
1. Limits
Lehmann §1.1

A couple notations that you might not be familiar with: “There exists” or “there exist” is sometimes
abbreviated ∃ and “for every” is sometimes abbreviated ∀.

Definition 1.1 A sequence of real numbers a1, a2, . . . tends to a finite real number a, written
an → a, if for every ε > 0, there exists N such that

|an − a| < ε for all n > N .

Definition 1.2 A sequence of real numbers a1, a2, . . . tends to ∞, written an → ∞, if for every
M > 0, there exists N such that

an > M for all n > N .

The definition of an → −∞ is obvious given Defintion 1.2.

Example 1.1 What happens to each of the following sequences?

1. an = log n

2. an = 1 + (−1)n/n

3. an = 1 + (−1)n/n2

4. an = (−1)n

The following very important example of convergence of a sequence should be familiar to you:

For any real number c,
(
1 +

c

n

)n

→ ec.

Proposition 1.1 If an → a and bn → b and f : R2 → R is continuous at the point (a, b), then
f(an, bn) → f(a, b).

Example 1.2 Results like the following result from Proposition 1.1 if an → a and bn → b:

an + bn → a + b anbn → ab
an

bn
→ a

b
if b 6= 0 log(1 + a2

n) → log(1 + a2)

Definition 1.3 The sequence of real numbers {an} is asymptotically equivalent to the sequence
{bn}, written an ∼ bn, if (an/bn) → 1.

Equivalently, an ∼ bn if and only if ∣∣∣∣an − bn

an

∣∣∣∣→ 0.

The left-hand expression above is called the relative error in approximating an by bn.

Note that the definition of asymptotic equivalence does NOT say that

lim an

lim bn
= 1;

the above fraction might equal 0/0 or ∞/∞, or the limits might not even exist!
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Example 1.3 Stirling’s formula: n! ∼
√

2πnn+.5e−n

Example 1.4 For any k > −1,

n∑
i=1

ik ∼ nk+1

k + 1
.

Problems

Problem 1.1 We say that a function f : R2 → R is continuous at a point (a, b) if for every ε > 0,
there exists δ > 0 such that whenever (x − a)2 + (y − b)2 < δ2, |f(x, y) − f(a, b)| < ε. Using
this definition, prove Proposition 1.1.

Problem 1.2 Prove the asymptotic relationship in Example 1.4.

Hint: One way to proceed is to prove that the sum lies between two simple-to-evaluate integrals
that are themselves asymptotically equivalent.

Problem 1.3 Do problems 1.10 and 1.11 on page 36 of Lehmann’s book. Note that 1.11 is a bit
more challenging than 1.10, despite its similar appearance.
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2. Embedding Sequences
Lehmann §1.2

Suppose we want an asymptotic approximation for P (X = 1) where X is binomial (100, .01). (Ignore the
fact for the purposes of this exercise that the exact answer,(

100
1

)
(.01)(.99)99,

is easy to calculate.)

Idea 1: Approximate P (X = αn) for X ∼ binomial(n, p) with fixed α and p. Base an approximation on
the asymptotics as n →∞, then plug in n = 100, α = p = .01:(

n

αn

)
pαn(1− p)(1−α)n =

n!
{αn}!{(1− α)n}!

(
p

1− p

)αn

(1− p)n

∼ 1√
2πnα(1− α)

( p

α

)αn
(

1− p

1− α

)(1−α)n

.

Idea 2: Approximate P (X = 1) for X ∼ binomial(n, 1/n). Plug in n = 100:(
n

1

)(
1
n

)(
1− 1

n

)n−1

=
(

1− 1
n

)n−1

∼ 1
e
.

Thus, the problem of interest may be embedded in an asymptotic sequence in more than one way. In this
case, the exact value of 0.3697 may be compared with approximations of 0.4010 using Idea 1 and 0.3679
using Idea 2.

Problems

Problem 2.1 Problems 1.15 and 1.16 of Lehmann’s book give two different asymptotic approxima-
tions for binomial coefficients, namely(

n

k

)
∼ nk

k!
as n →∞ for fixed k

and (
n

k

)
∼
√

n

2πk(n− k)
nn

kk(n− k)n−k
as n →∞ for fixed k/n.

Each of these approximations may be verified using Stirling’s approximation n! ∼
√

2πn(n/e)n

(don’t do this). Note that the asymptotics of the two approximations are qualitatively different;
in the first, k is fixed, whereas in the second, k goes to infinity along with n. However, for fixed
n and k, it is not clear which approximation is closer to the truth.

Create a table in which you find the relative error in each of the two approximations for all 9
possible values of

(
n
k

)
for n ∈ {55, 56, 57} and k ∈ {5, 25, 125}. Try to characterize the situations

in which each approximation seems to outperform the other.
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Hint: Unless you use some program such as Mathematica that can do calculations of arbitrary
accuracy, you should probably do your calculations on the log scale. Splus has a function called
lgamma that computes the log of the gamma function, so that log x! is given by lgamma(1+x).
Thus, for example, log

(
106

105

)
is given quite simply by

lgamma(1+10^6)-lgamma(1+10^5)-lgamma(1+9*10^5),

whereas
(
106

105

)
itself is a number with more than 141,000 digits. To calculate relative errors, use

the fact that ∣∣∣∣a− b

a

∣∣∣∣ = |1− exp(log b− log a)| .
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3. Infinite Series
Lehmann §1.3

Intuitively, a series is the “sum” of a sequence. However, a series is really not a sum at all, but rather a limit
of a sequence of sums: If a1, a2, . . . is a sequence, define

sn =
n∑

i=1

ai.

If ` = limn→∞ sn exists, we call
∞∑

i=1

ai

an infinite series and write
∑∞

i=1 ai = `. (Note here that although ∞ and −∞ are not real numbers, in
this case we allow the possibility that ` = ±∞.) If ` is finite, we say the series converges; if ` = ±∞, the
series diverges. If limn sn does not exist, then the series

∑∞
i=1 ai is undefined. (Note: Some authors say that

when ` = ±∞, the series is definitely divergent, whereas when limn sn does not exist, the series is indefinitely
divergent.)

Example 3.1 If ai = 1/i, the series diverges; if ai = (−1)i, the series is undefined.

As a special case, we have power series, defined for a particular sequence of coefficients c0, c1, . . . as
∞∑

i=0

cix
i. (1)

For any power series, the exists a real number r, 0 ≤ r ≤ ∞, such that the power series converges for all
|x| < r and does not converge for all |x| > r. This r is called the radius of convergence. An interesting fact
is that it is possible to write down a formula for the radius of convergence of a power series, though this
formula is not always too useful.

As a preliminary step, we define the notions of supremum and infimum.

Definition 3.1 For any nonempty set S of real numbers, define sup S to be the least upper bound,
if S has an upper bound, or ∞ if S has no upper bound. Similarly, define inf S to be the
greatest lower bound of S or −∞ if no lower bound exists.

It is not trivial to prove that a least upper bound or a greatest lower bound even exists, but we don’t discuss
that proof here. For a nonempty set S, it is always true that either supS ∈ S or supS is a limit point of S
(and the same is true of inf S). The concepts of supremum and infimum are generalizations of the concepts
of maximum and minimum; however, they are more useful because unlike max and min, the sup and inf
always exist.

We have seen that the limit of a sequence does not always exist. However, we now define the limit superior
and limit inferior, which always exist for any sequence of real numbers.

Definition 3.2 The limit superior, or lim sup, of a sequence {an} is defined to be the limit as
n →∞ of the monotone decreasing sequence supm≥n am:

lim sup
n

an
def= lim

n→∞

(
sup
m>n

am

)
. (2)

The limit inferior, or lim inf, of a sequence has a similar definition: Simply replace sup by inf
in equation (2).
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Intuitively, the lim sup is the supremum of the set of limit points of the sequence {an} (where ±∞ may be
limit points). Similarly, the lim inf is the infimum of the set of limit points. It is always true that

lim inf
n

an ≤ lim sup an,

with equality if and only if limn an exists. The limit superior and the limit inferior of {an} are sometimes
denoted lim an and lim an, respectively.

Now back to power series. It is possible to prove, though we won’t do it here, that the radius of convergence
of the power series (1) is given by

r =
1

lim supn |cn|1/n
. (3)

In equation (3), we interpret 1/0 to be ∞ and 1/∞ to be 0.

Example 3.2 You’ve probably seen most of the following special cases of power series.

• If ci = 1, the series is geometric and r = 1. We have

∞∑
i=0

xi =
1

1− x
for x < 1.

• If ci = 1/i!, the series is exponential and r = ∞. We have

∞∑
i=0

xi

i!
= ex for all x.

• If ci = 1/i (and c0 = 0), the series is logarithmic and r = 1. We have

∞∑
i=1

xi

i
= − log(1− x) for x < 1.

• If ci = α(α− 1) · · · (α− i + 1)/i! (and c0 = 1), the series is binomial and r = 1 unless α is
a positive integer, in which case r = ∞ (and ci =

(
α
i

)
). We have

1 +
∞∑

i=1

α(α− 1) · · · (α− i + 1)
i!

xi = (1 + x)α for x < 1.

Problems

Problem 3.1 (a) Prove that the two power series

∞∑
i=0

cix
i and

∞∑
i=0

(i + 1)ci+1x
i

have the same radius of convergence.

Hint: Use formula (3).

(b) Prove Theorem 1.7.1 on page 39 of Lehmann.

Hint: Use the definition of the derivative: f ′(x) = limh→0{f(x + h) − f(x)}/h if this limit
exists.
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4. Order Relations
Lehmann §1.4

Definition 4.1 For sequences {an} and {bn}, we write an = o(bn) (“an is little-o of bn”) if an/bn →
0 as n →∞.

Intuitively, an = o(bn) means that an is asymptotically negligible compared to bn.

Example 4.1 We may write

1
n
− 2

n2
+

4
n3

=
1
n

+ o

(
1
n

)
.

In this case, o-notation makes it possible to focus on the most important part of a sequence
while ignoring the (asymptotically) negligible parts.

Suppose, on the other hand, that neither an = o(bn) nor bn = o(an). If instead |an/bn| is bounded asymp-
totically away from zero and ∞, we say an and bn are of the same order.

Definition 4.2 We write an � bn (“an is of order bn”) if there exist m, M , and N such that

0 < m <

∣∣∣∣an

bn

∣∣∣∣ < M < ∞ for all n > N .

Definition 4.3 We write an = O(bn) if either an = o(bn) or an � bn. In a very rough sense, the
relationship among the symbols o, �, and O is analagous to the relationship among <, =, and
≤ respectively.

Note: an ∼ bn implies that an � bn. Furthermore, an = o(1) is another way of saying an → 0 and an = O(1)
is another way of saying an is bounded.

If for some positive, fixed constants α, β, γ, we define an = nα, bn = (1 + β)n, and cn = (log n)γ , then we
always have

an = o(bn) and cn = o(an).

In words, these equalities capture the notions that exponential growth is always faster than polynomial
growth and polynomial growth is always faster than logarithmic growth.

Example 4.2 This is example 1.4.1 in Lehmann.

Suppose that δ(X) is some estimator of a parameter θ of interest. We define the mean square
error as MSE = E {δ(X)− θ}2. The bias-variance decomposition states that

MSE = (bias of δ)2 + (variance of δ).

Consider the Bayes estimator for a binomial p:

δn(X) =
a + X

a + b + n
,

where a and b are fixed constants (the parameters for a beta distribution of the prior on p). We
can compute that

bias of δn(X) =
a(1− p)− bp

a + b + n
and variance of δn(X) =

np(1− p)
(a + b + n)2

.
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Thus, the square of the bias is little-o of the variance, which means that we may express the
MSE in this case as

MSE = Var δn(X) + o{Var δn(X)}.

Example 4.3 Prove that

n = o

(
n∑

i=1

√
i

)
.

Proof:
n∑

i=1

√
i ≥

n∑
i=bn/2c

√
i ≥ n

2

√
n

2
.

Since clearly n = o(n
√

n), the desired result follows.

Problems

Problem 4.1 Suppose that δ(X) is an estimator of g(θ). Prove that the variance of δ(X) plus the
square of the bias of δ(X) equals the mean square error of δ(X).

Problem 4.2 Let X1, X2, . . . be iid from an exponential distribution with density f(x) = θ exp(−θx)
and consider the estimator δ(X) =

∑
i Xi/(n + 2) of g(θ) = 1/θ. Show that

bias of δ � variance of δ � 1
n

.

Conclude that (bias of δ)2 = o(variance of δ).

Problem 4.3 Let X1, . . . , Xn be iid from a distribution with density f(x) = θxθ−1I{0 < x < 1}.

(a) Let δn(X) be the posterior mean of θ given X, assuming a standard exponential prior for
θ (i.e., p(θ) = e−θI{θ > 0}). Compute δn(X).

Hints: The posterior distribution of θ is gamma. If Y is a gamma random variable, then
f(y) ∝ yα−1e−yβ and E Y = α/β. Also, note that I am following the convention of Lehmann’s
book by underlining vectors. For instance, in this problem, X means (X1, . . . , Xn).

(b) For each n ∈ {10, 50, 100, 500}, simulate 1000 different samples of size n from the given
distribution with θ = 2. Use these to calculate the value of δn(X) 1000 times for each n. Make
a table in which you report, for each n, your estimate of the bias (the sample mean of δn(X)−2)
and the variance (the sample variance of δn(X)). Try to estimate the asymptotic order of the
bias and the variance of this estimator.

Hints: To generate a sample from the given distribution, use the fact that if U1, U2, . . . is a
sample from a uniform (0, 1) density and the continuous cdf F (x) may be inverted easily, then
letting Xi = F−1(Ui) results in X1, X2, . . . being iid from F (x). In this problem, the cdf is easy
to find and invert. If you’re using Splus, a sample from uniform (0, 1) of size, say, 50 may be
obtained by typing runif(50).

Calculating δn(X) involves taking the sum of logarithms. As you know, this is the same as
the log of the product. However, when you’re computing, be very careful! If you have a large
sample, multiplying all the values is likely to overflow or underflow the machine, so the log of
the product won’t always work. Adding the logs is much safer even though it requires more
computation due to the fact that you have to take a bunch of logs instead of just one.
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Problem 4.4 Let X1, X2, . . . be defined as in Problem 4.3.

(a) Find the MLE of θ for a sample of size n. Call it δn(X).

(b) Follow the directions for Problem 4.3 part (b) using the new definition of δn(X).

Problem 4.5 (a) Suppose that a1, a2, . . . and b1, b2, . . . are sequences of real numbers and f is a
convex function such that an → ∞, bn → ∞, and an = o(bn) as n → ∞ and f(x) → ∞ as
x →∞. Prove that f(an) = o[f(bn)].

Recall that f(x) is a convex function iff for all x, y and any α ∈ [0, 1], we have

f [αx + (1− α)y] ≤ αf(x) + (1− α)f(y).

(b) Create counterexamples to the result in part (a) if the hypotheses are weakened as follows:

(i) Find an, bn, and convex f(x) with limx→∞ f(x) = ∞ such that an = o(bn) but f(an) 6=
o[f(bn)].

(ii) Find an, bn, and convex f(x) such that an → ∞, bn → ∞, and an = o(bn) but
f(an) 6= o[f(bn)].

(iii) Find an, bn, and f(x) with limx→∞ f(x) = ∞ such that an → ∞, bn → ∞, and
an = o(bn) but f(an) 6= o[f(bn)].

Problem 4.6 (a) Prove that polynomial growth is faster than logarithmic growth and that expo-
nential growth is faster than polynomial growth. In other words, prove

(i) For any α > 0 and ε > 0, (log n)α = o(nε).

(ii) For any α > 0 and ε > 0, nα = o [(1 + ε)n].

Hints: One way to attack part (i) is outlined in Example 1.4.5 on p. 23 of Lehmann. You
may use the power series (1.3.9) in your proof if you wish. A proof to part (ii) is sketched
in Example 1.4.4 on p. 22, but I find this to be a very inelegant proof—see if you can find a
different approach. For example, you could use part (i) along with Problem 4.5 for a particular
choice of f(x).

(b) Each of the following 5 sequences tends to∞ as n →∞. However, no two of them are of the
same order. List them in order of rate of increase from slowest to fastest. In other words, give an
ordering such that first sequence = o(second sequence), second sequence = o(third sequence),
etc. Note that here, as always in this class, log denotes the natural logarithm.

n
√

log n!
∑n

i=1
3
√

i 2log n (log n)log log n

Prove the 4 order relationships that result from your list.

Problem 4.7 Follow the directions of Problem 4.6 part (b) for the following 13 sequences. You
may assume the results of Problem 4.5 part (a) and Problem 4.6 part (a).

log(n!) n2 nn 3n

log(log n) n log n 23 log n nn/2

n! 22n

nlog n (log n)n

Proving the 12 order relationships is challenging but not quite as tedious as it sounds; some of
the proofs will be very short.
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5. Continuity
Lehmann §1.5

We begin by defining the concept of limit of a function of a real variable.

Definition 5.1 For f(x) defined on a neighborhood of x0, we call a the limit of f(x) as x goes to
x0, written

lim
x→x0

f(x) = a,

if for each ε > 0 there is a δ > 0 such that |f(x)− a| < ε whenever 0 < |x− x0| < δ.

Definition 5.2 We call a the right-handed limit, or the limit from the right, of f(x) as x goes to
x0, written

lim
x→x0+

f(x) = a or f(x0+) = a,

if for each ε > 0 there is a δ > 0 such that |f(x)− a| > ε whenever x ∈ (x0, x0 + δ).

The left-handed limit, limx→x0− f(x) or f(x0−), is defined analagously.

Clearly,

lim
x→x0

f(x) = a if and only if lim
x→x0−

f(x) = lim
x→x0+

f(x) = a.

We end the discussion of limits by defining what is meant by the limit of f(x) as x → ∞, since Definition
5.1 does not apply to this case.

Definition 5.3 We write limx→∞ f(x) = a if for every ε > 0, there exists N such that |f(x)−a| < ε
for all x > N . We write limx→∞ f(x) = ∞ if for every M , there exists N such that f(x) > M
for all x > N .

Following the model of Definition 5.3, it is possible to define limx→−∞ f(x), etc.

Note that the value of f(x0) has nothing to do with the definition of the limit. In fact, the limit might exist
even if f(x0) does not. We don’t worry about whether the limit matches f(x0) until we start talking about
continuity.

Definition 5.4 • f(x) is continuous at x0 if limx→x0 f(x) = f(x0).

• f(x) is right-continuous at x0 if f(x0+) = f(x0).

• f(x) is left-continuous at x0 if f(x0−) = f(x0).

Problems

Problem 5.1 This problem is based on Problems 5.6 and 5.7 on page 43 of Lehmann. Consider
the following two limits:

lim
h→0

f(x + h)− f(x)
h

(4)
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and

lim
h→0

f(x + h)− f(x− h)
2h

. (5)

(When the limit of expression (4) exists, it is defined to be the derivative f ′(x).)

(a) Prove that whenever limit (4) exists, so does limit (5) and the limits are equal.

(b) Prove by example that limit (5) can exist when limit (4) does not.

Problem 5.2 Do Problem 5.8 on page 43 of Lehmann.
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6. Distribution Functions
Lehmann §1.6

Definition 6.1 Given a random variable X, the cumulative distribution function (cdf) of X is the
function

F (x) = P (X ≤ x).

Proposition 6.1 Any cdf F (x) satisfies

1. F (x) is nondecreasing;

2. F (x) is right-continuous;

3. limx→−∞ F (x) = 0 and limx→∞ = 1.

Conversely, any function F (x) with the properties above is a cdf for some random variable.

For any x, P (X = x) is given by F (x) − F (x−). Therefore, F is continuous at x if and only if P (X =
x) = 0. This leads to the following definition, which will be very important when we discuss convergence in
distribution:

Definition 6.2 If X is a random variable with cdf F (x), x0 is a continuity point of F if P (X =
x0) = 0.

Note that if X is a continuous random variable (in the usual sense), every real number is a continuity point.
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