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Summary
We consider an agreement index of multiple raters for densely measured longitudinal data. In order to accom-

modate a curvature feature in data and reduce ill-specified model error, nonparametric mean function is added
in the linear mixed model. Based on the model, we proposed a time-varying agreement index, namely functional
Concordance Correlation Coefficient(FCCC). The FCCC measures a degree of total-, inter-, intra-raters agreement
at each measurement occasion. The indices are robust against a functional form of population characteristic and
informative about the source of disagreements. FCCCs suggest directions on how to improve agreement among
multiple raters based on a detail source of disagreement over time. We compare the performance of FCCCs with
the Unified Concordance Correlation Coefficients for longitudinal/functional data.

Introduction
Agreementmeasures the “closeness” between readings, and contains both accuracy and precision. Assessment of
agreement is essential in many fields. Of interest is to quantify agreement to decide

• whether or not new assay is acceptable with respect to the gold standard

• whether or not methodologies can be used interchangeably each other

Much work has been done on measurement agreement for independent data. For the repeated measurements, the
Unified Concordance Correlation Coefficient(UCCC) is a popular agreement index for multiple raters.
The model for UCCC is atwo way ANOVA :

yi jl = µ +ai +β j + γi j + εi jl (1)

whereyi jl is the lth observation of subjecti taken by raterj for i = 1, . . . ,n, j = 1, . . . ,k,
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Based on the model (1), Lin et al. (2007) proposed UCCC:
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• Each UCCC includesprecision and accuracy.

• The assumptions in model (1),(1)a common set of occasions,(2) a balanced dataset,(3) discrete covariateseare
difficult to satisfy in practice.

• Linear mixed modelhas flexibility in accommodating any degree of imbalance, but the impact of covariates are
restricted in specified functions. Ill-specified model raises errors, and it leads to unreliable agreement indices.

Approach: we propose a FCCC for densely measured longitudinal data based on partially linear model
with random covariates, robust against the number and timing of occasions and a functional form of time in data.

Model
For the sake of simplicity, balanced data is assumed. Suppose thatyi jk(tl) is the response of theith subject in jth
method andkth possible other effect at timetl ; i = i, · · · , I , j = 1, · · · ,J, k = 1, · · · ,K, l = 1, · · · ,L.

yi jk(tl) = µ(tl)+ai +α j + γk + εi jk(tl) (2)

whereµ(t): smooth function;
J
∑
j=1

α j = 0;
K
∑

k=1
γk = 0; ai ∼

(
0,σ2

a(tl)
)
; εi(t) ∼GP(0,Ri(t))

The general expresion of model (2) is :

Yi(tl) = µ(tl)+Xiβ +Zui + εi(tl)

whereµ(t) is smooth function;β =
[
αT,γT

]T
; u= [a1, · · · ,aI ]

T ∼
(
0,σ2

u × II×I

)
; εi(tl)∼GP(0,

Ri(tl)). εi jk(tl) andui are independent.

Estimation
Step 0 Set initial values ofβ ,u,µ(·)

Step 1 Calculate ˆr, r̂u; r̂(·) = Y(·)− µ̂(·)−XTβ̂ , r̂u(·) = Y(·)− µ̂(·)−XTβ̂ −ZTû

Step 2 Estimate var(yi jk(tl)) ≡Vi jk(tl)= E(r2
i jk(t)) = σ2

ε (t)+σ2
u, ∀i by following kernel estimator.
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Because the variances only depends on time,Vi jk(tl) is the same for all subject at timetl

step 3 An natural estimator forσ2
ε (tl) = E

(
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)

is the kernel estimator.
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step 4 Based on the fact,Vi jk(t) = E(Var(yi jk(t)|u))+V(E(yi jk(t)|u)) = σ2
ε (t)+σ2

u

σ̂2
u = 1

L ∑L
l {V̂(tl)− R̂(tl)}, ∀t = t1, · · · , tL

step 5 Obtain̂β , û, µ̂(t).

µ̂(β ,u) = S (r̂u
i (tl))

β̂ = {(XT(I −S )]V̂−1(I −S )X)}−1XT(I −S )V̂−1(I −S )Y

û = {(ZT(I −S )R̂−1(I −S )Z+ Ĝ−1)}−1ZT(I −S )R̂−1(I −S )
(
Y−Xβ̂

)

whereS stands for smoothing matrix.

Repeat step 2 through step 5 until all estimates converge.

Agreement indices
Agreements indexes for two effects,α j,γk , are the same after switching corresponding variance
of each effect. Here, agreement indices forγ at timet based on model (2) is following:
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• Total-rater agreement: a measure of overall agreement for every occasion

• Intra-rataer agreement: how well is each rater in reproducing him/herself at each occasion

• Inter-rater agreement: how well are different raters in reproducing each other at each occasion

⇒ help to identify whether the disagreement is due to either intra-rater or inter-rater or both
⇒ provide directions on how to improve agreement among multiple methods

• Three indices decompose into precision and accuary

• Each index can be summarized into one numbers by the concept of reproducibility for func-
tional data proposed by Li & Chow (2005).

FCCCγ
total =

∫
FCCCγ

total(t)w(t)dt given a weight functionw(·)

.

Simulation Results
• ai ∼N(0,1), µ(t) = 3×sin(t/10), α1 = 1, α2 =−1, γ1 = 2, γ2 = 1, γ3 =−1, γ4 =−2, γ5 =

0.5, γ6 = −0.5 for i = 1· · ·10, j = 1,2, k = 1, · · · ,6, l = 1, · · · ,100.

• εi(t) ∼GP(0,Ri(t)) where cov(εtl ,εtl ′
) = ρ |tl−tl ′| for ρ = 0,0.2,0.5,0.7,0.9.
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Figure 1: Estimates.
The left plot shows the average of estimates and true values belong toα1 and α2 by time for
ρ = 0,0.2,0.5,0.7,0.9. The right plot depicts the average of estimates and true values corre-
sponding toγ1, · · · ,γ6 over time by different correlations.

Table 1: The results of Monte Carlo simulation; The first column is true FCCCs and others are
estimates of FCCC and UCCC byρ with equal weight.

Mean (std) ρ = 0 ρ = 0.2 ρ = 0.5 ρ = 0.7 ρ = 0.9
Inter UCCC 0.18 ( 0.12 ) 0.18 ( 0.12 ) 0.18 ( 0.12 ) 0.19 ( 0.13 ) 0.18 ( 0.13 )
0.28 FCCC 0.23 ( 0.07 ) 0.23 ( 0.08 ) 0.23 ( 0.08 ) 0.23 ( 0.09 ) 0.23 ( 0.08 )
Intra UCCC 0.13 ( 0.08 ) 0.13 ( 0.10 ) 0.13 ( 0.10 ) 0.14 ( 0.11 ) 0.14 ( 0.10)
0.25 FCCC 0.22( 0.10 ) 0.21 ( 0.10 ) 0.21 ( 0.10) 0.21 ( 0.11 ) 0.22 ( 0.11 )
Total UCCC 0.13 ( 0.10 ) 0.13 ( 0.10 ) 0.13 ( 0.10 ) 0.14 ( 0.11 ) 0.13 ( 0.10 )
0.24 FCCC 0.20 ( 0.07 ) 0.20 ( 0.07 ) 0.20 ( 0.07 ) 0.20 ( 0.08 ) 0.22 ( 0.08 )

FCCCs are close to true indeices while every UCCC underestimates the magnitude of agree-
ments.

Conclusions
• FCCCs outperform UCCCs when there is non-linear time trend in population.
• FCCCs are a function of time which fits to the characteristic of longitudinal data.
• FCCCs are close to true values, but slightly underestimate.An optimal bandwidth proposed

by Ruppert et al. (1995) was applied to estimate a nonparametric function via local linear
smoother. Based on our another simulation result, the optimal bandwidth tends to over-
smooth data.
⇒ The bias leads to smaller quantity of agreement.

• The model (2) explaines time trend in measurements viaµ(·) while the impact of the ex-
planatory variables on responds are time invariant.
⇒ Functional mixed effects model can be applied to assess a measurement agreement index.
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