6 6 a. Consider U = ¥; — Y3, where Y; and ‘ ym _—
Y5 lie in the large triangle shown in 2k B P ’ ’
Figure 6.1. Fy(u) can be found 7 o omhu
directly by integrating the joint . S, i I
density over various regions, which Y e S nEnt2
will change depending on the value 1F R Y aa S
taken by u. Note that the line L gl /’ 2
Y- Yy=norY) =Y, +uisa - ’,’ ’,’ 7 ,/’
set of parallel lines having intercept ‘ g S g
u on the ¥ axis. ] ; 2
(1) Foru<0, _ b
Fylu)=PY1 -2 £u)=0. _Figure 6.1
(2) For0<u<l, | :
Fy(u)={ f dyndyp= [ (u—p)dpn =% ‘ \
0 I n 'i
(3) Fori1<u<?2, ‘ s
I-u -y A
Fu(u)=]—f fdyldyg—l—f (2 yg-—u)dy-;—l—(z u} g
(4) Foru>2, Fylu)= 1 _ F
Differentiating with respect to u, we have ‘ . ;
t, 0<u<l ¥
folw)=¢2—u, 1 Su<2 4]
0, elsewhere §
1 : . i 2 ! 2 ' i: ]
b. E(U)=fu2du+f(Zu—uz)c_lleg+[u‘~—~f]]=1 |
1] 1 . 1 ]
6. 1 9 a. IfU =2Y —1,thenY = Y2 Differentiating, we have ;iF = ; and
foluy =@ (1~ sty =i i
fOrO(“H(lor-_]SuS]
b [fU'""l_f}Y thEHY-': %,and%:% Then :
folu) = 3(2)(1 - 52) = &= i
for0<1‘“<lor_]<u§] i.¥
¢ IfU=Y?%thenY = /U and o 5‘&}7 Then (since u = ¢ is increasing for :
y>0)
! 1- ;
folw) = 77 (2) (1= V) =
. for 0 < \/E< lor0<usi.
624f() f0r0<y<i
U == —2 InY; solving for y,
Iny = — % which gives y=e —u/2,
- (he
Thus,
fulw) = F) S = 1](=5) e = (5) e foru>0
which is exponential with = 2,
—————— M

6.27 Similar to Bxercise 6.21. Fix ¥; = g1, Then if 1/ - MVt
The joint density of ¥7 and U is
,f(y;, 'u,) = %y? e (tum)f2 %yl? it euls P L ¢
Integrating over all possible values of vy, we have
1 £ .2 gmwn(l4u)/2 r 1] *
folw = [ femomizay, = b
since tElB variable part of the integrand is that of a pamma vatiable with o 3,
+u

6.30.. IfU =Y thenY = \/Eandldﬂ——\l?;. Then

Fulu) = —Xe"“f”x iﬁwae‘“le u>0
which is an exponentiaf density with mean 4.

b. Fromparta., E(Y?) = E{U) = 6. Further, integrating directly, we have

EY)=E({U'Y) = f“’ SE ot F(Agsarz Sir()e = @

Then V(Y¥) = E(Y)—[E(Y}]—H (B)=0[1-(3)].




L.3Z2 By independence we know that

flyn ) = -1?516‘(5'*”2”9 when v > Oand y > 0.
, Let U = Y? + Y. Now fix a value of Yiat g, say. ThensetU = yi + Y2 so that

Y=\ u~— yi. Note that

dh {u) _ 1
. 2fu-g@
Then we have
N $— __ ] 2 uj¥
oo, u) = Sy o= AT = S

for0 < y; < /u. Then

fU(u) \/-25 yldyl — "‘5116 ujG'
for u > 0. That is, I/ ~ Gamma(2, 5)

644 a. Because Y;and Y; are Poisson random variables,

my, (1) = eh)
and

m}’,{i) = el
So that my, 4y, (t) = exp [—(A1 + Aa) (1 — €')]; which is the moment-generating
function of a Poisson random variable with mean ) + Az. (Recall thatexp( )is

simply a convenient way to write el )). By Theorem 6.1, then,
P(Y+ Yy = k) = 2
fork=0,1,2,...
b. By definition,

N — _ PYi=k Vi+Yr=m) _ P(Yi=k Ya=m-k)
) Py =k +Ya=m)= “pxiyomy = " FRitem

m a k S m—k
™) (325) (s2)" k=012...m

which is the probability distribution function for a binomial random variable with
parameters m and T);l,\_z .

B6.50a  Recall that m(t) =

(_IE‘I?_ Using Theorem 6.2, we have

my(t) = 1T mw(t) = (%5
i=j
b. Differentiating with respect to £, we have
.
B =m© =7 () * iyl = &
Further,

E(y‘z) e l‘( )= d _ripe'y

=0

_ Ul=gety Ppet (pe! T (pt Y (1 1)(=
- (i~ ,)2(:+1)

t=0
pritrirtile

Then .
_ priir{rtlle—r? _ rg
ViY)= L=

c. This is similar to exercises 6.45land 6.46.
. ' P(W; =k, TW;=m)
P(W, =k|Y W,=m) = W =) :

PNH=&$Wpﬂn—H
P(Y W, =m)

P(W; = k)P(Z;]W,- =m—k)
P(3_W;=m)
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