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Introduction
In all areas of research, incomplete data sets are
ubiquitous. We consider problems arising in
the statistical analysis of monotone incomplete
data drawn from a multivariate normal popu-
lation. Draw a random sample of N units from
the population and measure d variables on each
unit. Denote these vectors by Z1,Z2, . . . ,ZN .0BBBBBBB@
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Two-step Notation
Partition N mutually independent observa-
tions into a block of complete data, of dimen-
sion d = p + q, and a block of incomplete data,
of dimension p:„
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The first n vectors are observations from
Nd(µ,Σ) and the last N − n vectors are obser-
vations on the first p variables of the same pop-
ulation. Define τ = n/N and τ̄ = 1− τ .
The sample means:
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The corresponding matrices of sums of squares
and products:
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Partition µ and Σ into p and q rows and
columns. The maximum likelihood estimators,
(MLEs), for µ and Σ [Anderson, 1957]:
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Exact Stochastic Representation for µ̂

Theorem1[Chang and Richards, 2009; Romer, 2009]: Let V1 ∼ Np+q

(
0, 1

NΣ + τ̄
n

(
0 0
0 Σ22·1

))
,

Q1 ∼ χ2
n−p, Q2 ∼ χ2

p, V2 ∼ Nq(0, Iq), where V1, V2, Q1, and Q2 are mutually independent. Then,

µ̂
L= µ+ V1 +

(
τ̄Q2

nQ1

)1/2( 0
Σ1/2

22·1V2

)
.

Explicit formulas for V1, V2, Q1, and Q2 in terms of the data:

Q1 =
(X̄1 − X̄2)′(X̄1 − X̄2)

(X̄1 − X̄2)′A−1
11,n(X̄1 − X̄2)

, Q2 = nτ̄(X̄1 − X̄2)′(X̄1 − X̄2)

V1 =
(
X̄
Ȳ

)
, V2 = −

∑n
j=1 Yj(Xj − X̄)′A−1

11,n(X̄1 − X̄2)

(X̄1 − X̄2)′A−1
11,n(X̄1 − X̄2)

A Generalization of Hotelling’s T 2-statistic
Let T 2 = (µ̂− µ)′ Ĉov(µ̂)−1 (µ̂− µ) , where Ĉov(µ̂) is the MLE of Cov(µ̂). Define T 2

1 = n(Ȳ −
A21A

−1
11,nX̄1)′A−1

22·1,n(Ȳ −A21A
−1
11,nX̄1) and T 2

2 = NX̄ ′(A11,N )−1X̄. Then 1
N T

2 = γ−1T 2
1 + T 2

2 .

Proposition[Romer, 2009]: Let Λ11 and Λ22 be p×p and q×q positive definite matrices, respectively,
Λ21 be q× p, ν1 ∈ Rp, and ν2 ∈ Rq . The statistics T 2

1 and T 2
2 , and consequently T 2, are algebraically
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)
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)
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)
.

Exact Stochastic Representation for the T 2-statistic
Theorem 2[Romer, 2009]: Let cos2 θ ∼ Beta

(
1
2 ,

1
2 (p− 1)

)
, Q1 ∼ χ2

p, Q2 ∼ χ2
p, Q3 ∼ χ2

n−p−q , Q4 ∼
χ2
q ,W ∼W2(N − p, I2), and β ∼ Beta( 1

2 (n− p− 2), 1
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1 +Q1β
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)
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where γ = 1 + (n−2)Nτ̄
n(n−p−2) , u = (u1, u2)′ = N1/2((

√
τQ

1/2
1 +

√
τ̄Q

1/2
2 cos θ),

√
τ̄Q

1/2
2 sin θ)′, and v =

τ̄Q1 + τQ2 − 2(τ̄Q1τQ2)1/2 cos θ.

Applications of the T 2-statistic
Theorem 3[Romer, 2009]: Let Q1 ∼ χ2

p, Q2 ∼ χ2
p, Q3 ∼ χ2

n−p−q , Q4 ∼ χ2
q , Q5 ∼ χ2

N−p, Q6 ∼ χ2
N−p,

Q7 ∼ χ2
1, Q8 ∼ χ2

N−p−1, and β ∼ Beta( 1
2 (n − p − 2), 1

2 (N − n − 1)) be mutually independent. For
t ≥ 0,
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Comparison of Bounds: Chang & Richards (Red); Theorem 2 (Black); Theorem 3 (Blue)
(p=2; q=1; n=10; N=15) (p=3; q=3; n=15; N=20)
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Theorem 4[Romer, 2009]: Let T 2
α be a 100(1 − α)% percentage point for T 2. Then, with confidence

at least 1−α, µ satisfies for all v the simultaneous inequalities: v′µ ∈
(
v′µ̂±

√
T 2
α ·
√
v′Ĉov(µ̂)v

)
.
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