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Abstract

Let be a positive Borel measure orR" and pFq(as;:::;ap;by;::: by S)
be a generalized hypergeometric series. We de ne generalized hypergeomet-
ric measure, pq := pFqg(a1;:::;ap; ;000 ), as a series of convolution
powers of the measure , and we investigate classes of probability distri-
butions which are expressible as such a measure. We show th#ie Kemp
family of distributions ( Sankhya, Ser. A 30, (1968), 401{410) is an example
of pq inwhich is a Dirac measure orR. For the case in which is a Dirac
measure onR", we relate 4 to the diagonal natural exponential families
classi ed by Bar-Lev, et al. (J. Theoret. Probab. 7 (1994), 883-929). For
p < q we show that certain measures 4 can be expressed as the convo-
lution of a sequence of independent multi-dimensional Beraulli trials. For
p= d;qg+ 1, we show that the measures , are mixture measures with the
Dufresne and Poisson-stopped-sum probability distributons as their mixing
measures.
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2 I. LU AND D. RICHARDS
1. Introduction

Let pFq(as;:::;ap; byt by S) denote a generalized hypergeometric se-
ries (Rainville, 1960). Families of discrete random varialtes, X , on R which

have probability-generating function E(s*), expressible in the form
E(s*) = pFq(as;:::;ap; byt by s) (1.1)

forsome 2 R, were introduced by Kemp (1968) and studied later by Kemp
and Kemp (1974) and by Tripathi and Gurland (1977, 1979) (cf. Johnson,
Kotz, and Kemp, 1992). It was shown by those authors that the bnomial,

negative binomial, hypergeometric, and Poisson distributons, and some mix-
tures of these four types, all have probability-generatingfunctions expressible
in the form (1.1). The classi cation theory of these distrib utions was based
on an analysis of the underlying probability-generating functions.

In this paper, we provide an alternative approach to classiying distribu-
tions which satisfy (1.1). Our approach to the classi cation theory is based
on the idea of a generating measure. Families of distributins which satisfy
(1.1) and which are induced by the generating measure will r&ain certain
important properties of the underlying generating measure

Let be an arbitrary positive Borel measure. In Section 2 we de nea

generalized hypergeometric measur€GHM),
o o= pFg(ag; i ap by i by ): (1.2)

Whenever (1.2) is well-de ned, we call the inducing measurefor g, or
we say that 4 is induced by .

We show thatif = ,where isthe Dirac measureorRand 2 R, then
the family of distributions generated by the GHM 4 is the Kemp family
(Kemp, 1968). For more general choices of, we show that the induced

GHM 4 contains new types of discrete probability distributions.
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By applying properties of the Dufresne distributions (Dufresne, 1996;
Chamayou and Letac, 1999), we show that the con uent hypergemetric
distributions (Bhattacharya, 1966; Tripathi and Gurland, 1977, 1979), gen-
erated by 1.1, are expressible as mixtures in which the Poisson-stoppeskm
and Dufresne distributions are the mixing distributions.

For the case in which is a linear combination of Dirac measures on
R", we relate the family 4 to the discrete diagonal natural exponential
families (NEFs), which were classi ed by Bar-Lev et al., (1994) (see also
Lu and Richards, 1996). Using Hadamard's factorization the@rem (Titch-
marsh, 1939) we show that these discrete diagonal NEFs can lexpressed as

convolutions of sequences of independent multi-dimensiah Bernoulli trials.

2. Generalized hypergeometric measures

Let us review some facts about the natural exponential famies. Let

P
=( 150 n) 2R, x=(Xg5::05%Xe) 2 R, and h; xi = jnzl | X; be
the standard inner product. Suppose is an arbitrary positive Borel measure

on R", then we de ne
Z

L():= exp(h;xi) (dx) (2.1)
Rn

to be the moment-generating function of . It is well-known that the set
D()=f 2R":L ()< 1g is non-empty and convex, and we denote by
() the interior of D( ).

Let M ,, denote the set of measures which are not concentrated on any
a ne, proper subspace of R" and such that ( ) is nonempty. For 2 M ,
and 2 (),

P(; )dx:=(L ()) Yexp(h:xi) (dx) (2.2)

de nes a probability measure onR", and the family of probability measures

F()=1fP(; ): 2 ( )gis called the natural exponential family (NEF)
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generated by . For 2 ( )and L () dened as in (2.1), let () =

logL ( ) be the cumulant-generating function of , so that

is a function from () into R". It is well-known that the function r is
injective, and we denote its inverse mapping by

The mean domainof the NEF F F ( ), denoted by Mg, is the image
of r . The variance function Vr of the NEF F is the mapping from M ¢
into the set of positive de nite symmetric n  n matrices such that, for each
m 2 Mg, Ve (m) is the covariance matrix of P( (m); ).

An NEF F on R" is calleddiagonal if there exist n functions, a;;::: ; a,
each de ned on some interval ofR, such that the covariance matrix Vg (m)
of F has diagonal elements &;(m1);:::;an(my)) forall m=(mq;:::;mp)
in Mg. The family F is called irreducible if F is not the product of two
independent NEFs inRK and R" ¥, for somek =1;:::;n 1. Bar-Lev, et
al. (1994) characterized the class of irreducible, diagonal NEs on R"; they

proved that, up to a ne transformations on R" of the form
(X150 Xn) 7V aXa+ 130l aXn o)

where ; 60 forall j =1;:::;n, there are exactly six classes of irreducible
NEFs on R". These classes are the normal, Poisson, multinomial, negat
multinomial, gamma and hybrid types.

We turn now to the generalized hypergeometric measures. Faany a 2 C,
let (a)x = a(a+1) (a+ k 1), k=0;12;:::, denote the usual rising
factorial. The generalized hypergeometric function,,Fq, (Rainville, 1960) is

de ned to be the real-analytic function on R given by the series expansion

E=1 (ak)n E

o ke (B ! (2.3)
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where thely (1 i (@), are not non-positive integers. It is clear that if any
ofthea (1 i p), are non-positive integers then the series terminates.
The convergence properties of the series (2.3) are as follew
a. If p qgthen (2.3) converges for allx 2 R;
b. If p= g+1 then (2.3) converges forjxj < 1; and it converges forcdotgxj =
1if P a< 9 b,
c. If p>q + 1 then the series diverges unless it is terminating.
For a positive nite measure on R", let K := denote the

convolution of k copies of , and let jj jj:= (R"). Then the measure

o - = pFa(as;iiisaps iy )
_ X (@) (@) K (2:4)

- oo (B (b k!

is de ned to be the generalized hypergeometric measure corresponding ta
If the parameters ay;:::;a, are such that yFq(ag;:::;ap; b by X) is a
terminating series then 4 is an everywhere nite measure. Otherwise, it
follows from the convergence properties of the generalizedypergeometric
series that:
a. Ifp qthen pqis nite;
b. If p=q+1then ,qis nite for jj jj < 1, and pq is nite for jj jj=1
it " P,La< i &, b. Further, 4 is unbounded ifjj jj > 1;
c. If p>qg+1 and the series (2.3) is non-terminating then 4 is unbounded
for every non-null measure .
The conditions above imply, as long asp ¢, that 4 is a well-de ned
nite measure. Further, if p= g+ 1 and i Poa < [ bthen pqis

nite if  is a probability measure.

Let us introduce some notation required in the sequel. For xed n 2 N,

let F be the set of all nonempty subsets of 1;2;:::;ngand F = F[f,g
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be the set of all subsets of 1;2;:::;ng. Let e1;:::;e, denote the canonical

basis forR", and
X

€ = € ; t2F; e =0:
j2t
Let : F! [0;1), (t) t, t 2 F, and consider the measure
X

t2F

where s the Dirac measure at 2 R". Dene z' := Qth z; for nonempty

t f 1;:::;ng, and z2 := 1. Clearly, the moment-generating function of the
measure is 7 X
L ():= exp(h; xi) (dx) = A (2.6)
Re t2F
wherez; = ei,j =1;:::;n.
Let :=( o+ ) N, anN-fold convolution. By the convolution property

of the moment-generating function, we have

N N X N
L()= L () = 1+L() = 1+ VAR (2.7)
t2F

3. The elementary GHM families in R"

In this section we characterize the GHM measures for whiclp+ q 1 in
terms of distributions belonging to the diagonal NEF class. We show that
0.0 generates families of multivariate distributions of Pois®n type. For
terminating series, the GHM 1.9 generates families of multivariate distribu-
tions of multinomial type; and for non-terminating series, the measure ;.9
generates families of multivariate distributions of negaive multinomial type.
All three of these families belong to the diagonal NEF familes characterized
by Bar-Lev, et al. (1994). In the case of (.1, we show that the corresponding
generated class of distributions can be expressed as conutibns of sequences

of independent multi-dimensional Bernoulli trials.
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Theorem 1. Let be the measure in (2.5). Then
(a) The measuregFo( ) generates the diagonal NEFs of Poisson type.
(b) For a positive integer N, the measure;Fo( N; ) generates the diagonal
NEFs of multinomial type.
(c) For > 0, the measure;Fo( ; ) generates the diagonal NEFs of negative

multinomial type.

Proof. Since gFo(x) = exp(x) then, for the measure given in (2.5), the

moment-generating function of .0 = oFo( ) IS

X Y
L ,.()=exp t el
t2F j2t
By Theorem 3.2 of Bar-Lev, et al. (1994), NEF ( o.0), the NEF generated by
0.0, IS & diagonal NEF and corresponds to the class of multivarite Poisson

distributions. The covariance matrix Vg, ,(m) has diagonal entries
Diag Vr,., (M) =(mg;:::;my):

To prove (b), note that 1.0 = 1Fo( N; ) isthe GHM corresponding to
a terminating binomial series. By the binomial theorem, 10=( o+ ) N.

Hence, by (2.7), 1.0 has moment-generating function
X N
L ,,()= 1+ AR
toF

Let NEF ( 1.0) denote the NEF generated by 1.0. By Theorem 3.1 of Bar-
Lev, et al. (1994), NEF ( 1.0) corresponds to the diagonal NEF in which

each member has covariance matrix with diagonal elements dhe form
Diag Ve, ,(m)= m; Liiiim, o

This variance function corresponds to the class of multivaiate distributions

of multinomial type.
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In the case of (c), the measure 1.9 is a non-terminating series1Fo( ; ),
and has moment-generating function

X t
L 1;0( ): 1 tZ
t2F

Therefore, by Theorem 3.3 of Bar-Lev,et al. (1994), F1.0 = F( 1.0) is a di-

agonal NEF and its members have covariance matrix with diagoal elements

2 2
. m m
Diag Vi, ,(m)= my+ —%;:00 mp + =2

This variance function corresponds to the class of multivarate distributions

of negative-multinomial type.

The next family of generalized hypergeometric measures ishe case in
which p=0 and g=1, viz.,
X
oo (Dkk!

01 = oF1(ly )= o

The properties of the measure (.1 are provided in the following result.

Theorem 2. Let bethe measurein (2.5),and1;jr2;:::; be the positive
zeros of the Bessel functiors "J, (s). For k =1;2;:::, de ne the measures
4
k ot : 2
Ib 1k
then
1
o1= F «wi= 1 2 (3.1)

Proof. We note rst that the convolution (3.1) converges in distrib ution; this
follows from a well-known criterion (cf. Wintner, 1938, Theorem 7.1) for the
convergence of in nite convolutions.

Next, it follows from (2.6) that the moment-generating function of .1 is
X

Bl (= oL O (3.2)

L 0;1( ):
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Using the well-known formula (Watson, 1966; Rainville, 19®)
1 s b
oF1(b+1; Zsz) = (b+1) 5 Jb(s);

which relates the gF; series andJy( ), the Bessel function of orderb; and the

in nite product representation (Watson, 1966, p. 498)

(s=2)> ¥ s2

J(s)= < S

T (oY) T TR
we obtain

¥ 4

L 0;1( ): 1+ 2 L ( )
k=1 Jo 1k
\2

= L.() (3.3)

k=1

By the uniqueness of the moment-generating function, the poof of the the-

orem is complete.

Corollary 3.  The NEF F( o:.1), generated by .1, is contained in the class

of distributions which are limits of convolutions of diagonal NEFs.

Proof. Since the moment-generating function of  is

L, ()=1+ oL ();
Jb 1k

which is the moment-generating function of a multi-dimensonal Bernoulli
trial, then Theorem 2 expresses (.1 as the convolution of a sequence of
independent multi-dimensional Bernoulli trials. Since eah Bernoulli trial is

a diagonal NEF then the result follows.

4. Mixture Representations for the GHM Measures

For nonnegative integerspand g, leta = (as;:::;ap)and b = (by;:::;ky)
be two sequences of positive numbers. De ne the generalizetsing factorial
Yp
[als =  (a)s; s$=0;1,2::::
j=1



10 [. LU AND D. RICHARDS

The Dufresne distribution Da.b (Dufresne, 1996; Chamayou and Letac,
1999) onR., if it exists, is de ned by its Mellin transform,

! [als
[b]s

For p g+ 1 the moment-generating function LDa;b of Dab exists on

(1 ;1) (Chamayou and Letac, 1999) and, at least for 2 ( 1;1), we have
z 1
LDa;b( )= . eX D 5.p(dx)

% ka1
= F . XkDa;b(dX)
k=0

_ SC

pFq(a;b; ) (4:1)

X°Dg.p(dX) =

If p = g = 0 then it follows from (4.1) that the corresponding Dufresne
distribution is 1, the Dirac distribution at 1. If p=1 and g = 0 then, by
(4.2),

Lo, ()=@ )™ ji<y
henceD,,. corresponds to the gamma distribution with index parameter

a; .
An interesting consequence of (4.1) is the following result

Theorem 4. Let X be a random variable which has the Dufresne distri-
bution Dab: and let the measure in (2.5) be a probability measure. Let
Y be a random variable such that for eachx > 0, the conditional distri-
bution of Y, given X = x, belongs to the NEF generated bye* . Then
the marginal distribution of Y belongs to the NEF generated by the GHM

pg = pFq(a;b; ).
Proof. Denote by G4 the conditional distribution of Y. Since Gy belongs to

NEF (e¢ ) then, by (2.2), the exponential measure corresponding taGy is

Gy ( ;dy)/ €Y exp(x )dy:
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By integrating over x, we deduce that the marginal distribution of Y is

proportional to
e’ Lx ()dy;

where Lx denotes the moment-generating function ofX. By (4.1) it fol-
lows that the marginal distribution of Y is proportional to e¥ ,Fq(a; b; )dy.

Hence, the proof is complete.

This result shows that some GHMs may be represented as mixtu distri-
butions with the Dufresne distributions as the mixing measues.

We now illustrate this mixture representation through some examples.

Example 5. Let = ;, where > 0 and ; denotes the Dirac measure
at 1. SupposeX has the Dufresne distribution D(a;b) and, conditional on
X = X, let Y have a distribution which is generated by , = € . By
Theorem 1, « generates the Poisson family of diagonal NEFs. By Theorem
4, the marginal distribution of Y belongs to the NEF generated by the GHM
oFq(ab; ).

For example, if p=1 and q = 0 then the resulting Dufresne distribution
is the gamma distribution with shape parametera > 0. By Theorem 1, the
resulting GHM ;Fq(a;b; ), generates a binomial or negative binomial family
of diagonal NEFs. Further, by Theorem 4, the marginal distribution of Y
belongs to the NEF generated by the GHM;Fq(a; b; ); hence the marginal
distribution of Y belongs to the binomial or negative binomial family of

diagonal NEFs.

In the next example we show that ,; generates mixture families that have
the Poisson-stopped-sum distributions (Johnson, Kotz, anl Kemp, 1992) and

Dufresne distribution as their mixing distributions.

Example 6. Suppose that the measure in (2.5) is a probability measure.

Conditional on a hyper-parameter , let N be a Poisson random variable
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with rate > 0. Conditional on N , suppose thatX,;:::; Xy are indepen-
dent, identically distributed random variables, each having the distribution

,and letY = i " Xi. Then the conditional distribution of Y, given N ,
is N . Conditional on , the mixture measure is

Y] k| = e( 0)'

where g is the Dirac measure at the origin. Suppose that Dab: then by
Theorem 4,Y is the mixture distribution having the Poisson-stopped-sum

and Dufresne distributions as its mixing distributions.

In light of the examples above we know that there exists mixtue distri-
bution that have the Dufresne distributions as its mixing distribution. In
the next section, we will show that under mild conditions there are, in fact,
many families of distributions that can be generated by the ¢ass of GHMs.

5. GHM and Convolution Families

In this section we will show that the families of distributio ns induced by
p:q can be represented by convolutions of sequences of indepemt random

variables.

Theorem 7. Suppose thatp < g, ki;:::;kp are positive integers, and

bi;:::; by are positive. Then
1
pig = pFa(br+ Kasiiip + kpibysiioig )= F o (5.1)

where ;| = o+ ; ,with ;>0,j=1;2:::.

Proof. By Richards (1990), eq. (4.7),

qu(b1+kl;:::;bp+kp;b1;:::;ws):_ 1+ js); (5.2)
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where 1= ;,] =1;2;::: are the zeros of the generalized hypergeometric
function pFq(by + K1 ::i: by + Kpyby; ity s). Itis also known (Richards,
1990, p. 478) that ; > Oforallj =1;2;::: and

Qp
] ~ q h ]
j=1 i=1
hence, by Wintner's criterion, the in nite convolution, 1 > , converges.

By (5.2) it follows that the Laplace transform of 4 is

¥ ¥
Lp:q(): 1+ JL())= Lj();

i=1 i=1
this completes the proof of (5.1)

Remark 8. Forq p gqg+1landa <bj,i=1;2:::;q, the existence of
the Dufresne distributions has been proved (cf. Dufresne, 996; Chamayou
and Letac, 1999). Together with Example 6, Theorem 4 above ths implies
the existence of mixture distributions generated by the GHM 4. Example
6 shows that this family can be expressed as mixtures in whicthe Dufresne
and Poisson-stopped-sum distributions are the mixing distibutions. Further,

if p <q then Theorem 7 implies that 4 can be identi ed as the measure
arising from the convolution of an in nite sequence of multi-dimensional

Bernoulli trials.

Remark 9. In the general case, let in (2.5) be a positive measure orR.
Then the family of distributions generated by the GHM 4 has Laplace
transform of the form ,Fq(L ( )) where L ( ) is the Laplace transform of
. Equivalently, the probability generating function of .4 is proportional
to yFq(L (logs)), s2 R..
Therefore, the GHM family on R is equivalent to Kemp's generalized
hypergeometric families (cf. Johnson, Kotz, and Kemp, 1992p. 88 .). For

example, the Neyman Type B distributions arise from the casan which p =
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g=0and L ()= 1F:1(1;2;2 (e 1)), where > 0. Then it follows that
is a probability measure; in fact, is known as thegeneralized hypergeometric
factorial moment distribution (cf. Johnson, Kotz, and Kemp, 1992, p.91 .).

By Kummer's second formula (Rainville, 1960, p. 126),

52

\'4
1F1(1;2;8) = €72)F1(3=2;5%=16) = €52 1+ —
— 4J 1=2:k
k=1 ,

where the second equality follows from (3.2) and (3.3). Sine J1-»(S) =
(2=s)¥*2sins, then we even havej ;-5 = k , k 1. Therefore,
1 \2 § 2
L()=e® D 1+m(e 1)? :
k=1

This shows that is an in nite convolution,
1
=P F
k=1

whereP, is a Poisson distribution with rate , and ¢ has Laplace transform

2

L.()=1+ m(e 1)?
2 5 2 2
= 1t k22e+k2292:

This shows that ¢ is asignedmeasure on the set 0; 1; 2g, with corresponding

weights
n 2 2 2 2 O
1

+k22; kzz; kzz;
respectively.

Example 10. Consider the con uent hypergeometric distribution (Hall,

1966; Bhattacharya, 1966) with moment-generating function

1Fi(a;2a; e )
1Fi(a;2a; )’

L 1;1( ):
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wherea > 0, > 0. By Kummer's second formula,

_ 1 2
F - 2a: — e =2 F + =
1Fi(a2a e )= e® oFi(a+ 5 -€”)
2
=e® ?  (1+ ——F€) (5.3)
k=1 42 1k
then it follows from (5.3) that
-, Q
e® = &:1 1+4J'221~|<e2
L 1~1( ): Q -
; _ 1 2
e=2 k=1 1+ WTK
a 5
\2
=e® V2 (a+1 w)e)
k=1
where
2 1
k= 1+ —
41621 1.k
Therefore

1
1t1=P-2 F ;

where P - , has a Poisson distribution with rate = 2 and ¢ has a Bernoulli

distribution with mass at 0 and 2 and corresponding weightscyk and 1 ¢.

6. Families of GHMs on R

Denote by F, the NEF F( ; o.1(a)) generated by o.1 with parameter
a. Let X and Y be random vectors independently distributed asF, and Fy,
respectively. Then the convolution ofX andY has the distribution generated
by the GHM ,3. To show this, setW = X + Y, and recall that

at+ba+b 1

oF1(a;t) oF1(bit) = 2F3 5 ;a;b;a+t b 1;4t (6.1)

(see Rainville, 1960, p. 105). Since the moment-generatinfunctions of X

andY aregFi(a;z) and oF1(b; z) respectively, then it follows from (6.1) that
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W has a distribution generated by ,3, and with parametersa; = (a+ b)=2,
a =(a+b 1)=2,bp=4a b =Dbandb;=a+b 1. SincegF; has
the in nite product representation given in Section 3, we may represent the

moment-generating function of W as

¥ n 4 oO¥ n 4 0
L w( )= 1+ 5—"(2) 1+ 5—"(2) :
k=1 la L1k m=1 Ib 1;m
whereja.1;ja2;:::; are the zeros of the Bessel functiors 2J,(s). We have

the following proposition.

Proposition 11. Let be the measure in (2.5) and fork =1;2;:::, de ne

the measures

_ 4
rk — 0+-2
Jr 1:k

wherer > 0. Then

+ + F
atrba*b 1 patb 1 =F (ax  ox):
2 2 k=1 7 ‘

23
We remark that there are many hypergeometric identities simlar to (6.1)
(cf. Andews, Askey, and Roy, 1999). From those identities, v can derive

results for GHMs similar to Proposition 11.

7. Simulation results for GHMs

To summarize, we list these families of distributions in Tade 1 and indi-
cate the new ndings and representations for the generalize hypergeometric
measures. Note that since the roots of the Bessel function arasymptoti-
cally of order n, when .1 is represented as an in nite convolutions of multi-
dimensional Bernoulli trials, the distributions identie d by it have most of
their point mass concentrated at or near the originO.

We illustrate these development using our new representatin of con uent

hypergeometric distribution discussed in Example 10, whez we showed that
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the con uent hypergeometric distribution is the convoluti on of a Poisson dis-
tribution and an in nite convolution of Bernoulli trials wi th mass at 0 and
2. Figures 1 and 2 provide graphical validations of this new epresentation.
In these graphs the rst histogram, with label \Con uentHyp erGeometric,"

depicts the probability distribution obtained directly fr om the con uent hy-

pergeometric distribution using original de nition. The s econd histogram is
that of a Poisson at the appropriate rate.

The third histogram, labeled \SimulatedCon uentHyperG," provides sim-
ulated histograms of the con uent hypergeometric distributions using the
representations derived from the generalized hypergeomet measures; in
carrying out the computations underlying this histogram, we used the com-
puter software Mathematica to compute the zeros of the con uent hypergeo-
metric function. Since this in nite convolution of Bernoul li trials has weights
that are heavily concentrated on the origin for large Bessekoots, it is not
surprising to see in Figures 1 and 2 that, for small values of > 0, the dis-
tribution may be accurately approximated by a single Poissm distribution.

On the other hand, if is large, then the con uent hypergeometric dis-
tribution displays markedly di erent behavior from a Poiss on distribution.
Not only does the mean-to-variance ratio of the con uent hypergeometric
distribution shift away from 1, but also the e ect of the inn ite convolution
is to introduce additional spread to the distribution in the form of increased
weight to the right tail of the distribution. Indeed, in the b ottom panels of
these graphs, we see that the con uent hypergeometric disibution is dis-
tributed with a much longer right tail and larger mean than th ose of the
Poisson distribution.

In conclusion, the newly-developed representations of digbutions using
GHMs provide simple but powerful ways to simulate the densites and rep-
resents an intuitive method for investigating the properties of these families

using zeros of the Bessel or generalized hypergeometric ftoons.
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Table 1: Families of Distributions Generated by GHMs
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Figure 1: Comparison of the Poisson and Con uent Hypergeometric

Distributions
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Figure 2: Comparison of the Poisson and Con uent Hypergeometric  Distributions



