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Abstract

We consider the problem of modeling point-level spatial count data with a large

number of zeros. We develop a model that is compatible with scientific assump-

tions about the underlying data generating process. We utilize a two-stage spatial

generalized linear mixed model framework for the counts, modeling incidence, re-

sulting in 0-1 outcomes, and prevalence, resulting in positive counts, as separate

but dependent processes, and utilize a Gaussian process model for characterizing

the underlying spatial dependence. We describe a Bayesian approach, and study
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several variants of our two-stage model. We fit the models via Markov chain Monte

Carlo (MCMC) methods. We study several MCMC algorithms, including a version

of the Langevin-Hastings algorithm, for exploring the complicated posterior distri-

bution efficiently, and recommend an algorithm that is fairly efficient. Finally, we

demonstrate the application of our modeling and computational approach on both

simulated data and real data from an ecological field survey.

1 Introduction

Spatial count data arise frequently in a number of disciplines. There is an increas-

ing awareness of the need to use models that account for the spatial dependence

commonly inherent in such data. For example, in the study of insect populations,

geostatistical tools have been used to capture the degree of spatial dependence that is

present in most populations (Legendre and Fortin, 1989; Rossi et al., 1992; Schotzko

and O’Keeffe, 1989; Schotzko and Smith, 1991; Williams et al., 1992). Advances in

Global Positioning Systems (GPS) technology have permitted rapid and accurate

capture of field data at finer scales of resolution and greater sampling intensity. For

instance, Blom and Fleischer (2001) describe a study of the spatial dynamics of Col-

orado potato beetle (CPB) populations in potato fields at the level of density per

meter. One complication encountered in their study, however, was that a substantial

proportion of the observations were zeros. The spatial distribution and histogram

of the raw observations from the CPB study are displayed in Figures 1 and 2. From

a scientific point of view, the distribution may be seen as a manifestation of two

biological processes: incidence, which is a binary (absence/presence) variable, and

prevalence, which is a count variable. Note that in this framework, the count variable

is only observed when the binary variable indicates presence.

Studying the incidence and prevalence processes separately but simultaneously
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allows for a model that is compatible with the hypothesized underlying data generat-

ing process. Such a model can also be useful in characterizing relationships between

each of the processes and potential predictors. At varying times and insect stages,

specific interest may also be on various functionals of the distribution, in addition

to the usual spatial predictions; sample-based inference is easily extended to handle

such problems as well.

Agarwal et al. (2002) describe a mixture model for zero-inflated areal (spatially

aggregated) data where absence (zeros) appear in a particular region with probability

p and, with probability 1− p, a Poisson random variate is generated for that region.

Presence-absence is modeled via a logistic regression, while the Poisson mean is

modeled via a standard log-linear model. Spatial dependence for the areal data

is modeled via a Gaussian Markov random field model imposed on the random

effect terms in the log-linear model. This is very well suited to areal data, though

it is perhaps worth noting that the interpretation of parameters is specific to the

configuration of sites (or subregions) on which the model is defined. Rathbun and Fei

(2006) propose a probit model for zero-inflated spatial data on a continuous spatial

domain, developed along the lines of the spatial probit model described in De Oliveira

(2000), with excess zeros generated at a given site if the realization of a Gaussian

process falls below a threshold. This model is well suited to problems where the zero

inflation arises largely as a result of detection limits. In our motivating example,

however, the zeros are true zeros, that is, zeros in the data truly indicate absence.

—– INSERT FIGURES 1,2 ABOUT HERE —–

In contrast, two-stage or two-part models are appropriate for studying the process in

stages: first, we study the process that produces zero versus non-zero outcomes, and

second, we can model the count process conditional on positive outcomes. In the

longitudinal setting, Olsen and Schafer (2001) cite several examples for which two-

stage models are ideally suited: adolescent substance abuse, dividend income, and
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expenditures on durable goods and medical care. Ver Hoef and Jansen (2007) de-

scribe a two-stage ‘hurdle’ model in the context of modeling areal data. In two-stage

models, zeros are real outcomes, and do not simply represent insufficient informa-

tion. Hence, the two-stage conditional specification is well suited to the type of

spatial phenomena that we are considering in this research. Here we describe a

model that utilizes the spatial generalized linear mixed model framework described

in Diggle et al. (1998) (also see Diggle and Ribeiro (2007); Haran (2011)). We break

the process into two parts, one for incidence and one for prevalence, with each part

modeled via a generalized linear model, with spatial dependence specified via a Gaus-

sian process model for the random effects associated with each of the two processes.

Our model formulation allows us to explore various specifications, including a model

that allows for a cross-covariance between the two processes. Our inference is based

on the resulting posterior distribution, which can be estimated using Markov chain

Monte Carlo (MCMC). Since constructing efficient MCMC algorithms is challenging

due to the complicated posterior distribution and dependence among the parame-

ters, we study several MCMC algorithms, and recommend a fairly efficient version

of the Langevin-Hastings MCMC algorithm that appears to be reasonably robust to

differences among data sets.

The rest of our paper is organized as follows. In Section 2 we describe our two-

stage spatial model, and in Section 3 we discuss ways to resolve the challenging

computational problems. In Section 4, we compare and contrast variants of our two-

stage model, and apply our approach to both simulated and real data sets. Finally,

we conclude with a discussion of our results in Section 5.
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2 A two-stage spatial model

We begin with some background — a brief description of spatial generalized lin-

ear mixed models, followed by a description of two-stage modeling in a non-spatial

framework. We then describe our two-stage spatial models.

The models we develop here differ from the zero-inflated Poisson (ZIP) models

in Agarwal et al. (2002) and Rathbun and Fei (2006) with respect to model con-

struction as well as incorporation of spatial dependence. In the ZIP models, the

zero observations may arise from both the binary (incidence) and count (prevalence)

processes. In contrast, the two-stage model presented here completely specifies and

separates the binary from the count processes. Also, while their framework allows

in principle for modeling spatial dependence in both the count and binary processes,

Agarwal et al. (2002) explore spatial dependence in the log-normal (count) part but

not in the incidence (binary) part. Rathbun and Fei (2006) use a probit model with

spatial random effects for the incidence part, where the species of interest is observed

only if the combined effects of environmental conditions overcome a threshold; the

prevalence process is modeled without spatial random effects. Gschlößl and Czado

(2008) consider spatial ZIP models for areal data using a proper Gaussian condi-

tional autoregression, and Fernandes et al. (2009) propose a model for zero-inflated

spatio-temporal processes, including the case of continuous observations with spatial

random effects following a zero-mean Gaussian process.

Ver Hoef and Jansen (2007) adopt an approach similar to ours in a ‘hurdle model’

used to investigate haul-out patterns of harbor seals on glacial ice, and describe a

very nice comparative study of the hurdle model to other spatial ZIP models. In

contrast to Ver Hoef and Jansen (2007), who consider hurdle models in the context

of Gaussian Markov random field models for areal (aggregated) or lattice space-time

data, in our model we assume that the zero-inflated observations are geostatistical.
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In particular, we assume they arise from a bivariate stochastic process on a contin-

uous spatial domain. This model is useful in many ecological and biological settings

where such data are common. Also, our model allows us to interpolate realizations

in places where there are no observations, while also giving us the ability to study

the dependence in the spatial process since covariance function parameters have a

more natural interpretation and do not rely on definitions of sub-regions and neigh-

borhoods, which can be arbitrary. We also include a mechanism to relate the two

parts of the model via a cross-covariance between the spatial random effects. Com-

putation for these models can be challenging; we therefore describe some approaches

in Section 3 to overcome these challenges.

2.1 Spatial generalized linear mixed models

Diggle et al. (1998) propose an approach for modeling data where the known sam-

pling mechanism for the data is non-Gaussian. These spatial generalized linear

mixed models (SGLMMs) utilize the generalized linear model framework (McCul-

lagh and Nelder, 1983) for spatially associated data. The spatial dependence (the

error structure) for SGLMMs can be modeled via Gaussian processes for point-level

(geostatistical) data as described in the seminal paper by Diggle et al. (1998), and a

similar framework can also be used for areal or lattice data with a Gaussian Markov

random field (GMRF) model (cf. Banerjee et al., 2004; Haran, 2011; Rue and Held,

2005). Following the notation in Diggle et al. (1998), the model can be described as

follows:

• Let {S(x) : x ∈ D}, where D ⊂ R
d, be a zero-mean Gaussian process with

the covariance of the spatial process specified via a valid (positive definite)

covariance function, say from the Matérn family (cf. Handcock and Stein, 1993).

• Conditionally on S(x), the random variables {Y (x) : x ∈ D} are mutually
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independent, with distributions f(y | S(x)) = f(y | M(x)) where M(x) =

E(Y (x) | S(x)).

• Define h(M(x)) = d(x)β + S(x) for some known link function h (say log or

logit), vector of explanatory variables d(x) and parameters β.

The {Y (x) : x ∈ D} process can then be modeled, conditional on the spatial random

effects S, as Poisson or Negative Binomial random variables when modeling counts

or as Bernoulli random variables when modeling binary outcomes, for instance. Such

models are convenient for predicting non-linear functionals of realized values such

as the maximum value over a region, or the probability of exceeding a specified

threshold under possibly non-Gaussian realizations. This structure allows for a very

rich class of models that can be used for a variety of spatial processes. Once priors are

specified for the parameters of the covariance function and β, MCMC techniques can

be used to estimate and make inferences about the parameters, predict realizations at

arbitrary locations, and estimate non-linear functionals of the posterior distribution.

2.2 Two-stage models

Consider the general problem of modeling variables with two components. Olsen

and Schafer (2001), for instance, describe a model for semicontinuous variables —

variables that have a portion of responses equal to a single value (usually zero) and

a continuous, often skewed, distribution for the remaining values. Olsen and Schafer

(2001) consider such variables in a longitudinal setting. In modeling semicontinuous

longitudinal data, the semicontinuous response, Yij , can be coded into two variables,

Uij =











1 if Yij 6= 0

0 if Yij = 0
(1)
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Vij =











g(Yij) if Yij 6= 0

irrelevant if Yij = 0
(2)

where j = 1, . . . , ni indexes the time points for individual i where i = 1, . . . , m, and

g is a monotone increasing function (say log). They then fit a two-stage random-

effects model, one for the logit probability Uij = 1 and one for the mean conditional

response E(Vij |Uij = 1). This approach allows for a different set of covariates for

each part of the model, that is, a set of covariates for the probability of nonzero

response and another set for the mean of nonzero responses. The same modeling

approach applies naturally to model the process that produces the zero-inflated count

data described in Section 1. At the same time, a joint distribution for the random

coefficients from each part provides a mechanism for relating the two parts of the

model. This enables us to specify one viable model for two separate but related

phenomena: the binary indicator of whether there is at least one occurrence, and

the distribution of positive occurrences.

2.3 Spatial two-stage models

We now describe a two-stage model for spatial data on a continuous spatial domain.

We begin by describing the model in some generality, then provide a more specific

version of it for the purposes of our study. Consider the response at location xi,

Yi = Y (xi), i = 1, . . . , n. We decompose Yi into two variables, a binary part and a

discrete (or continuous) part in similar fashion to (1) and (2), with Ui = 1 if Yi > 0,

and Ui = 0 if Yi = 0. Also, Vi = Yi if Yi > 0, with Vi irrelevant whenever Yi = 0.

There are n observations for U , of which n1 ≤ n are equal to 1, and the rest are

0. For convenience, we order the data so that the 1’s are the first n1 observations.

There are n1 observations for V , corresponding to the first n1 observations of U .

To incorporate spatial dependence, we condition the U and V processes on the
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Gaussian processes S and Z respectively. Let 0n,0n1
be vectors of n and n1 zeros

respectively, and S(xi), Z(xi) denote the processes at the location xi. Furthermore,

let S = (S(x1), . . . , S(xn))T and Z = (Z(x1), . . . , Z(xn1
))T . Our model for these

processes is therefore







S

Z






∼ N













0n

0n1






,







ΣS ΣSZ

ΣT
SZ ΣZ












, (3)

The matrices ΣS (n × n), ΣZ (n1 × n1) are standard covariance matrices for

Gaussian processes, specified by some parametric form. The cross-covariance matrix

ΣSZ (n × n1) accounts for the relationship between the two processes S and Z.

Suppose we assume an exponential covariance function, which is a member of the

Matérn family of covariance functions, to describe the spatial dependence. Then the

(i, j)th elements of our covariance matrices are

(ΣS)ij = Cov(S(xi), S(xj)) =σ2
S exp(−θS‖xi − xj‖),

(ΣZ)ij = Cov(Z(xi), Z(xj)) =σ2
Z exp(−θZ‖xi − xj‖)

(4)

for covariance parameters σ2
S , σ2

Z , θS , θZ > 0. We have assumed here, for simplicity,

that the covariance is isotropic, that it is only a function of the Euclidean distance

between the two locations. The cross-covariance function is constructed as described

in Oliver (2003) by taking ΣSZ = ρSZLSLT
Z where the scalar ρSZ is the correlation

between the S and Z processes at the same location, and LS , LZ are the Choleski

factors of ΣS , ΣZ respectively. That is, ΣS = LSLT
S and ΣZ = LZLT

Z and

(ΣSZ)ij = ρSZ(LSLT
Z)ij . (5)

The matrix in (5) is actually constructed as follows. We first set up a complete
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(n×n) covariance matrix for Z based on all locations, not just the ones with U = 1.

We set up the cross-covariance by taking the product of ρ and the two Choleski

factors. We then drop the last n − n1 columns because these are cross-covariances

between S and Z in locations where U = 0. Hence there is no information regarding

Z in these locations and they do not contribute to the likelihood for the observed

data.

Oliver (2003) provides details regarding the validity of the above approach for

constructing cross-covariances. There are several advantages to using this approach.

It allows for greater flexibility in the choice of covariance functions while accom-

modating fairly limited information about the cross-covariance. In many cases the

nature of the spatial dependence of each random field is well established, possibly

including situations where these do not have the same covariance structure. At

the same time, there might be limited knowledge regarding the spatial covariance

between the variables of interest, except perhaps their correlation when these are

observed in the same location. In the approach used here the only information

one needs to construct a valid cross-covariance function are the individual (pos-

sibly of different form) covariance functions and the correlation between the two

variables. We found this approach to be convenient and useful when deriving the

covariance function under the various assumptions of dependence explored later in

the manuscript.

We denote the vector of covariance parameters by Θ = (θS , θZ , ρSZ , σ2
S , σ2

Z). For

any location x ∈ D (where as before D encompasses the study region), conditional

on S and Z, U and V are mutually independent, with distributions

fS(U(x) | S(x)) =fS(U(x) | A(x)), where A(x) = E(U(X) | S(X), α),

and fZ(V (x) | Z(x)) =fZ(U(x) | B(x)), where B(x) = E(V (X) | Z(X), β),

(6)
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where α, β are parameters for the model. U(x) and V (x) depend on the underlying

Gaussian process only through their respective expected values A(x) and B(x). And

hS(A(x)) =dS(x)α + S(x),

hZ(B(x)) =dZ(x)β + Z(x),

(7)

where hS and hZ are known link functions and dS(x) and dZ(x) are vectors of

explanatory variables and α, β are the respective coefficients. The parameters of

our model are therefore (α, β, Θ).

We now consider specifics for zero-inflated data such as the CPB data discussed in

Section 1. First, we set hS , hZ in (7) to the logistic and log-link functions respectively.

Then, following the general definitions in (6), we specify

U(x) = Bernoulli(A(x)), so Pr(U(x) = 1 | S(x), α) = A(x)

V (x) = TruncPoisson(B(x)), so E(V (x) | Z(x), β) =
B(x)

1 − e−B(x)
,

(8)

where TruncPoisson is a truncated Poisson random variable (cf. David and Johnson

(1952); Plackett (1953)), and hence no zero-valued observations are possible. That

is,

Pr(V (x) = r | B(x)) =
B(x)re−B(x)

r!(1 − e−B(x))
, r = 1, 2, . . .

To complete the specification of a Bayesian two-stage spatial model, we impose

priors on the parameters of the model. We use log-uniform proper priors for the

covariance parameters θS , θZ , and uniform proper priors for ρSZ , σS , σZ . The log-

uniform prior on a finite interval π(θ) ∝ θ−1, log(θ) ∈ [t1, t2] was used by Christensen

et al. (2000). Following common practice, we use flat priors for the regression coef-

ficients α, β.

11



2.4 Model features

The model as described has several desirable features. A two-stage model allows us

to examine the features of each component of a mixed response, permitting a closer

look at one or both parts as appropriate. The model permits the sets of covariates

and fixed effects to differ between the two components, thus allowing the covariates

to impact each part of the response in a different way. For instance, the factors

determining where CPB large larvae are likely to be found (where the adults have

laid eggs), dS(x), may not be the same conditions that determine whether they

will thrive (i.e., where more of them have survived), dZ(x). Even if the covariates

are common to both parts, the magnitude of effects, α and β, may still differ. By

embedding the underlying Gaussian process into a more generalized error structure,

we expand the class of models that can be modeled directly. Finally, the cross-

covariance function ΣSZ allows the two parts of the model to be related. In the

CPB example, the strength of the cross-correlation between S and Z relates the

severity of infection in location xi, V (xi), to incidence in another location xj , U(xj)

via (5).

3 Sample-based inference

In this section we outline strategies for inference and prediction based on this model,

providing details regarding the MCMC algorithms used to explore the posterior

distributions of interest.

We have observation vectors U = (U(x1), . . . , U(xn)) and V = (V (x1), . . . , V (xn1
)),

whose mean values depend on the regression parameters α and β as well as the un-

observed and potentially related Gaussian processes S = (S(x1), . . . , S(xn)) and

Z = (Z(x1), . . . , Z(xn1
)). As discussed in Subsection 2.3, x1, . . . , xn are locations in

D and n1 ≤ n. We can summarize this model as follows:
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• Stage 1: The observation vectors U and V are modeled via logistic and log

links respectively, conditional on parameters α, β and the underlying spatial

processes S,Z as described in (7) and (8).

• Stage 2: S,Z are jointly modeled via a zero-mean Gaussian process with co-

variances as described in (3),(4), and (5).

• Stage 3: Priors for α, β, Θ are specified as in Subsection 2.3.

The above stages can be combined to derive the posterior distribution of the pa-

rameters given the observations, π(S,Z, α, β, Θ | U,V). This is the distribution on

which inference regarding the parameters is based. Since this distribution is analyt-

ically intractable, we rely on MCMC algorithms to perform sample-based inference.

This distribution is high dimensional and the strong dependence among compo-

nents makes it challenging to construct good MCMC algorithms to simulate from

it. Furthermore, unlike in the areal data case where Gaussian Markov random field

modeling implies a conditional independence structure which circumvents the need

for matrix computations (cf. Agarwal et al. (2002); Ver Hoef and Jansen (2007)),

each iteration of our MCMC algorithm is expensive due to the calculations involv-

ing dense covariance matrices. Constructing a fast mixing sampler is therefore even

more critical in our case. We develop an MCMC algorithm based on a version of

the Langevin-Hastings as described in Christensen et al. (2006). We provide details

on how we construct our MCMC sampler in the appendix.

To ensure that our MCMC based estimates were reliable, we used standard

heuristics such as starting the chain from different initial values and comparing

resulting estimates. To determine how long to run the Markov chains, we used a

stopping rule based on Monte Carlo standard errors for the posterior mean esti-

mates computed by consistent batch means (Flegal et al., 2008; Jones et al., 2006):

when the standard errors for all parameter estimates were low enough, the chain
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was stopped. For instance, in the MCMC algorithm for the TSF model, the Monte

Carlo standard errors of the posterior mean estimates of all regression parameters

and ρSZ were 0.01 or smaller. The MCMC algorithms were implemented in R (Ihaka

and Gentleman, 1996). Inference was computationally intensive. For instance, for

the simulated data example involving 400 locations, it takes around 60 hours to

complete 100,000 full iterations of the MCMC algorithm on a 3.0 GHz quadcore

Intel Xeon processor with 32 gigabytes of memory.

Our sample-based procedure is a powerful approach for obtaining predictions of

the incidence and prevalence processes at locations where there are no observations,

and it also provides a convenient way to obtain estimates of the underlying smooth

latent spatial fields and any other functions of these processes that may be of in-

terest. However, one must be very cautious when interpreting the parameters of

the spatial regressions in these models. Due to identifiability issues, the covariance

parameter estimates as well as the regression parameter estimates may be suitable

for a predictive model, but may not be easy to interpret, as we will later describe in

the context of our simulation study in Section 4. We note that the issues we outline

here are not unique to our model or even to zero-inflated spatial data. They are

common to spatial generalized linear mixed models (SGLMMs), as has been pointed

out as early as in the original paper that describes the framework for spatial gen-

eralized linear mixed models (Diggle et al., 1998). The confounding between the

spatial random effects (the latent Gaussian process used to incorporate dependence)

and the fixed effects (the regression parameters) has, more recently, been noted and

studied by others including Reich et al. (2006) and Paciorek (2009). In addition,

Zhang (2002, 2004) establishes both via theory and simulation that learning about

covariance function parameters can be difficult due to confounding (inconsistent es-

timators in the maximum likelihood context), both for linear spatial models as well

as SGLMMs. The regression parameter and covariance parameter identifiability is-
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sues are not unique to our modeling approach, but we point them out here and later

in our simulation study since we believe that while these models are very useful for

prediction, their parameters should not be over-interpreted.

4 Application to data examples

We now study our modeling and computational approach in the context of both

simulated and real data. In studying the two-stage model, we also considered a

few different covariance structures that are special cases of our model. The first

covariance structure is as in the full two-stage (TSF) model described in Section 2,

with dependence among random effects for counts (Z), dependence among random

effects for the binaries (S), and cross-correlation among Z and S. The second is a

simpler covariance with dependence among Z but independence among S, and cross-

correlation among Z and S, henceforth the two-stage independent binary (TSIB)

model. The third, which we call the two-stage no correlation (TSNC) model, takes

the TSF model but removes the cross-correlation among Z and S. We note that this

model is analogous to the hurdle model studied in Ver Hoef and Jansen (2007) in the

context of areal data. Finally, the fourth covariance structure we studied assumes

dependence among Z, independence among S, and no cross-correlation among Z

and S. We refer to this as the two-stage independent binary no cross-correlation

(TSIBNC) model.

4.1 An application to simulated data

We first describe the application of our model and computational methods to a

simulated data set.
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4.1.1 Description

We simulated data by generating a two-stage response in 2,601 equally spaced lo-

cations over the unit square. In the ith location, say xi, the two-stage response

(U(xi), V (xi)) was simulated following the model described in Section 2 with

U(xi)|S(xi) ∼Bernoulli(A(xi))

V (xi) | Z(xi), U(xi) ∼Truncated Poisson(B(xi))

logit(A(xi)) =α0 + d(xi)α1 + S(xi)

log(Bi) =β0 + d(xi)β1 + Z(xi).

Conditionally on the S and Z observations, for any two locations i and j, the pairs

(U(xi), V (xi)) and (U(xj), V (xj)) are independent, and the S(xi) and Z(xi) are sta-

tionary zero-mean processes with covariances following the exponential covariance

function C(δij) = σ2 exp(−θδij), where δij is the Euclidean distance between lo-

cations xi and xj . The cross-covariance is constructed as described in Section 2.

The explanatory variable d(xi) is a function of location along the horizontal axis,

d(xi) = 2xi + (0.01)Wi where Wi ∼ N(0, 1). The regression parameter values were

set to (α0, α1) = (2, 5) and (β0, β1) = (1, 3) and the covariance parameters were set

to (σ2, θS , θZ , ρSZ) = (1, 10, 5, 0.75). The regression parameters were chosen to give

a substantial proportion of zeros in the sample, yet induce a clear spatial trend in

mean counts. For instance, β1 = 3 means that under a constant signal (Z0 say), the

expected count (conditional on having observed presence, that is, at least 1 count)

increases from 1 to about 20 from the left side of the field to the opposite end. The

chosen covariance parameters induced moderate spatial correlation among the S and

among the Z, as well as between S and Z. For instance, at θS = 10, the correlation

between neighboring S signals goes down to about 0.15 at a scaled distance of about

0.2, so that S signals are essentially uncorrelated at distances longer than one- fifth
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Table 1: 95% highest posterior density intervals for regression parameters for
the simulated data. Note: parameters may not be directly comparable since
they have different interpretations under the different models.

Parameter TSF Model TSIB Model TSNC Model TSIBNC Model
α0 = 2.0 (1.95,3.22) (4.00,8.65) (1.94,3.22) (6.42,8.37)
α1 = 5.0 (4.69,7.07) (9.71,20.27) (4.71,7.05) (13.41,17.36)
β0 = 1.0 (1.56,1.78) (1.51,1.74) (1.56,1.79) (1.56,1.79)
β1 = 3.0 (0.78,1.18) (0.84,1.24) (0.78,1.19) (0.78,1.18)

of the field. The correlation between S and Z at the same location is ρSZ = 0.75, and

thereafter decays exponentially with distance. Figure 3 is a plot of the simulated

observations observed at 400 sample locations. There were 127 locations with zero

incidence.

—– INSERT FIGURE 3 ABOUT HERE —–

4.1.2 Results

We consider two aspects of the performance of our models for our simulated data set:

prediction of the spatial process at unobserved locations and inference for the model

parameters. Table 1 provides estimated 95% highest posterior densities (HPD) cred-

ible regions of the regression parameters using the approximate procedure of Chen

et al. (2000). The regression parameters for incidence (α0, α1) are captured well in

the TSF and TSNC models but the intervals for the TSIB and TSIBNC models,

which ignore spatial dependence among incidences, do not capture the true values

well. None of the models captures well the true regression parameters for preva-

lence (β0, β1). We suspect that this is at least partly due to the simulated random

effects (Z) exhibiting a decreasing trend along the x-axis, which directly counters

the increasing trend in mean that we had imposed on the model. We note that

Diggle et al. (1998) report similar findings for regression parameters in simulated
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spatial count data and attribute it to the fact that the regression parameters need

to be interpreted conditional on the dependent random effects (see also Diggle et al.,

1994). Although Agarwal et al. (2002); Rathbun and Fei (2006); Ver Hoef and Jansen

(2007) do not report results from applications to simulated data in the context of

zero-inflated spatial data, we believe that one would likely obtain similar results for

regression parameters in their models. Identifying individual covariance parameters

is particularly challenging so we fix σS , σZ at 1 in order to identify the remaining pa-

rameters. For a discussion of related identifiability issues in spatial models for binary

data and SGLMMs more generally, see De Oliveira (2000); Zhang (2002, 2004). For

both incidence and prevalence, we are able to infer spatial dependence even though

our estimated covariance parameters may not always agree with the the true values

used in the simulation study. Notably, the cross-correlation between the incidence

and prevalence random effects (S and Z processes) was not captured, that is, the

95% HPD of ρSZ included 0 in spite of the strong cross-correlation in the simulated

data.

Prediction is arguably the most important criteria for assessing the performance

of these models. We find that all four of the models we study produce very similar

predictions for the zero-inflated random variable (Y). For instance, Figure 4 illus-

trates the predictions of Y based on the TSNC model; Y predictions for all other

models are virtually identical. This suggests that the simplest model, TSIBNC,

may be adequate when computational considerations are critical and prediction of

Y is the only goal. The predictions of the prevalence process V are also similar

across the models as displayed in Figures 6 and 7 for the TSNC and TSIB models

respectively. On the other hand, the models that ignore spatial dependence among

the binary values U produce predictions of incidences that lack smoothness, as can

be seen by contrasting the predictions of U for the TSNC and the TSIB models in

Figures 5 and 7 respectively. The TSF model produced similarly smooth predictions

18



of U while the TSIBNC model produced predictions similar to the TSIB model.

Hence, the TSF and TSNC models are superior to the TSIB and TSIBNC models

since they produce predictions that are consistent with the underlying assumption

of smoothness in both incidence and prevalence processes. As discussed above, the

TSF and TSNC models will likely also provide reasonable estimates of the regres-

sion parameters for incidence and therefore may be preferable to the other models.

Given the fact that computation for the TSNC model is faster than for the TSF

model and that the cross-correlation (ρSZ) is hard to infer, our recommendation for

such problems is therefore the TSNC model.

In addition to the above simulated data set, we also simulated another data set

that resembled more closely the Colorado Potato Beetles (CPB) data set analyzed in

Subsection 4.2. In particular, our simulated data set used a sampling design identical

to the one used in the real data, and we used parameter values that resulted in a

data set with similar characteristics to the real data set. An important reason for

conducting this additional study was to find out whether the particular sampling

design used in the CPB analysis would affect the conclusions, say by introducing

edge effects or row effects. For brevity, we do not include a detailed discussion of the

results of our study here, but the conclusions are qualitatively the same as above.

In this simulated data example we find again that we prefer the TSNC model to the

others for reasons similar to those described above. Also, as discussed above and

in Section 3, we conclude that one must exercise caution in the interpretation of

regression parameters.

—– INSERT FIGURE 4 ABOUT HERE —–

—– INSERT FIGURE 5 ABOUT HERE —–

—– INSERT FIGURE 6 ABOUT HERE —–

—– INSERT FIGURE 7 ABOUT HERE —–
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4.2 An application to ecology

We now describe the application of our models and computing algorithms to a data

set on Colorado Potato Beetles, our motivating example from Section 1.

4.2.1 Description

In the second application, we revisit the entomological study in which different life

stages of Colorado potato beetle were counted weekly at a resolution of one meter-

row. The data set considered here consists of large larvae count taken at week eight.

There were 296 observations taken in a systematic sampling pattern in an 80-m

square field. Figure 1 shows the observations in the sampled locations. The 296 ob-

servations consist of 144 zeros and 152 positive counts. Each observation at location

xi, Y (xi) was transformed into a two-stage response (U(xi), V (xi)) as before, and we

fit the same set of two-stage models discussed previously — the TSF, TSIB, TSNC

and TSIBNC models. Due to the location and orientation of the experimental plot,

it is believed that the source of infestation (immigrating adults) would be the north

side of the field. Therefore, d(xi) is taken as scaled and centered northing coordi-

nate, the single explanatory variable in the simple mean functions of Section 2.3.

We consider the same model structures as we did in Section 4.1. In generating pos-

terior samples of S and Z following the algorithm described in Section A.2, we used

truncation constant K = 50 for ▽(γ)trunc and variance scale parameter k = 0.40.

These scaling parameters were selected via trial and error. After a few short prelim-

inary runs for different values, we could tell which values resulted in more efficient

algorithms by simply examining either the MCMC standard errors for estimates of

expected values of different parameters of the posterior distributions (smaller stan-

dard errors obviously reflecting less autocorrelation), or by simply looking at the

autocorrelation plots of the samples.
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Table 2: 95% highest posterior density intervals for regression parameters for
the CPB data. Note: parameters may not be directly comparable since they
have different interpretations under the different models.

Parameter TSF Model TSIB Model TSNC Model TSIBNC Model
α0 (-0.31,0.41) (-0.47,0.91) (-0.24,0.42) (-1.08,2.59)
α1 (1.81,4.29) (4.05,9.99) (1.94,4.23) (7.84,15.71)
β0 (1.44,1.72) (1.45,1.73) (1.47,1.75) (1.44,1.74)
β1 (0.71,1.46) (0.80,1.57) (0.73,1.50) (0.70,1.46)

4.2.2 Results

Table 2 summarizes posterior estimates for the regression parameters in all four

models. As in the simulated data set, the cross-correlation parameter (in models

TSF and TSIB) was not found to be significant (the 95% HPD included 0). The

positive mean values of both slopes (α1, β1) are consistent with the expectation that

locations further to the north (higher along the y-axis) have higher densities of large

larvae because the source of infestation is just north of this field. For instance, given

a constant S and taking 1.90 (from Table 2) as our estimate of α1, the odds of

finding at least one large larva increases from 1 in the middle of the field to about

e(0.5)(1.9) = 2.6 to the north end of the field.

For reasons discussed in Section 4.1, we prefer the TSF and TSNC models — al-

though predictions for the zero-inflated and count processes (Y,V) are fairly similar

across all four models, the TSF and TSNC models produce smoother predictions for

the incidence (U) process. Means for the posterior predictive distributions for the

large larvae counts are shown in Figure 8. There is a clear increasing trend in the

predicted mean as we move closer to the north edge of the field, and an increase in

variability as well. In addition to the mean, we can also map other functionals of

interest. For instance, to identify possible ‘hot spots’ or areas that may need control

measures, we can compute the rate at which each location has a predicted mean in

the upper (say, 10%) quantile, or has a mean that exceeds a known threshold.
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Figure 9 shows mean predicted incidence (E(U)) and positive counts (E(V)). The

map of mean predicted incidence (E(U)) shows only a generally increasing mean

trend along the y-axis, and some localized variation where positive counts were ob-

served in the sampled locations. The mean predicted positive counts (E(V)) shows

a similar general increasing trend along the y-axis. It is possible that the spatial

processes that affect incidence may be different from those that drive prevalence.

Blom and Fleischer (2001) found that the distribution of adults followed a mean

trend, with higher densities observed closer to sources of immigrating adults. How-

ever, they observed little or no spatial dependence. This may mean that the adults,

once they are in the field, have no preference for particular locations or conditions

to lay their eggs. Therefore, it may turn out that where the eggs (and therefore

the larvae) are found will also exhibit no spatial correlation. However, non-uniform

conditions within the potato field may determine how many of these eggs will sur-

vive to become large larvae, which could explain why some spatial dependence can

be observed among large larvae. Thus, it may be that incidence and prevalence are

really two different processes with different covariance structures.

5 Discussion

We have described an approach for modeling zero-inflated point level spatial count

data. Our model is particularly useful for situations where the underlying data

generating mechanism suggests separate but dependent processes for incidence and

prevalence. Our SGLMM framework allows us to incorporate spatial dependence

and cross-correlations among the incidence and prevalence processes. Our study of

various versions of our two-stage spatial model suggests that if the goal is only pre-

diction of the zero-inflated counts, our simplest two-stage model (TSIBNC) without

cross-correlations or spatial dependence among incidences, works well. However,
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in many situations, including our motivating example from ecology, predicting and

understanding the smoothed binary incidence process is also important. In such

cases, models that incorporate dependence both among the incidences and among

the prevalences (TSF and TSNC models) are superior to models that assume the in-

cidences are independent (TSIB and TSIBNC models). The TSF and TSNC models

also offer some advantages in terms of providing more easily interpretable regression

parameters when modeling incidence. We also found that inferring the cross correla-

tion among the incidence and prevalence spatial processes (ρ in the TSF and TSIB

models) seems to be very challenging. Given our goals for prediction and inference,

we therefore recommend the TSNC model, a two-stage model that assumes the in-

cidences are dependent, the prevalences are dependent, but that the incidences and

prevalences are not cross-correlated. We believe our methods provide a very sound

approach to spatial prediction, and we can use our fitted model to predict incidence

and prevalence while incorporating spatial dependence. However, as discussed in

Sections 3 and 4, the covariance parameters and regression coefficients in spatial

generalized linear models should not be over-interpreted. Our Langevin-Hastings

based MCMC algorithms produce well-mixing Markov chains for several different

models and both simulated and real data. As data sets get larger, the computa-

tionally time for the Langevin-Hastings algorithm may become prohibitive. In such

cases, it would be of interest to investigate new, potentially more efficient versions

of the algorithm. For instance, Dostert et al. (2006) and Efendiev et al. (2006) use

coarse-scale models to compute the necessary gradients, and Girolami and Calder-

head (2011) propose a generalized version of the Langevin-Hastings algorithm based

on Riemann geometry. Exploring such algorithms in conjunction with recent ap-

proaches for modeling large spatial data sets (cf. Banerjee et al., 2008; Cornford

et al., 2005; Cressie and Johanneson, 2008; Higdon, 1998) may also be a fruitful

avenue for future research.
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A MCMC for the two-stage model

A.1 Outline of MCMC-based approach

All marginal distributions are available using samples from π(S,Z, α, β, Θ | U,V),

so we can easily infer the dependence and error parameters (Θ) along with variability

in our estimates. We can use the posterior distribution of the regression parameters

α and β to test the significance of individual coefficients, and thereby study the

importance of individual predictors. It is important to note that these parameters

have a conditional interpretation, in that α reflects the effect of the covariates dS(x)

on E[U(x) | S(x)] and β the effect of covariates dZ(x) on E[V (x) | Z(x), U(x) = 1]

(see also Diggle et al., 1998). Reich et al. (2006) describe how inference for the

regression parameters can be substantially affected by spurious collinearity between

the covariate and the spatial random effects.

Suppose we are given a set of m new locations at which no observations are

available, say x∗

1, . . . , x
∗

m, and we are interested in estimating U and V at these

locations. This can be done by first inferring the S and Z processes at these locations,

that is, S∗ = (S(x∗

1), . . . , S(x∗

m)) and Z∗ = (Z(x∗

1), . . . , Z(x∗

m)), and then inferring U

and V based on S∗,Z∗. Once we have samples from the joint posterior distribution

π(S,Z, α, β, Θ | U,V), we can infer S∗,Z∗ by sampling from the posterior predictive

distribution as follows:

• Sample from the posterior distribution of π(S,Z, α, β, Θ | U,V) via Markov
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chain Monte Carlo. Details are provided in Subsection A.2.

• Given a sampled vector of (S,Z, α, β, Θ) from above, we can easily sample

the vector (S∗,Z∗) from the posterior predictive distribution as it is simply a

multivariate normal density given (S,Z).

To infer the U, V process at these new locations, we can utilize the S, Z draws from

above along with corresponding α, β samples. Predictions about the Y process at

unobserved locations are easily obtained in similar fashion from the U, V posterior

predictive draws. Finally, other quantities of interest may be easily obtained from

the sampled values of U,V,Y. For instance, upper quantiles of incidence will show

where the highest risk for incidence lies. The probability that mean count will exceed

a given threshold will also reveal areas that potentially require some management

intervention. Since our approach relies heavily on estimates based on MCMC, de-

veloping efficient MCMC algorithms is an important part of this work.

A.2 Markov chain Monte Carlo implementation details

The simplest default MCMC algorithm for this model would involve univariate up-

dates where the covariance parameters, the regression parameters, and each of the

random effects are updated in turn in each iteration of the MCMC algorithm. Un-

fortunately, the Gaussian processes used for modeling random effects in point-level

data do not lend themselves to this relatively simple univariate MCMC algorithm.

We therefore pursued the following approach. Each of the covariance and regression

parameters was updated using univariate Metropolis updates — normal proposals

centered at the current value of the parameter. For the random effects vector, this

method of updating is computationally intensive since each update of each random

effect S(xi) or Z(xj) involves matrix computations of an (n + n1) × (n + n1) di-

mensional matrix, with the number of floating point operations typically of order
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(n + n1)
3 at each iteration. Worse yet, such a scheme produces a very slow mixing

Markov chain that does not explore the posterior distribution efficiently, resulting

in poor estimates of the posterior distributions. As is well known, block updating

schemes can, in principle, greatly improve mixing (Liu et al., 1994) while simultane-

ously reducing the number of expensive matrix computations. However, constructing

proposals for blocks of highly dependent parameters in spatial models can be chal-

lenging (cf. Christensen et al., 2006; Christensen and Waagepetersen, 2002; Haran

et al., 2003; Knorr-Held and Rue, 2002). Christensen and Waagepetersen (2002)

propose a Langevin-Hastings MCMC (LHMCMC) algorithm for spatial count data

which simultaneously updates the entire vector of random effects or regression coef-

ficients based on gradient information, and show that, in some cases, the resulting

algorithm is provably fast mixing (geometrically ergodic) and fairly efficient in prac-

tice. We outline this approach below.

Let Σ1/2 be the Choleski factor of the covariance of (S, Z) and let

▽(γ) =
∂

∂γ
log f(γ | . . . ) = −γ + (Σ1/2)T









{

(U(xi) − A(xi))
h
′

c(A(xi))

h
′
(A(xi))

}n

i=1
{

(V (xj) − B(xj))
g
′

c(B(xj))

g
′
(B(xj))

}n+n1

j=n+1









denote the gradient of the log target density (denoted by f(γ | . . . )) where h
′

c and g
′

c

are the partial derivatives of the canonical functions for the Binomial and Poisson

distributions, respectively, and h
′

and g
′

are partial derivatives of the actual link

functions we used for the application. As before, A(xi) and B(xi) are the means

for U(xi) and V (xi) conditional on (S(xi), α) and (Z(xi), β) respectively. Since

we used canonical links in both cases, h
′

c(A(xi))

h
′
(A(xi))

= g
′

c(B(xi))

g
′
(B(xi))

= 1 for each i. Also,

for the truncated Poisson GLMM proposed here, Christensen and Waagepetersen

(2002) have shown that the LHMCMC algorithm is not geometrically ergodic because

▽(γ) increases very fast when γ approaches infinity in some directions. Hence, our
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truncated gradient is,

▽trunc(γ) =
∂

∂γ
log f(γ | . . . ) = −γ+(Σ1/2)T







{U(xi) − A(xi)}
n
i=1

{V (xj) − (B(xj) ∧ K)}n+n1

j=n+1






, (9)

where K ∈ (0,∞) is a truncation constant. This results in a geometrically ergodic

LHMCMC algorithm. The binomial part of the gradient does not need to be trun-

cated because the mean (A(xi)) is bounded.

The Langevin-Hastings update simply involves using a multivariate normal pro-

posal with mean vector ξ(γ) = γ + k
2 ▽ (γ)trunc and covariance matrix kI, k > 0.

The main advantage of using the Langevin-Hastings update is that it simultaneously

updates the entire vector of random effects based on gradient information and can be

more efficient. However, in implementing the LH algorithm above we encountered

problems with mixing. We therefore utilized the modifications to the Langevin-

Hastings algorithm for SGLMMs as suggested by Christensen et al. (2006). Roberts

and Rosenthal (2001) observed that the LH algorithm is sensitive to inhomogene-

ity of the components; it loses efficiency when components have different variances.

Christensen et al. (2006) showed that this can arise in SGLMMs because the vari-

ability of individual components of the target density can vary depending on the

observation at each location. For instance, for Poisson observations with a log link

they showed that large observations tend to be more informative about their mean

than small ones are, so that generally the variance of S(xi)|Y (xi) will be smaller

in locations with relatively high counts. Conversely, the variance of S(xi)|Y (xi)

will generally be higher in locations with smaller counts. Therefore, locations with

higher counts (smaller variance) will tend to reject more proposals, while moves will

generally be smaller than optimal for components with large variance (lower counts).

Overall, total mixing of S will be slower than if variances were equal. In the bino-
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mial case, the variance increases when the observed value approaches 0 or m(xi),

the number of trials at location xi. For binary spatial random effects the variance

for S(xi) | Y (xi) is uniformly high for all locations.

To improve the mixing of the Markov chain in the presence of inhomogeneity and

highly correlated components, we follow Christensen et al. (2006) and transform the

vector of random effects into a posteriori uncorrelated components with homoge-

neous variance. The covariance matrix for S | y is approximately Σ̃ = (Σ−1+Λ(Ŝ))−1

where Λ(Ŝ) is a diagonal matrix with entries ∂2

(∂S(xi))2
log f(Y (xi) | S(xi)), i =

1, . . . , n, and Ŝ is a typical value of S, such as the posterior mode of S. Let S̃

be such that S = Σ̃1/2S̃. S̃ therefore has approximately uncorrelated components

with homogeneous variance, simplifying the construction of an efficient MCMC al-

gorithm. For our application, setting Λ(S(x)) = 0 for all x appears to be adequate,

though other possibilities discussed in Christensen et al. (2006) can also be explored.

We also note that other versions of the LHMCMC algorithm may be worth explor-

ing as well, including adaptive versions (e.g. Atchade, 2006; Marshall and Roberts,

2009), as well as the geometric approach in Girolami and Calderhead (2011).
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Figure 1: The spatial distribution of the raw counts of Colorado Potato Beatles
(CPB), with the x and y-coordinates on the field both transformed to the range
(0,1)
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Figure 2: A histogram summary of the raw counts of Colorado Potato Beatles
(same as in Figure 1)
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Figure 3: Data simulated from the two-stage ZIP model as described in Section
4.1
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Figure 4: Simulated observations (Y) and predicted observations (posterior
means) from TSNC model

Figure 5: Simulated expectation for incidences (E(U)) and predicted expecta-
tion for incidences (predicted E(U)) from TSNC model
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Figure 6: Simulated expected prevalence (E(V)) and predicted expectation for
prevalence (predicted E(V)) from TSNC model

Figure 7: Simulated expectation for incidences (E(U)) and predicted expecta-
tion for incidences (predicted E(U)) from from TSIB model
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Figure 8: CPB observations (Y) and predicted Y (posterior means) from TSNC
model

Figure 9: predicted incidence (E(U)) and predicted prevalence (E(V)) (poste-
rior means) for CPB data from TSNC model
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