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Abstract

We continue our recent work on finite-sample, i.e., non-asymptotic, inference with two-step,
monotone incomplete data from Ng(p, X), a multivariate normal population with mean p and
covariance matrix 3. Under the assumption that 3 is block-diagonal when partitioned according
to the two-step pattern, we derive the distributions of the diagonal blocks of S and of the
estimated regression matrix, f}lzi);;. We obtain a representation for $ in terms of independent
matrices, and derive its exact density function, thereby generalizing the Wishart distribution
to the setting of monotone incomplete data, and obtain saddlepoint approximations for the
distributions of ¥ and its partial Iwasawa coordinates. We establish the unbiasedness of a
modified likelihood ratio criterion for testing Hp : ¥ = X, where Xy is a given matrix, and
obtain the null and non-null distributions of the test statistic. In testing Ho : (i, X) = (g, Xo),
where p, and 3o are given, we prove that the likelihood ratio criterion is unbiased and obtain
its null and non-null distributions. For the sphericity test, Hp : ¥ o« I,4+q, we obtain the null
distribution of the likelihood ratio criterion. In testing Ho : 312 = 0 we show that a modified
locally most powerful invariant statistic has the same distribution as that of a Bartlett-Pillai-
Nanda trace-statistic in multivariate analysis of variance.

1 Introduction

In this paper, we continue our recent work [8] on inference with incomplete multivariate
normal data. Our data are independent observations consisting of a random sample of n
complete observations on all d = p + ¢ characteristics together with an additional N — n
incomplete observations on the last ¢ characteristics only. We write the data in the form

X1\ (X2
Y, Y,
where each X ; is px 1, each Y ; is ¢ x 1, the complete observations (X;-, Y;-)’, j=1,...,nare

drawn from Ny(p,3), a multivariate normal population with mean vector pu and covariance
matrix 3, and the incomplete data Y;, j = n+ 1,..., N, are observations on the last ¢

Xn
, 1.1
(Yn> Yoi1 Yoo - Yn (1.1)
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characteristics of the same population. The data in ([IT1]) are called two-step monotone; cf.
[8] for numerous references to the literature on these data.

Closed-form expressions for g and f], the maximum likelihood estimators of p and 33,
have long been available (cf. Anderson [I], Anderson and Olkin [2], Jinadasa and Tracy [18],
and those formulas have been utilized in inference for g and X (cf. Bhargava [4, 5], Morrison
[27], Gigueére and Styan [14], Little and Rubin [24], Kanda and Fujikoshi [20]). Here, we
continue our program of research on inference for g and 3 by means of results on the exact
distributions of g and > Having derived in [§] the exact distribution of g and making
applications to inference for p, we now turn our attention to inference for 3.

Under the assumption that 3 is block-diagonal when partitioned according to the two-
step pattern, we derive in Section [J the distributions of the diagonal blocks of 3 and of the

estimated regression matrix, 21222_21. We also obtain a stochastic representation for S and
thereby derive its exact distribution, hence extending the Wishart distribution to the setting
of monotone incomplete data. Further, we obtain saddlepoint approximations for X and its
partial Iwasawa coordinates.

In Section Bl we consider tests of hypotheses on pu and X. For Hy : ¥ = X, where X
is specified, we derive the non-null moments of the likelihood ratio criterion and a stochastic
representation for its null distribution, and we show that the criterion is not unbiased; we also
construct a modified likelihood ratio criterion, and prove unbiasedness and a monotonicity
property of its power function. In the case of Hy : (i, X) = (g, Xo), where (pg, Xo) is given,
we prove that the likelihood ratio criterion is unbiased, derive its non-null moments and its
null distribution. For the sphericity test, Hy : 3 oc Iy, the identity matrix, we derive the
null moments of, and a stochastic representation for, the likelihood ratio criterion. In testing
independence between the first p and the last ¢ characteristics of the population, Eaton and
Kariya [12] derived a locally most powerful invariant criterion; the null distribution theory of
that statistic appearing to be recondite, we modify it and prove that the modified statistic is
distributed as a Bartlett-Pillai-Nanda trace statistic in multivariate analysis of variance.

2 Preliminary results

Throughout this paper, we retain the notation and conventions of [§], writing all vectors
and matrices in boldface type. In particular, we denote by 0 any zero vector or matrix, the
dimension of which will be clear from the context, and we denote the identity matrix of order
d by I;. We write A > 0 to denote that a matrix A is positive definite (symmetric), and we
write A > B to mean that A — B is positive semidefinite.

Suppose that W ~ Wy(a, A), a Wishart distribution, where a > d —1 and A > 0, i.e.,
W is a d X d random matrix with density function

1
2ad/2 ’A‘a/2 Fd(a/2)

(W |207 2P+ exp(—Ltr A7TW), (2.1)

W > 0, where

d
Fa(a) = 7D/ [ T(a — G — 1) (2.2)
j=1

is the multivariate gamma function ([28], p. 62).



o1 XYoo

where p; and p, are of dimensions p and g, respectively, and X, 15 = X, and oy are

of orders p X p, p X ¢, and g X g, respectively. We assume throughout that n > ¢+ 2 to ensure

that all means and variances are finite and that all integrals encountered later are absolutely

convergent. We use the notation 7 = n/N for the proportion of data which are complete and

denote 1 — 7 by 7, so that 7 = (N — n)/N is the proportion of incomplete observations.
Define sample means

We partition p and ¥ in conformity with (II), writing g = <Z1> and ¥ = <211 212>
2

1 1 R 1 &
XZ;ZXL Y1=;ZYJ', Y2=N_n_z Yy, YZNZYJ,
J=1 J=1 j=n+1 j=1

and the corresponding matrices of sums of squares and products by

n n

A11:Z(Xj—X)(Xj—X)/, A12= /2122(Xj—X)(Yj—Y1)/,
" v (2.3)
Az = ;(Yj —Y)(Y; =Y, Apy= Zl(Yj ~Y)(Y,;-Y).

By Anderson [I] (cf. Morrison [27], Anderson and Olkin [2], Jinadasa and Tracy [I8]), the
maximum likelihood estimator of p is g = (;l’;l)’ where
2

ﬁl =X — 7_'A12A2_217n(Y1 — Yg), ﬁ2 =Y. (24)

3 The distribution of >

By Anderson [I] or Anderson and Olkin [2] (cf. Morrison [27], Giguére and Styan [14]), the
S S

maximum likelihood estimator of X is 3 =
o1 Yoo

) where, in the notation of ([Z3)),

N 1 - 1 - =
Y= H(Au — A1zAy) ,An) + NA12A221,nA22’NA2217“A21’

~ ~/ 1 _
g =3, = NAlegglmAm,N, (3.1)
~ 1
o= —A .
2= AnN

3.1 A representation for by

Proposition 3.1. Let Aj1.9,, = A1 — A12A2_217nA21. Then
o [Ann Ap _ (A2, O
nZ—T<A21 A22,n> +T< 0 O)
s ApAz, 0\ (B B\ (A3 ,Axn 0
0 1,)\B B 0 1,)’

where <i11 1:1412 ) ~ Wpiqe(n—1,%) and B ~ Wy (N —n, X92) are mutually independent.
21 Agp

Moreover, NSy ~ Wo(N —1,39).

(3.2)



Proof. We write Aoy n in the form

A227N = Z(Yj — Yl + Yl — Y)(YJ — Yl + Yl — Y)/
j=1
N — — — — — —
+ Y (Y =Y+ Y- Y)(Y,; - Y+ Y, - Y),
Jj=n+1

and expand each term as a sum of products to obtain

A227N = A227n + B, (3.3)
where
with

N — —
Bi= Y (Y;-Yy)(Y;-Yy) (3.5)

j=n+1

and (N —n)
n(N —n) _ _
By = m——— (Y1~ ¥3)(Y - Y).

Substituting B3)) and B4) into ([BI]), we obtain B2). For p = 1, (B3) is due to Morrison
21, eq. (3.4).

As noted earlier (cf. (B2Z3), infra), Y1 is independent of

i(xj_x> (xj—X>’: <A11 A12>
Y, -Y)\Y,; =Y  \Aau Axn,/’

Jj=1
A A L. .
Therefore is independent of By and Bs, hence also is independent of B.
Az Axp,

Note also that Agg,, Bi, and By are mutually independent Wishart matrices, with
Ay ~ Wo(n —1,39), By ~ Wy(N —n —1,39), and By ~ W,(1,X9). Therefore, by
(BE), B~ Wq(N —-n, 222) and hence NXqy = A227N = A227n + B ~ Wq(N — 1,222). |

We now establish some results that were stated in [8], Section 4.

PI'OpOSitiOIl 3.2. Suppose that 212 = 0. Then Agg,n, A11-2,na A12A2_217nA21, Bl, X, Yl,
and Yy are mutually independent. Also, By and Y are independent.

Proof. By applying the usual independence of the mean and covariance matrix of a random
sample from a multivariate normal population, and by the independence of the individual
A Aw > and {B1,X,Y1,Y3} are mutually
A1 Axn
independent. Since X15 = 0 then X is independent of {B1,Y |, Y2} and also, by Proposition
2.2(iii), the matrices Asgg p,, A11.2,n, and A12A2_217nA21 are mutually independent. Thus, Ags 5,
Ai12m, A12A2_217nA21, X and {B1,Y1,Y 3} are mutually independent.

Next, Y1 and {B1, Y2} are mutually independent since they are constructed from disjoint
sets of independent observations. And last, by again applying the independence of the mean

observations in the data set, we see that (



and covariance matrix of a normal random sample, we see that B; is independent of Y.
Therefore As ,,, Ai1.2,, and A12A2_217HA21, B, X, Y, and Y, are mutually independent.

Finally, we show that Bj is independent of Y. Since By o (Y — Y5)(Y | — Y5) then
we need only show that Y; — Y5 is independent of Y. The pair (Y1 — Y3,Y), being a
linear transformation of Y'1,...,Y u, is jointly normally distributed; hence, to establish their
independence, it suffices to verify that E(Y'; — Y2)(Y — u,)’, their cross-covariance matrix,
is zero. We write this matrix in the form

E(Y1-Y)(Y —py) = E((Y1—p2) — (Yo — o)) (7(Y1 — pg) + 7(Y2 — Nz))/7

expand the right-hand side, and evaluate the expectation of all four terms in that expansion.
For j,k = 1,2, E(Y; — uo)(Yr — po) equals 0 if j # k and equals Cov(Y;) if j = k; hence
the cross-covariance matrix equals 7Cov(Y'1) — 7Cov(Y2) = (tn~t — 7(N — n)71)3g = 0,
since 7n~! = 7(N —n)~! = N1, The proof now is complete. O

For the remainder of this section, we assume that p < ¢. As in [§], Section 4, we denote
by O(q) the group of all ¢ x ¢ orthogonal matrices, and by S, , the Stiefel manifold of all
p x q matrices Hy such that HyH = I,. As noted in [§], the uniform distribution on S,
is the unique probability distribution which is left-invariant under O(p) and right-invariant
under O(q). If a random matrix H € O(q) is distributed according to Haar measure, and
H,
H,
on Sy, 4. Conversely, a uniformly distributed H; € S, , may be completed to form a random

if we write H in the form H = , where Hy € S, , then H is uniformly distributed

g X q orthogonal matrix H = (g;) having the Haar probability distribution on O(q).

(q)

a,b’
with degrees of freedom (a,b), a > 0, b > ¢ — 1, if F £ B~Y2AB~1/2 where A and B
are mutually independent Wishart matrices with A ~ Wy (a, X22) and B ~ W, (b, Xg). If
a < q—1then A is singular, so F also is singular, almost surely. If both a,b > g — 1 then F
is nonsingular, almost surely, and its density function is

A ¢ x ¢ random matrix F' > 0 is said to have a matriz F-distribution, denoted F ~ F

Fq((a + b)/2) |F|%a—%(Q+1)/2|Iq + F|—(a+b)/2’
Lq(a/2)Lq(b/2)
F > 0. From this result, we see that the distribution of F' is orthogonally invariant, i.e.,

F £ HFH' for H € O(q). It is also well-known (see [28], pp. 312-313) that if A and B
are independent nonsingular Wishart matrices with A ~ W(a,X22), B ~ W, (b, ¥92) then

both AY2B~1AY2 and B~'/2AB~'/2 are distributed as Fggl)). Further, if F ~ Fgfg then
F 1~ Fl() ) I F ~ F(ql)) then, assuming sy = I, (with no loss of generality), we obtain

a a,

| F| £ |A|/|B|; recalling that |A] £ ngl Xg_j 41, @ product of independent chi-squared
P F(l)

variables, with a similar result also holding for |B|, we obtain |F| £ FIRE DUSTER RS

Lemma 3.3. Let F ~ Fl(fl)), H be uniformly distributed on S, 4, and F and H; be in-

dependent. Then H,FH' ~ F"*)

ab—q+p and H FH/ £ F11, the upper p X p submatriz of
F.



Proof. By augmenting H to a Haar-distributed matrix H = <g > on O(q), we obtain
2

Fi. Fi2\ _ £ r_ (H: H,\' (H,FH, H FH,
<F21 F22>_F_HFH_<H2>F<H2> -~ \H.FH)| HyFH,)’

proving that HlFH'l = F'11. Next, since F' ~ F( ) then FF £ AY/2B~ 1A1/2, where A ~
W,(a,I,), B~ Wy(b,1,), and A and B are 1ndependent Then,

Fi = (I, 0)F(I,0) £ (I,:0)A?B~'AY*(I,'0) = MB~'M’,

where M = (I,:0)A"Y2. By [8], Proposition 2.2(iv), conditional on M, (M B~'M’)~!
W, (b—q+p,(MM')™1), so the conditional density function of R = F1_11 given § = MM’
is
F(R|S) = const. x |R|20~0+P) =311 §|3(=0+P) oxp(—Lir SR),
R,S > 0. Since S = MM' = (I,:0)A(I,:0) = Ay; ~ Wy(a,I,) then the joint density
function of R and S is
f(R,S) = f(R|S)f(S)
o [R|20-at) =3 (041 |52 (b=a4p) oxp(—Lir SR) - |S]2(* P~ exp(—Lir S)
= |R|2(t—atP) =3 (D) | g 3 (atb—atp) =5 (p+1) exp(—1tr (I, + R)S)

R, S > 0. Integrating over S, we obtain the density function of R as

f(R) = const. x |[R|2(0~4P)~3 PED|L, 4+ R|~3(atb-a+p)

R > 0. Therefore R ~ FI() )q+pa, so Fy =R '~ ngg a+p- O
Proposition 3.4. Suppose that 312 = 0. Then
_ _ 1
D e LR Lwlir, + mywl?, (3.6)

N

where Wi~ Wy(n—q—1,1,), Wy ~ W,(q,I,), F ~ Fi)

Nenmn—gip—1 and W1, Wo, and F
are independent.

Proof. Let W1 = 27]? A112,21* and K = 57, A1,45,/7. By 1) and @3,

-2 £ N ~1/2

NX, /2112 _1/2A112n /+2_1/2A12A22n(A22n+B)A22nA21211/

N
= Wi+ K(I, + AL PBAL K.

Since Aj1.2, ~ Wp(n —¢q — 1,%5;) then Wi ~ Wy(n — ¢ —1,1,). By [§], Proposition
2.2(i, ii), Aq1.2.n, and hence Wy, is independent of {Aj3, A2} and B. Since X3 = 0
then K|As, ~ N(0,I,® I,) and, because this conditional distribution does not depend
on A, it is the unconditional distribution of K. Therefore W, K, Ass,, and B are
mutually independent.



Note also that the distribution of K is right-invariant under O(q), i.e., K £ KH for
all H € O(q). By polar coordinates on matrix space ([I7], p. 482; [I1], p. 163), K £
Wé/2H1 where W and H are independent, Wy = KK’ ~ W,(q,I,), and H; is uniformly
distributed on the Stiefel manifold S, , (see [28], pp. 67-72).

Since B ~ Wy(N — n, ) and App, ~ Wo(n — 1, ) then F = Ay/PBAy, L ~

F(‘])

Nenmn—1- Therefore

N
n

N
= —Wi+ wWy?(I, + Hi FH) WY,

N As =

I~

W+ Wy H, (I, + F)H, W/

By Lemma B3, H FH' ~ Fg\l;)_n g p—17 and the proof now is complete. O

Remark 3.5. Since the F-matrix in (B8) is positive semidefinite, it follows that the right-
hand side of ([0 is stochastically greater than W + Wy in the sense that the difference

N —n

Wi+ WYPFwWl?

N
—Wi+t WY (I, + FYWY? — (W, + Wy) =

is positive semidefinite, almost surely; we write this as

~

_ _ L N L
NEL e E Y S Wit Wo2 Wit Wy~ Wy(n —1,1,).

~ L
In particular, N?|311|/|211] > |[W1 + Wy, so that for all 6 > 0,
P(N?|Sq|/|Z1| 2 0) = P(W 1+ Wy| > 4).

As an application of this stochastic ordering, we construct a 100(1 — «)% confidence
interval for |X;;| when 312 = 0. Since W1 + Wy ~ Wy(n — 1,1,) then |[W; + Wy is
distributed according to a product of independent chi-squared variables. If §, is an upper
a% significance point for |W1 + Wy, i.e., P(|[W1 + Wy| > d04) = a, then

P(N?|Z1|/|B11] = 0a) = P(W1 + Wy| > 64) = o

Therefore the interval (0, NP|211|/84) is a one-sided confidence interval for |S1;| with at least
a 100(1 — a)% confidence level.

3.2 The distribution of the estimated regression matrix

~ a-1
We now consider the marginal distribution of 3,935, , making no assumptions about 5.
~ -1
Theorem 3.6. The distribution of 312345 satisfies the stochastic representation
S olz — 1/2 - -1/2
S13y £33 + 2w 2k 2 (3.7)

where W and K are independent, W ~ Wy(n —q+p—1,1,), and K ~ N(0,I,®1,). In

. N T . . _
particular, 3123, is an unbiased estimator of 2122221.



Proof. By B1), f)lgf];; = A12A2_217n. Set Ajp = B+ 21222_21A227n; then, as in the proof
of Theorem 3.1 in [§], B12]| A2z, ~ N(0,X11.2 ® Agy ). Therefore

S o1z _ _ _ _
Yo3¥y = (312 + 2122221A22,n)A221,n = BI2A221,n + ZJ122221’

or 2123\32_21 — 21222_21 £ BlgAgzl’n. Also, Bio £ E}{?QKA%?”, where K ~ N(0,1I,® I,), so

NN | 1N £ w—1/2 1 £ —-1/2
211142(212222 - 2122221) = Ellé B12A221,n = KA22,7/L :
12, a-1
For T' € RP*4 the characteristic function of 211142(212222 —2p35,) is
_1/2,a a-1 _
Eexp(itt T'S1 5 (£1280 — £1085,)) = Eexp(itr T'K A, 1Y)
= Fexp(itr (TA;zlf)/K)

—-1/2 —-1/2
= Eexp(—%tr A227{L T’TAQZ{L )
= Eexp(—3tr T'TAQ_ZIW).

Since Agg,, ~ Wy(n — 1, X5) then this characteristic function equals

9= (n=1)¢/2 | 33,,|=3(n=1)
Le((n—1)/2)

/ exp(_%tr T/TAZ_ZI,n)’AQZ,nI%(n_l)_%(q—i_l)
A22,7L>0
X exp(—%tr 22_21 Asg ) dAga .

This integral can be expressed in terms of B(Q)7 the Bessel function of matrix argument of
the second kind defined by Herz [I7]. Applying a formula of Herz [I7], p. 506, we have

B (A1A,) = |A1|‘5/ exp (— tr (WA, + W Ay)) [W[ 030D g, (3.8)
W>0

where W, A1, and Ay are g X g positive definite matrices, so it follows that

! BY — (isplTT).

3 / —1/2 — a1 _ 2 2—1 —
Eexp(itr T'3 15" (21235, 12355)) T, ((n—1)/2) "-30n-1)

Since 22_21T’ T and T22_21T' have the same set of non-zero eigenvalues and hence the same
rank then, by [I7], p. 509, Theorem 5.10,

22—21T/T) _ FQ((n - 1)/2) B(P) (%T22—21T/)’

B(q
Lp((n—q+p—1)/2) "—z=atp-1)

1
(n-1)(1

N —

therefore

1 B(p) (%T22_21T,)

Eexp(itr T'S7 (81050 — £1535))) =

On applying (B8] to express this Bessel function as an integral over the space of p x p positive
definite matrices, we obtain

Eexp (it T'S7 (51255 — $1955))) = Eexp(—3tr TSR T W), (3.9)

8



W ~ Wy(n—q+p—1,1,). However the right-hand side of (BH) equals

Eexp(—4tr (W2TS5, ) (W PTE,, %)) = Bexp(—$tr 85 *T'W 12 K)
= Eexp(—%trT'W_1/2K2]2_21/2)7

C12a ol -

K ~N(0,I,® I,). Equivalently, X3 (21550 — 5155;5,)) £ W2K%"/? and we then
o ol

obtain (). Finally, by taking expectations in (1) we obtain E(X1534y ) = 21555, O

Remark 3.7. By (1),

12,4 a1 _ o o-l va—1/2 £ oo _
S (E0E - S )En (RS, - £pEn)S Y £ WA KK) W2 (3.10)

Since KK' ~ W,(q,I,) then the right-hand side of (BI0) has an Fé{)%_ﬁp_l distribution.
. . L & a-l oo a1

For the case in which ¥ = I,,,, BI0) implies that (X12X9y )(X12X9y )" ~ Fffgl_qup_l.

This result allows us to conduct exploratory analyses alternative to likelihood ratio testing to

assess the plausibility of the hypothesis Hy : ¥ = I, ,. To that end, we construct the matrix

& ol ol
(X12355 )(X12X55 ) from the monotone data and compare the empirical distribution of its

(»)

gn—g+p—1-distributed matrix, or

eigenvalues with the distribution of the eigenvalues of an F

we may compare the determinant \(f)lgf];zl)(f]lgf);;)’ | with |F'|, the determinant of the cor-
responding Fg{)%_ﬁp_l—distributed matrix. Here, we recall that |F| £ 1;:1 Fgl_)jﬂ’n_ﬁp_j,
a product of independent, F-distributed random variables. By simulating the distribution of
this product, we may ascertain whether the observed value of ](f]lgf);;)(fllgf];;)’ | is greater
than specified percentage points of the distribution of |F'|. We may also perform exploratory

& a1l o a1
analyses using, say, the trace or extreme eigenvalues of (X123, )(212X95 ), comparing the

(»)

sample estimates with the percentage points of corresponding functions of the ¥, .-

distributed matrix.

3.3 The distribution of A

It is well-known (see [I1], Proposition 8.7) that a generic positive definite matrix ¥ can be

expressed as
(I, A\ (A O I, 0
¥ <0 I, ) ( 0 A22> (Azl I,)’ (3.1)

A =311, Ap=AL =350 Ay =3y,

A Agp
Ao A
trices {A11, A1, Aoy} are also called the partial Twasawa coordinates of ¥ (Fujisawa [13]).

Since <AI’2’1 IOq> = <_2p21 IOq> then, by inverting (BI1l), we obtain

where

This defines the positive definite symmetric matrix A = < ) , and the set of subma-

»l= < Al_ll 1 1_A1_11A121 ) .



Therefore the correspondence between A and X is one-to-one, with the transformation from
A to X given by

Y1 =A1n+A1A»Ay, X2 =A12A, 3= Agxn.
§11 §12

Az Ay
corresponding maximum likelihood estimator of A;;. By (B1),

The maximum likelihood estimator of A is A = ) , where each Bij is the

~ N 1
A =320 = EA11-2,7L,
A=A =S,5 ~1 3.12
Aqg = Ay = 193y = A1pAy,, (3.12)
~ = 1
Agy = X9y = NA22,N-

There also holds a one-to-one correspondence between S and B, and the inverse transforma-

tion from A to 3 is the same as that from A to X.
To obtain f3, the density function of A, we need a preliminary result.

Lemma 3.8. Let Bi, Eo, and E3 be absolutely continuous random matrices of the same
dimension such that (21,22) and 3 are independent. Then the conditional density function
of B1 given By + B3 =&, is

1
f51\52+53=5(£1) = m /f5152:§2 (El) f52(£2) fﬁs(E - 52) d§,. (3'13)
Proof. By a direct calculation,
fEa12:(€) 21|25 1m=¢(&1) = f212042: (81, €)
— [ fma 6t - &) dé,
— [tz 6) fae - &) de
— [ frime ) f2u(6) 26 - &)

Dividing both sides of this equation by f=z,+=,(&) completes the proof. O

In deriving the distribution of A we shall need the multivariate beta function,

By(a,b) = % (3.14)

Re(a),Re(b) > (¢ — 1)/2; and the confluent hypergeometric function of matrix argument,

1
(M) = s [ e g, - U e et MU) U
R 0<U<I,

(3.15)

10



where M is ¢ x ¢ and symmetric; Re(b— a),Re(a) > (¢ —1)/2; and the region {0 < U < I}
consists of all ¢ x ¢ matrices U such that U and I, — U both are positive definite ([I7]; [28],
p. 264). For general a,b, these hypergeometric functions satisfy the reduction formula

@ (a; M) = exp(tr M), (3.16)
a
and Kummer’s formula ([I7], eq. (2.8); [28], p. 265),

1F1(q)<Z;M) :exp(trM)lFl(q)<b;a;— > (3.17)

If M is of rank p < ¢ then ([I7], Theorem 3.10, p. 497 and Theorem 4.15, p. 505)
(@) (2. _ (%,
1k (b’M) 1B <b’MO)’ (3.18)

where M is any p X p symmetric matrix whose non-zero eigenvalues coincide with those of
M.

Theorem 3.9. Let n > p+q and N —n > q—1. Then fg, the density function of B,

T Tio

evaluated at T =
<T21 T

), a (p+q) X (p+ q) positive definite matriz, is

JaT) = fa,,(Tu) f&,,(T2) [R | Am-15 (T12), (3.19)
where the marginal density of 311 18

(Ln)(m—a=1p/2 1Ty, |2(n=a- D=3 (+D) exp(—3ntr T ALY
|Ap | D/2Ty((n — g —1)/2) ’

fa, (Tn) = (3.20)

the marginal density of 322 18

(AN)N=D9/2 | T s (N0 =501 oxp(— LN tr Tap A5
| Ay N=D/2T, (N — 1)/2) ’

fa,,(T2) = (3.21)

and the conditional density function of 312 given 322 i

f312 \322=T22 (T12)

1
— (2)~P4/29=a(N=1)/2 ya(N+p=1)/2 : Lq(5(n +f9 - 1))
Ly(g(n =)0y (5(N +p—1))
X AL |2 Aga| "N D/2 exp(—Lir NAG Ta) [Tgg|2 NP~ 2(at1)
(n+p—1)/2
(N+p-1)/2’

Proof. By Proposition B,

(3.22)

X 1F1(p)< —INANT12 — A12)To(Tho — A12)/)-

A Ap ]
(A2 A2 )~ Wyr(mn - 1) (323)
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consequently, by [8], Proposition 2.2(i), A11.2,, and {Aj2, Az} are mutually independent,
hence so are Ajj.0, and {Aj2, Aga n}. Therefore 311 and {312,322} are mutually in-
dependent, so the joint density of A can be expressed in the form (I9). By (BZ3),
71311 = Ai1on ~ Wp(n —q —1,Aq1) and then (EZ) is obtained by a transformation
of the Wishart density (Z1I). Also, since N&gg = Ay n ~ Wy(N —1,Ay) then BZI) is
obtained similarly.

By [8], Proposition 2.2(ii), Blg‘Aggm = A12A2_217n]A22,n ~ N(A2,A11 ® A2_217n). There-
fore, for T1o € RP*? and a ¢ X ¢ matrix U > 0,

Tw) = f321‘A22,n:NU(T12)
= (27) P92 | Ay 7Y NP2 U P2 (3.24)

xexp (— sNtr AL (T2 — Ap)U(T12 — Ar)').

f312|N*1A22,n=U(

Since Agg, ~ Wy(n — 1, Agy) then N_1A227n has density function

gy N sy i Uag)
22.n 9(n—1)q/2 ‘A22’(n—1)/2 Fq((n — 1)/2) 7

(3.25)

U > 0. Similarly, in @3), B ~ W,(N —n, Agy) so N~!B has marginal density function

- NaN-m)/2 |U|%(N_”)_%(‘1+1) eXp(—%N tr UA2_21)
fn-1(U) = 20(N=1)/2 | Ago|(N=1)/2T (N — n)/2) ’

(3.26)

U > 0. To evaluate f312|322’ we apply Lemma with B = A12A2_21’n = 312, Hy =

N_lAggm, and E3 = N~'B. Noting that 2y 4+ Z3 = N_l(Aggm +B) = 322, it follows from
BI13) that we need to evaluate the integral

| =

o<U<Tao

z,—U(T12) f2,(U) fa,(T22 — U)dU.

Introducing the temporary notation M; = %N(Tlg — Alg)/Al_ll (T2 — Ajg) and My =
%NA;;, and collecting terms in U from B24), (B20), and ([B20), we find that we are to
evaluate

U303 |1y — Uz V=736 exp(—tr ML U) dU.
0<U<Ty2

Changing variables from U to T%é2UT;é2 transforms this integral to

| Tap| 2 (VP13 (a+1) U |z(tp=D=glet)) |z (N-m)-s(etD)
o<U<I,
x exp(—tr Tg)’ My T35°U) dU (3.27)
= By(3(n+p— 1), (N — n)) [T s VP02
+p—1)/2
F (@) (n —M.T
X111 <(N—|—p—1)/2’ 1 22>7

12



where the last equality follows from (BI3]).
Combining and simplifying (824)) - (B2Z0), we obtain

f312 \322=T22 (le)

= (277)_1"1/22_‘1(1\7—1)/2Nq(N+p—1)/2 Bq(%(n +p—1), %(N —n))

Lg(3(n = 1)Te(3(N = n)) (3.28)
X |Aq |72 Agy| TN -D/2 exp(—%trNAz_;Tm) |T22|%(N+p—1)—%(q+1)
+p—1)/2 B
p@( " IN(Tyy — Ap) AT Ty — A)T
SR ((N+p—1)/2’ 2N (T2 12) Ay (T 12) 22>,
where T'15 € RP*Y, T99 > 0. By (BI4),
By(5(n+p—1),5(N —n)) B Ly(3(n+p—1))

1
3
Lo(3(n = 1))Te(5(N —n))  Tyg(z(n—1))Te(5(N +p— 1))

Note that the matrix M is of rank p; therefore, its non-zero eigenvalues are the eigenvalues
of %NAl_ll (T12 — Alg)ng (T12 — Alg)/. It now follows from (B:E]) that

n+p—1)/2 —
1F1(q)< (n+p-1)/ ;=3 N(T1p — Av) AT (THs — A12)Tzz>

(Ntp—1)2
n+p-—1)/2 _
=7 ® (((N f; - 1))//2; —ANAT (T2 — A1) To(T1a — A12)’>,
Applying these last two results to (B28]), we obtain (B22). O

Corollary 3.10. Under the same assumptions as in Theorem [Z4, the density function offl
18

f(T) = TP fa, (T — T1eTy Ta) fa,,(T2) fa,, &1, (T12T5),

T T12>
where T = > 0.
<T21 T

Proof. We apply the transformation from AtoS given by [BI2). The Jacobian of this
transformation is

J(A1y = 1) J(Ayy — Sip) - J(Bgy — Sap) =1+ [Sp [P+ 1 =[S 7.
Therefore, the density function of s is
F$(T) = fA,, A1y Ay, (Tt = T12T5; Tor, T12Toy , Toa) |Tao| 7,
which equals the stated formula. O

Remark 3.11. In practical situations in which the density function of A is to be integrated
over subsets of the space of positive definite matrices, we recommend that the saddlepoint
approximations of Butler and Wood [7] be utilized. These approximations are as follows. Let
T be a positive definite symmetric p x p matrix with eigenvalues t1,...,t,. For a < b, define

N IR SR (PR dat;)"?] 2, it £ 0
"\, ift; =0,
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i =1,...,p; it may be verified that s; is the unique solution in (0, 1) of the quadratic equation
tis?> — (t; — b)s — a = 0. Define

Jll—HH[ 1- %) 1—3J)+(b—a)§i§j]

i=1j=1

For a,b—a > (p —1)/2 the raw Laplace approzimation to s )(b, >, the confluent hyper-

geometric function of matrix argument, is

~ () [a 9P/ 2t 1)/4 )y B s -
Y (b;T) - mju/ II [Si(l -5) exp(tz-sz-)], (3.29)
PR i=1

and the calibrated Laplace approximation is

1F\1(p)<z;T> = 1ﬁ1(p)<Z;T>/1FV1(p)<Z;0)
~ S\ /1 _ s\ (3.30)
e (2 (122) ]

where

Both the raw and calibrated Laplace approximations satisfy the reduction property (B0
and the Kummer formula (BI7). Noting that each approximation involves only elementary
functions of the > 5 and t; we recommend that, in the calculation of probabilities involving the
eigenvalues of A the hypergeometric function 1} ® be approximated by B29) or (B30).

4 Tests of hypotheses about p and X

4.1 Testing that X equals a given matrix

Consider the problem of testing Hy : 3 = 3 against H, : 3 # X, where X is a specified
positive definite matrix, on the basis of a monotone sample. Hao and Krishnamoorthy [I6]
showed that the likelihood ratio test statistic is

At = (e/N)N9/?| Agg v [N/? exp (= §tr Agy )
X (e/n)"p/2 ’All.gmln/z exp ( - %tr A11.27n) (4.1)
x exp (- gtr Ap Ay, Aor)).

Because this statistic is not unbiased in the case of complete samples, Hao and Krishnamoor-
thy [I6] modified A1 in the usual way, replacing sample sizes by degrees of freedom to obtain

Ay = (e/(N — 1)N7D9/2| Agy | N=D/2 exp (— 3trAso n)
x (e/(n —q— 1)) VP2| Ay, |17 D/2 exp (—3trAiron) (4.2)
X exp ( — %U‘ A12A2_21’nA21),

14



and they derived an approximation to the asymptotic null distribution of this statistic. We
shall prove that a sufficient condition for Ay to be unbiased is that [X11]| < 1. Since Ay might
not always be unbiased, we propose a new statistic,

A3 = (e/(N — 1)) N=D4/2| Agy | (V=172 exp (— Ltr Ago )
x (e/(n —q— 1)) DP/2 | Ay, |70 D/2 exp (= Ltr Ayyay,) (4.3)
x (e/q)? |A1245,),, A0 |/? exp ( — Jtr A12 Az, An),
and establish that it is always unbiased. The crucial difference between Ay and As is that
the term |A12A2_217nA21 9/2 in ([@3) causes certain integrals to be invariant under some matrix
transformations, and those invariance properties cause A3 to be unbiased.
We now calculate the null moments of Az, identify its exact null distribution, derive

approximations to its null distribution, and establish unbiasedness. In the next result, we
denote by e, 4 N the constant in E3]).

Theorem 4.1. For h=0,1,2,... the h-th moment of A3 is

E(}\g) _ b 9((N=1)g+(n—1)p)h/2

- *p,gn,N
Ly(N =1D)(A+1)/2) Tp((n =g =1 +h)/2) Tp(g(1 +1)/2)
Ly((N = 1)/2) Ip((n—q—1)/2) Ip(q/2)

% ‘222’(N—1)h/2‘1'q + h222‘_(N_1)(1+h)/2
x ‘211.2‘(n—q—1)h/2up + W3 .| (e DO+R)/2
X \211]qh/2\1p + hzll‘_q(1+h)/2.
Proof. Under H,, we apply invariance arguments to assume, without loss of generality, that
3 is diagonal ([I6], p. 66). Then, by Proposition B2, A v, A11.2,5, and A12A2_217HA21 are

mutually independent, and Ay ny ~ Wy (N — 1,%2), A112, ~ Wp(n — ¢ —1,%11), and
A12A2_217nA21 ~ W, (g, %11). Therefore

£ _
A3 = €pgn,N ‘Wl‘(N 1)/2 exp ( — %tr Wl)

(4.5)
X |Wo|(n=97D/2 exp (— trWo) |W3|9/% exp (— tr W),

where Wi ~ Wy(N —1,39), Wy ~ Wy(n —q—1,%11), W3 ~ Wy(q, E11), and Wy, W,
and W3 are mutually independent.
For W ~ W(a,X), it follows from (1) that

M odn)2 Ly((ah + a)/2)
Ta(a/2)

Re(ah + a) > p — 1. Applying this formula to each Wishart matrix in ([H) and simplifying
the resulting expression, we obtain (EAI). O

E<|W|a/2 exp (— Ltr W)) IS[ah/2 |1, + hE[~@h a2 (46)

On writing each determinant in ([f4]) as a product of its eigenvalues, we obtain a stochastic
representation for the distribution of A3 as a product of independent random variables. We
state this result explicitly in the null case. Under Hy, by applying invariance arguments, we
may assume without loss of generality that 3 = I,,4,.
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Corollary 4.2. Under the null hypothesis Hy : 3 = I, 4, we have

q p
c _ _ ey —q— 0y 0y
A3 = €pgnN € Qo/2 H ng\lf 1)/26 Qj1/2 H Qg,n2 q 1)/26 Qg,2/2Q;1.7/32e QJ,3/2, (4.7)
j=1 j=1
. - 2 CO) o 2 .
where Qo and all Q; are mutually independent, Qo X%q(q—l)—l—p(p—l)’ Q1 XX_j J =
17 -y gy Qj,Q ~ X%-q-j; and Qj73 ~ Xg—j-i-l) j = 17 <P
Proof. Substituting 3 = I, in (4], we obtain the null moments of A3, viz.,
()\h) p o N o((N=1)g+(n—1)p)h/2 (14 h)—((N—1)4+(n—1)p)(1+h)/2

Ly((N=1)(A+1)/2) Tp((n—q—1)(1 +h)/2) Ty(q(1 +1)/2)
Ly((N =1)/2) Ip((n—q—1)/2) Ip(a/2)

Substituting ¥ = I; at ([0]), the right-hand side of that formula reduces to

2(1 h/2 Pd(a7/2) (1 + h) a (1+h)/2
1

d . 1
(14 h)dd-D)/ H [Zah/2 (3(a 1 —JTt .1) + 50h) (14 h)~(e—i+14an)/2]
o I'(z(a—j+1))

On recognizing that each of the d + 1 terms in this latter product is the h-th moment of a
function of a chi-squared random variable, we deduce if that W ~ Wy(a, I;) then

d
\W!“/z exp ( — %tr W) £ ¢=Qu/2 H Q?/z e 9il2
j=1
where Qo,...,Q4 are independent chi-squared variables, Qg ~ Xz(d_1/2, and Q; ~ Xz—j+1
for j =1,...,d. Applying this result to each matrix in ([3l), we obtain

L — 2
A3 = €pgnN € (Qo,1+Q0,2+Q0,3)/

XHQN 1)/2 —Q31/2 HQ" q—1)/2 —Q;2/2 l_I62;1"/326—Qj,3/27

7=1

where the @)} 1 are independent, Qg 1 ~ Xg(q—1)/2= Qj1~ X?\/—j? i=1,...,¢ Qoa~ (p 12

Qj2 ~ X%—q—ja J=1...,p; and Qo3 ~ Xf,(p_l)/g, Qj3 ~ Xg_jﬂ, j =1,...,p. Letting
= 2 :

Qo = Qo1 + Qo2 + Qo3 X1 4(q=1)+p(p—1)> W obtain (). O

A complete treatment of the exact distribution of A3 would take us too far afield, so we
restrict our attention to its asymptotic distribution and approximations thereof. With regard
to the null distribution of A3, we apply the results of 28], p. 359 (see also [I6], p. 68) to each
of the three terms in the representation of A3 as a product of independent random entities in
(E3)) or @H). Under Hy, the asymptotic distribution of A3 for large n and N is given by

3
—2Iln A3 ~ Z pj_lxgj, (4.8)
j=1
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where X?lj, j =1,2,3 are independent, dy = ¢(q¢+ 1)/2, do = d3 = p(p + 1)/2, and

2¢> +3q¢—1 1 2p2 +3p—1 _ _2p2—|—3p—1
6V D@+ T T 6m-q-De+) PTG+ 1)
Let p(1) and p(3) denote the smallest and largest of p1, p2, p3, respectively. On applying to the

right-hand side of [8) the results of Kotz, et al., [21], Section 5, we obtain the asymptotic
distribution function of —21n A3 in the form

P(=2In X3 <t) = P(X3, 4 dy4a0, < /51),

t >0, where 5 = (p(_lﬁ + p(_g%) /2. This approximation is the first term in the Laguerre series

p1=1-—

expansions of [21], and additional terms in our approximation may be obtained accordingly
from their series. Alternatively, by applying the results of [21], Section 6 we also obtain

P(—2In X3 < t) ~ co(B2) P(XG, +dyras < t/2),

where By = (di + da +d3)/(d1p1 + dapa + d3p3) and co(B2) = H?:l(ﬂzpj)dj/z'

Saddlepoint approximations to the distribution of ({8 are also noteworthy for, in the case
of small sample sizes, those approximations generally are superior to standard asymptotic
approximations. Let

K(Q) =~

N[

3
S dytn1 - 210
j=1

denote the cumulant-generating function of the right-hand side of ([£F]). Applying the results
of Kuonen [23], eq. (3) we obtain

P(—2InX\; <t) ~ ®(w+w 'In(vw™)),

t > 0, where ® denotes the standard normal distribution function, w = sign(f) [2{57& —
K(f)}] 1/2, v =C[K"()]Y2, and ¢ is the unique solution of the equation K'(¢) = t.

We remark also that although the above results constitute a saddlepoint approximation
only to the asymptotic distribution of A3, the methods of Booth, et al. [6] may be applied to
obtain a saddlepoint approximation to the exact distribution of As.

We consider next the unbiasedness of Ay and A3. The proof of the following result follows
the argument of Sugiura and Nagao [30] (see [28], p. 367).

Theorem 4.3. The statistic A3 is unbiased. Further, if |3X11] <1 then Ao is unbiased.

Proof. By (@), a critical region of size « for the test using A3 is the set €3 = {(W 1, W, W) :
)\3/ep,q,n,N < ka}, where W1 ~ Wq(N — 1,222), W2 ~ Wp(n —q — 1,211.2), and W3 ~
W,(q,X11) are mutually independent, and the constant k, is such that P(\3 € €3|Hp) = a.
Denote by c¢q(N — 1,39), ¢p(n —q — 1,%11.2), and ¢,(q, X11) the normalizing constants in
the Wishart density functions of W1, Wy, and W, respectively. Again applying ([H), we
obtain
1
P(\s € €3|H,) = / Ca(N = 1, 599) [W |2V "D72(0+D) g (= Ly 25 1W))
(W1,W2,W3)€€3
1 1 _
X ep(n —q—1,B11.9) [Wal 20077200 exp (= J4r B, W)

3
X cp(q. 1) [Ws[ 29720 exp (— Str W) [ aw;.
j=1
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Making the transformation
(W1, W, W3) = (S W12, S WS (5, 512w 3(%) (4.9)

in this integral, we obtain

__ 1 __
P(\3 € €3|H,) = / Co(N = 1,1,) [W |7V D720+ oxpy (= Ler W7y)
(W17W2,W3)€€§
X cp(n—q—1,1,) \ﬁv/’g]%(”_q_l)_%(f’ﬂ) exp ( — %tr Wg)

3
X ¢p(g, 1) [Ws| 29720 exp (— Ltr W) [[ aw,
7j=1

where
G = (W1, W, Wa) : (S WS S15WI S5, S0P WS e ;). (4.10)

Under Hy, €5 = €3; denoting the joint density function of (Wl, Wg, Wg) under Hy by fo,
we have

3
P()\g € Q:g’Ha) — P()\g € Q:g’HQ {/ / }fo Wl,Wg,Wg Hde
* @3 ':1

3
_ {/ _/ }fo(Wl,Wg,Wg)Hde.
5\C3 3\ & j=1

For (Wl, ﬁ//g, Wg) € ¢y \ Q:§ C €3,
|W/1|%(N_l) exp (— atr Wl) |ﬁ72|%("_q_1) exp (— atr Wg) |f/IV/'3|q/2 exp (— &tr ‘/‘N/g) < ka,
hence fo(Wl, ‘//‘72, ‘//‘73) < ka%(wl, f/‘v/g, Wg), where

%(le ﬁ;% ﬁ;?)) = cq(N —1,1q) cp(n — q—1,1p) cy(q, Ip)
x |[W |2 @D W, |2 (0D |7 | =2 (D)

Wl,ﬁvfg,ﬁvfg > 0. For (Wl,WQ,Wg) € ¢35 \ €3 C <3,
Fo(W 1, Wo, W3) > ko fo(W1, Wa, W);

therefore

3
P(As € €3|H,) — P(A3 € €3|Hp) > {/ / }fo(Wth,Ws [[aw;
5\ &3 G\ j=1
3

:ka{/%_/%}ﬂwl,m,m) [Taw
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Now substitute (W1, Ws, W) = (35,2 W155,"%, 2;11§2W221‘11§2,2‘1/2W32‘1/ ). Since
the measure |W1|_%(q+l) |W2|" (p+1) |W |~ 2(+D) szl dW ; is invariant under this trans-
formation, we obtain

3

Fo(W0, W, W) [ W, — / Fo (W, W, Wy) ] dW
& j=1 j=1
Therefore P(\3 € €3|H,) — P(\3 € €3|Hy) > 0, which proves that Az is unbiased.
In the case of Ay, let € = {(W 1, W, W3) : Xa/eapgnnN < ko} denote the critical
region of size a and k, be the corresponding percentage point, where €3, ., v denotes the
constant term in ([ZZ). We again apply the transformation ) and, similar to ([I0), define

¢ = (W1, Wo, W) : (SPW s siAw, sl 1/2W121/2) € ¢,}. By an argument
analogous to that given for A3, we obtain

P()\g S Q:2|Ha) — P()\g S Q:2|H0)
3

ka(]Z)ll]_qp/2—1){/ —/ }!W:),’_é(pﬂ)ﬁ)(Wl,WmW:a) HdW
G Jo -

For |§]11|—‘1P/2 —1 >0, equivalently |3q;1| < 1, we see that Ay is unbiased. O

Next, we show that the statistic A\; in ([@J]) is not unbiased for all n and N. Here, the
proof follows the classical approach of Das Gupta [10] (see [28], p. 357).

Proposition 4.4. For testing Hy : X = g against H, : 3 # g, the likelihood ratio test
statistic A1 in ([{-1) is not unbiased.

Proof. As before, we shall assume without loss of generality that X is diagonal, say, ¥ =

diag(o1.1,...,0pt+qptq)- By Proposition A N, Air.2y, and A12A2_217nA21 are mutually

independent with A227N ~ Wq(N— 1, 222), A11-2,n ~ Wp(n—q— 1, 211), and A12A2_217HA21 ~
Wp(szll)' By (E[D,

(e/N) N2 (e/n) PPN = | Agg N|Z exp (= §tr Agg )| Ar1on|™ exp (= tr At1a,)
X exp ( — %tr A12A2_217nA21)
N/2 py
_ [ [A2a v ] e

N/2
T [T (Asen))? exp (= $(A2an)y)
i1 (A22N)ii | 2o

N2
|A11.2.] N/2 1

X : (A112,0):7 " exp (= 5(A11.2,1)j;

] e e (- e

X exp ( — %U‘ A12A2_21’nA21).

The rest of the proof now proceeds as in the classical case. The random variables (A2 n);;,
j=p+1,...,p+q, and |[Axn x|/ T[5EL, (A2 x);; are mutually independent. Moreover, the

j=p+1
distribution of |Aga N/ _p+1(A22 ~)j; does not depend on oo and (Aga n)jj/0j5 ~ Xar_1-
By [2§], p. 356, Lemma 8.4.3 there exists o,,, € (1, N/(N — 1)) such that, for any ¢ > 0,

N/2
P<(A227N)plq7p+q exp (— 5(A22,N)praptq) = kloprg = 1)

N/2
< P((A227N)p"1{q717+q exp ( - %(A22,N)p+q,p+q) > cloprg = 0;+q>'
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The conclusion is obtained when we evaluate P(A\; > ¢) by conditioning on {(As2 n);j,J =
p+1,...,p+q—1}, [Ap |/ T2 (A2 n)jj, and A1 Ag), A O

As in the classical case, we can obtain a result which is stronger than the unbiasedness
property of A3 (see [28], p. 358); however, we also note that it does not provide the unbiased-
ness property of Ao which was deduced in Theorem The proof of the following result is
similar to the classical case.

Theorem 4.5. For ¥ = diag(o11,...,0p+qp+q), the power function of the modified likelihood
ratio statistic A3 increases monotonically with |oj; — 1], 1 <j <p+q.

Proof. By 28], p. 357, Corollary 8.4.4, P((A227N)§ﬁ;;¥§ exp (— %(AQQ’N)p+q’p+q) < kloptq)

increases monotonically as [0p4q4p+q — 1| increases, and an analogous result holds for Ajj.2,
and A12A2_21nA21. The conclusion is now obtained by a conditioning argument similar to
that used in the previous result. O

4.2 Testing that pu and ¥ equal a given vector and matrix

On the basis of the monotone sample ([I1l), consider the problem of testing Hy : (u,X) =
(pg, X0) against H, : (u, X) # (pg, Xo), where p, and X are completely specified. Hao and
Krishnamoorthy [I6], eq. (4.1) showed that the likelihood ratio test statistic is

A= Arexp(— %(nX/X + NY,Y)), (4.11)

where \; is given in ([@J]). By invariance arguments we may assume, without loss of generality,
that (pq, Xo) = (0, I,4+4) and that 3 is diagonal under H,. Substituting (1)) into EIT), we
obtain
Ay = (6/N)Nq/2 ’A227N‘N/2 exp ( — %tr A227N)

x (e/n)"/? | Ar1.op|™? exp (= §tr A11on)

X exp ( — %tr A12A2_217nA21) exp ( — %(n)_(/)_( + NY’Y).
By B3) and Proposition we have Az N, At1.2n, A12A2_21’nA21, X, and Y are mutu-
ally independent under Ho and Ay n ~ Wy(N — 1,222), Atron ~ Wp(n —qg—1,%1),
A12A2_21,nA21 ~ Wy(g,211), X ~ Np(pq,n71211), and Y ~ N, (ptg, N"1299). In particular,
the individual terms on the right-hand side of ([I1]) are mutually independent.

To identify the exact null distribution of A4 and investigate its unbiasedness properties,

we proceed as in the case of A3. We omit the proof of the following result since the details
are similar to those in the previous subsection.

Theorem 4.6. The likelihood ratio statistic Ay for testing Hy : (p, %) = (0,Ip44) against
Hy: (1,X) # (0,1,4,) is unbiased. For h=0,1,2,... the h-th moment of A4 is
E()\Z) _ (e/N)th/2 (e/n)nph/2 o(Ng+np)h/2
F((Nh+N—-1)/2) Tp(nh+n—q—1)/2)
Ly((N = 1)/2) Ip((n—q—1)/2)
X [Saa| VW2 | T, 4 hEgy|~NHEN=1)/2 (4.12)
X [Sq1 M2 L, WSy TP D2 g 3y T/
x e~ (TN ) T op Sy [ TY2 T, + 20| 72
x exp (2h2[npy (I, + 2hE11) "y + Nph(Iy + 2h02) " )
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and, under Hy,

p q
M £ (2e/N)Nor? <ze/n>"p/2e-<Q1+2Q2>/2(HQ;i{2e—Qm/z)(H QN e@/), (413)
j=1 j=1

2 2 . 2
where Ql ~ X%p(;n—l)—i-zq(q 1 +pq) Q2 Xp+q7 Q]71 ~ Xn—q—jJ 1 S S Q] 2~ XN ,77 and all
such x? variables are mutually independent.

We remark that, in the non-null case, the distribution of A4 may also be obtained from
([ET2); the final result is similar to ([EI3]) but is more cumbersome to state, involving noncen-
tral chi-square random variables.

4.3 The sphericity test

Consider the problem of testing sphericity, in which the null hypothesis is Hy : ¥ = o1 e
and the alternative hypothesis is H, : ¥ # 02I,,,, where 0 > 0 is unspecified. Bhargava
[, Section 6 derived the likelihood ratio test statistic for a problem more general than the
sphericity problem and obtained the null distribution of a modified form of that statistic in
terms of independent chi-squared random variables. We shall treat the sphericity problem
in a form closer to the classical approach (see [3], p. 431; [28], p. 333), and we derive its
moments and a stochastic representation for its null distribution.

First, we derive the likelihood ratio crlterlon Under Hy, it is Slmple to show that the
maximum likelihood estimators of gy, po and o2 are, respectlvely, L= X, fisg = Y, and

n

53 = m DX - X)X, - X) + Z<Yj ~Y)(¥;-Y)
j=1 J=1

1
= —|trA;; +tr A )
np—i—Nq[ 11 22,N |

Under H,, the maximum likelihood estimators of p and ¥ are given in (Z4) and @I,
respectively. By a straightforward calculation, we deduce that the likelihood ratio criterion
for testing Hy against H, is
14, n/2 N-1lA N/2
- In" Aq120]|" 7 22,N | . (4.14)
((np + Nq)—l(tr Aqq +tr A22’N))

In the classical case ([3], p. 433), it is well known that the likelihood ratio statistic is the
quotient of an arithmetic and a geometric mean, and that result leads to an immediate proof
that the statistic is no larger than 1. Generalizing that result, we now apply an arithmetic-
geometric mean inequality to prove directly that A5 < 1. Let Ay and Gy denote the arithmetic
and geometric means, respectively, of the eigenvalues of ’I’L_1A11.2’n, and let A and Gy denote
the same for N‘1A227N. Since A1 = Aq1.0,, + A12A2_217HA21 then
32 [n" Avign|" N7 Agy |V

5
((np + Nq)_l(tr A11.2,n + tr A12A2_217HA21 + tr A22’N
In"tAq10, " IN“ Ay NV
((np + Nq)_l(tr A11~2,n + tr A227N
G’ Gy
o
((np+ Ng)~!(npA; + Nq.Ag))anr 1

))np+Nq

IN

))np+Nq (4.15)
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By the weighted arithmetic-geometric mean inequality (Marshall and Olkin [26], p. 455),
(np+ Nq)~! (npAy + NqAy) > (AP AN/ (p+Na)

Therefore, since G; < A;, j = 1,2, then

, grr g _ (GG
A5 < ((A?pAéVq)l/(np+Nq))np+Nq N <A1) <A2> B

We remark also that ([IH) shows how A5 may be expressed entirely in terms of the
eigenvalues of Ajj.2., A12A2_217nA21, and Ao N.
Theorem 4.7. For h=0,1,2,... the h-th null moment of A5 is

(1 -+ No)wNO2 Ty (§(nh +n — g — D)y (3N + N ~ 1)

E()\g) = nph/2Nth/2 T 1 1 F 21 N 1
I'(3((n—1)p+ (N —1)q))
T'(3((n—1)p+ (N —1)q) + 5(np + Nq)h)
Under Hy,
¢ (np+ Nq)ptNa)/2 P o ptq N2 p oz ptq v
As E nnp/2 NNaq/2 H Uj) H Uj) H H Uj) (4.17)

_p+1 : —p+1

where (Ut,...,Upsg) ~ SDpig(3(n—qg—1),....,3(n—q—1),3(N—=1),...,4(N-1)), a

P q
singular Dirichlet distribution; Uy; ~ ﬁ(%(n —q—1i+ 1),%(2’ —1),2 <5 < p; Uy ~
BN —i+1),5( — 1), 2 < j < g¢; and (Un,...,Upig), Unz,...,Urp, Usa,...,Usy are
mutually independent.

Proof. Under Hy an invariance argument allows us to assume that o = 1, hence ¥ = T g
Then Aj1.25, A12A2_217nA21, and Ay y are mutually independent. By (EI4),

E()\g) — n—nph/2N—th/2(np + Nq)(np+Nq)h/2

4.18
X E|W 1 ["2|W 3| Nh2 (tr Wy 4 tr Wy + tr W3)~(PHNOR/2) (4.18)

where Wi ~ Wy(n—q—1,1,), Wy ~ W,(q,I,), and W3 ~ W (N —1,1,) are independent.
When the density function of W is multiplied by the term |W1|"h/ 2 the outcome is a
constant multiple of the density function of Wi~ W,(nh+n —q—1,1,). Similarly, when
the density function of Wy is multiplied by the term |W3|N"/2, the outcome is a constant
multiple of the density function of ng ~ Wy (Nh+ N —1,1,). Therefore

E|W "2 |W 3| NP/2 (tr W+ tr Wy + tr Wg)~ (P ENOR/2
cp(n—q—1,1p)cqe(N—1,1,)

E(tr W1 + tr W + tr W)~ (w+Nah/2
cp(nh+n—q—1,1,)cq(Nh+ N —1,1,) (tr Wit tr W + tr W) ’

(4.19)
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where ¢,(n — p — 1,1,) denotes the usual Wishart normahzmg constant. By [28 p. 107,
Theorem 3.2. 20] we have trWl ~ X(nh+n g—1)p’ tr Wy ~ qu, and tr W3 ~ X%Nh—l—N—l)q’

hence tr W1 +tr Wo + tr W3 ~ (nh+n D+ (NBEN—1)q° Applying the formula

L((r—9)/2)

E(Xr) o2 = W,

§<r totr Wy +trWsy+tr Wy in (ET9) and substituting the result in ([EI8]), we obtain
(np + Nq)ptNah/2 cp(n—q—1,1I,)cq(N—1,1,)
nneh/2NNah/2 ¢ (nh+n—q—1,1,)cg( Nh+ N —1,1,)

y L(3((n—Lp+ (N —1)q))
20w+ NOR/2T (L((n — 1)p + (N — 1)q) + 3(np + Nq)h)

E(X}) =

Substituting from (Z2) for the multivariate gamma function, we obtain (EI0]).
To prove ([EEID), we rewrite (EETH) as a product of four ratios,

Tp(3(nh+n—q—1))TP(5(n—q—1))
PO = - D) Pt —a = 1)
L DB(Nh £ N - D) TI(3(N — 1))
T,(L(N = 1)) T4(L(Nh + N — 1))

P(A((n - 1p+ (¥ - 1)g) (420

L(n—1p+ (N —1)q) + 3(np+ Nq)h)
(3(nh+n—q—1))T9(3(Nh+ N —1))
[?(5(n —q—1)) 1(3(N — 1))

"I
pp

The first ratio in this product is the h-th moment of a classical sphericity statistic; see
Bl, p. 435, eq. (16), from which we deduce that the first ratio is the h-th moment of a
product of powers of independent beta-distributed random variables, (H§:2 Ulj)"/ 2 where
Uyj ~ B(3(n—q—i+1),5(i—1)), 2 < j < p. Similarly, the second ratio in ([@20) is the h-th
moment of ([7_, Us;)™/2, with independent Us; ~ B(3(N —i+1),4(i —1)),2 < j <gq. By
applying the formula for the density function of the singular Dlrlchlet distribution (see [26],
p. 307, eq. (11)), it is straightforward to verify that the product of the last two ratios in
(E20) is the h-th moment of ( UNY2([1EE9,  U)N2, where (Uy, ..., Uyy,) is as stated

] 1 j=p+1
earlier. Combining these results, we obtain (EI1). O

We have been unable to determine whether or not A5 is unbiased; in particular, the
methods of Gleser [T5] or Sugiura and Nagao [30] seem inapplicable to this problem. On the
other hand, the non-null distribution of A5 can be obtained using the methods given here,
suitably generalizing the approach provided by Muirhead [28], p. 339 ff.

4.4 Testing independence between subsets of the variables

Consider the problem of testing the null hypothesis Hy : 312 = 0 against the alterna-
tive hypothesis H, : 312 # 0 with the monotone sample ([[CIl). Eaton and Kariya [12]
showed that the likelihood ratio test statistic is based only on the complete observations
(X1,Y1),...,(Xn,Y,) and ignores the incomplete observations Y,,11,...,Y x.
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With the data (), Eaton and Kariya [12] proved that, among the class of affinely
invariant test procedures, the test that rejects Hy for small values of

A = tr Aga n(Aggn + B1) ™' —np~ltr A A1a(Aga, + B1) M Ag

is a locally most powerful invariant test, where Aqy, A2, A2z ,, and B are given in (Z3)
and ([B3), respectively; cf. [0, 25, 29]. To date, the distribution theory of Ag has not been
explored, and our calculations thereof did not lead to a useful form for the distribution. On
the other hand, by omitting the term np~!, we obtain the modified statistic,

A7 = tr Agg,n(Aggm + Bl)_l — tr A1_11A12(A22,n + Bl)_1A21
= tr (A227n — A21A1_11A12)(A22,n + Bl)_l'

The statistic Ay will not generally enjoy the same optimality properties as Ag. However,
for n > p we have A\¢ < A7, in which case if Hy is rejected for small values of A7 then
Hj also is rejected by Ag. Moreover, A7 has a null distribution which is simpler than that
of X¢. Indeed, with W = Agy,, — Ag A A1z and Wy = Ay A[ Aja, we have \; =
tr W1(W1 + Wy + B1)~!. Applying [§], Proposition 2.2(iii), we obtain that, under Hy,
Wi~ Wy(n—p—1,39), Wy~ W,(p, Xo2); further, By ~ Wy(N —n —1,X5); and W,
W, and B are independent; equivalently, A7 £t W1 (W1 +W3)~! where W is as before
and W3 = Wa+ B ~ W (N —n+p—1,X5). It is now clear that, under Hy, the statistic A7
is exactly of the form of the Bartlett-Nanda-Pillai criterion in MANOVA (3], Section 8.6.3;
[28], Section 10.6.3] and its null distribution may be derived accordingly.

Acknowledgments. The authors are grateful to the referees and an associate editor for
providing valuable comments on an earlier version of this article.
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