
Model Selection Based on Maximum Likelihood Estimation:
A Jackknife Approach

Hyunsook Lee and G. Jogesh Babu
Department of Statistics
The Pennsylvania State University
{hlee, babu}@stat.psu.edu

Introduction
Maximum likelihood principle plays a role in shaping many well
known model selection criteria. The most popular criteria are
Akaike information criterion (AIC), Minimum descriptive length
(MDL), and Bayesian information criterion (BIC). AIC was intro-
duced to find a model that minimizes the Kullback-Leibler(KL) dis-
tance

I [g; f
θ̂
] :=

∫
g(x) log g(x)dx−

∫
g(x) log f

θ̂
(x)dx.

For an unknown density g, AIC chooses a model that maximizes
the estimate of Eg[log f

θ̂
(X)] from which bias becomes unavoid-

able. This bias is presented as a penalty term in AIC, in propor-
tion to the number of parameters in a model. MDL was developed
to find a model that minimizes code lengths, which is equivalent
to maximizing entropy. Maximum entropy is similar to maximizing
the log likelihood in AIC; however, MDL measures the complex-
ity of a model, which contributes as a penalty term. On the other
hand, BIC was developed from the idea of choosing a model of
most probable posterior distribution. MDL and BIC share the same
penalty term, p log n. Cross validation is another procedure used
in model selection. It was shown to be asymptotically equivalent
to AIC by Stone (1977). Several studies were found in bootstrap
model selection by estimating the KL distance.

We developed Jackknife information criterion (JIC) and studied
its asymptotic properties with minimal assumptions on the likeli-
hood. In contrast to AIC type criteria, the jackknife method re-
duces the bias substantially. The comparison among information
criteria with JIC is presented through simulations.

Preliminaries
Suppose the data points, X1, X2, ..., Xn are from an unknown dis-
tribution G and M = {fθ : θ ∈ Θp} is a class of candidate mod-
els. The log likelihood log fθ(Xi) of Xi is denoted by li(θ), the log
likelihood functions of all the observations is L(θ) =

∑n
i=1 li(θ),

and the log likelihood function without ith observation is L−i(θ) =∑
j 6=i lj(θ). The followings are assumed;

(J1) There exists an unique parameter θo in Θp that satisfies
Eg[∇θl1(θo)] = 0.

(J2) Within a neighborhood of θo, it is assumed that the first and the
second derivatives of the log likelihood, li(θ), with respect to θ
exist and they are denoted by ∇θli(θ) and ∇2

θli(θ), respectively.
For any θ ∈ Θp, those derivatives are bounded, i.e. | ∂∂θk li(θ)| <
h(Xi) and | ∂2

∂θk∂θl
li(θ)| < h(Xi), where k, l = 1, ..., p for all Xi and

h(Xi) is non negative such that Eg[h(Xi)] <∞.

(J3)Eg[∇2
θl1(θo)] = −Λ, where Λ is a non-singular matrix.

(J4) For ψθ(Xi) = li(θ) or ψθ(Xi) = ∇Tθ li(θ),

∇θE[ψθ(Xi)] = E[∇θψθ(Xi)].

(J5) For ∀θ ∈ Θ, Eg[∇θli(θ)∇Tθ li(θ)] and −Eg[∇2
θli(θ)] are finite

and positive definite p × p matrices. If g = fθo, then
Efθo[∇θli(θ)∇

T
θ li(θ)] = −Efθo[∇

2
θli(θ)].

Jackknife model selection

Definition 1 Let Jn, the jackknife estimator of log likelihood, be

Jn = nL(θ̂)−
n∑
i=1

L−i(θ̂−i).

Under (J1)-(J5), θ̂
p−→ θo and θ̂−i

p−→ θo uniformly in i, which
leads to the following theorem.

Theorem 1 Let X1, X2, ..., Xn be iid random variables from a
density function g of an unknown distribution and M = {fθ :
θ ∈ Θp} be a class of candidate models. If the (g,M) meets
(J1)-(J5), then the jackknife estimator of log likelihood, Jn sat-
isfies

Jn = nL(θ̂)−
n∑
i=1

L−i(θ̂−i)

= L(θo) +
1

n

∑
i 6=j

∇li(θo)TΛ−1∇lj(θo) + εn, (1)

where E(ε2n) → 0 as n→∞.
Moreover, E[1n

∑
i 6=j∇li(θo)TΛ−1∇lj(θo)] = 0 so that Jn is an

asymptotically unbiased estimator of the log likelihood.

To obtain the stochastic order of Jn, in addition to (J1)-(J5), we
assume the followings;

(J6) There exists θ̂ such that ∇θL(θ̂) = 0 and θ̂ tends to θo with prob-
ability 1.

(J7) There exists θ̂−i such that ∇θL−i(θ̂−i) = 0 and θ̂−i tends to θo
with probability 1 uniformly in i.

Theorem 2 Let X1, X2, ..., Xn be iid random variables from the
unknown distribution with density g and M be a class of candi-
date models such that M = {fθ : θ ∈ Θp}. Under (J1)-(J7), the
stochastic orders relating to Jn are:

(1) Jn = L(θo) +O(log log n) a.e.

(2) 1
nJn =

∫
log fθo(x)g(x)dx +O(

√
n−1 log log n) a.e.

Popular information criteria involve log likelihood multiplied by -2.

Definition 2 (JIC) Jackknife information criterion is defined as
minus twice Jn.

JIC = −2Jn

= −2nL(θ̂) + 2

n∑
i=1

L−i(θ̂−i).

For nested models, asymptotically L(θo) are identical so that JIC
cannot distinguish among models. We suggest two modified JICs
related to AIC and BIC.

aJIC = JIC + 2p

bJIC = JIC + p log n

Simulations
In this section, the performance of JIC is compared with
other information criteria. First, we considered a very sim-
ple linear model. Suppose the true model is Y = 2X +
5 + e, where e ∼ N(0, σ2) and candidate models are poly-
nomials of different orders. We investigated the frequen-
cies of model selection via several information criteria while
X and e were randomly generated. There were 500 trials.
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From the above figure, as expected, JIC was least effective in this
nested case. However, aJIC and bJIC slightly outperformed AIC
and BIC, respectively.

Now, we considered a case when the true model does not ex-
ist in the set of nested candidate models. Consider the true
model is Y = 2X + 5 + e, where e ∼ C(0, σ2), from which
C stands for Cauchy distribution, and candidate models are
polynomials of different orders with normal error distribution.
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From the above figure, AIC and BIC outperformed the information
criteria of resampling techniques.

Last, we considered the case when candidate models are not
nested. The true model is C(0, 1) and candidates are C(·, 1),
N(·, 1), and N(·, ·), where · denotes an estimated parameter.
Scale was adjusted to match two distributions. From the table,
JIC performed similarly to AIC and CV1 performed well in small
sample. Although the cauchy distribution and normal distribution
are symmetric, all information criteria pick the correct distribution
within relatively small sample size.

n = 15 n = 30 n = 50
C(·,1) N(·,1) N(·,·) C(·,1) N(·,1) N(·,·) C(·,1) N(·,1) N(·,·)

AIC 382 47 71 AIC 471 13 16 AIC 496 3 1
BIC 385 55 60 BIC 472 19 9 BIC 496 4 0
CV1 395 67 38 CV1 475 19 6 CV1 496 4 0
JIC 381 44 75 JIC 470 12 18 JIC 496 3 1

aJIC 394 66 40 aJIC 472 19 9 aJIC 496 4 0
bJIC 396 71 33 bJIC 475 19 6 bJIC 496 4 0

Discussion
The strength of JIC lies in its applicability to various families of
densities unlike popular model selection criteria, which are appli-
cable only in a restricted distribution family. The simulation study
showed that JIC performed similarly among popular selection cri-
teria when candidates models are not nested.

In general, consistent model selection criteria were highly val-
ued in choosing a correct model. The strong consistency comes
from a penalty term, when nested models are competing. Some
attempts were made to improve AIC and BIC by careful examina-
tion of estimating bias. In this context, resampling techniques that
reduce bias does not seem to be successful.

A couple of studies presented that the bias of bootstrap model
selection is proportional to the number of parameters in a model
(Chung et.al., 1997; Ishiguro et.al., 1997; and Shibata, 1997).
Chung et.al.(1997) added that bootstrap after bootstrap was
asymptotically unbiased. Compared to bootstrap after bootstrap,
JIC is quite simpler computation-wise and it is asymptotically un-
biased.

From eq.(??), JIC could be improved by (a) finding an estima-
tor of 1

n

∑
i 6=j∇li(θo)TΛ−1∇lj(θo) or (b) considering 2nd order bias.

Resampling techniques allow to be applied to more general sets
of candidate models which are not necessarily nested.

A smaller quantity of information criterion does not pertain a cor-
rectly specified model; nonetheless, a correct model attains the
smallest quantity of IC (Sin and White, 1996). Model selection
methods become successful after better understanding of data
sets and restricting possible candidates (Burnham and Anderson,
2002).
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