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ABSTRACT
We present a modeling framework for detection of poten-
tially anomalous structure in aggregate spatial disease inci-
dence data in a manner sensitive to localization at multi-
ple scales and/or positions. The key technical contribution
is the re-casting of the components of a multiscale disease
mapping methodology into a form appropriate for hypothe-
sis testing. In particular, we describe how hypotheses of spa-
tially clustered variations in disease incidence may be linked
in one-to-one correspondence with collections of hypotheses
on the values of certain multiscale parameters. A Bayesian
hypothesis testing methodology is developed in the context
of a standard Poisson measurement model, over the collec-
tion of possible multiscale hypotheses. The methodology is
illustrated on both simulated and real data.

Keywords
multiscale, Bayesian, hypothesis testing, aggregate spatial
incidence data, clustered variation

1. INTRODUCTION
It has been noted (e.g., [2]) that in spatial epidemiology, as
in most other geo-spatial fields of study, the concept of scale
plays an important role in analysis and inference. Accord-
ingly, we have recently introduced a framework for multi-
scale disease mapping that is, to the best of our knowledge,
the first such framework [3]. Here, we re-cast our previous
framework for the purpose of testing for localized anomalous
spatial variations in disease incidence data in a similarly
multiscale fashion.

Our proposed framework exploits the fact that, under the
standard Poisson measurement model for aggregate count
data, hypotheses of spatially localized variation in disease

∗Full version of this paper is published in Statistics in Medi-
cine 2006; 25(5):787-810.

incidence can be usefully linked in one-to-one correspon-
dence with collections of hypotheses on the values of cer-
tain multiscale parameters associated with a user-defined
hierarchy of nested partitions of an overall spatial region.
Hence, the problem of finding localized anomalous spatial
variations in the data is replaced by one of finding various
patterns within a collection of local hypotheses indexed by
position and scale. We develop a Bayesian hypothesis test-
ing machinery to evaluate and compare models within this
collection.

2. MULTISCALE FACTORIZATION AND
REPARAMETERIZATION

Let D be a spatial region of interest. As in [3], our notion

of a multiscale model is associated with a collection B(J) =
{{Bj,k}Nj

k=1}J
j=0 of J + 1 nested partitions of D. That is,

the Bj,k represent subregions in D at spatial scales j =
0, 1, . . . , J and relative positions k = 1, . . . , Nj within scale,
such thatSNj

k=1 Bj,k = D and
S

k′∈ ch(k) Bj+1,k′ = Bj,k . (1)

Here, for a given choice of j and k, ch(k) denotes the set of
indices k′ for which Bj+1,k′ ⊆ Bj,k.

Note that for each successive spatial aggregation of subre-
gions Bj,k, from one scale to another, a similar aggregation
of the measurement and mean variables may be defined:

Yj,k =
X

k′∈ ch(k)

Yj+1,k′ and µj,k =
X

k′∈ ch(k)

µj+1,k′ . (2)

A simultaneous analysis of the Yj,k at all scales is desir-
able, but is complicated by the dependence of these vari-
ables. A multiscale factorization of the data likelihood can
be used to induce a particularly useful decoupling. Let
Yj = (Yj,1, . . . , Yj,Nj )

T and let Y j+1,ch(k) denote those
measurements Yj+1,k′ for whom Bj+1,k′ ⊆ Bj,k. Define µj

and µj+1,ch(k) similarly. Then for Y J | µJ ∼ Poisson(µJ),
one can write

Pr (Y J |µJ) = Pr (Y0,1|µ0,1)×
J−1Y
j=0

NjY
k=1

Pr
�
Y j+1,ch(k) |Yj,k, ωj,k

�
, (3)

where Y0,1|µ0,1 ∼ Poisson(µ0,1) and Y j+1,ch(k) |Yj,k, ωj,k ∼
Multinomial(Yj,k ; ωj,k), with

ωj,k = µ−1
j,k × µj+1,ch(k) . (4)

 



3. MULTISCALE DETECTION OF LOCAL
DEVIATIONS IN RELATIVE RISK: A
BAYESIAN TESTING FRAMEWORK

Detecting localized deviations in the relative risk from a
constant θ∗ is equivalent to detecting deviations in the ωj,k

from the values ej+1,ch(k)/ej,k. Let γ ≡ {{γj,k}Nj

k=1}J−1
j=0 }

be a collection of Bernoulli random variables. Letting γj,k

indicate whether (1) or not (0) the parameter vector ωj,k

‘deviates’ from ej+1,ch(k)/ej,k, we define the local null and

alternative hypotheses H
(0)
j,k : γj,k = 0 and H

(1)
j,k : γj,k = 1.

Now let H be the set of all models γ obtainable by com-

binations of H
(0)
j,k ’s and H

(1)
j,k ’s, with the obvious restriction

that only one of H
(0)
j,k and H

(1)
j,k may be included in any given

model, for each (j, k). Define H(0) to be the model in which
γ ≡ 0. Detecting deviations from uniformity will be equated
with declaring in favor of models H ∈ H\H(0) under an ap-
propriate posterior. The precise form of our posterior will
follow from the Poisson sampling model and the specifica-
tion of (i) a conditional prior density p ( {ωj,k} |γ), and (ii)
a probability mass function Pr(γ).

We model the γj,k’s as independent Bernoulli random vari-
ables i.e., Pr(γ) =

Q
j,k α

γj,k

j,k (1 − αj,k)1−γj,k , for values

{αj,k} in [0, 1]. Then, conditional on γ, we specify that

ωj,k | γj,k ∼
�

δej+1,ch(k)/ej,k
, if γj,k = 0

Dirichlet(cjTej+1,ch(k)), if γj,k = 1,
(5)

where δej+1,ch(k)/ej,k
indicates a point mass at ej+1,ch(k)/ej,k,

T is a constant meant to capture an overall level of relative
risk in D, and the cj are scale-dependent hyperparameters
whose effect is to influence the relative variation within each
scale. Finally, given γ and the ωj,k’s, sampling from the
conditional distributions Y j+1,ch(k)|ωj,k, Yj,k, according to
the multinomial distributions defined in (3) yields the ob-
servations in Y J .

Using standard calculations, it is easy to show that under
this model the posterior evidence in favor of a hypothesis
H ∈ H i.e., Pr(H |Y J) = Pr(γ|Y J), for γ ≡ γ(H), is given
by

Pr(γ|Y J) =

J−1Y
j=0

NjY
k=1

ρ
γj,k

j,k (1− ρj,k)1−γj,k , (6)

where

ρj,k =
Oj,k

1 + Oj,k
(7)

and

Oj,k =
Pr(γj,k = 1 | Y j+1,ch(k), Yj,k)

Pr(γj,k = 0 | Y j+1,ch(k), Yj,k)

=
αj,k

1− αj,k
× Pr(Y j+1,ch(k)|Yj,k, γj,k = 1)

Pr(Y j+1,ch(k)|Yj,k, γj,k = 0)
, (8)

with

Pr(Y j+1,ch(k) | Yj,k, γj,k = i) =

Z �
Pr(ωj,k | γj,k = i)×

Pr(Y j+1,ch(k) | Yj,k, ωj,k, γj,k = i)
�

d ωj,k, i = 0, 1. (9)

From the above expressions we see that the posterior is itself

a product of independent Bernoulli random variables, with
probability of success ρj,k for the (j, k)-th variable, where
the ρj,k are defined in terms of the posterior odds Oj,k,
and the marginal data likelihoods arising in the latter have
the standard, closed-form expressions under a multinomial-
Dirichlet model. Therefore, from expression (6) we see that
selecting the most likely model in H, which corresponds to
selecting the optimal combination of 0’s and 1’s, reduces to
deciding whether ρj,k or 1 − ρj,k is larger, for each (j, k).
But each ρj,k is a monotone increasing function of the pos-
terior odds Oj,k. So this problem is equivalent to choosing

the hypothesis H
(i)
j,k, i = 0, 1, that maximizes Pr(H

(i)
j,k|Y J),

for each (j, k).

4. APPLICATIONS
We applied our framework to simulated and real data. Here
we provide brief descriptions of the simulation design and
mortality data.

4.1 Simulation
We conducted a simulation study, aimed at illustrating the
potential of our multiscale detection framework, as viewed
from a handful of simple scenarios. The initial data space
D was taken to be a square region, and the nested hierarchy
B(J) was defined through the generic quad-tree structure.
Specifically, D was partitioned into 2j × 2j = 22j identical
subregions, for j = 0, 1, . . . , 4, so that each square subregion
at scales j < 4 consists of four sub-subregions at scale j +
1. At the finest scale J = 4, there were a total of 16 ×
16 = 256 subregions. Simulations were conducted under a
total of five different scenarios of landscape design. The first
landscape has uniform relative risk; that is, each subregion
has a relative risk of one. The rest of the landscapes each
contain a single area of elevated relative risk. The locations
of these areas were chosen so as to allow for examination of
the effect on our detection framework from different degrees
of nesting of the elevated area within the elements of the
nested hierarchy.

4.2 Application to Tuscany Gastric Cancer
Mortality Data

We applied our multiscale method to male gastric cancer
mortality data obtained from the Tuscan region of Italy
during the period 1980-1989 [2, 1]. For our hierarchy of
nested partitions we took the set of nested subregions corre-
sponding to three of the five geo-political units used by the
European community. Data were obtained for males over
35 years of age at the finest level. Italian age specific rates
for the same calendar period were used to obtain expected
numbers of deaths [1].
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