =1 EVi-%)=2-1=1
VIYi~Y)=2+1-2(1)=1

It _is .uniikely that a customer would spend more than 4 minutes at the service window becanse
this is 3 standard deviations above thé mean.

594 Notice f(y1,y,) = %y;e””‘f'z%e’ym for 0 < y1,7; < oo, Therefore Yiand Ysare
independent. Notice also this implies that ¥}is distributed as a gamma with ¢ =
Yais distributed as an exponential with 8 =2. Hence E(Y3) = 2 and V(Yz) :4 d
E(Y1) =4,V(V) = 8. Since Y, and Y5 are independent Cov(¥; ) = a '_l"he,nan
E(C) = 50+ 2(4) + 4(2) = 66 V(C) = 4(8) -+ 16(4) + 0 — 56
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