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Abstract

We establish the Stein phenomenon in the context of two-step, monotone incomplete data
drawn from Np44(p, X), a multivariate normal population with mean g and covariance matrix 3.
On the basis of data consisting of n observations on all p4¢q characteristics and an additional N —n
observations on the last ¢ characteristics, where all observations are mutually independent, denote
by g the maximum likelihood estimator of p. We establish criteria which imply that shrinkage
estimators of James-Stein type have lower risk than gt under Euclidean quadratic loss. Further, we
show that the corresponding positive-part estimators improve on their unrestricted counterparts.
We derive results for the case in which X is block-diagonal, the loss function is quadratic and non-
spherical, and the shrinkage estimator is constructed by means of a non-decreasing, differentiable
function of a quadratic form in fi. In the case of the problem of shrinking p to a vector whose
components have a common value constructed from the data, we derive improved shrinkage
estimators and again determine conditions under which the positive-part analogs have lower risk
than their unrestricted counterparts.

1 Introduction

The Stein phenomenon, its appearance over sixty years ago notwithstanding, remains today
a remarkable result: Given a random sample from a d-dimensional multivariate normal pop-
ulation, the sample mean, which is the “natural” and the maximum likelihood estimator of
the population mean, is inadmissible with respect to quadratic loss for d > 3. In the ensuing
decades since this revolutionary result was brought to light by Stein [32] and James and Stein
[24], the phenomenon has engendered a literature of enormous size and scope, so that Stein’s
shrinkage estimators and their descendants are utilized today in many aspects of statistical
theory and applications. Consequently, the Stein phenomenon exhibits a certain universality
in nature, in the sense that it occurs for many loss functions, many inference problems, and
many distributions. For bibliographies on the field, we refer to the lecture notes of Brown
[14] and the monographs of Arnold [4], Berger [8], Brown [12], Casella and Berger [15], and
Judge and Bock [26], these being only a few of the many books on the subject.

In this paper, we study the Stein phenomenon for Npi4(p, ), a multivariate normal
population with mean vector g and covariance matrix 33. We shall derive improved estimators
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for p when the data are two-step monotone incomplete, consisting of N mutually independent
vectors, n of which are complete observations on all p 4+ ¢ population characteristics and the
remaining N —n data vectors are on the last ¢ characteristics only. We write this data in the

) )~ ()
Y, Y, Y,) Yor1 Yoo - Yy

where each X ; is a p X 1 vector and each Y; is ¢ x 1. Monotone incomplete multivariate
normal samples have been widely studied; see [1} 6] [7, 9, 16}, 17, 18, 22} 27, 29, B0] and the
many references provided in those papers.

On being given data of the form it is well-known that p and f], the maximum likeli-
hood estimators of p and X, respectively, may be obtained by means of explicit, closed-form
expressions (see Wu and Perlman [35], and references therein, for general lattice conditional
models wherein general monotone data structures lead to explicit formulas for maximum like-
lihood estimators). The estimator g has many pleasant features, including unbiasedness, and
those features also raise the issue of whether or not the Stein phenomenon holds for . Thus,
if the quadratic loss function,

(1.1)

£(0.6) =0 - 8|, (1.2)

measures the error resulting from estimating a parameter 6 € RP by a statistic 5, and if
R(0;0) = E(L(6,6)) is the corresponding risk function, then we wish to find a shrinkage
estimator, m(fx) such that R(u; ) > R(p;m(p)) for all p € RP.

Let gy denote the mean of Y in ; then it is well-known that, on the basis of the
monotone sample , the maximum likelihood estimator of py is iy =Y = N~Y(Y +
-+ Yy). Using only a simple property of fiy, we can obtain improved estimation for p
under squared-error loss if the shrinkage target vector v € RP'Y is sufficiently close to .
Specifically, define an estimator of James-Stein type,

~ c ~

mfi.c) = (1 - A) (—v)+v, (13)
I —v|?

where ¢ > 0 is a constant. For ¢ > 3 and Cov(Y'1) = I, we shall use the elementary result

that fiy is normally distributed to show at the outset of Section [3|that if || —v|? < (¢—2)/N

and 2 N \1/2
«_ 4 _ _
¢t = <1 (q — 2) Il V”) (1.4)

then
R(p; ) — R(/“”? m(L, C)) >0, (1.5)

for all ¢ € (0,2¢*); furthermore, this difference is maximized at ¢ = ¢*. The inequality

makes plausible the possibility that g can be improved uniformly by an estimator of
James-Stein type and therefore is inadmissible.

To extend to the case in which v is arbitrarily distant from g requires a more delicate
analysis involving the exact distribution of . Indeed, the fundamental reason for the hitherto
unavailability of shrinkage estimators of pu with monotone incomplete data was the lack of
knowledge of the exact distribution of m; because of that impediment, it was not possible
to derive explicit analytical expressions or bounds for R(p; m(f)), the risk of the shrinkage
estimator in . Recently, the distribution of g has been derived by Chang and Richards
[16], and it is the purpose of this paper to exploit that result by constructing improved
estimators of g, proving that the Stein phenomenon prevails in the monotone incomplete
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setting. Remarkably, the estimator plays a central role in the results to follow, and this
leads us to speculate in Section [6] that, there may be an aspect of universality even to the
estimator within the context of arbitrarily-patterned incomplete multivariate normal
samples.

In reviewing the literature on the Stein phenomenon, we have found results on shrinkage
estimators of the population covariance matrix with incomplete data; see, e.g., Konno [27],
and Sharma and Krishnamoorthy [31]. On the other hand, there seems to have been a nearly
complete absence of results on shrinkage estimation for g in the same context. To the best
of our knowledge, the only result on such shrinkage estimation for g is contained in the
commentary of Fienberg [20] in his discussion of the paper by Hartley and Hocking [23]. In
the case of a two-step monotone incomplete multivariate normal sample, Fienberg noted the
normality of fiy-, applied the James-Stein method to derive an estimator having lower risk
than fiy-, and posed the problem of improving i x, the maximum likelihood estimator of the
first p components of . Since that time, the problem had remained unaddressed.

Before closing the introduction, we emphasize that although the results of this paper are
in line with those which may have been expected from a reading of the classical literature
on shrinkage estimation, the derivation of these results are not straightforward extensions
of classical arguments. Indeed, to establish certain shrinkage phenomena requires results
from matrix analysis perhaps more intricate than those commonly arising in the area of
shrinkage estimation, e.g., Cauchy’s Theorem on the interlacing properties of the eigenvalues
of a principal submatrix of a positive definite matrix. In our view, the fact that the Stein
phenomenon prevails within the context of monotone incomplete multivariate normal data
reinforces the apparent universality of the phenomenon.

We close here with a description of the organization of the ensuing results. In Section [2]
we provide some details and results necessary for the subsequent development. In Section
we consider the case in which X is a scalar matrix, extending to monotone incomplete samples
the famous result of James and Stein [24] on the inadmissibility of the sample mean and also
the later extension by Baranchik [5] the improvement involving positive-part estimators of
James-Stein type. In Section[d] we consider the case in which ¥ is diagonal or block-diagonal,
and the shrinkage estimator may possibly depend on non-Euclidean distances between g and
v. In Section |5, we extend results of Lindley and Smith [28] and Efron and Morris [19] in
which the shrinkage target v is constructed from the data. Finally, in Section [6] we comment
upon some open problems raised by our results.

2 Preliminaries

Throughout the paper, matrices and vectors are represented by boldface type. In particular,
we denote the identity matrix of order d by I4, and we also denote by 0 any matrix or vector
of zeros, the dimension of which will be clear from the context.

We partition g and X in conformity with , writing

_ HX) 5 — <211 212)
K <uy ’ o1 X))’
where px = (11, 1p)'s by = (Hp+1, - fip+q)’s and 1y, 312, and Bgy are of order p x p,

p X q, and ¢ X g, respectively. We assume throughout that n > ¢ + 3 to ensure that all
expectations encountered later are absolutely convergent. We also use the notation 7 = n/N
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for the proportion of data which are complete; and we denote 1—7 by 7, so that 7 = (N—n)/N
is the proportion of incomplete observations.
Define sample means

1 R 1 &
X, leﬁZYj, YZ:N—nAZ Y, Y:NZYj, (2.1)
7j=1 Jj=n+1 7j=1

and the corresponding matrices of sums of squares and products by

An=Y (X; - X)(X; - X)), Ap=Ay=>Y(X;-X)(Y,;-Yy),
j=1 j=1
n _ _ N - ~ (2.2)
Apn=> (Y;=Y1)(Y;-Y1), Apn=>(Y;-Y)Y;-Y).
J=1 Jj=1

It is well-known (cf. [1l B, B0, 25]) that the maximum likelihood estimator of p is g = <£fX )

Hy
where B - B -
ﬁ’X =X - 77'A12A2_217n(Y1 — YQ), i’\l’Y =Y. (23)
Let
. 1 T (Y119 0
Q_N2+n< 0 o (2.4)

where X110 = 311 — 21222_21221. Then we have the following result.

Theorem 2.1. (Chang and Richards [16]) Let Vi ~ Npyq(0,9), Q1 ~ Xz, Q2 ~ X2,
Vo ~ Ny(0,1I,), where Vi, Vo, Q1, and Q2 are mutually independent. Then i satisfies the

stochastic representation,
— 1/2
T 3
p+ Vit \/—f ( 1162‘/2) : (2.5)

where Q@ = Q2/Q1. In particular, px and piy are mutually independent if and only if
Y12 =0.

Noting that F(Q) = E(Q2) E(1/Q1) = q/(n — ¢ — 2), it follows from that

~ qT »2y 2
3, = —0+ 1T ([*n2V2), 9.
Cov(p) n—q=2) < 5 (2.6)

1>

ii

For ease of future reference, we state explicitly a consequence of (2.5)) that will be utilized
repeatedly in the sequel.

Corollary 2.2. Conditional on Q = Q2/Q1, the distribution of p is

(e 22 (%57 9)) o

In particular, if 3 = I, 4 then p|Q ~ Npiq(p, Cg) where

1 7
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We shall also need Stein’s fundamental integration-by-parts lemma. In stating that result,
for a continuously differentiable function ¥ : R — R? and z = (z1,...,2q) € R?, we use the

notation ]
=3 5
= 0z

Lemma 2.3. (Stein [33, 34]) Suppose that @ = (61,...,04)" € RY, A = diag(\1,...,\q)
is a diagonal positive definite matriz, 1 : R — R is absolutely continuous, and Pi(z) =
oY(z)/0zj, j=1,...,d. If Z =(Z1,...,Zq) ~ Nq(0,A) then

E((Z; — 0;)v(2)) = X\; Ev;(Z), (2.9)

j=1,....d, as long as the expectations exist. In particular, if A = N*I4 and each coordinate
function of ¥ : R* — R? is absolutely continuous then

E(Z-6)¥(2Z)) = NE(V ¥(Z)) (2.10)

We shall need a preliminary result on the expected value of the inverse of a multivariate
normal quadratic form.

Lemma 2.4. Let V' ~ Ny(p, A) where A is nonsingular, and denote by gy the smallest
eigenvalue of A. Then, for d >3, E(V'V)~t < ((d — Q)A(d))_l

Proof. Let H be a d x d orthogonal matrix such that HAH’ is diagonal, say, HAH' =
diag(A1, ..., Aq). Making the transformation from V' to HV, and noting that the quadratic
form V'V is invariant under this transformation, we shall assume, with no loss of generality
that A is diagonal. Then Vi,...,Vy, the components of V' are mutually independent with
Vi ~ N(uj,Aj), j = 1,...,d, where p = (u1,...,pq)", and therefore VjQ//\j ~ X%(M?), a
noncentral chi-square distribution with one degree-of-freedom and noncentrality parameter
u?. Since Aj > Ag), 7 =1,...,d then

d d
L L
VIV EY N3 ) = Moy DX = Mapxa(es + - + pd),
j=1 j=1

where the last equality holds since the noncentral chi-square distribution is additive in its

L
degrees-of-freedom and in its noncentrality parameter. Therefore V'V > A) X5 1), and
we now obtain

E(V'V)" <y B (1/xa(Wh)) -
By Anderson [2], p. 95, eq. (11),

o0 / ]
2/ 7 — /2 (' p/2) 1
E(1/xa('w) = e ; iyt (2.11)

d > 3. Since 1/(d+2j—2) < 1/(d—2) for j > 0 then the right-hand side of (2.11)) is bounded
above by

—,uu/2z NN/2 1
d—2’
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and the proof now is complete. [

Before turning to the statements and proofs of the main results, we comment on the
basic strategy underlying the details of those proofs. As a consequence of the stochastic
representation we deduce, first, that @, conditional on @, has a multivariate normal
distribution. Second, we shall apply Stein’s Lemma to the conditional distribution of m given
@ to obtain a lower bound on the difference in risks conditional on ), and then we shall
calculate the expectation with respect to ) to derive a lower bound for the overall difference
in risks. We remark that although this strategy can be described in a straightforward manner,
the technical details required to extend various classical results appear to be nontrivial.

3 The case of scalar covariance matrices
We begin by establishing (1.5). Define

AR(p) = Bl — pl* = Elm(f, c) — p|?
S RV (TR -} (3.1)
I — V||2
the incremental risk in i over m(p, ¢). On applying the parallelogram law,
[l — JJu — v = 2u"v — ||v||, (3.2)
u,v € R%, to expand 1} and simplifying the resulting expression, we obtain

2c ~ NG — ) — c?
an) = B{ 2w @) - s b (3.3

Let kK = p — v; then
(3= W)= v) = (= v — ) ()
— - v]? - K (- v)
> [lg— v = [l - |5 —vll,

where the inequality follows from the Cauchy-Schwartz inequality. Therefore,

st = 8 {ee (1 550 ) - o &4

Let vo be the vector containing the last ¢ components of v. It is not difficult to see that
|- v]? > |y — vel% therefore | — v~ < [y — vol 7, j = L2 Since fiy ~
Ny(py, +1,) then fiy — vo ~ Ny(py — v2, 1,). Therefore, by Lemma

_ N

Ellfty —vsl| 2 = B((fiy — v2) (fiy —v2)) " < -2 (3.5)

and in turn, by the Cauchy-Schwartz inequality,

~ -1 ~ _o\1/2 N 1/2
Elp—v|™ < (Elp—-v|7%)"" < 2 (3.6)
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Substituting (3.5) and (3.6 into (3.4), we have

AR(p) > 0{2 (1 - (q_N2>1/2||f<z||> - q]_VQC} . (3.7)

It now follows that if ||k||? < (¢ —2)/N then AR(u) > 0 for all ¢ such that

L 2(¢g—2) N \1/2 ,
0<c<20—N<1—(q_2) s ) ;

moreover, over this range of ¢, the right-hand side of (3.7)) is maximized at ¢ = ¢*. Evaluating
the right-hand side of (3.7) at ¢ = ¢*, we obtain

q—2 N \1/2 2
> (1 (— ,
max AR(p) > <1 <q — 2) ||/-§H>

0<ceL2c*

This completes the proof of (L.5). [

Our first main result determines conditions under which the estimator has lower risk
than fi. As a consequence, we extend the classical result of James and Stein [24] to the setting
of two-step, monotone incomplete samples. For the case in which n = N, the following result
reduces immediately to the theorem of James-Stein.

Theorem 3.1. Suppose that p > 2, n > q+3, ¥ = 1,44, and define

« P—2 q
= =, 3.8
c —tN (3.8)

Then, with the loss function , R(p; ) > R(p;m(f,c)) for all p and all ¢ € (0,2¢*).

Proof. Since p > 2 and ¢ > 1 then ¢* > 0. We shall show that, for 0 < ¢ < 2¢*,

AR(p) = E[L(p, &) — L(p, m(g, c))],

the incremental risk in the estimator g over m(u,c), is strictly positive for all g and v.
Proceeding as at and , we find that remains valid here. Now let v1 and vo
denote the column vectors consisting of the first p and last ¢ components, respectively, of v,
so that v = (v, 1})’; then,

(B—p)(p-v)=(ox —px) (Bx —vi) + (By — py) (By — v2)

and
1B —v|? = [lEx — vil® + |By — val*. (3.9)
Let 1
Ty = ————(ix — px) (fix — 1)
[z —v|?
and ]
T — (y — py) (By — v2),
|z —v|?
so that
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By (2.5)), it x and piy are independent; therefore,

(ﬁY - NY)I(ﬁY - V2)
E(T) =FE; FE5 — — . 3.10
(T2) = B By [ e~ 0[P 1 [y — ] (3.10)

Again by 1’ By ~ Ny(py, %I ¢); hence, in order to evaluate the inner expectation with
respect to iy in (3.10)), while holding p1x fixed, we apply Stein’s Lemma, equation ([2.10)),
with d = q, Z = iy, 0 = py, A> =1/N, and

~ ﬁY—V2
v = — — .
by) = =P Ty — vl

Noting that T = (py — py) ¥ (fiy ), it follows from (2.10) that

q
fix — 1P+ iy — val?
2y — vl
(liax — w12 + [y — vl
= 2y — vl
[a—vl? -l

-1
E(T) = N EﬁXEﬁy[

Next, we write
(ﬁx - MX)/(ﬁX —v1)
[ — v
(Bx — IJJX)/(IAJJX — 1)
Ei Eqo — = . (3.11)
BB iny —vo? + [|Bx — vi?

We now recall from Corollary that Bx|Q ~ N, (p,X, n~1(1+ fQ)Ip). Rewriting l) in
the form

E(T) = Egu, Epy

(bx —px) (Bx —v1)
By —vo|? + [[Bx —vil?
we evaluate the inner expectation with respect to i x|@ by applying Stein’s Lemma, ,
withd=p, Z=lix, 0 = px, N2 =n"1(1+7Q), and

E(T) = EﬂYEQEﬁX|Q I

~ _ ﬁX—Vl
Bx) = B =R + lax — o1l

Proceeding as before, we obtain

1 p
E T = 7E,\ E E’\ 1 T —~ ~
T = P bl U TR o e — o P
B 2||px — v1l?
(lay —vall> + [Bx — v1]?)?
1 _ p 2| px — vi?
— ZFE. EoFa. (1 - - :
o P EoEpx o +TQ)<IIH—V||2 [ — v
By (3.9),
p 2”17)(—’/1”2 ~ —4 ~ 2 ~ 2
- — = a—v| " (plo—-v|*-2lpx — v
|z —v|? [ —v|* ( )

= & -vI™ (- 2)lBx —vill* + play —v2f*) 2 0
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for p > 2; hence

1 2l — v1|?
n \|lp—v e — v
Therefore
c
AR(p) = cFE <2(T1+T2)—A)
o —v|?
Wit~ — 2
> cE<2n1[ _ p - ||HAX VZH }
o — v o — v
_ q 2|y — vol? c
+2N 1[ — - == - =
|z —v|? I —v* o — v
_ n'p+N'q w7 lpx —vil*+ N7y —vo? c
= cFE|2——= 3 —4 = I — 5 |-
|z — v [z — v | — v

Since n < N then

nix —vil* + N7y —v2ll® < n7N(llmx — val® + |y — v2l?)
1= 2
= n g v

therefore

I —v|? I —v|* I —v|?
= c(2n'p+ N7l —dn"! —¢) E||fi — v|?
= c(2¢" — o) E|p—v| 2

AR(p)

WV

E(2<n1p+zv1q> an~ Y| — v c )

Therefore AR(p) > 0 for 0 < ¢ < 2¢*. Moreover, to maximize this lower bound, we choose
c=c".
To complete the proof, we verify that E||g — v|| 72 < o for p + ¢ > 2. By Corollary
(L —v)|Q ~ Npig(pp — v,Cg). Since n~1(1+ 7Q?) > N~ then the smallest eigenvalue of
Cq is N1 Hence, by Lemma 2.4,
N

E(|p-v|?Q) < ———— < o,
(17— v 7#Q) <~

for p 4+ ¢ > 2, and the same conclusion holds for the unconditional expectation. [
Analogous to the phenomenon that the classical, unrestricted James-Stein estimator is
shown to be inadmissible by proving that it has larger risk than the positive-part James-Stein

estimator, we shall show that the estimator m (g, c) in (1.3) is inadmissible, having higher
risk than its positive-part analog,

m*(fi, c) = (1 - AC) (fi—v)+v, (3.12)
le—v|?),
where, for t € R,
t, t>0
ty =4~ = 3.13
* {0, t<0 (3.13)

denotes the positive part of t. Extending a result of Baranchik [5], the following result shows
that the unrestricted shrinkage estimator (1.3)) is dominated by its positive-part analog.
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Theorem 3.2. Letp > 2, n > q+ 3, and ¥ = I,.,. Under the loss function , the
positive-part estimator has lower risk than m(p,c):

R(psm(fi,¢)) > R(p:m* (. c))

for all p € RPT and all ¢ € (0,2c¢*), where c* is defined in (@ Therefore i and m(p, c)
both are inadmissible.

Proof. Let U = i — v, K = . — v, and define g(t) =1 —ct=2, t € R, t # 0. Then

E|m(@,c) — pl* — Elm™ (&, ) - pl
=E(lg(IUINU - &l* = lg*(IUINU - &)

= B ([o(IUP = [g*IUN)*) 1V + 2B (g (1U]) - g(1U) )T
Clearly, [g(¢)]? — [g7(¢)]? = 0 for all ¢, and therefore
E (lg(IUI)2 = [g (1o h)?) U1 > o,
so we have
Blm(fi,c) — pl* - Blm (@¢) - ul? > 2B (g (U)oU) )T (314)

Denote by k1 and ko the vectors containing the first p and last ¢ components, respectively,
of Kk, so that k = (k!,k)}). Let Hy and Hy be, respectively, p x p and ¢ X ¢, orthogonal
matrices such that

Hllnl = ||K’1||(1a 0,... 70),
——
p—1
and
Hiks = ||k2]|(0,...,0,1)".
q—1
Denote by {e,...,e,14} the standard basis for RP*Y; then it follows from above that

<H3 O,) k= [kaller + 52 llepss.
N :

Since H1 and H both are orthogonal then
(o m)veve (5 m) (9) (%)
and this orthogonal transformation also preserves the independence of V1 and V5. Therefore
(5 2)e e (0 a) vy <Vo>]
() (5 )2 ()

c Q (V
= |killer + [[k2lleprq + Vi + 5( 2). (3.15)

I

0
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N H, 0
Letting U = ( 01 H),

of (3.14) equals

) U, and noting that |U| = ||U], it follows that the right-hand side

R ORI A

ploaon -s0on] (5 9)) 0
E g (101) - g(1T1)] (kaler + waleyy) T

E g (1)) - o(1T1)] (im0 + 62 Tprg),  (3.16)

where (71, e ﬁpﬂ are the components of U.
By (B.15) and Corollary UlQ ~ Npiq(||c1]le1 + ||k2|leptq, Cq). Since Cq is diagonal
then, conditional on @, the variables Uy, ..., Uy44 are mutually independent; therefore

E g (1T - 9] T = Fa By, 5,10 Foye [97 10N - o(1TD] T (3.17)

For fixed (72, ceey ﬁp+qa define h: R — R by

h(t) :g(\/t2+ﬁ22+...+ﬁg+q>;

then, h(U1) = ¢(||U||) and h*(U1) = ¢*(|U||). By Lemma 3.5.2 of Anderson [2], p. 96, we
recall that if Z is a one-dimensional normal random variable then, for any function A1 : R — R,
E[h{(Z) — h1(Z)]|Z, whenever it exists, has the same sign as E(Z). Applying this result to
Z =01|Q ~ Ni(||&1]), 2(1+7Q)) and hy = h, and bearing in mind that E(U1|Q) = ||k1]| > 0,

we obtain

0<FE

< Egyq [ (00 = h(@)] 01 = By o [¢*(1T1) - (1T )] T,

for fixed (72, ey ﬁp+q. Inserting this inequality at 1' we obtain
Eg*(10]) - g(1T1)] T1 > 0. (3.18)
By a similar argument, we deduce also that

E g (1T11) = 9T Tprq = 0. (3.19)

It now follows from (3.18) and (3.19) that (3.16]), and hence (3.14)), is nonnegative. [

4 The case of block-diagonal covariance matrices

For the case in which X is arbitrary and known, many results are available in the literature
in the classical case in which the sample is complete; see e.g., Anderson [2], Berger [§],
and Brown [I4] for citations of the original sources for those results. In the setting of two-
step monotone incomplete normal samples, the derivation of improved estimation through
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shrinkage estimators has proved to be considerably difficult for the case in which 3 is arbitrary.
If 3 is diagonal or block-diagonal, however, then we have derived results that show that
shrinkage lowers the risk of pi. Let us first consider the diagonal case.

Suppose that ¥ is a known diagonal matrix and the loss function L is the same as in ,

viz., L(p,m) = ||m — p||?. In stating the following result, we use the notation
-1
g(N —n)
=14+ —F= , 4.1
= (o) -y

We also denote by 3, the covariance matrix of 1, an explicit formula for which is provided in
(2.6). As background for the following result, we refer to Berger [8], pp. 363-369 for citations
to the classical literature on results of this type.

Theorem 4.1. Let p > 2, n > q+ 3, and let r(t), t > 0 be a nondecreasing, differentiable
function such that 0 < r(t) < 2(n.p+q—2). Let X be a known, diagonal matriz and v € RPTI,
Then, with the loss function , the estimator

. (). v)
= (I”“’ RO

2*_1> (n—v)+v (4.2)

has smaller risk than u.

Proof. We show, first, that n.p + ¢ — 2 > 0. This inequality obviously holds if ¢ > 2; and if
q = 1 then it follows from

p+n(g—2)=p— <1+ T )

n—3
T (n—4)N +n
>0 (1 ) - 0.
- * n—3 (n—3)N
Now let ¥ = diag(o11,- - , Optqpt+q)- Then
. N 1 T (Y119 0
Q—(WZ])—NE+n< 0 0 )
so that w;; = 0, ¢ # j and
%Uiia iZl,...,p
Wii =4 4 .
~Oii, t=p+1l....,p+q
By (2.6)), we also have X, = (a;"j) where o; = 0, i # j and
1 qT L
7—1—7)0--, 1=1,...,
O';ki = {<1n n(n—q—2) " . p (43)
~ iy i=p+1,....p+gq

Let U =p—v and kK = p — v, so that

o=~ s 205 )
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It is elementary that L(p, pu) = L(k,U) and L(p, m(p)) = L(k, m.(U)), where

r(U'S,720)

U's,2U 2*71)U‘

m(U) = (Ipeq -
Denote by Uy, ..., Uptq the components of U; then AR(p) = E[L(p, o) — L(p, m(pt))], the
difference in risks between p and m(p), equals

E{|IU - &]* ~ [|m.(U) - &|*}

/5 —2 PHe rrorr % 277/ —2
:E{2T(UE* U)E:UZ(UZ w)  r(U'%E,7U)

- . (4.4
U's. U ok U's. U } (4.4)

(23

We now apply Stein’s Lemma, (2.9)), with d=p+¢q, Z =U|Q, 6 =k, A = Cov(U|Q), and

r(U'S,720)

U)= Us.

Accordingly, we obtain

L6(1+7Q) Eygvi(U), 1<i<p

: . (4.5)
~ i By ¥i(U), p+1<i<p+yq,

M%—ﬁﬂﬂmQ:{

where

wWU) rUTU)  2/USCU) U 2r(U'EU) U

o,  U'n.U U's,?U o2 (UX.2U)?

K43

Yi(U) =

Let W = U’S,2U; substituting (4.5) into the right-hand side of (4.4), we obtain

P / 2 2
AR(p) = { 1+7Q)> na“ ( TV(VW) U[{fz - 27;/{2/) 512)
=1 [ i

+2 If N, ( W + W) Uy ) U ) B 7“2(W)}'

* 2 2 * 2
A Woor2 W2 or W

We introduce some temporary notation in order to simplify this expression. Let

p 2 p+q 2
W, = E Uiz Wo = E i
1— 0'*42 3 2 = 0"-'{-2 )
=1 "u i=p+1 "2

so that W = W + Wy. Also, let n = n.(1 + 7Q) where 7, is defined in (4.1)); then, clearly,

n > n.. By (4.3),

Oi ) M)« =1 )
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Therefore

p
B r(W)  2(W) U2 2e(W) U2
AR(“)_E{%;( WoTW o2 w2 a;;?)

i—p+1 w w 0222 w2 C’Z‘Q
)y ) (40
T T T
:E{2n<p ot T Wi — 2 Wl)
r(W) 2r'(W) 2r(W)
2 _ 2N
+ (q wo T Tw VT e
= E{W_IF(T”WDWQ)}a

p+q /
Lo Z r(W) N 2r' (W) U2 2r(W) UZ?) B TQ(W)}

where

M)T(w) + A + wa)r' (w) — 1% (w),

F(n,wy,ws) = 2<np+q -

wy, w2 2> 0, w = wy + wa.
Suppose that n > 1; since 0 < we < w then

nwy + we = n(w — wa) +wz = nw + (1 — n)ws < Nuw;
consequently,

F(n,wi,wa) > 2(n(p = 2) + q)r(w) + 4(w + w2)r' (w) — r?(w)
2

2
2(7"(p — 2) + q)r(w) + 40wy + w2)r' (w) — r*(w),

the last inequality being due to the fact that n > n*. Since r(-) is nondecreasing then
r'(w) > 0; therefore

>
>

F (w1, w) > 2(1"(p = 2) + q)r(w) = r¥(w)
= (4(1 = n") + 2("p + q — 2) — r(w))r(w).
Since n* < 1 for n > ¢ + 3 and, by assumption, r(w) < 2(n*p + g — 2), it follows that

F(n,wi,ws) >0 for all w if n > 1.
Suppose next that n < 1; then nw; + we < w1 + we = w, and therefore

2(1p + g = 2)r(w) + 4(nwi + wo)r' (w) — 1*(w)

F(n,wl,wg) Z
> (2(n*p+q —2) — r(w))r(w)

since n > n* and r'(w) > 0. As before, we apply the assumption r(w) < 2(n*p + ¢ — 2) to
deduce that F(n, w1, ws2) > 0 for all w if n < 1.
Returning to (4.6)), we apply the Law of Total Probability to write

E{W™'F(n,W1,Wa)} = E{W 'F(n,W1,Wa)ln > 1} - P(n > 1)
+ E{W ™ F(n, Wy, Ws)|n <1} - P(n < 1)},

proving that AR(p) > 0. O



Shrinkage Estimation with Incomplete Data 15

We have also obtained results for the case in which X is block-diagonal,

(X1 O
Y= < 0 222> (4.7)
and the loss function is
L(lj’a m) - (m - H)/M(m - I’l’)v (48)
where M is block-diagonal,
. MH 0
v (M0 4o

and M 17 and M9 are arbitrary p X p and ¢ X ¢ positive definite matrices, respectively. Then,
we have the following result.

Theorem 4.2. Suppose that 3 in is known and that the loss function is @ where
M is given by . Let v € RPTY and let r(t), t > 0 be a non-decreasing, differentiable
function such that 0 < r(t) < 2(n«p + q — 2) for all t, where n, is given in . Then, for
p>2andn > q+ 3, the estimator

H((@-v)S MU (- )
(A v)= M S (G- v)

m(it) = (Lpiq - MUS, )@ -v) by (410)

has smaller risk than u.

Proof. There exists a nonsingular, p x p matrix C1; such that C{M11C11 = I, and X1; =
CHAlC’H, where A; is a diagonal matrix with positive diagonal entries. Similarly, there
exists a nonsingular, ¢ X ¢ matrix Cag satisfying ChyM2C2 = I, and X9s = C22A2C%,
where As is a diagonal matrix with positive diagonal entries. Define the block-diagonal

matrix
. 011 0
c= (9 o)

U=Ccp-v), (4.11)

introduce the transformation

and let g, = C~*(u — v). Recalling that fi is unbiased, and applying the formula (2.6)) for
the covariance matrix of u, we obtain E(U) = p, and Cov(U) = X, where

1 —
_ _ A 0 qT A1 O
S.=C'2,cV= "1 +—
< 0 ]{,A2> n(n—q—2) <0 O)7

a diagonal matrix.
Let U, and U,, respectively, denote the vectors of the first p and last ¢ components of

U. Then it follows from (2.5) and (4.11)) that

(U, 5. TV

where Vi ~ Np4(0, Q) and Vy ~ N,(0,A;) with

1
""_ —1 _1/_ EAI O
Q=CcQC _( 0 ]{,A2>'
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Under the transformation (4.11)), the statistic (i —v)'S; 1M 131 (fi — v) is transformed to

vc's'M's;lcu =vu'(Cc's;'c)c ' Mic T (C's ) u
=vu's (CcMmMC) ' U
=U'S?U,

because C'MC = I,,. Also, the estimator m(g) in (4.10) is transformed to m.(U), where

r(U'S20)

—1lg—1
DM =) CU 4.

ma(U) = (Ipsq -

Since M~1¥1C = c(C’'MC)"1(C'E;1C) = CZ! then Ml = CZ_C™}; also,
v =pu — Cp,. Therefore,

r(U'S2U P
m.(U) —p = (Ip+q - <U’Z‘2U)CZ**IC I)CU - Cp,
_ T(U,EIEU) —1
= C<<Ip+q - IJ/T*_*QUE** )U — s
where
_ T(U/Z:EU) -1
M (U) = (Ip+q T Us U o )U
Therefore,

(m(g) — p)' M(m(p) — p)

= (C(m.(U) = p,)) M(C(m.(U) — p..))
(M (U) = p,) C'MC (. (U) — p..)
| I

This reduces the problem to the case in which ¥ is diagonal and the loss function is the
squared error loss in (1.2), so the conclusion follows from Theorem ]

With regard to general non-radial loss functions, we consider the case in which the loss
function is again of the form (4.8]), where

My My
M — 412
Q@1A@J (4.12)

is a general (p+ q) x (p+ ¢) positive definite symmetric, with M, and My being p X p and
q X q matrices, respectively. Then we have the following result.

Theorem 4.3. Let r(t), t > 0, be a nondecreasing, differentiable function such that 0 <
r(t) < 2(nwp+ q — 2) where . is given in {4.1). Let (4.8) be the loss function where M is of
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the form , and suppose that M21M1_11 = —22_21221. Then, for v € RPT, p > 2, and
n > q + 3, the estimator

IO (i o R Vi Rl %)
- (IW T wE S, (aw)

M_IE*_1> (n—v)+v

has smaller risk than fi. In particular, this result holds for the case in which M = %71,

Proof. By (12.5)), we have

~ (]7_' 211.2 0
3= =+ — .
Cov() + nin—q—2) ( 0 O)

Consider the estimators m; = g and my = m(pu), where

L r((G-v)S'M'S (- v))
m(p) = (Ip+q - (—v)S M Y p —v)

M—lz*—l) (Fi—v)+v.

We make the transformation U = Cu where

C = I, _21222_21 .
0 I, ’

it is well-known that

(112 O
cxer (P 9

By (2.5),
-~ T Vv
UL n+Vy+ Q ( 2)
n 0
where i = Cppand V, = CV ~ Np+4(0, Q) with

~ 1
Q=cC = (ﬂzm 2 ) .
0 NZQQ

Let v =Cv, M =C''MC™!, and £ = C=,C’. Then
(o—v)E M (a-v)= U -p)/C 'z Mz lcW (U - )
—Ww-vys M s Ww-p)
Further, m; — p = C~ (U — 1), and

TR I P
AW=oys M5 WP g8 w-5)+5-
U-pys M Ww-p)

mo — U= C_l (Ip+q —

Since

c-1 = (I 1235,
0o I,
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then, by applying the assumption Moy M 1_11 = —22_21 31, it is straightforward to verify that

(5 i) CF i)
0 Moy -3 M 23,  \ 0 M)’
Similarly, we obtain

S=Cx.C = (%—’—71(11377;72))211-2 0
* 0 +3)

Let my = U and
~—1~—-1~-1
U-2)Y M X CYWU-D) ——1~_
r(( V)~71~71~71 W-9) 515 U - o)+ 7.
U-p)Y M ¥ CYU-»)

my = | Ipq—

For i = 1,2, the loss L(p,m;) = (m; — ) M (m; — p) is transformed to
1

(C' (i — 1)) M(C'™ " (m; — )
= (i — u) C~'MC'™ (i — i)

= (m; — i) M (1; — J1);
therefore AR( ) = Ea[L(p,m;) — L(p,m;)] = EU[E(ﬁ,mZ) - L(,u,,mz)] Noting that
M and E both are block-diagonal matrices, we apply Theorem 4 . 92 to L to deduce that
AR(p) >

Flnally, for the case in which M = X7 it is well-known that the condition My M7t 1=
—222 dlop is valid. [

We remark that, more general than M = 2_1, the condition Mo M 1_11 = —22_21221 also

holds it M = (¢ + A)~" where ¢ > 0, A = <A61 g

L(f, ;) =

>, and Aj; is an arbitrary positive

definite matrix.

5 Shrinkage to a common value

The results above show that under certain conditions on p, ¢, n, and N, the various shrinkage
estimators m(p, ¢) provide lower risk than the maximum likelihood estimator p. However,
as in the classical case of complete samples, usage of these shrinkage estimators requires prior
specification of the vector v. Although m(pu, c¢) provides lower risk than g irrespective of the
true value of p, the difference in risks between m (g, ¢) and p is substantial as v draws closer
to u, and the difference is negligible if v is far from p. In practical settings, it therefore is
advantageous to choose v as close as possible to u, a goal which is unlikely to be realistic given
that p generally is unknown. To address this issue, Lindley and Smith [28] and Efron and
Morris [19] developed shrinkage estimators in which each component of v has a common value
computed from the sample mean. We now extend those results to the setting of monotone
incomplete data.

We denote by 1j the k-dimensional column vector (1,...,1)’; with each entry equal to
1. In shrinking to a common mean, we assume that ¥ = I,;, and adopt the standard
squared-error loss function . Letting

~ 1 N
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we construct an estimator of James-Stein type,

Cc

e
m{#. <) ( 18— Lyrall

) @=L 91, (5.2)

We then have the following result.

Theorem 5.1. Suppose that p > 3, 3 = I,,4, the loss function is , and define

1 2
o (1_> (£+1)_f_
p+q n N n
Then, for all ¢ € (0,2c*), the shrinkage estimator m(u,c) in has smaller risk than L.

Proof. As usual, we let AR(p) = E[L(p, 1) — L(p, m(f, ¢))], the difference between the risks
of g and m(p, ¢). Applying the parallelogram law (3.2]), we obtain

~ ~ c ~ A 2
AR(p) = E{”N —pl? - HH —H— m(ﬂ— V1p+q)H }
p+q
c
:E{# 2B -V1pg) (B—p)—c }
i oty P e }

We now apply Stein’s formula (2.9) with d = p+ ¢, Z = p|Q, 6 = p, and A = Cov(i|Q).
Letting z = (21,...,2p4q) and Z = 1'z/(p + ¢), we define

Z; — %
ZP+Q( )2’
1 <i < p+q, and then it is straightforward to verify that

(1-(p+9™) o 2(a - z)?
||z*51p+q”2 HZ*21p+qH4

Yi(z) =

w ) =
By (2.9),

~ ~ +q 1 ~ ~\2

(B =71y (B — p) X <1— (p+q)” 2(fi; — D) ) -

E -~ — —— = — VaI'(M'|Q)7
B = D 1|2 “'QZ S P R [ T T Z

where [i1, ..., [ip+q are the components of f. Substituting for Var(jz;|Q) from (2.8)), we obtain

AR() = E {20(1+7Q) i({ w+a)  2Afi -0 )
n 1 [Tz P (T 7 P [
’”f <1— (pt+a)  2Af D) )_ _ @ }
i=pt1 HI’I’_V]‘P-HZ’P HN_V1P+qH4 HN_leJrqHQ
:E{ 2c(1+7Q) |-+ )p 2px — 71>
n [ — D1y [ — 7 1pgqll?

2| (1-(p+a)Da 2py —v1,?

1B =1l =D 1p*

C2
1 =P 1ppql* |
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Clearly, 1 + 7Q > 1; also, since p > 3 then (1 —(p+ q)*l) p > 2. Therefore

(I-(+a))p 2lpx—71L,? 2 2px v 1,
[ =V 1pql? [T 7 P | S VIS 75 P | E /TR 7 P [
2
= (B -0 1g® — |ix — 71,
||H_V1p+q||4 (HI‘L p+qH H/J’X p” )
2 iy 9L, > 0
= 7= =z allly —V = U.
o — V1p+q||4 /
Therefore
2 | (1—(p+q)! 2l x — V1,2
ARG > B (A(pA q) )219_ lx — v p”4
n | — le—l—q” I — le-i—q”

2| (1-(p+a) a 2py —v1,*| c
N | |z —71p? [ — D1l [ — D 1py]?
1 1
_1y pnT +gN
= E{2c(1—(p+q) ') s
{ ( )HN_V1p+q”2
A PP Ny P2
e [Pk

Since n < N then

nHax =717+ N7 Ay =012 <n”! (lax — 01,17 + Ay —71,7)

=n" B = ULyl

Hence,

pn” '+ gNTt 4B -1, _ c?
12 =P 1pql? nllE = TLpgllt [l =P 1]

AR(p) = E{Zc(l—(p+q)‘1) -

(P 4 4 ~ -
— (2= (L) -2 —c) Bla- 71

= ¢(2¢" =) E|fp — D14l 72 >0,
for 0 < ¢ < 2c¢*.

Finally, it remains to be verified that if p > 3 then (i) ¢* > 0 and (i) E||[fg—7 1p44]| > < co.
To prove (i), note that ¢* is an increasing function of p or ¢; therefore, for p > 3 and ¢ > 1,

c*>(1—})<§+i>—g—i+i>o
- 4)\n N n 4n 4N ’

To prove (ii), we note, first, that
B — Vipiq = Ju (5.3)

where J = I, — (p+ q)~ ! 1,44 11’[,+q is symmetric, idempotent, and of rank p4+ ¢ — 1. Then
there exists a (p + ¢) X (p + ¢) orthogonal matrix H such that

1 (Iprq-1 O
HJH_( 0 o)
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Let U = Hpu; then we have

18— 1pyql® = |TR|* = @' TR
p+q—1
5.4
=p'Jp=UHJHU= ) U’ (5.4)
j=1

where Uy, ..., Ui, are the components of U. Next, let K = (I14-1:0) be the (p+q—1) x
(p + ¢) matrix in which the first p + ¢ — 1 rows and columns consist of the identity matrix
1 Ipiq-1 and the last column consists entirely of zeros. Transformlng UtoU=K U, we have

U= (U,... ,Upt+q—1)', and therefore ||i — 7 1,44(|* = ~U'U.

By Corollary [2.2) H BQ ~ Npiq(p, Cgq), where Cg is given in . Therefore, conditional
onQ, U =KU = KHFJi ~ Npig—1(KHp, KHCoH'K'), and this normal distribution is
nonsingular because K is of full rank and both H and C¢ are nonsingular. By Lemma

1
(p +q— 3) )\(p+q_1)(KHCQH/K/)7

E(U'T)Q) <

where A(,14-1)(KHCoH'K') is the smallest eigenvalue of KHCoH'K'.
Since A(pyq—1)(KHCoH'K') depends on @, we need to show that

EQ (1/)‘(p+q71) (KHCQH/K/)) < 00.

Noting that K HCoH'K' is the upper (p+¢q—1) x (p+¢—1) principal submatrix of HC o H',
we apply Cauchy’s Interlacing Theorem (see Bhatia [10], Corollary II1.1.5, p. 59) to deduce
that Apiq—1)(KHCQH'K') > \(p1q)(HCoH'), the smallest eigenvalue of HCgH'. Since
H is orthogonal then \(, o) (HCQH') = \(,14)(Cq); therefore

1

Hence
1 N

< )
(P+q—3)Ap+q(Cq) ~ P+q—3

and so we obtain the same bound on the unconditional expectation,

E(UD)Q) <

N

Elp—-71 2 — UU - 5.5
[ =71yl E(( )71 < g _3 (5.5)

The proof of the theorem now is complete. [
We turn next to the positive-part estimator for shrinking to a common mean. Here, we

use the notation ¢4, t € R, defined in (3.13). Define

C
12— T 1412

m*(fi,c) = (1 —

) (1 — Vipig) +V1pig,

¢ > 0, where U again is given in (5.1). We then have the following result.



Shrinkage Estimation with Incomplete Data 22

Theorem 5.2. Suppose that p > 3, X = I,yq, 1'p # 0, and define i = (1, ,1)/(p + q)-
Further, let be the loss function.

(i) Suppose that pg = alpy, for some constant a € R. Then there exists an open neigh-
borhood N of wy such that, for any ¢ > 0, m™ (@, c) has smaller risk than m(g,c) for all
peN.

(i1) Suppose that p # al,yg for any a € R. Then there exists a constant ¢* > E||p —
U1p44||? such that the positive-part estimator m™* (fi, c) has smaller risk than m(f,c) for all
c > c*. In particular,

o~ _ +q—-1|7p q
Elfi—01yol? = |lpt — i Lpyo|> + 29— =1. .
I8~ P Lpagl = s = ATl + ZEER [ 2y 2 (56)
Proof. Let g(t) =1—ct™2,¢>0. Also, let U = i — U 1,4,. Then
L(uam(ﬁ7c)) - L(u7m+(ﬁac))
~ 2 ~ 2
=7 1psg =+ g(IUIDU]|" = |7 1p1q — e+ g (IUNU|| (5.7)

= [g(IUINPIUIP +29(IUINU" (7 1p4g — 1)
~ g IUNPIUI = 26" (IUNU' (7 1p4q — ).

Since U = (p+¢)~' 1, ,ft then
U’ lpyg = (ﬁ - Dlp+q)/1p+q
= IAL/ 1y — ?1;+q 1piq = 1;7+qﬁ —(p+qv=0,
and therefore U'(0 1,4, — p) = —U’p. It now follows from ({5.7) that
AR(U’) = E[L (u'v m(ﬁ'v C)) - L(uv m* (ﬁ? C))]7
the difference in risks between m(p, c) and m™ (@, ¢), is given by
AR(w) = E [([g(IU] - [ (WU IDP) 1017 +2(5* ([0]) ~ a0 1)) U]

We can now establish part (i) of the theorem. Suppose that Jp, = 0; then puiU =
moJ = (Jpy)' = 0, therefore

AR(pmo) = E ([9(IUIN* = [g(IUINP) 1U]1*.

Denote by Z, 3 the indicator function of the interval (a,b). Then, by the definition of gt

[g(t)]2 — [g+(t)]2 _ {0, t> cl/2

[g(t)P, < 01/2 [g(t)]QI(O,cl/Q) (t),
therefore [g(t)]? — [gF(¢)]> > 0 for all ¢, so AR(p) > 0. Note that [g(¢)]> > 0 on the interval
(0, ¢'/?). Moreover, by , the distribution of ||U||?, and hence of |U]|, is non-degenerate
on the interval 0 < |U| < ¢/2. Therefore AR(py) > 0, and it follows by continuity of AR
as a function on RPTY that there exists an open neighborhood N C RPT? of p, such that
AR(p) > 0 on N. To conclude the proof of (i), we observe that Ju, = 0 if and only if

0= (Ip+q —(p+q! 1y 1;7+q)li0
=po—(p+ Q)_l 1piq( 1;)+ql1’0) = Mo —alpg,
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where a = (p+ )1y, o).
We now prove (ii). Observe that g(t) — g™ (t) = —=9(t)Z (g c1/2y(t), and therefore
AR(p) = E [[g(IUNPIUIP = 29(|UIN U] Zig a2 (1U]))-
Let T = |U||; then, by the Cauchy-Schwartz inequality,
B [g(1U NP U Zg 72y ([U1) = B gD T L 72 (T)
> (BT (1) Zg(T))
and also p'U < ||u|| T, so that
|Eg(IU) U Zig a2y (1O )| < 6l ET |g(T)| Zg 12 (T).
Therefore
AR(p) = (ET9(T)| T g r2)(T)) (BT I9(T)| Zig.c2y(T) = 2|l ) (5.8)
Noting that t [g(t)| = t~! |c — 2|, we obtain
ET|g(T)| L as2)(T) = E (¢ =T*) T~ I p12y(T).

Since the functions ¢ — t* and tilI(O’cl/Q)(t), t > 0, both are monotonic decreasing then, by
Chebyshev’s other inequality [21],

E(c—T) T L a/2y(T) 2 E(c = T?) - ET ™ Zg 0172(T).

~1/2 whenever 0 < t < ¢/? then

Since t71 > ¢
ET ' T a2)(T) > ¢ PE Ty 12 (T)
= V2P(T < M?)
> max {0_1/2(1 —c! E(Tz)),O}7
where the latter bound holds by virtue of Markov’s inequality. Therefore
ET |g(T)|Zig e12y(T) = (¢ — E(T?)) - max {¢/?(1 — ¢' E(T?%)), 0}
=21 - T B(T?) - max { (1 — ¢ 1 B(T?)),0}.
Define the function

h(t) = tY2(1 —t 7 B(T%) - max { (1 — t 7 B(T?)),0},

t > 0; then h is strictly increasing on the interval (E(T?), 00) and so the equation h(t) = 2||u/|
has a unique solution c¢* € (E(T?),00). Therefore, by (5.8), AR(u) > 0 for all ¢ € (c¢*, c0).
Finally, it remains to establish (5.6)), the explicit formula for E(||U||?). We note first that

U2 = (| — 7 Lpsgl? = IBI? — (0 + ¢) 711, R)>.
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Applying Corollary which provides that fi|Q ~ Npyq(p, Cg), we obtain

E(|2]?Q) = 1+ tr(Cq) = |[ul* + %(1 +7Q) +

=|=

Also, 17, B|Q ~ N (17, .p, 2(14+7Q) + #) and hence

p
IeN2 1 2, P _ q
E(lp-i-qp’) _(1p+q”’) +g(1+TQ)+N
Therefore
21)) — 2 P — q —1 {9/ 2 P — q
E(UIIQ) = Iul? + 21 +7Q) + & = (p+ 07 (1 1) + 21 +7Q) + |
_ 2 141 2, Pta—-17p _ q
= el = 0) 7 (L) + 5= [0+ 7Q) +

On taking expectations with respect to @), we obtain

BUIP) = P ~ —— (L + PEI 2 [P (14 7B(Q)) + L]

p+q Pt p+q N
2 / 9, p+q—11p qT q
p— —_—— 1 — 71 e — —_— .
HMH p+q( p+q/~b) p+q |:7’L( +n_q_2)+N:|’

and the conclusion follows from the elementary identity,

lel? = (p+ @) (1 qm)® = I — 1 1py g,
where, as defined earlier, i = (1, ,u)/(p+¢q). O

We remark that it seems difficult to analyze AR(p) for small values of ¢ > 0, and this
leads to the above result in which we can establish positivity of AR(u) only for sufficiently
large c. Motivated by this difficulty, we consider a modification to the estimator that
reflects the monotone nature of the data. If the investigator uses a two-part common-value
shrinkage estimator then, as the following result shows, the natural relationship between the
risk of z1 and the unrestricted and positive-part estimators returns.

As before, let 1x be the vector of the first p components of @, and iy be the vector of
the last ¢ components of fi. Further, let 7} = p~! Lpix, V2 = g ! 1,1y, and

- (1,
U= <52 1q> . (5.9)

For ¢ > 0, define the shrinkage estimators

~ c ~ o~ ~
m(pu,c)=(1———= | (p—v)+v

and

mﬂndz(r—A‘L><ﬁ—m+a
moor),

We now have the following result.
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Theorem 5.3. For p > 3 and q > 2, and with the loss function , we have

R(pw;m™ (j,¢)) < R(p;m(fi, c)) < R(p; 1)

for all ¢ € (0,2¢**) where

In particular, p and m(p, c) are inadmissible.

Proof. Let H; be a p x p orthogonal matrix whose first row is p—1/2 1;3 and let Ho be a ¢ X ¢
orthogonal matrix with last row ¢~1/2 1;. Define

H; 0
H —
(5 )
set U = Hpu, and denote by Ui, ..., Uy the components of U. Introduce the notation
Uspig—1 = (Ua, ..., Up+q_1)/, so that U = (U, U,27p+q71, Up+q)/.
Since H; has first row p~1/2 1, then Uy = p1/2 Lpux = p'/?Dy; similarly, Uy, =

q V2 1oy = ql/Qﬁq. Since Hi and H9 are orthogonal with their stated first and last
rows, respectively, it follows from the definition of ¥ in (5.9) that

o= (o ) () = G
O H2 7//\2 1(] I//\qHQ 1(] (510)
= (p"?01,0,...,0,¢"?%y) = (U1,0,...,0,Upsq);

therefore H(p — v) = U — (U31,0,...,0,Upsq) = (0,U2p1q-1,0)". Since H is orthogonal
then
I =2|° = |1H (B~ D) = [Uzprq-1l (5.11)

Let g = Hp; similar to Uz piq-1, define fig,,,, 1 = (f2, ..., fiprq—1)’, and then we can
express f in the form p = (ﬁl,ﬁé’pﬂ,l,ﬁpﬂ)’. Since U = Hp then, by the stochastic
representation (2.5,

I

U=p+ ‘71 + Q <V2> ,
n 0
~ ir 0
where Vi = HV | ~ N, 4(0,9) with @ = ( P
0 I
and ‘72 are independent because H is orthogonal. Therefore, the marginal distribution of
Uz piqg—1 is given by

) ;‘72 = H1V2 ~ Np(O,Ip); and ‘71

L~ ~ 7Q [V
Usptg—1 = Hopig—1 + V1 + o ( 02> (5.12)

~ ~ o~ 1
where Vi ~ Np14-2(0,Q), Q = wlp-1 1 0
0 NIq_l

are mutually independent. We see now that the distribution of Ug ;441 is obtained from the
distribution of U by replacing p and ¢ by p — 1 and g — 1, respectively.

Vo ~ N,_1(0,I, 1); and V1, Vs, and Q
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Again by the orthogonality of H,
Im(&, ¢) — pl* = |Hm(@, ¢) — Hpl®

2
= |Eo+ (1- — ) (A - HY) - |
Ia -]

Applying (5.10) and (5.11]), we obtain

lm(f.c) — pl?
- c ~ 2 ~
= (U1 - H1)2 + H (1 - m)UQ,p+q—1 - Nz,p+q—1H + (Uptq — Mp+q)2- (5.13)
PTq—
Similarly,
lm* (&, ¢) — pl|?
~ c ~ _
= (U1 —m)* + H <1 - m)JFUZ,erqfl = Bapigill® + Uptg = fip+a)®  (5.14)
sPTq—
and
12— w2 = (U1 — 0)? + [Uspiat — Fopegr |2+ Upsg — fipra)® (5.15)

Subtracting (5.13)) from (5.15)) and taking expectations, we obtain

R(/J’a .a) - R(Na m(ﬁ? C))

~ ~ C
= R(“’Q,erqfla U27P+CI*1) - R(“Q,pﬁ»qfl? (1

H U2,p+q—1 H2 ) U27p+q71) '
Noting that Usg ;441 has the stochastic representation , we now apply Theoremwith
p and ¢ replaced by p—1 and ¢— 1, respectively, and deduce that R(u, ) — R(p, m (g, c)) > 0
for 0 < ¢ < 2¢**.

Similarly, subtracting from and taking expectations, we obtain

~ ~ ~ c
R(H’? m(“’? C)) - R(u’a m+(“’? C)) = R(H’Q,p—i—q—la (1 - HU2 p—&-q—lHQ)Uz’p—i_q_l)
~ C
— R(Hz,p+q—17 (1— ||U2p+q—1||2>+U2’p+q_1>’

and then the conclusion follows from (/5.12]) and Theorem for the positive-part shrinkage
estimator. [

6 Concluding Remarks

The results derived in this paper raise many issues, and we now present some of them as
avenues for further research.

It is natural to ask for extensions of all the foregoing results to general k-step monotone
incomplete data, to the incomplete data patterns considered by Eaton and Kariya [18], and
even to arbitrary incomplete patterns. In all of these problems, there remains the fundamental
impediment that the exact distribution of @, the maximum likelihood estimator of u, is still
unknown. Indeed, in the case of non-monotone incomplete data patterns, explicit expressions
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for p are generally unavailable, so that the derivation of its exact distribution, and hence
explicit formulas for lower bounds on the risk of i, appears to require techniques far beyond
those available today. In particular, it seems a formidable problem to study these problems
when the EM, or other computational algorithms, are necessary to calculate . Nevertheless,
we conjecture that, for any monotone incomplete data pattern and for sufficiently large p and
n, the Stein phenomenon holds for the estimator m(g, ¢) in .

We also find it to be remarkable that the shrinkage estimators have forms entirely remi-
niscent of the James-Stein type. This suggests an almost universal nature to these estimators
in the presence of monotone incomplete samples. Even more, we raise the question of whether
estimators of that type will prove to have lower risk than [ even in the case of non-monotone
incomplete normal samples.

It also remains an open problem in Theorem to ascertain whether 1 is admissible for
sufficiently small values of p and ¢. Such a result would extend to the monotone incomplete
setting the classical admissibility result of James and Stein [24]. Furthermore, if it is the
case that these estimators are admissible for suitably small values of p and ¢ then it will
be important to explain the Stein phenomenon. Here, we have in mind extensions of the
results of Brown [I1] and subsequent authors. In a related direction, we are intrigued by the
possibility of extending to the case of monotone incomplete samples the connection between
shrinkage estimators and the heat equation as developed by Brown, et al. [13].

Finally, we remark that it would be useful to develop an empirical Bayes approach to
motivate the estimators m(g,c) and m™ (@, c), hence extending the results of Efron and
Morris [19].
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