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The space of positive definite symmetric matrices has been stud-
ied extensively as a means of understanding dependence in multi-
variate data along with the accompanying problems in statistical
inference. Many books and papers have been written on this sub-
ject, and more recently there has been considerable interest in high-
dimensional random matrices with particular emphasis on the dis-
tribution of certain eigenvalues. Our present paper is motivated by
modern data acquisition technology, particularly, by the availability
of diffusion tensor-magnetic resonance data; and, in that context, es-
pecially pertinent are the papers by Jian and Vemuri, et al. [15, 16].
With the availability of such data acquisition capabilities, smooth-
ing or nonparametric techniques are required that go beyond those
applicable only to data arising in Euclidean spaces. Accordingly, we
present a Fourier method of minimax Wishart mixture density esti-
mation on the space of positive definite symmetric matrices.

1. Introduction. The space of positive definite symmetric matrices has
been studied extensively in statistics as a means of understanding depen-
dence in multivariate data along with the accompanying problems in sta-
tistical inference. Many books and papers [8–10, 26, 28, 32, 33] have been
written on this subject, and there has been considerable interest recently in
high-dimensional random matrices with particular emphasis on the distri-
bution of certain eigenvalues [17] and on graphical models [24].

While the primary emphasis in statistical research on the space of posi-
tive definite matrices arises from investigations of the Wishart distribution,
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modern data acquisition technologies, such as diffusion tensor-magnetic res-
onance imaging (DT-MRI), now produce real-world data on this space. The
papers [1, 6, 7, 22, 37] analyze various aspects of the general nature of DT-
MRI, and the papers by Jian and Vemuri [15] and Jian, et al. [16] make
explicit applications of Wishart mixture models to DT-MRI.

With such data acquisition capabilities now available, smoothing or non-
parametric techniques are in need beyond those generally applicable to data
arising in Euclidean spaces or special manifolds [11, 12, 14, 18, 19]. Non-
parametric estimation on the space of positive definite matrices was treated
in the papers of Kim and Richards [20, 21]. Other than that, we are only
aware of [29] and [30].

In this paper we consider the problem of estimating the mixing density
of a continuous mixture of Wishart distributions. We construct a nonpara-
metric deconvolution estimator of that density, and obtain minimax rates of
convergence for the estimator. Throughout this work, we adopt as a guide
results developed for the classical problem of deconvolution density estima-
tion on Euclidean spaces [2, 3, 5, 23, 27, 36]. Much of the difficulty with the
space of positive definite symmetric matrices is due to the fact that math-
ematical analysis on the space is technically demanding. Helgason [13] and
Terras [35] provided much insight and technical innovation, however, and
we make extensive use of their method of Fourier analysis on Pm, the space
of m×m positive definite symmetric matrices.

We summarize the paper as follows. In Section 2 we discuss and set up
the notation for Wishart mixtures. In Section 3 we begin by reviewing the
necessary Fourier methods which allow us to construct a nonparametric es-
timator of the mixing density, and then we provide the estimator. The min-
imax property of our nonparametric estimator is stated in Section 4 along
with supporting results. These results are discussed further in Section 5, es-
pecially in connection with DT-MRI technology. Finally, Section 6 presents
all of the proofs. Additional technical details are addressed in an appendix.

2. Wishart mixtures. Throughout the paper, for any square matrix
y, we denote the trace and determinant of y by tr y and |y|, respectively;
further, we denote by Im the m×m identity matrix.

For s = (s1, . . . , sm) ∈ Cm with Re(sj+· · ·+sm) > (j−1)/2, j = 1, . . . ,m,
the multivariate gamma function is defined as

(2.1) Γm(s1, . . . , sm) = πm(m−1)/4
m∏
j=1

Γ
(
sj + · · ·+ sm − 1

2(j − 1)
)
,

where Γ(·) denotes the classical gamma function.
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We denote by G the general linear group GL(m,R) of all m×m nonsin-
gular real matrices and by K the group O(m) of m×m orthogonal matrices.
The group G acts transitively on Pm by the action

(2.2) G× Pm → Pm, (g, y) 7→ g′yg,

g ∈ G, y ∈ Pm, where g′ denotes the transpose of g. Under this group action,
the isotropy group of the identity in G is K, hence the homogeneous space
K\G can be identified with Pm by the natural mapping from K\G → Pm
that sends Kg 7→ g′g. In distinguishing between left and right cosets, we
place the quotient operation on the left and right of the group, respectively.

For y = (yij) ∈ Pm, define the measure

d∗y = |y|−(m+1)/2
∏

1≤i≤j≤m
dyij .

It is well-known that the measure d∗y is invariant under the action (2.2).
Relative to the dominating measure d∗y, the probability density function of
the standard Wishart distribution with N degrees of freedom is

(2.3) w(y) =
1

2Nm/2Γm(0, . . . , 0, N/2)
|y|N/2 exp

(
− 1

2tr y
)
,

y ∈ Pm. Consequently, for σ ∈ Pm, we note that tr(σ−1/2yσ−1/2) = tr(σ−1y)
and |σ−1/2yσ−1/2| = |σ−1y|. It then follows that, relative to the dominating
measure d∗y, the density of the general Wishart distribution, with covariance
parameter σ, is w(σ−1y), y ∈ Pm.

Suppose next that σ is a random matrix and, relative to the dominating
measure d∗σ, has a continuous mixing density, f , that is invariant under
the action (2.2). By integration with respect to σ, the continuous Wishart
mixture density is given by

(2.4) r(y) =
∫
Pm

f(σ)w(σ−1y) d∗σ,

y ∈ Pm. For the case in which m = 1, the standard Wishart density is
essentially a chi-square density, in which case (2.4) is a continuous mixture
of chi-square densities. In general, (2.4) is a convolution operation for func-
tions on Pm; by applying Fourier analysis on Pm, we will transform that
convolution into a scalar multiplication.

3. Fourier analysis on Pm and estimation of the mixing density.
In this section we review the Fourier methods needed to transform the con-
volution product (2.4) and to construct a nonparametric estimator of the
mixing density f .
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3.1. The Helgason-Fourier transform. For y ∈ Pm, denote by |yj | the
principal minor of order j, j = 1, . . . ,m. For s ∈ Cm, the power function
ps : Pm → C is

(3.1) ps(y) =
m∏
j=1

|yj |sj ,

y ∈ Pm. Let dk denote the Haar measure on K, normalized to have total
volume equal to one; then

(3.2) hs(y) =
∫
K
ps(k′yk) dk,

y ∈ Pm, is the zonal spherical function on Pm. It is well-known that the
functions hs are fundamental to harmonic analysis on symmetric spaces
[13, 35]. If s1, . . . , sm are nonnegative integers then, up to a constant factor,
(3.2) is an integral formula for the zonal polynomials which arise in many
aspects of multivariate statistical analysis [28, pp. 231–232].

Let C∞c (Pm) denote the space of infinitely differentiable, compactly sup-
ported, complex-valued, functions f on Pm; also, let

C∞c (Pm/K) = {f ∈ C∞c (Pm) : f(k′yk) = f(y) for all k ∈ K, y ∈ Pm}.

For s ∈ Cm and k ∈ K, the Helgason-Fourier transform [35, p. 87] of a
function f ∈ C∞c (Pm) is

(3.3) Hf(s, k) =
∫
Pm

f(y) ps(k′yk) d∗y,

where ps(k′yk) denotes complex conjugation.
For the case in which f ∈ C∞c (Pm/K), we make the change of variables

y 7→ k′1yk1 in (3.3), k1 ∈ K, and integrate with respect to the Haar measure
dk1. Applying the invariance of f and the formula (3.2), we deduce that
Hf(s, k) does not depend on k. Specifically, Hf(s, k) = f̂(s) where

(3.4) f̂(s) =
∫
Pm

f(y)hs(y) d∗y,

s ∈ Cm, is the zonal spherical transform of f .
In the case of the standard Wishart density (2.3), which is a K-invariant

function, the zonal spherical transform is well-known (Muirhead [28, p. 248];
Terras [35, pp. 85-86]):

ŵ(s) =
Γm(sm−1, . . . , s1,−(s1 + · · ·+ sm) +N/2)

Γm(0, . . . , 0, N/2)
hs
(

1
2Im

)
.
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3.2. The inversion formula for the Helgason-Fourier transform. For a1, a2 ∈
C with Re(a1),Re(a2) > 0, let

B(a1, a2) =
Γ(a1) Γ(a2)
Γ(a1 + a2)

denote the classical beta function. For s ∈ Cm such that Re(si + · · ·+ sj) >
−1

2(j − i+ 1) for all 1 ≤ i < j ≤ m− 1, the Harish-Chandra c-function is

(3.5) cm(s) =
∏

1≤i<j≤m−1

B
(

1
2 , si + · · ·+ sj + 1

2(j − i+ 1)
)

B
(

1
2 ,

1
2(j − i+ 1)

) .

Let ρ ≡
(

1
2 , . . . ,

1
2 ,

1
4(1−m)

)
and set

(3.6) ωm =
∏m
j=1 Γ(j/2)

(2πi)m πm(m+1)/4m!
,

(3.7) Cm(ρ) = {s ∈ Cm : Re(s) = −ρ},

and
d∗s = ωm |cm(s)|−2 ds1 · · · dsm.

Let M = {diag(±1, . . . ,±1)} be the set of m×m diagonal matrices with
entries ±1 on the diagonal; then M is a subgroup of K and is of order 2m.
By factorizing the Haar measure dk on K, it may be shown [35, p. 88] that
there exists an invariant measure dk̄ on the coset space K/M such that∫

k̄∈K/M
dk̄ = 1.

The inversion formula for the Helgason-Fourier transform H in (3.4) is
that if f ∈ C∞c (Pm) then [13, 35]

(3.8) f(y) =
∫

Cm(ρ)

∫
k̄∈K/M

Hf(s, k) ps(k′yk) dk̄ d∗s.

y ∈ Pm. In particular, if f ∈ C∞c (Pm/K) then

f(y) =
∫

Cm(ρ)
f̂(s)hs(y) d∗s,

y ∈ Pm, and there also holds the Plancherel formula,

(3.9)
∫
Pm
|f(y)|2 dy =

∫
Cm(ρ)

|f̂(s)|2 d∗s.

We refer to Terras [35, p. 87 ff.] for full details of the inversion formula and
for references to the literature.
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3.3. Eigenvalues, the Laplacian, and Sobolev spaces. For y = (yij) ∈ Pm,
we define the m×m matrix of partial derivatives,

∂

∂y
=
(

1
2 (1 + δij)

∂

∂yij

)
,

where δij denotes Kronecker’s delta. The Laplacian, ∆, on Pm can be written
[35, p. 106] in terms of the local coordinates yij as

∆ = −tr
((
y
∂

∂y

)2)
.

The power function ps in (3.1) is an eigenfunction of ∆ (see [28, p. 229],
[31, p. 283], [35, p. 49]). Indeed, let rj = sj +sj+1 + · · ·+sm+ 1

4(m−2j+1),
j = 1, . . . ,m and define

(3.10) λs = −(r2
1 + · · ·+ r2

m) + 1
48m(m2 − 1);

then ∆ps(Y ) = λsps(Y ). Since Re(s) = −ρ then each rj , j = 1, . . . ,m is
purely imaginary; hence, λs > 0, s ∈ Cm(ρ).

The operator H changes the effect of invariant differential operators on
functions to pointwise multiplication: If f ∈ C∞c (Pm) then

H(∆f)(s, k) = λsHf(s, k),

s ∈ Cm, k ∈ K [35, p. 88]. For ϕ > 0, we therefore define the fractional
power, ∆ϕ/2, of ∆, as the operator such that

H(∆ϕ/2f)(s, k) = λϕ/2s Hf(s, k),

f ∈ C∞c (Pm). Having constructed ∆ϕ/2, we define the Sobolev class,

Fϕ =
{
f ∈ C∞(Pm) : ‖∆ϕ/2f‖2 <∞

}
,

where 2ϕ > dimPm = m(m+ 1)/2 and, for f ∈ C∞(Pm),

‖f‖ =
( ∫
Pm
|f(y)|2 d∗y

)1/2

denotes the L2(Pm)-norm with respect to the measure d∗y. For Q > 0, we
also define the bounded Sobolev class,

Fϕ(Q) =
{
f ∈ C∞(Pm) : ‖∆ϕ/2f‖2 < Q

}
,

where 2ϕ > dimPm.
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4. Main result. We presently state a minimax estimator for the Wishart
mixing density (2.4). First, the result depends on the following lower bound:

Theorem 4.1. Let N > (m− 1)/2 and ϕ > dimPm/2. Then, for some
C > 0 and the Wishart mixture (2.4),

(4.1) inf
f̃

sup
f∈Fϕ(Q)

E‖f̃ − f‖2 ≥ C (log n)−2ϕ

as n→∞, where the infimum is taken over all estimators f̃ of f .

This result provides a lower bound for any estimator, and so naturally,
one wishes to derive an explicit estimator that achieves this bound. We do
so by applying the Helgason-Fourier transform to the mixture density (2.4),
so that

(4.2) Hr(s, k) = Hf(s, k)ŵ(s),

s ∈ Cm, k ∈ K. Having observed a random sample Y1, . . . , Yn from the den-
sity (2.4), we estimate Hr(s, k) by its empirical Helgason-Fourier transform,

(4.3) Hnr(s, k) =
1
n

n∑
`=1

ps(k′Y`k).

On substituting (4.3) in (4.2), together with the assumption that ŵ(s) 6= 0,
s ∈ Cm, we obtain

Hnf(s, k) =
Hnr(s, k)
ŵ(s)

,

s ∈ Cm, k ∈ K.
Analogous with classical Euclidean deconvolution, we introduce a smooth-

ing parameter T = T (n) where T (n) → ∞ as n → ∞, and then we apply
the inversion formula (3.8) using a spectral cut-off based on the eigenvalues
of ∆. First, we introduce the notation

Cm(ρ, T ) = {s ∈ Cm(ρ) : λs < T}

where Cm(ρ) is defined in (3.7). We now define

(4.4) fn(y) =
∫

Cm(ρ,T )

∫
k̄∈K/M

Hnr(s, k̄)
ŵ(s)

ps(k̄′yk̄) dk̄ d∗s,

y ∈ Pm, and take this as our nonparametric estimator of f .
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For technical reasons, explained in Section 6, we assume that the density
function r satisfies the following moment condition on the principal minors

(4.5)
∫
Pm
|y1|−1 · · · |ym−1|−1 |ym|(m−1)/2 r(y) d∗y <∞.

We now state the minimax property for the estimator (4.4), where for
two sequences of real numbers {an} and {bn} we use the notation an � bn
to mean that there exist constants 0 < c ≤ C <∞ so that cbn ≤ an ≤ Cbn
as n→∞.

Theorem 4.2. Let N > (m− 1)/2, ϕ > dimPm/2 and suppose (4.5) is
true. Then, for the Wishart mixture (2.4),

(4.6) sup
f∈Fϕ(Q)

E‖fn − f‖2 � (log n)−2ϕ

as n→∞.

5. Discussion. In this section let us briefly state the meaning of the
above minimax result in the context of covariance estimation as well as
provide a synopsis of recent interest in this area in the medical imaging
literature.

5.1. Covariance matrix estimation. The profound influence of Charles
Stein on covariance estimation originates largely from his Rietz lecture - see
[32]. The idea is that for certain loss functions over Pm, the usual estimator
of the covariance matrix parameter is inadmissible. Through an unbiased
estimation of the risk function over covariance matrices, Stein was able to
improve upon the usual estimator by pooling the observed eigenvalues of the
sample covariance matrix. Subsequent to this, through a series of papers,
improvements were obtained in Haff [8–10]. Other related works include
Takemura [34], Lin and Perlman [25], and Loh [26], to name a few.

In this paper, we contribute to the case in which one observes data from
a continuous mixture of Wishart distributions, not merely a sample from a
single distribution. Therefore, the parameter of interest would be the mixing
density of the covariance parameters. And the nonparametric estimator of
the mixing density (4.4) is an attractive candidate because of its minimax
property. Based on this procedure, one could consider the moment, or mode,
of fn, as a possible estimator of the corresponding population parameters.
Alternatively, one could take a nonparametric empirical Bayes approach as
in Pensky [29]
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5.2. Application to brain imaging. In addition to statistical interest in
high-dimensional random matrices [17], there has been much interest re-
cently in the medical imaging literature on DT-MRI; an extensive survey of
this area is provided by Alexander [1]. Now that the notation is in place, we
can provide a motivating practical application. In brain imaging research
associated with DT-MRI, each image is represented as a positive definite
symmetric matrix, or, diffusion tensor (DT). From a given sample of images,
each as positive definite symmetric matrices, the problem is to reconstruct
the overall brain shape.

When a DT-MRI image of the brain is collected, the recorded image gen-
erally is an imperfect representation of the physical object under study, i.e.,
brain tissue. Denoting by Y the recorded image and by X the true tissue
shape, then Y is a distorted measurement on X. We refer to Fletcher and
Joshi [6] for an elementary account of the relationship between covariance
matrices and brain images, and to [7] for an account as to the natural re-
lationship of the problem as the statistical analysis of observations on a
Riemannian symmetric space.

As stated before, both Y and X are represented as positive definite matri-
ces. Since Pm is a Riemannian manifold then for each pair X,Y ∈ Pm, there
is a unique geodesic joining X and Y . Since Pm is also a homogeneous space,
viz., Pm = GL(m,R)/O(m), there exists a unique matrix V ∈ GL(m,R)
such that Y = V XV ′.

We can also think of this in terms of the log-map on Pm. Whenever we
observe Y , we can think of this as observing y where exp(y) = Y . Similarly,
we can represent the true X by exp(x) = X; thus, y and x are in the tangent
space of Pm. Then there exists a “small” v in the tangent space such that
y = x+ v, and by exponentiating this relationship between y and x, we are
led to Y = V ′XV see Terras [35], section 4.1-4.2 for technical details.

As with most spatial measurement errors, distortions are often isotropic
which in matrix language would mean V has a K−invariant distribution
under K, i.e., measurement errors have no preferred orientation, or, equiv-
alently, v has a distribution which depends only on its (Euclidean) norm.

The conclusion is the model Y = V ′XV , where the errors V are K-
invariant, is the appropriate one for modeling measurement errors on Pm
such as the one we have for brain imaging. To further motivate the discus-
sion, since V is invariant then we can replace V by Z1/2 where Z ∈ Pm
by using the fact that every nonsingular V has the polar coordinates rep-
resentation, V = kZ1/2 where k ∈ K. So V has the same distribution as
k′V = k′kZ1/2 = Z1/2; hence Y has the same distribution as Z1/2XZ1/2

which is (2.4) in the case where Z follows a Wishart distribution. Further,
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this Z is invariant under K; in fact, Z = V ′V , which immediately proves the
K invariance. The object now is to nonparametrically estimate the density
of X based on observations Y .

The papers [15]and [16], depict the above situation in terms of a finite
mixture of Wishart distributions. Thus the contents of this paper generalizes
this finite mixture situation to the case of continuous mixtures of Wishart
distributions.

6. The proof of Theorem 4.1. The upper bound property of (4.6) is
established in [21, Theorem 3.3] with β = 1/2, and that result is the more
straightforward calculation of the bounds provided by (4.6). We note that
the technical condition (4.5) is required for the upper bound only. All that
remains to be proved is that the upper and lower bounds agree.

To derive the lower bound for estimating f in the L2(Pm)-norm, we shall
follow the standard Euclidean approach. Thus, we choose a pair of functions
f0, fn ∈ Fϕ(Q) and, with w denoting the Wishart density (2.3), we shall
show that, for some constants C1, C2 > 0,

‖fn − f0
∥∥2 ≥ C1 (log n)−2ϕ

and

(6.1)
∫
Pm

(
f0 ∗ w(y)− fn ∗ w(y)

)2
f0 ∗ w(y)

d∗y ≤
C2

n
,

as n→∞.
Precisely, let us suppose we can choose f0 ∈ Fϕ(Q) and a perturbation

ψ ∈ Fϕ(Q), and, for δ = δn > 0, let ψδ be a scaling of ψ such that ‖ψδ‖ �
δ−1/2‖ψ‖ as n→∞. Define

fn = f0 + Cψδ
−ϕ+1/2ψδ,

and denote (6.1) by χ2(fn ∗ w, f0 ∗ w). If δ can be chosen so that

χ2(fn ∗ w, f0 ∗ w) ≤ Cn−1,

as n→∞, then the lower bound rate of convergence is determined by δ−2ϕ.
We shall develop such a construction and, moreover, do so in a way such
that δ � log n as n→∞.

In the following, we let SPm = {y ∈ Pm : |y| = 1} denote the space of
positive definite matrices of determinant one. For y ∈ Pm, let y = ev/mz
where v = log |y| ∈ R and z ∈ SPm; then, by [35, p. 23], d∗y = dv d∗z and,
up to a constant factor, d∗z is the unique K-invariant measure on SPm.
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6.1. The function ψ. For a function ψ : Pm → R and δ > 0, define

(6.2) ψδ(y) = ψ
(
|y|(δ−1)/my

)
,

y ∈ Pm. Since y = |y|1/m
(
|y|−1/my

)
and |y|−1/my ∈ SPm, it follows that

(6.2) is equivalent to
ψδ(ev/mz) = ψ(eδv/mz),

v ∈ R, z ∈ SPm. If ψ is K-invariant, then ψδ also is K-invariant. From now
on, we suppose that ψ is K-invariant.

It follows from (A.1), see Appendix, that, for s ∈ Cm,

ψ̂δ(s) =
∫
v∈R

exp(s̃v)
∫
SPm

ψδ(ev/mz)hs(z) d∗z dv

=
∫
v∈R

exp(s̃v)
∫
SPm

ψ(eδv/mz)hs(z) d∗z dv

= δ−1
∫
u∈R

exp(δ−1s̃u)
∫
SPm

ψ(eu/mz)hs(z) d∗z du.(6.3)

Define q = (q1, . . . , qm) ∈ Cm by qj = sj , 1 ≤ j ≤ m− 1, and qm = s̃, so
that

ψ̂(q) =
∫
v∈R

exp(qmv)
∫
SPm

ψ(ev/mz)hq(z) d∗z dv.

Since hs(z) = hq(z) for z ∈ SPm then ψ̂(q) = ψ̂(s). From (6.3), we have

(6.4) ψ̂δ(q) = δ−1ψ̂(qδ),

where qδ = (q1, . . . , qm−1, qm/δ) and qδ = (q1, . . . , qm−1, δqm). If s ∈ Cm(ρ)
then

Re(qm) = Re
(
m−1

m∑
j=1

jsj
)

= 0,

which implies that q ∈ Cm(ρ0) ≡ {a ∈ Cm : Re(a) = −ρ0}, where ρ0 =
(1/2, . . . , 1/2, 0).

Let d∗q = ωmcm(q)dq where ωm and cm(q) are defined in (3.6) and (3.5),
respectively. Note that d∗q = d∗s and d∗q = δd∗qδ. Because the Jacobian
of the change of variables from s to q is one, it follows from the Plancherel
formula (3.9) for the Helgason-Fourier transform that

‖ψδ‖2 =
∫
Pm
|ψδ(y)|2 d∗y =

∫
Cm(ρ)

|ψ̂δ(s)|2 d∗s.

Consequently, by (6.4), we have

(6.5) ‖ψδ‖2 = δ−1‖ψ‖2.
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6.2. The convolution ψ∗w. For s ∈ Cm, let aj = Re(sj) and bj = Im(sj),
1 ≤ j ≤ m. Consider the rectangle S = {s ∈ Cm : 1 ≤ bj ≤ 2, 1 ≤ j ≤ m}.
Recalling the definition of q, infra Equation (6.3), it follows that if s ∈ S
then q ∈ Q, where

Q =
{
q ∈ Cm : 1 ≤ Im(qj) ≤ 2, 1 ≤ j ≤ m−1, 1

2(m+1) ≤ Im(qm) ≤ m+1
}
.

For j = 1, . . . ,m, define

rj(q) = qj + qj+1 + · · ·+ qm−1 + qm −m−1
m−1∑
l=1

lql + 1
4(m− 2j + 1).

If q ∈ Cm(ρ0) ∩Q, then

−[rj(qδ)]2 =
[
bj + · · ·+ bm−1 +

(
δm−1

m∑
l=1

lbl −m−1
m−1∑
l=1

lbl
)]2

≤ −Cδ2rj(q),

and thus
λqδ ≤ Cδ2λq = Cδ2λs.

Suppose ψ̂ is supported on Q. Then, by (3.9) and (6.3)–(6.5),

‖∆ϕ/2ψδ‖2 ≤ δ2ϕ−1‖∆ϕ/2ψ‖2.

Hence, δ−ϕ+1/2ψδ ∈ Fϕ(Q) when ψ ∈ Fϕ(Q).
For q ∈ Cm(ρ0) ∩Q, we have

|ŵ(q)|2 ≤ C exp
(
− π

m∑
j=1

jbj
)

= C exp
(
− πmqm

)
,

hence

|ŵ(qδ)|2 ≤ C exp
(
− πmqmδ

)
≤ C exp

(
− 1

2πm(m+ 1)δ
)
.

6.3. The function f0. At this stage, we need to provide some detailed
calculations for m = 2. These calculations being quite extensive, some of
the necessary technical details are provided in the appendix. We also remark
that generalizations of these calculations to m > 2 may be obtained by using
higher order hyperbolic spherical coordinates.

Let pb be a density on R such that pb is sufficiently smooth and satisfies

pb(u) = cb exp (−b|u|/2) ,
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|u| ≥ c0, where cb is a normalizing constant. Consider a natural spline, ns,
defined by

ns(u) = u+
4∑
j=1

cj(u− tj)3
+,

where (u)+ = max(u, 0), and c1 = c4 = −1/3, c2 = c3 = 1/3, t1 = −2,
t2 = −1, t3 = 1 and t4 = 2. Then, ns(u) = u for u < −2 and, for u > 2,

ns(u) = u+
4∑
j=1

cj
(
u3 − 3tju2 + 3t2ju− 3t3j

)
= −u.

Define the twice continuously differentiable density,

pb(u) = cb exp (−b ns(u)/2) ,

u ∈ R. Then pb(u) = cb exp(−b|u|/2) for |u| ≥ c0 = 2. We have the following
straightforward result.

Lemma 6.1. Define the function f0(eu/2Dα) = Cbpb(u)(coshα)−b, where
Cb = cb(b− 1)/(2π) for b > 1. Then, g0 = f0 ∗ w is K-invariant, and

g0(ev/2Dβ) ≥ C exp
(
− 2b(|v|/2 + β)

)
as |v| → ∞ and β →∞.

Let Y = eU/2Z be a random matrix with density w(eu/2Dα), relative to
the measure d(α, u), and distribution function W . Then, eδU/2Z has density
δ−1w(eu/(2δ)Dα), and we denote its probability distribution by Wδ.

Lemma 6.2. Let µ(u) = e−m2|u|, u ∈ R; ν(t) = t−m1, t ∈ R; and define

ηδ(v, β) =
∫
D
µ(v − u)ν

(
cosh(α− β)

)
dWδ(α, u).

Then, there exist M and a constant C such that when β ≥M and |v|/δ ≥M ,

ηδ(v, β) ≤ C exp
{
− 1

2(N − 1)(1− ξ)(|v|/(2δ) + β)
}

for all δ ≥ 1 provided that 0 < ξ < 1, m1ξ > (N − 1)(1 − ξ)/2, and
m2ξ > (N − 1)(1− ξ)/4.
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Proof. Denote

J11 = {(α, u) : |α− β| ≤ ξβ, |v − δu| ≤ ξ|v|}
J12 = {(α, u) : |α− β| ≤ ξβ, |v − δu| > ξ|v|}
J21 = {(α, u) : |α− β| > ξβ, |v − δu| ≤ ξ|v|}
J22 = {(α, u) : |α− β| > ξβ, |v − δu| > ξ|v|}

and
Iij =

∫
Jij

µ(v − u)ν
(

cosh(α− β)
)

dWδ(α, u),

i, j = 1, 2. Using Lemma A.2, one can show that

Iij ≤ C exp
{
− 1

2(N − 1)(1− ξ)(|v|/(2δ) + β)
}

which proves the desired result.

Lemma 6.3. Suppose that
∣∣ψ(ev/2Dβ)

∣∣ ≤ µ(v)ν(coshβ) for (β, v) ∈ D.
Then,∫

D

[
(ψδ ∗ w)(ev/2Dβ)

]2
[g0(ev/2Dβ)]−1 d(β, v)

≤ 1
δ

∫
D
ηδ(v, α)2[g0(ev/(2δ)Dβ

)]−1 d(β, v).

Proof. The desired result follows from Lemma A.3, Lemma A.4 and
Lemma A.5, see the Appendix.

6.4. χ2-divergence. In this subsection, for certain densities f and g we
obtain bounds on the chi-square divergence,

χ2(f, g) =
∫ (f(y)− g(y))2

g(y)
d∗y.

Lemma 6.4. Suppose that
∣∣ψ(ev/2Dβ)

∣∣ ≤ µ(v)ν(coshβ) for (β, v) ∈ D.
For a pair of densities f0 and fn = f0 + Cψδ

−ϕ+1/2ψδ, the χ2-divergence
between g0 = f0 ∗ w and gn = fn ∗ w satisfies

χ2(g0, gn) = δ−2ϕ+1
∫
D

[ψδ ∗ w]2(g0)−1 ≤ C

n

provided that b < 1
4 min

(
3π, (N − 1)(1− ξ)− 1

)
.
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Proof. Let

J11 = {(β, v) : |β| ≤Mn, |v|/(2δ) ≤Mn},
J12 = {(β, v) : |β| ≤Mn, |v|/(2δ) > Mn},
J21 = {(β, v) : |β| > Mn, |v|/(2δ) ≤Mn},
J22 = {(β, v) : |β| > Mn, |v|/(2δ) > Mn},

and

Iij =
∫
Jij

[ ∫
D

{ 1
2π

∫
K
ψ
(
e(v−u)/2DR∗(α,β,θ)

)
dθ
}

dWδ(α, u)
]2

·[g0(ev/(2δ)Dβ

)
]−1 d(β, v),

for i, j = 1, 2.
From Lemma 6.1, Lemma 6.2 and Lemma 6.3, we can show that

I11 ≤ Cδ2e4bMn−3πδ

I12 ≤ Cδe−(r−2b)Mn

I21 ≤ Ce−(c1−2b−1)Mn

I22 ≤ Cδe−(2c1−1)Mn ,

where c1 = (N − 1)(1 − ξ) − 2b. We now choose Mn = δ. Also, on letting
ε1 = 3π − 4b > 0 and ε2 = min

(
ε1, (N − 1)(1 − ξ) − 4b − 1

)
> 0 then we

obtain

χ2(g0, gn) =
∫
D

[
Cψδ

−ϕ+1/2ψδ ∗ w
]2

(g0)−1

= C2
ψδ
−2ϕ+1

∫
D

[
ψδ ∗ w

]2(g0)−1

≤ Cδ−2ϕ(δ2e4bMn−3πδ + δe−(c1−2b)Mn + e−(c1−2b−1)Mn + δe−(c1−1)Mn
)

≤ Cδ−2ϕ+2e−ε2δ.

Choosing δ = ε2/ log n, we have the desired result.

APPENDIX A: TECHNICAL MATERIAL

A.1. Power function on SPm. For z ∈ SPm and k ∈ K, we have for
the power function ps:

ps(k′zk) = |k′zk|sm
m−1∏
j=1

|(k′zk)j |sj =
m−1∏
j=1

|(k′zk)j |sj
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and

ps(k′ev/mzk) =
m∏
j=1

|(ev/mk′zk)j |sj =
m∏
j=1

(
evj/m|(k′zk)j |

)sj
= e

vm−1
∑m

j=1
jsj

m∏
j=1

|(k′zk)j |sj = es̃vps(k′zk),

where s̃ = m−1∑m
j=1 jsj . By (3.2) we have, for z ∈ SPm,

hs(ev/mz) =
∫
K
ps(k′ev/mzk) dk

= es̃v
∫
K
ps(k′zk) dk

= es̃vhs(z).(A.1)

Since ps(k′zk) is independent of sm for any z ∈ SPm and k ∈ K, then hs(z)
is also independent of sm for any z ∈ SPm.

A.2. Integration in hyperbolic polar coordinates. In this setting,
we have m = 2 and suppose that ψ is K-invariant. For a ∈ A+, let

γ(a) = |a|−1/2(a1 − a2) and d∗a =
da1

a1

da2

a2
.

Define

(A.2) D = {(α, u) : α ≥ 0, u ∈ R}

and set

(A.3) d(α, u) = 2π sinhα dα du,

(α, u) ∈ D. We also denote by Dα the matrix

[
eα 0
0 e−α

]
. By changes of

variables, we have Lemma A.1.

Lemma A.1.∫
P2

ψ(y) d∗y = π

∫
A+

ψ(a)γ(a)d∗a =
∫
D
ψ
(
eu/2Dα

)
d(α, u).

Lemma A.2. For c1 > 0,

(A.4)
∫
{u∈R,α>c1}

dW (α, u) = 4π(cosh c1)−(N−1) Γ(N − 1),
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(A.5)∫
{u>c2,α>c1}

dW (α, u) = 4π(cosh c1)−(N−1)
∫
{t>ec2/2 cosh c1}

tN−2e−t dt,

and
(A.6)∫
{u<−c2,α>c1}

dW (α, u) = 4π(cosh c1)−(N−1)
∫
{t<e−c2/2 cosh c1}

tN−2e−t dt.

Proof. Observe that∫
{u∈R,α>c1}

eNu/2 exp
(
− eu/2 coshα

)
d(α, u)

= 2π
∫
{u∈R,t>cosh c1}

eNu/2 exp
(
− eu/2t

)
dt du

= 2π
∫
u∈R

eNu/2e−u/2 exp
(
− eu/2 cosh c1

)
du

Substituting t = eu/2, the integral reduces to a classical gamma integral,
and then (A.4) is obtained readily. Next,∫

{u>c2,α>c1}
eNu/2 exp

(
− eu/2 coshα

)
d(α, u)

= 2π
∫
{u>c2,t>cosh c1}

eNu/2 exp
(
− eu/2t

)
dtdu

= 2π
∫
{u>c2}

eNu/2e−u/2 exp
(
− eu/2 cosh c1

)
du

Substituting t = eu/2 cosh c1, we obtain (A.5). Finally, (A.6) is established
analogously.

In the following results, we let kθ =

[
cos θ − sin θ
sin θ cos θ

]
. Lemma A.3 follows

from Lemma A.1.

Lemma A.3.

(A.7) (ψ ∗ w)(ev/2Dβ) =
1

2π

∫
D

∫ 2π

0
ψ
(
e(v−u)/2D−α/2kθDβk

′
θD−α/2

)
dθ

× w(eu/2Dα) d(α, u).

Simple calculations prove Lemma A.4.
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Lemma A.4. For α ≥ 0, β ≥ 0, and θ ∈ [0, 2π], the matrix equation

(A.8) kξDRk
′
ξ = D−α/2kθDβk

′
θD−α/2

has a solution R∗ = R∗(α, β, θ) and ξ∗ = ξ∗(α, β, θ). Further, coshR∗ has
minimum and maximum values cosh(α − β) and cosh(α + β), respectively,
and R∗ and ξ∗ can be defined uniquely.

Lemma A.5.

(ψ ∗ w)(ev/2Dβ) =
∫
D

[ 1
2π

∫
K
ψ
(
e(v−u)/2DR∗(α,β,θ)

)
dθ
]
w(eu/2Dα) d(α, u).

Proof. From equation (A.7) and Lemma A.5, we obtain the desired
result.
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