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In all areas of research, incomplete data sets are
ubiquitous. We consider problems arising in
the statistical analysis of monotone incomplete
data drawn from a multivariate normal popu-
lation. Draw a random sample of N units from
the population and measure d variables on each
unit. Denote these vectors by Z;, Zs, ..., Zy.
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Partition N mutually independent observa-
tions into a block of complete data, of dimen-
sion d = p + g, and a block of incomplete data,
of dimension p:
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The first n vectors are observations from
Na(p, X)) and the last N — n vectors are obser-
vations on the first p variables of the same pop-

ulation. Define7 =n/Nand 7 =1 — 7.
The sample means:

~ 1 n ~ 1 N
Xlzgj;.xj, XQ_N_nj:znglxj
Yv:lzﬂ:}fja X:iixb

D szl

The corresponding matrices of sums of squares
and products:
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Partition @ and X into p and ¢ rows and
columns. The maximum likelihood estimators,

(MLESs), for i and X [Anderson, 1957]:
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Theorem1[Chang and Richards, 2009; Romer, 2009]: Let Vi ~ N,, (O ¥+ L <O > ))
221
Q1 ~ Xn—p/ Qo ~ Xp/ Vo ~ N,(0,1,), where Vi, V5, 1, and Q5 are mutually independent. Then,
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Explicit formulas for Vi, V5, @1, and @2 in terms of the data:
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Let 7% = (1 ) Cov(fi , where Cov/(
A21A11 nXl)/Az_z 1 n(Y A21A11 nXl) and T2

(1) is the MLE of Cov(z). Define T? = n(Y —
NX'(A;; n) X, Then 1 ~T? =~ 1TE + T3,

Proposition|Romer, 2009]: Let A1; and A2y be pxpand q x g positive definite matrices, respectively,
As1 be ¢ X p, 1 € RP, and vy € R?. The statistics 77 and Ty, and consequently T2, are algebraically
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Theorem 2[Romer, 2009]: Let cos? 6 ~ Beta (%, 2 (p —
), (N —n —1)) be mutually independent. Then,

X2, W ~ Wy(N —p, I,),and B ~ Beta(;(n—p—2
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where v = 1 é?n__zgjjg), u = (ug,u) = ]\71/2((\/_621/2 \/_Q1/2 cos ), \/_Q1/2 sinf)’, and v =

FQ1 + 7Q2 — 2(TQ17Q2) /2 cos b

Theorem 3[Romer, 2009]: Let Q1 ~ X%, Q2 ~ Xzza' ()3 ~ X%_p_q, Qs ~ Xg, Q5 ~ X?\z_p, Qe ~ X?V_p,
?;f(\)’ X1, Qs ~ XN _p_1,and B ~ Beta(5(n — p — 2), 5(N —n — 1)) be mutually independent. For
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Comparison of Bounds: Chang & Richards (Red); Theorem 2 (Black); Theorem 3 (Blue)
(p=2; g=1, n=10; N=15) (p=3; ¢=3, n=15;, N=20)
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Theorem 4[Romer, 2009]: Let 72 be a 100(1 — )% percentage point for 7. Then, with confidence

at least 1 — a, p satisfies for all v the simultaneous inequalities: v’ € ( vt /T2 \/ v’ 6(;( L)V ) .
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