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Abstract.  This paper presents a statistical method for detecting distinct scales of pattern for 
mosaics of irregular patches, by means of perimeter-area relationships.  Krummel et al. (1987) 
were the first to develop a method for detecting different scaling domains in a landscape of 
irregular patches, but this method requires investigator judgment and is not completely 
satisfying.  Grossi et al. (2001) suggested a modification of Krummel’s method in order to detect 
objectively the change points between different scaling domains. Their procedure is based on the 
selection of the best piecewise linear regression model using a set of statistical tests. Even though 
the change points were estimated, the null distributions used for testing purposes were those 
appropriate for known change points. The present paper investigates the effect that estimating the 
change points has on the underlying distribution theory.  The procedure we suggest is based on 
the selection of the best piecewise linear regression model using a likelihood ratio (LR) test.  
Each segment of the piecewise linear model corresponds to a fractal domain. Breakpoints 
between different segments are unknown, so the piecewise linear models are non-linear. In this 
case the frequency distribution of the LR statistic cannot be approximated by a chi-squared 
distribution. Instead, Monte Carlo simulation is used to obtain an empirical null distribution of 
the LR statistic.  The suggested method is applied to three patch types (CORINE biotopes) 
located in the Val Baganza watershed of Italy. 
 
 
Keywords.  CORINE biotopes, Likelihood ratio tests, Map of Italian Nature, Monte Carlo 
simulation, Piecewise linear regression, Scaling domains. 
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1 Introduction 
Fractal geometry can provide a more realistic picture of the geometry of naturally occurring 
objects than classical Euclidean geometry. When natural “objects” like vegetation are not 
constrained by human activities and land manipulation, they result in highly irregular shapes, 
determined by iterative and diffusive growth, which can reproduce at different scales 
independently of size. A shift in the boundary fractal dimension, or in related fractal parameters, 
may indicate a substantial change in processes generating and maintaining landscape patches at 
different scales (Krummel et al., 1987; Palmer, 1988; Sugihara and May, 1990; Milne, 1991). 
Determination of such change-points can provide focus and direction for proactive land 
management activities. 
 
This paper presents a statistical method for detecting distinct scales of pattern for mosaics of 
irregular patches, by means of fractal analysis.  Krummel et al. (1987) were the first to develop a 
method for detecting different scaling regions in a landscape of irregular patches, but this method 
requires investigator judgment and is not completely satisfying.  Grossi et al. (2001) suggested a 
modification of Krummel’s method in order to detect objectively the change points between 
different scaling domains. The new procedure is based on the selection of the best piecewise 
linear regression model using a set of statistical tests. Even though the change points were 
estimated, the null distributions used for testing purposes were those appropriate for known 
change points. The present paper investigates the effect that estimating the change points has on 
the underlying distribution theory.  The procedure we suggest is based on the selection of the 
best piecewise linear regression model using a likelihood ratio (LR) test.  Parametrizations for 
continuous and for discontinuous piecewise linear models are given in the second section. In the 
third section the selection of models is discussed.  The LR statistic is based on the minimum 
residual sum of squares of the piecewise linear regression models. A method for efficient 
computation of the minimum residual sum of squares is introduced in section four. 
 
Each segment of the piecewise linear model corresponds to a fractal domain. Breakpoints 
between different segments are unknown, so the piecewise linear models are non-linear. In this 
case the frequency distribution of the LR statistic cannot be approximated by a chi-squared 
distribution. Instead, Monte Carlo simulation is used to obtain an empirical null distribution of 
the LR statistic.  See Kim et al. (2000) for a nonparametric approach to fitting continuous 
piecewise linear regression models. 
 
In the final sections, the suggested method is applied to three patches type (CORINE biotopes, 
CEC, 1991) located in the Val Baganza watershed of Italy.  For illustrative purposes, we develop 
the procedure for perimeter-area relationships but, with straightforward modifications, it can be 
applied to all power relations with fractal exponents (cf. Nikora et al., 1999). 

2 The Models 
The aim of the suggested procedure is to detect different scaling domains over each of which the 
fractal dimension is approximately constant.  To estimate fractal dimension (D) in each domain, 
we use perimeter-area relation as suggested by Lovejoy (1982). Given the areas and perimeters 
of n patches, we can write the perimeter-area relation as follows: 
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                                                    2/D

ii cAP = , 
 
where Pi  and Ai are the perimeter and area of the i-th patch. Applying the logarithm transform 
gives 

                                        ii xDcy
2

+= ,             i=1, 2, …, n, (1) 

 
where )ln( ii Py =  and )Aln( iix = .  Note that D is twice the slope of a linear regression model, 
under the assumption of self-similarity, i.e., when the Hurst exponent for shape is equal to 1 
(Nikora et al., 1999).  Different scaling domains are reflected by breakpoints where parameters 
of model (1) change.  Breakpoints can be detected comparing model (1) to more complex 
models. Let θ  be the breakpoint for models with one breakpoint and 21,θθ  )( 21 θθ <  the first 
and second breakpoint for models with two breakpoints. We consider five alternative models: 
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                         εββββββ θθθθ +′′′+′′′+′′+′′+′+′= >≤<≤ 2211

)()()( 101010 xxx IxIxIxy , (6) 
 
where I is an indicator variable that is equal to 1 when the subscripted condition is true and is 
equal to 0 otherwise. In model (2) two parallel segments describe the data: the intercept changes 
in going from the first to the second segment but the slope remain unchanged so that there is only 
one fractal domain. In models (3) and (4) two fractal domains are considered, while in models 
(5) and (6) there are three fractal domains. Parameters 111  and, βββ ′′′′′′  are the fractal dimension in 
first, second and third domains, respectively. Model (2) is a piecewise linear regression model 
(Draper and Smith, 1998) with two discontinuous segments and no change of slope, and is 
written as D0. Models (3) and (5) are piecewise linear regression models with, respectively, two 
and three continuous segments and they have one and two changes (change points) of slope, so 
we called them model C1 and C2. Models (4) and (6) are piecewise linear models with, 
respectively, two (one change point) and three (two change points) discontinuous segments and 
are called, respectively, D1 and D2. 
 
More generally, let Cr, 0,1, 2...r = , be the continuous piecewise linear model with r change 
points and )1( +r  domains. The number of estimated parameters in Cr is )1(2 +r : one intercept, r 
change points and )1( +r  slopes. Let Dr, ,...2,1,0=r  be the discontinuous piecewise linear model 
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with )1( +r  domains. The number of estimated parameters in Dr is 3 when 0=r  (two intercepts 
and one slope) and 23 +r  when 1≥r : one slope and one intercept for each of )1( +r  domains 
and r change points. Putting the number of regression parameters in parentheses, we have the 
following nested collection of models: 
 
                                                       C0(2) 
 
                                                                   D0(3)     
                                             C1(4) 
                                                                    D1(5) 
                                             C2(6) 
                                                                    D2(8) 
 
In a previous paper (Grossi et al., 2001), a D2 model was selected by a procedure applied to 378 
patches. The scatterplot of the data and the corresponding fitting is reported in Figure 1. 
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Figure 1.  Scatterplot of log(perimeter) vs. log(area) with fitted model superimposed.  Data 
from Grossi et al. (2001).   

The referees questioned the use of a discontinuous piecewise linear model and asked if a 
continuous piecewise linear model might fit just as well. Specifically, would the use of a 
continuous model yield only one change point (and two scaling domains) in the above example? 
This paper developes the methodology for fitting the continuous piecewise linear model and for 
testing continuity vs. discontinuity. 
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Asymptotic distribution theory for maximum likelihood supposes that likelihood is a smooth 
function of the parameters (Gallant, 1987). In our case, the likelihood is not differentiable and, 
for the discontinuous piecewise linear model, is not even continuous. Accordingly, this paper 
examines (via simulation) the sampling distribution of the likelihood ratio test statistic under 
these nonstandard conditions. 

3 Model Fitting and Testing 
The choice among the nested models is a typical problem of variable selection. In multiple linear 
regression, variable selection is typically uses the F-test to measure the statistical significance of 
adding variables.  Since the breakpoints in Models (2)–(6) are unknown parameters that have to 
be estimated, the corresponding regression models are not linear. But for non-linear models, the 
F-distribution does not necessarily apply to variable selection procedures.  The problem can be 
studied using maximum likelihood and likelihood ratio (LR) tests. 
 
Let ),(~ 2σµ ii NY , ni ,...,2,1=  be the dependent variable of a linear regression model where the 
errors are Gaussian with means ),( Φii Xµµ = ; here, ),...,,( 21 ′= pφφφΦ  is a vector of unknown 

parameters that can vary independently of 2σ . The maximum likelihood estimate of Φ  
minimizes the residual sum of squares, 
 

                                                    [ ]
2

)ˆ,(∑ −= Φii xYSSE µ . 

 
Let ω  and Ω  be two nested regression models having the same variance 2σ , with p and qp +  
regression parameters, respectively. The hypotheses ω:0H  vs. Ω:AH  can be tested using the 
following LR test statistic: 
 

                                                          

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where ω̂SSE  and 

Ω̂
SSE  are the residual sum of squares of ω  and Ω , respectively.  The rejection 

region can be expressed as 
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Note that  
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Under regularity conditions and asymptotically for large n, the critical point c1 in (7) is obtained 
from a chi-squared distribution with q degree of freedom. For a linear model the critical point c2 
in (8) is obtained from an F-distribution with q and (n-p-q) degree of freedom (Myers, 1986, pp. 
95–111). The F-test in (8) is usually preferred, for linear models, since it is exact even for small 
sample sizes. However for non-linear models, the F-statistic in (8) does not have to follow an F-
distribution and the chi-squared test (7) is usually preferred (Gallant, 1987, pp.47–104), unless a 
simulation study shows for the particular models involved that the F-distribution gives a better 
approximation to (8) than the chi-squared gives to (7). 
 
The distribution theory for λ  and F comes out of the likelihood. But likelihood theory is 
premised on the likelihood function being a smooth function of the parameters. However, the 
models Dr, 1≥r , have a likelihood function that is a discontinuous, piecewise constant, function 
of the breakpoints. For Cr, 1≥r , the likelihood is a continuous function of the breakpoints, but is 
not differentiable when a breakpoint equals a data value Xi. Therefore, simulation is needed to 
check whether 2

qχ  and/or ),( qpnqF −−  are good approximations to the sampling distribution 
of λ  and F. 

4 Computing the Minimum Residual Sum of Squares 
Let Y be the vector containing the values of the dependent variables in a regression model and X 
the corresponding design matrix. The residual sum of squares can be expressed as 
 
                                                  ( ) UXXUYY 1−′−′=SSE  (9) 
 
where YXU ′= . When the breakpoints ,..., 21 θθ  are given, the corresponding models are linear, 
so ,...),( 21 θθSSE  may be computed according to (9) and then be minimized with respect to the 
breakpoints. The resulting minimum is the value of SSE to be used in the test statistics (7) and 
(8). When n is large and, particularly, when simulations have to be run, we need efficient 
computational procedures for SSE. The procedures are different for discontinuous and 
continuous models. 

4.1  Discontinuous Models 

First Consider the D1 model in (4). Let θ  be the unknown breakpoint. Let nxxx ,...,, 21  and 

nyyy ,...,, 21  the values of the X and Y variables arranged in increasing order with respect to X. 
The following symbols are then used: 
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Then we can write 
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Using (9), it can be shown that 
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Now, )(θSSE  changes only when θ  crosses one of the xi values. So the minimization of (11) 
can be performed putting 343 ,...,, −= nxxxθ . When θ  changes from xi to xi+1, the residual sum of 
squares of the new model can be computed without fitting the model, but simply subtracting 
from the S ′′  quantities the values corresponding to the (i+1)-th case and adding the same values 
to the S ′  quantities.  The model D2 defined in (6) is handled similarly, except another set of 
quantities S ′′′  is needed in (10) and another term must be added in (11) corresponding to the S ′′′  
quantities. When model D0 defined in (2) is considered the final formula for )(θSSE  is the 
following: 
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4.2 Continuous Models 
First Consider the C1 model. Again, let θ  be the breakpoint. Given the parameterization in (3) it 
can be found that 
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In this case, expressing )(θSSE  symbolically, in terms of the quantities in (10), is very 
complicated, so it is more efficient to compute it numerically from (9). Now, )(θSSE  is a 
continuous function of θ , which is also differentiable except when ix=θ , so it is not possible to 
find its minimum as in the case of the discontinuous models. In the following, we suggest one 
way to minimize )(θSSE  for continuous models. The first step of this procedure is the 
computation of )(θSSE  for 343 ,...,, −= nxxxθ  using the quantities in (10) to find the xi which 
corresponds to the minimum. Then it is reasonable to suppose that the global minimum occurs 

for θ  in [ ] [ ]11 ,, +− ∪ iiii xxxx . It can be proved (see Appendix) that 
θ
θ

∂
∂ )(SSE  can vanish for at 

most two critical values of θ  which we call *θ  and **θ . Further these values are the solutions of 
the following quadratic equation: 
 

02 =++ cba θθ  
 
This quadratic equation is derived in the Appendix. When *θ  and **θ  have been estimated, one 
way of determining which of the critical point corresponds to the minimum is the following: 
compute )(θSSE  for any of the critical values in the intervals [ ]ii xx ,1−  and [ ]1, +ii xx , and then 
compare those SSE values with the SSE values at the endpoints of the intervals. This method 
does not guarantee a global minimum, but it is a fast way to come near it.   
 
Now consider model C2. Let 1θ  and 2θ  be the breakpoints with 21 θθ < . Given the 
parameterization in (5), the relevant matrices for computing SSE are 
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As in the case of model C1, ),( 21 θθSSE  is more efficiently computed numerically from (9). First 

),( 21 θθSSE  is computed for each combination of 6431 ,...,, −= nxxxθ  and 3762 ,...,, −= nxxxθ , given 
that 21 θθ < , using the quantities in (10) to find the xi and xj which correspond to the minimum. 
Next, the intervals [ ]1, +ii xx  and [ ]1, +jj xx  are each divided into four subintervals of equal length. 
Then ),( 21 θθSSE  is compared to SSE estimated at each combination of the limits of the 
subintervals. 

5 Landscape Analysis in the Map of the Italian Nature 
The procedure has been applied to landscape pattern data produced within the Map of the Italian 
Nature project (Zurlini et al., 1999). The data concern mosaics of contiguous, irregular patches at 
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a scale of 1:25000 corresponding to different habitat types in the CORINE biotopes classification 
(CEC, 1991). The CORINE classification, derived by satellite, airborne (photographs and 
hyperpectral images) and field data, permits a biophysical identification of ecosystems (sensu 
Tansley, 1935) as patches, based on vegetation covers, physiognomy, soil types and land-forms, 
and an integration af abiotic and biotic components extremely closely related, hystorically and 
evolutionary, like habitats and syntaxa (Usher, 1991). CORINE units, called habitats, are coded 
at different levels of a hierarchical system of mosaics of patches within patches that can go from 
very broad syntaxa at the landscape level down to alliances and associations.   Among the 2,327 
CORINE patches identified in the Val Baganza watershed, the three most frequent types of 
patches were here considered for analysis: low land hay meadows (CORINE code 38.2; 378 
patches), brachypodium grassland (CORINE code 36.334; 131 patches), northern apennine 
mesobromion (CORINE code 34.3266; 77 patches). Other types of biotopes were not analyzed 
because the corresponding sample sizes are too small to perform the procedure. Original 
perimeter-area data are available from the first author on request. 
 
Table 1.  Residual sum of squares (SSE) and degrees of freedom (df) for the best fitting 
models for each biotype. 

 
Models C0, C1, C2, D0, D1 and D2 have been fitted to each biotope and estimated minimum sum 
of squares are reported in Table 1. In order to select the best model for each biotope, we should 
compare nested models computing the corresponding LR statistics.  As pointed out, the LR in 
this case does not necessarily follow a chi-squared distribution, so a simulation study is needed. 

6 Simulations 
Recall that we want to test ω:0H  vs. Ω:AH . The problem is that we don’t know the exact 
distribution of the LR λ  (7) and of the F-statistic (8), so that we run simulations. In running 
simulations, the data must be generated from ω . Then the test statistics λ  and F can be 
computed using ω̂SSE  and 

Ω̂
SSE  estimated from the generated data. Different null models are 

possible. 
 
Case 1.  When the null model ω  is C0 the simulated distributions of the statistics (7) and (8) do 
not depend on the parameters of C0.  To see this, observe that none of the SSE values computed 
for any of the considered models are affected if Yi is replaced by )( ii vXuY +− , ni ,...,2,1= , for 

model SSE df SSE df SSE df
C 0 7.0035 376 3.0638 129 1.1634 75
C 1 6.5581 374 2.3676 127 1.137 73
C 2 6.4115 372 2.2869 125 1.1108 71
D 0 6.5591 374 2.3092 127 1.0989 73
D 1 6.5113 373 2.2822 126 1.0985 72
D 2 6.2278 370 2.0926 123 0.99994 69

CORINE 38.2 CORINE 36.334 CORINE 34.3266



Page 10 of 20 

given constants u, v. Also, if Yi is divided by σ , then all of the SSE values are divided by 2σ . 
But, since (7) and (8) involve ratios of SSE, the test statistics are unchanged.  Consequently, in 
doing simulations, we can make any convenient transformation of the form 
 

                                              nivXuYY ii
i ,...,2,1,)(* =

+−
=

σ
 

 
without affecting the null distribution.  Let C0 be the null modelω . The alternative model Ω  
might be any of the more complex models C1, C2, D0, D1, and D2.  The parametric representation 
of ω  is 
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The conclusion is that the null hypothesis does not depend on the parameters ofω .  The data are 
generated from simulation model (12). Of course, ω̂SSE  and 

Ω̂
SSE  must still be computed for 

the fully parameterized ω  and Ω . 
 
Case 2.   Suppose the null model ω  is C1. In this case, the alternative model Ω  might be any of 
C2, D1, D2. The parametric representation of ω  is in (3) with ),0(~ 2σε N . Take 

θβ ′′+β′+β=+ 110 xvxu  to get the simulation model 
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where )1,0(~* Nε . Therefore, the null distribution depends on at most θ  and 
σ
ββ 11 ′−′′ . The 

dependence on θ  is not with respect to its numerical value, but rather in relation to the data 
values. 
 
Case 3.  Suppose the null model ω  is D1. The alternative model Ω  can only be D2. Parametric 
representation of ω  is given in (4). Take xvxu 10 ββ ′+′=+  to get 
 







>+−
′−′′

+
′−′′

+
′−′′

≤
=

θεθ
σ
ββθ

σ
ββ

σ
ββ

θε

xx

x
y

*111100

*

*

)(
 

 



Page 11 of 20 

So the null distribution may depend on θ  and on 
σ
ββ

σ
ββ 1100 ,

′−′′′−′′ . 

Case 4.  When the null model ω  is C2, the alternative model Ω  can only be D2. Parametric 
representation of ω  is given in (5). Take 211110 θβθβββ ′′′+′′+′+=+ ii XvXu  to get the simulation 
model as follows 
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where )1,0(~* Niε . In this case, the null distribution depends on at most 21 θθ <  and 
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ββ 1111 ,

′−′′′′−′′ . 

 
In running the simulations, we used as regressors the surfaces of the three CORINE biotopes 
previously described. The sample sizes of these data sets are 77, 131 and 378. We found that 
both F and λ  have empirical null distributions that cannot be approximated with the nominal F 
and chi-squared distribution, respectively. Thus, we limited the analysis to the LR statistic. For 
each null model and for each sample size the 0.95 percentiles (simulated critical values) of the 
empirical simulated distribution of the LR statistic are reported in Table 2. There were 6000 
replicates for each model Ω  when the null model is C0 and 5000 in the other cases.  
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Table 2.  Simulated critical values for LR statistic when: a) H0: C0 (6000 replications), b) 
H0: D0 (5000 replications), c) H0: C1 (5000 replications) d) H0: D1 (5000 replications), e) H0: 
C2 (5000 replications). The sample sizes (number of patches) of the generated data sets are 
equal to the sizes of three data sets in the application. The critical values are the 0.95 
percentiles of the empirical distribution.  
a)  H0: C0 

b)  H0: D0 

c)  H0: C1 

d)  H0: D1 

e)  H0: C2 

 

7 Best Fitting Models for the Val Baganza Watershed 
The LR statistics and the corresponding empirical p-values are reported in Table 3.  It is worth 
noting that, when C0 is the null model, the p-value is always less than 0.01 for sample size 131 
and 378, while is always over 0.50 for sample size equal to 77 (Table 3a). This means that the 
null hypothesis (model C0) is always rejected for patches with sample sizes 131 or 378, while the 
hypothesis of a simple straight line cannot be rejected for patches with sample size of 77 (Figure 
2).  

N. of patches C1 C2 D0 D1 D2
378 7.42587 13.64751 11.0674 13.59459 25.47887
131 7.353848 12.88947 10.62594 13.05476 23.49382

77 7.302105 12.48273 10.42061 12.64406 22.60455

Simulated crit. Value for LR statistics

N. of patches D1 D2
378 4.62296 17.2541
131 5.2296 16.2808

N. of patches C 2 D1 D2
378 9.05461 8.55445 21.1631
131 8.29954 7.06306 18.1489

N. of patches D 2
378 15.4899
131 13.5358

N. of patches D2
378 15.113
131 12.9376
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Table 3. LR statistics and empirical p-values computed for alternative models when: a) H0: 
C0,  b) H0: D0,  c) H0: C1,  d) H0: D1, and e) H0: C2.   
a)  H0: C0 

b)  H0: D0 

c)  H0: C1 

d)  H0: D1 

e)  H0: C2 

 
We can conclude that for the northern apennine mesobromion CORINE biotope (code 34.3266) 
the one-straight line model can not be rejected, so that all patches belong to the same fractal 
domain.  This kind of CORINE biotope does not apparently present any statistically significant 
shift in boundary fractal dimension. This may indicate no substantial change in scale as regards 

N. of patches C 1 C 2 D0 D1 D2
LR stat. 24.8380 33.3837 24.7804 27.5452 44.3722
Emp. p-value 0.0000 0.0000 0.0002 0.0002 0.0000
LR stat. 33.7691 38.3121 37.0409 38.5816 49.9436
Emp. p-value 0.0000 0.0000 0.0000 0.0000 0.0000
LR stat. 1.7674 3.5625 4.3919 4.4199 11.6583
Emp. p-value 0.6098 0.8588 0.5645 0.8242 0.8457

378

131

77

N. of patches D1 D2
LR stat. 2.7650 19.5900
Emp. p-value 0.1282 0.0182
LR stat. 1.5410 12.9030
Emp. p-value 0.2806 0.1526

378

131

N. of patches C 2 D1 D2
LR stat. 8.5460 2.7070 19.5340
Emp. p-value 0.0650 0.6224 0.0946
LR stat. 4.5430 4.8130 16.1750
Emp. p-value 0.2878 0.1586 0.0966

378

131

N. of patches D2

LR stat. 16.8270
Emp. p-value 0.0274

LR stat. 11.3620
Emp. p-value 0.1296

378

131

N. of patches D2
LR stat. 10.9890
Emp. p-value 0.2484
LR stat. 11.6310
Emp. p-value 0.0934

378

131
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generating and maintaining processes of landscape patches. This kind of biotope is indeed 
present in naturally stressed environments due to drought, and thus already adaptive to relatively 
extreme environmental conditions and rather insensitive to human disturbances. 
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Figure 2. CORINE code 34.3266. Scatterplot of the data with superimposed fitted model C0. 

For the remaining biotopes, further tests are necessary to select the best descriptor of the data, at 
least among the models that we have considered.  Different hypotheses are possible. The null 
hypothesis of D0  (Table 3b) cannot be rejected for the CORINE biotope 36.334, brachypodium 
grassland, so that no discontinuous models are warranted for this biotype. On the other hand, D0  
should be rejected for the CORINE code 38.2, low land hay meadows, with the largest number of 
patches, because D2 is clearly better. Model C1 (Table 3c) cannot be rejected for either biotope at 
the 0.05 probability level. Nevertheless, the p-value is very near to 0.05 for model C2 in the case 
of low land hay meadows. There is an indication that something more complicated than C1 is 
needed for this larger data set. Looking at the other null hypotheses (table 3d and table 3e), we 
observe that for CORINE code 38.2, D2 is better than D1, but not better than C2. The conclusion 
could be that the best descriptor of the behaviour of this biotope is C2. In the case of the CORINE 
code 36.334 the best model is C1. 
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Figure 3.  CORINE code 36.334. Scatterplot of the data with superimposed fitted model C1. 

Figure 3 reports the fitting of the C1 model for brachypodium grassland (CORINE code 36.334). 
There is a clear change point (at about 5 ha).  At larger scales, patches assume a more complex 
shape, perhaps related to a lower human disturbance.  In Table 4 are reported the fractal 
dimensions and the corresponding standard errors in each domain for the CORINE code 36.334. 

Table 4. Fractal dimensions, standard errors and fractal domains for CORINE code 36.334. 
 Value st. error domain (m2) 

D1 1.292 0.0277 0 -| 55143 
D2 1.879 0.079 > 55143 

 
In Figure 4, the fitting of model C2 for low land hay meadows (CORINE code 38.2) is reported. 
Change points are at 3277 m2 and 31611 m2. Fractal dimension increases as area increases, so 
that largest patches look to be more regular and less disturbed than smaller ones. The first fractal 
dimension is less than one but statistically not different from one at the 0.05 level.  In Table 5 are 
reported the fractal dimensions and the corresponding standard errors in each domain for the 
CORINE code 38.2. 
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Figure 4.  CORINE code 38.2. Scatterplot of the data with superimposed fitted model C2. 

 
Table 5. Fractal dimensions, standard errors and fractal domains for CORINE code 38.2. 

 

8 Conclusions 
We have presented a method to detect breakpoints in the fractal dimension of irregular patches.  
The relevance of this topic is related to the identification of landscape scaling regions with 
distinct dimensions connected by transition zones (Holling, 1992).  According to hierarchical 
theory in ecology, distinct levels in ecological system should be reflected in corresponding 
distinct scales of patterns in space.  Two distinct models have been suggested to fit perimeter-
area data: continuous piecewise linear models and discontinuous piecewise linear models. In the 
first case segments of the regression curve are connected while in the second case segments are 
disconnected. 

value st. error domain (m2)
D1 0.8786 0.111 0  -|  3277
D2 1.2622 0.0206 3277  -|  31611
D3 1.4532 0.04 >  31611
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Since the change points between different segments are unknown, the classical procedure of 
variable selection in regression analysis based on the F-distribution can not be applied. Therefore 
the best piecewise model has been selected using a LR statistic based on the ratio between the 
minimum sums of squares of two alternative models.  The suggested statistical method requires 
efficient computation of the minimum sum of squares because all models related to any possible 
breakpoint must be estimated.  Some suggestions have been given in order to cope with these 
computational issues. 
 
Simulation has revealed that the nominal null distribution can not be used for testing different 
models when breakpoints are unknown. Its use would lead to spurious significance. 
Approximation is worse for discontinuous models. Empirical distributions of the test statistics 
have been obtained by means of a simulation procedure. Simulation results are only applicable to 
the specific data set used in the application.  
 
The procedure has proven to be effective in detecting landscape patterns when applied to patch 
mosaics of the Map of the Italian Nature Project. In this context, the procedure was helpful in 
discriminating among CORINE biotopes with respect to their landscape pattern. CORINE 
biotope types seem to behave differently according to their scaling properties resulting from the 
interaction between their ecological properties and human disturbance. 
 
An open question is the eventual existence of an asymptotic null distribution for the LR statistic 
different from the nominal chi-squared distribution. If so, it would be desirable to describe these 
limiting distributions in order to avoid simulations when the method is applied to different data. 
One possible approach is a transformation )(⋅G  so that 
 
                                                   2)( qG χ=λ . (13) 
 
The simplest such transformation would be cG /)( λ=λ  for some constant c. Assuming that G is 
monotone increasing, (13) implies that 
 
                                                   2

,)( αα χ=λ qG  (14) 
 
for all levels α . The right hand side of (14) can be computed while αλ  can be estimated from 

the simulations. Therefor, a plot of 2
,αχ q  versus αλ̂  is an estimate of G. Additional questions are 

whether this plot depends on the size of the data set and on the null hypothesis. 
 

9 Appendix 
This appendix studies the behavior of )(θSSE  between any two consecutive x-values, say xi and 

xi+1, and shows that 0)(
=

∂
∂

θ
θSSE  for at most two critical values of θ  which we call *θ  and **θ . 

It is shown also that these values can be obtained as the solution of a quadratic equation. 
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We can write 1)( −′XX  as 
det
A , where A is the adjoint matrix of XX′  and )det(det XX′= . 

Then we obtain that 
det

)( 1 AUUUXXU
′

=′′ − . Using the quantities in (10) it can be shown that 

AUU′  and det are both quadratic functions of θ , so we can do a polynomial division to get 
 

                                              
det

)( 1 RQ +=′′ − UXXU , (A1) 

 
The quotient Q in (A1) does not depend on θ  and R is linear in θ . So the residual sum of 
squares is 
 

                                         
det

)( RQSSE −−′= YYθ . (A2) 

 
Since Q−′YY  is independent of θ , the behavior of (A2) between two consecutive data points is 
determined by R/det. Write 
 

                                          2det εθδθγ
βθα
++

+
=

R  (A3) 

 
where εδγβα ,,,,  can be expressed in terms of the quantities in (10).  But (A3) vanishes for 
exactly one value of θ , since the numerator is linear. Further, for large θ , εθβ /det/ ≈R , so 

0det)/( →R  as ±∞→θ  and there are only two critical points *θ  and **θ .  To find the value of 
these critical points, put the derivative of det/R  equal to zero, that is 
 

                                               0
det

tdedet
2 =

′−′ RR  

 
which is equivalent to 
 
                                               .0tdedet =′−′≡ RRH  
 
Since R is linear and det is quadratic in θ , H is quadratic in θ , so that 
 
                                               .2 cbaH ++= θθ  (A4) 
 
Coefficients a, b, c of (A4) might be expressed in terms of the quantities in (10), so that they can 
be computed any time without fitting the regression model. These expressions are not reported 
here because they are very long. 
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