
7. Convergence in Probability
Lehmann §2.1; Ferguson §1

Here, we consider sequences X1, X2, . . . of random variables instead of real numbers. As with real numbers,
we’d like to have an idea of what it means to converge.

In general, convergence will be to some limiting random variable. However, this random variable might be
a constant, so it also makes sense to talk about convergence to a real number.

There are several different modes of convergence. We begin with convergence in probability.

Definition 7.1 The sequence {Xn} converges in probability to X, written Xn
P→X, if for every

ε > 0,

P (|Xn −X| < ε) → 1 (6)

as n →∞.

If the random variable X in expression (6) is a constant, say P (X = c) = 1, then we write Xn
P→ c if for

every ε > 0,

P (|Xn − c| < ε) → 1 (7)

as n →∞. Note that the form in expression (6) requires that the joint distribution of Xn and X be known!
This is not the case for expression (7), and in fact (6) is almost never used in Lehmann’s book.

Definition 7.2 If the sequence of estimators {δn} satisfies δn
P→ g(θ), we say that δn is consistent

for g(θ).

Theorem 7.1 Chebyshev’s inequality: For any a > 0 and r > 0,

E |X − Y |r ≥ arP (|X − Y | ≥ a) . (8)

Note that if we take r = 2 and Y to be the constant E (X), then we obtain

Var (X) ≥ a2P {|X − E (X)| ≥ a} , (9)

which is what many textbooks refer to as Chebyshev’s inequality.

Definition 7.3 For r > 0, Xn converges in the rth mean to X if E |Xn −X|r → 0 as n →∞.
We write Xn

r→ X. As a special case, we say that Xn converges in quadratic mean to X,
Xn

qm→X, if E (Xn −X)2 → 0.

Theorem 7.2 If Xn
qm→X, then Xn

P→X.

Theorem 7.3 Weak Law of Large Numbers: If X1, X2, . . . are independent and identically dis-
tributed (iid) with mean ξ, and if Xn denotes the sample mean of X1, . . . , Xn, then Xn

P→ ξ.

Example 7.1 These are special cases of the WLLN:

1. If X1, X2, . . . are iid with E |X1|k < ∞, then

1
n

n∑
i=1

Xk
i

P→E Xk
1 .

That is, sample moments are consistent.
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2. If X ∼ binomial(n, p), then X/n
P→ p.

Different sequences of convergent in probability sequences may be combined in much the same way as their
real-number counterparts:

Theorem 7.4 If Xn
P→X and Yn

P→Y and f is continuous, then f(Xn, Yn) P→ f(X, Y ). If X = a
and Y = b are constant random variables, then f only needs to be continuous at (a, b).

Thus, the sum of the limits equals the limit of the sums, the product of the limits equals the limit of the
products, etc.

Theorem 7.5 For a constant c, Xn
qm→ c if and only if E Xn → c and Var Xn → 0.

Beware, however! Xn
P→ c does not imply E Xn → c or Xn

qm→ c or Var Xn → 0. Consider the following
sequence of random variables:

Xn =
{

n with probability 1/n
0 with probability 1− 1/n.

Then Xn
P→ 0 (do you see why?). But E (Xn) = 1 and Var (Xn) = n− 1.

There are analogues of the o, �, and O notations that may be applied to random variables.

Definition 7.4 Let {Xn} and {Yn} be sequences of random variables.

• We write Xn = oP (Yn) if Xn/Yn
P→ 0.

• We write Xn �P Yn if for every ε > 0, there exist m, M , and N such that 0 < m < M < ∞
and

P

(
m <

∣∣∣∣Xn

Yn

∣∣∣∣ < M

)
> 1− ε for all n > N .

• We write Xn = OP (Yn) if Xn = oP (Yn) or Xn �P Yn.

Definition 7.5 We say that Xn is bounded in probability if Xn = OP (1).

The concept of bounded in probability sequences will come up a bit later (see Definition 2.3.1 and the
following discussion on pages 64–65 in Lehmann).

Problems

Problem 7.1 (a) Prove Theorem 7.1, Chebyshev’s inequality. Use only the expectation operator
(no integrals or sums).

Hint: Define Z = aI{|Y −X| ≥ a}, and consider what can be said about the expectation of
Zr.

(b) Prove that inequality (9) is tight by giving an example of a random variable X and a
positive constant a for which equality holds.

Problem 7.2 Prove Theorem 7.2.

Problem 7.3 Prove the weak law of large numbers (Theorem 7.3) for the case in which Var Xi < ∞.
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Problem 7.4 Prove Theorem 7.5.

Problem 7.5 Prove or disprove this statement: If there exists M such that P (|Xn| < M) = 1 for
all n, then Xn

P→ c implies Xn
qm→ c.

Problem 7.6 These are three small results used to prove other theorems.

(a) Do problem 1.4 on p. 119.

(b) Prove that if 0 < r < s and E |X|s < ∞, then E |X|r < 1 + E |X|s.

(c) Prove that if νn → c, where c may be finite or infinite, then
∑n

i=1 νi/n → c.
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8. Regression estimators, sample mean for non-iid sequences
Lehmann §2.2

Example 8.1 Suppose that X1, X2, . . ., instead of being iid, are independent but E Xi = ξ and
Var Xi = σ2

i . We try to determine when Xn is consistent for ξ.

Since E Xn = ξ for all n, clearly Theorems 7.2 and 7.5 imply that Xn is consistent whenever
Var Xn → 0 (note, however, that the converse is not true; see Problem 8.1). The variance of
Xn is easy to write down, and thus we conclude that Xn

P→ ξ if
∑n

i=1 σ2
i = o(n2).

On the other hand, if instead of Xn we consider the BLUE (best linear unbiased estimator)

δn =
∑n

i=1 Xi/σ2
i∑n

j=1 1/σ2
j

, (10)

then as before E δn = ξ, but

Var δn =
1∑n

j=1 1/σ2
j

.

Example 8.2 Consider the case of simple linear regression:

Yi = β0 + β1zi + εi,

where the zi are known covariates and the εi are independent with mean 0 and variance σ2. If
we define

wi =
zi − z∑n

j=1(zj − z)2
and vi =

1
n
− zwi,

then the least squares estimators of β0 and β1 are

β̂0n =
n∑

i=1

viYi and β̂1n =
n∑

i=1

wiYi,

respectively. Since E Yi = β0 + β1zi, we have

E β̂0n = β0 + β1z − β0z
n∑

i=1

wi − β1z
n∑

i=1

wizi

and

E β̂1n = β0w + β1

n∑
i=1

wizi.

Note that
∑n

i=1 wi = 0 and
∑n

i=1 wizi = 1. Therefore, E β̂0n = β0 and E β̂1n = β1, which is to
say that E β̂0n and E β̂1n are unbiased. Therefore, by Theorem 7.5, a sufficient condition for
the consistency of E β̂0n and E β̂1n is that their variances tend to zero as n →∞. It is easy to
write down Var β̂0n and Var β̂1n explicitly, since Var Yi = σ2:

Var β̂0n = σ2
n∑

i=1

v2
i and Var β̂1n = σ2

n∑
i=1

w2
i .

16



With
∑n

i=1 w2
i =

{∑n
j=1(zi − z)2

}−1

, these expressions simplify to

Var β̂0n =
σ2

n
+

σ2z2∑n
j=1(zi − z)2

and Var β̂1n =
σ2∑n

j=1(zi − z)2
.

Therefore, β̂0n and β̂1n are consistent if

z2∑n
j=1(zi − z)2

and
1∑n

j=1(zi − z)2
,

respectively, tend to zero.

Suppose that X1, X2, . . . have E Xi = ξ but they are not independent. Then clearly E Xn = ξ and so Xn is
consistent for ξ if Var Xn → 0. In this case,

Var Xn =
1
n2

n∑
i=1

n∑
j=1

Cov (Xi, Xj). (11)

Definition 8.1 The sequence X1, X2, . . . is stationary if the joint distribution of (Xi, . . . , Xi+k)
does not depend on i for any i > 0 and k ≥ 0.

For a stationary sequence, Cov (Xi, Xj) depends only on the “gap” j − i; for example, Cov (X1, X4) =
Cov (X2, X5) = Cov (X5, X8) = · · ·. Therefore, the variance expression of equation (11) becomes

Var Xn =
σ2

n
+

2
n2

n−1∑
k=1

(n− k) Cov (X1, X1+k). (12)

A sufficient condition for expression (12) to go to zero is that σ2 < ∞ and Cov (X1, X1+k) → 0 as k → ∞.
We now prove this fact.

It is clear that σ2/n → 0 if σ2 < ∞. Assuming that Cov (X1, X1+k) → 0, select ε > 0 and note that for N
chosen so that |Cov (X1, X1+k)| < ε/2 for all n > N , we have∣∣∣∣∣ 2

n2

n−1∑
k=1

(n− k) Cov (X1, X1+k)

∣∣∣∣∣ ≤ 2
n

N∑
k=1

|Cov (X1, X1+k)|+ 2
n

n−1∑
k=N+1

|Cov (X1, X1+k)| .

Note that the second term on the right is strictly less than ε/2, and the first term is a constant divided by n,
which may be made smaller than ε/2 by choosing n large enough. This proves that σ2 and Cov (X1, X1+k) →
0 together imply that expression (12) goes to zero.

Definition 8.2 The sequence X1, X2, . . . is m-dependent for some nonnegative integer m if (X1, . . . , Xi)
and (Xj , Xj+1, . . .) are independent whenever j − i > m.

Note that any iid sequence is a stationary, 0-dependent sequence. Also note that any stationary m-dependent
sequence obviously satisfies Cov (X1, X1+k) → 0 as k → ∞, so Xn is consistent for any stationary m-
dependent sequence.

Problems

Problem 8.1 Suppose X1, X2, . . . are independent with E Xi = ξ and Var Xi = σ2
i .

(a) Give an example in which Xn
P→ ξ but Var Xn does not converge to 0.

(b) Prove that, for δn defined as in equation (10), Var δn ≤ Var Xn and give an example (i.e.,
specify the values of σ2

i ) in which Var δn → 0 but Var Xn →∞.
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Problem 8.2 Suppose X1, X2, . . . are iid with E(Xi) = ξ and Var (Xi) = σ2 < ∞. Let Yi = Xi =
(
∑i

j=1 Xj)/i.

(a) Prove that Y n = (
∑n

i=1 Yi)/n is a consistent estimator of ξ.

(b) Compute the relative efficiency eY n,Xn
of Y n to Xn for n ∈ {5, 10, 20, 50, 100,∞} and

report the results in a table similar to Table 2.2.1 on p. 58. Note that n = ∞ in the table does
not actually mean n = ∞, since there is no such real number; instead, n = ∞ is shorthand for
the limit (of the efficiency) as n →∞.

Problem 8.3 Let Y1, Y2, . . . be iid with mean ξ and variance σ2 < ∞. Let

X1 = Y1, X2 =
Y2 + Y3

2
, X3 =

Y4 + Y5 + Y6

3
, etc.

Define δn to be the estimator of Example 2.2.2 on p. 57.

(a) Show that δn and Xn are both consistent estimators of ξ.

(b) Calculate the relative efficiency eXn,δn
of Xn to δn for n = 5, 10, 20, 50, 100, and ∞ and

report the results in a table similar to Table 2.2.1 on p. 58.

(c) Using (1.3.5) on p. 15, give a simple expression asymptotically equivalent to eXn,δn
. Report

its values in your table for comparison. How good is the approximation for small n?
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9. Convergence in Law
Lehmann §2.3; Ferguson §1

For a sequence X1, X2, . . ., let Fn(x) denote the cdf of Xn. Our goal is to define the convergence of the
Fn(x) to some limiting cdf. We will call this type of convergence convergence in law or convergence in
distribution.

Suppose that for all real x, there is a function F (x) such that Fn(x) → F (x). Should this be considered an
instance of convergence in law?

Example 9.1 Suppose Xn ∼ N(0, n). Then for all x, Fn(x) → 1/2. Therefore, the pointwise limit
of a sequence of cdfs is not necessarily a cdf itself.

Lesson learned by the previous example: The definition of convergence in law should stipulate that F (x)
should itself be a cdf. Is it thus good enough to define convergence in law such that Fn(x) → F (x) for all x,
where F (x) itself is a cdf?

Example 9.2 Let Xn equal the constant 17 + 1/n with probability 1. Presumably, our definition
should be such that Xn converges to the constant 17. However, in this case Fn(17) → 0, whereas
the distribution function for the constant 17 should equal 1 at the point x = 17.

Lesson learned by the previous example: The definition of convergence in law should not require convergence
at points where F (x) is not continuous.

Putting these lessons together, we arrive at the following definition:

Definition 9.1 Given random variables X1, X2, . . . and distribution functions Fi(x) of Xi We say
{Xn} converges in law (or in distribution) to the random variable X with cdf F (x), written
Xn

L→X or Fn
L→F , if Fn(x) → F (x) for all continuity points x of F .

Theorem 9.1 Xn
P→X implies Xn

L→X.

Not only is the converse of this statement untrue, but it doesn’t even make much sense: Note that Xn
P→X

requires that the joint distribution of Xn and X be known, whereas Xn
L→X does not.

There is an exception to this argument: If X is a constant random variable, say P (X = c) = 1, then Xn
L→ c

implies Xn
P→ c. This is proven by noting that

P (−ε < Xn − c ≤ ε) = Fn(c + ε)− Fn(c− ε),

which tends to F (c + ε)− F (c− ε) = 1.

We now state, without proof, a very powerful theorem.

Theorem 9.2 Slutsky’s theorem: Suppose that Xn
L→X and Yn

L→ c for a constant c. If f : R2 →
Rk is continuous for all (x, c) with x ∈ R, then f(Xn, Yn) L→ f(X, c).

As a corollary to Theorem 9.2, we may obtain the following result, which is sometimes itself referred to as
Slutsky’s theorem:

Corollary 9.1 If An
L→ a and Bn

L→ b and Xn
L→X, then An + BnXn

L→ a + bX.
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We may even obtain Theorem 9.1 as a corollary of Theorem 9.2: Suppose Xn
P→X. Then Xn −X

P→ 0, so
Xn = X + (Xn −X) L→X follows from Slutsky’s theorem.

It is tempting to believe that Xn
L→X implies E Xn → E X, but this is not true in general. Recall, in

fact, that we even showed that Xn
P→ c does not imply E Xn → c back in Topic 7. However, the following

interesting theorem is true:

Theorem 9.3 Xn
L→X if and only if E f(Xn) → E f(X) for all bounded and continuous functions

f .

We end this topic with a bit of a technical digression.

Definition 9.2 We say the sequence X1, X2, . . . is bounded in probability if Xn = OP (1); i.e.,
if for every ε > 0, there exist M and N such that P (|Xn| < M) > 1− ε for n > N .

Lemma 9.1 If Xn is bounded in probability and Yn
P→ 0, then XnYn

P→ 0.

Theorem 9.4 If Xn
L→X, then Xn is bounded in probability.
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10. Asymptotic distributions, Extreme order statistics
Lehmann §2.3; Ferguson §14

Suppose we are given a sequence X1, X2, . . . of random variables and asked to determine the asymptotic
distribution of this sequence. This might mean to give X such that Xn

L→X. However, depending on the
context, this might not be the case; for example, if Xn

L→ c for a constant c, then we mean something different
by “asymptotic distribution of Xn.”

In general, the “asymptotic distribution of Xn” means a nonconstant random variable X and real-number
sequences {kn} and {an} such that kn(Xn − an) L→X. In this case, the distribution of X might be referred
to as the asymptotic or limiting distribution of either Xn or of kn(Xn − an), depending on the context.

Example 10.1 Suppose Xn ∼ binomial(n, p). The asymptotic distribution of Xn/n is

√
n

(
Xn

n
− p

)
L→N{0, p(1− p)}.

This is the DeMoivre central limit theorem.

Example 10.2 Suppose X1, . . . , Xn are iid uniform(0,1) random variables. Let X(n) denote the
nth order statistic from X1, . . . , Xn; i.e., X(n) = max{X1, . . . , Xn}. What is the asymptotic
distribution of X(n)?

Since X(n) ≤ t if and only if each of X1, . . . , Xn is ≤ t, by independence we have

P (X(n) ≤ t) =

{ 0 if t ≤ 0
tn if 0 < t < 1
1 if t ≥ 1.

We desire sequences kn and an such that kn(X(n)−an) has a nondegenerate limiting distribution.
Computing the cdf gives

F (u) = P{kn(X(n) − an) ≤ u} = P

{
X(n) ≤

u

kn
+ an

}
as long as kn > 0. Therefore, we see that

F (u) =
(

u

kn
+ an

)n

for 0 <
u

kn
+ an < 1.

We would like this expression to tend to a limit involving only u as n → ∞. Putting an = 1
and kn = n gives F (u) = (1 + u/n)n, which has an obvious limit of eu, for −1 < u/n < 0.

This means u should be negative. Now, for any negative u, note that −1 < u/n < 0 for all n
large enough. Therefore, we may say that for all u < 0, F (u) → eu as n →∞. Thus, if U has
cdf eu for u < 0, then n(X(n) − 1) L→U .

Since −U in this case is simply a standard exponential random variable, we may state this
differently as follows: If X is a standard exponential random variable, then n(1−X(n))

L→X.

Example 10.3 Suppose X1, X2, . . . are iid standard exponential. Again, we’d like to find the asymp-
totic distribution of X(n).
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As before, note that for kn > 0,

P
{
kn(X(n) − an) ≤ u

}
= P

(
X(n) ≤

u

kn
+ an

)
=

{
1− exp

(
−an −

u

kn

)}n

as long as u/kn + an > 0. Note that with an = log n and kn = 1, the above simplifies to{
1− e−u

n

}n

,

which has limit exp(−e−u). We must also ensure that u + log n > 0, but this is satisfied for
any u as long as n is large enough. Therefore, we conclude that X(n) − log n

L→X, where X
has cdf F (x) = exp(−e−x) for all x. (You might want to verify that this is indeed a legitimate
distribution function.)

Problems

Problem 10.1 For a given n, let X1, . . . , Xn be iid with cumulative distribution function

P (Xi ≤ t) =
t3 + θ3

2θ3
for t ∈ [−θ, θ].

Let X(1) denote the first order statistic from the sample of size n; that is, X(1) is the smallest
of the Xi.

(a) Prove that −X(1) is consistent for θ.

(b) Prove that if bn →∞ and cn → c, then(
1 +

cn

bn

)bn

→ ec.

You may use without proof the fact that [1 + (c/n)]n → ec.

(c) Prove that

n(θ + X(1))
L→ Y,

where Y is a random variable with an exponential distribution. Find E (Y ) in terms of θ.

(d) For a fixed α, define

δα,n = −
(
1 +

α

n

)
X(1).

Find, with proof, α∗ such that

n (θ + δα∗,n) L→ Y − E (Y ),

where Y is the same random variable as in part (c).

(e) Compare the two consistent θ-estimators δα∗,n and −X(1) empirically as follows. For
n ∈ {102, 103, 104}, take θ = 1 and simulate 1000 samples of size n from the distribution of Xi.
From these 1000 samples, estimate the bias and mean squared error of each estimator. Which
of the two appears better? Do your empirical results agree with the theoretical results in parts
(c) and (d)?

Note: The answser to part (e) might give the impression that Zn
L→Z implies that E (Zn) →

E (Z). While this turns out to be true for the two cases in this problem, it is not true in general.
A sufficient condition for E (Zn) → E (Z) will appear in a future problem.
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Problem 10.2 Let X1, X2, . . . be iid uniform (0, θ). Let X(n) = max{X1, . . . , Xn} and consider the
three estimators

δ0
n = X(n) δ1

n =
n

n− 1
X(n) δ2

n =
(

n

n− 1

)2

X(n).

(a) Prove that each estimator is consistent for θ.

(b) Perform an empirical comparison of these three estimators for n = 102, 103, 104. Use θ = 1
and simulate 1000 samples of size n from uniform (0, 1). From these 1000 samples, estimate the
bias and mean squared error of each estimator. Which one of the three appears to be best?

(c) Find the asymptotic distribution of n(θ − δi
n) for i = 0, 1, 2. Based on your results, which

of the three appears to be the best estimator and why? (For the latter question, don’t attempt
to make your argument rigorous; simply give an educated guess.)

Hint: You may make use of the fact that if bn →∞ and cn → c, then(
1 +

cn

bn

)bn

→ ec.

This is a generalization of Example 1.1.1 on p. 4, where bn = n and cn = c. You may find that
the generalization is unnecessary for this problem, but it may help with other problems.

Problem 10.3 Find, with proof, the asymptotic distribution of X(n) (i.e., find kn, an, and a non-
degenerate cdf H such that P

[
kn(X(n) − an) ≤ x

]
→ H(x) whenever x is a continuity point of

H) if the Xi are iid with each of the following distributions:

(a) Standard exponential (see Problem 3.10 on p. 123).

(b) Beta (3, 1)

(c) Standard logistic with cdf F (x) = ex/(1 + ex).

Hint: If you find this problem interesting and wish to see a concise and more general treatment
of the distributions of extreme order statistics, I highly recommend section 14 in Ferguson’s
book. (You might also check there if you get stuck on this problem; it may give you some
insight.)

Problem 10.4 Let X1, . . . , Xn be iid uniform (0,1) random variables.

(a) Find the asymptotic distribution of n(1−X(n−1)).

(b) Find the joint asymptotic distribution of (nX(1), nX(2)).

Note: Although we have not yet defined the joint asymptotic distribution in class, the defi-
nition is the same as in the univariate case, with vectors substituted for scalars. For example,
we say that

(Yn, Zn) L→(Y, Z)

if F(Yn,Zn)(y, z) → F(Y,Z)(y, z) for all (y, z) at which F(Y,Z)(y, z) is continuous, where

F(Y,Z)(y, z) = P (Y ≤ y and Z ≤ z).
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