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A= (A1, ..., Ap)and pu = (u1,...,uy) INR"
AV = (max(Ai, p1), ... ,max(An, tn))

AN p= (min(Ar, p1), - .. min(An, pn))

These operations induce an ordering on R"
Weyl chamber: W ={AeR": \; > --- > \,,}

For \e Wand z = (z1,...,x,) € R", the Schur functions:

B det(CCZ‘)‘j+n_j) AA(

_ )
sx(z) = [[ic;(mi —x5) — Do(x)

=
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Algebra (symmetric functions)
Combinatorics (Young tableaux)
Mathematical statistics (complex zonal polynomials)

Representation theory of GL(n, C) (characters of irreducible
representations)

Harmonic analysis (spherical functions)

x IS a n x n Hermitian matrix with eigenvalues x4, ..., x,
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We shall prove:

Theorem 1: For A,y € W and x € R",

Savu() Sanp(z) — sa(z)su(z) > 0;
l.e., the map A — sy (x) is “MTPy”

Theorem 2 (Lam, et al.,, 2007): For partitions A, y,
Sxvu Saau — SxSy IS monomial-positive and Schur-positive

Theorem 1 applies to all A, x € W, but proves positivity only

Theorem 2 applies to partitions A, x only, but proves positivity of
all coefficients in the monomial or Schur expansions

Theorem 2 implies Theorem 1 if A, u are partitions
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MTP,: Mathematical statistics
Log-supermodular: Combinatorics, game theory, economics

FKG: Probability, mathematical physics
Differing names for the same concept

Lorentz; Battle-Rosen; Karlin-Rinott; Herbst-Pitt: An analytical
characterization of positive MTP5 functions

A C? function ¢ : R® — R is MTP iff
82
ONON;

logp(A) >0 foralli#j
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To study the sign of 9 log s)/O\;0)\;, it suffices to take
(4,5) = (1,2)

Recall the notation: Ay (x) = det(:c?j ey
0? 0? 0 9,
A2 log sy = A - Ay — — Ay — A
N VD N2 W Vi RS Wi -3 Wi

D.R., “Total positivity properties of generalized hypergeometric
functions of matrix argument,” J. Statist. Phys., 2004

Positivity properties of determinants of classical generalized
hypergeometric functions
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Karlin (1968): For vectors a, b, f+,..., f,,_o € R", define

D(a,b, f{,...,f,,_o) =det(a,b, fi,..., f,_2)

Then, for a1, a2, by, by € R™,

D<a’17b17f17°‘°7fn—2) D<a’17b27f17“"fn—2)
D<a’27b17f17°°°7fn—2) D<a’27b27f17""fn—2)

:D(alaa’Qa.fl?"'?fn—Q)°D(b17b2’fl""’fn_2)

Sylvester’s formula for compound determinants

Log-Convexity Properties of Schur Functions and Hypergeometric Functions of Matrix Argument — p. 7/-



Let K (i, \j) = 2T and set

1

K(CBl,)\l) K(:L“l,)\l)
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D(a17b17f17'°°

D(al,bQ, fl’ 50 G

D(ag,bl, fl? ce

D(a’27b27.f17'°'
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By Karlin’s identity,

82
O Ao

A% - log sy

52 5 9
A — 2 A T A
e 2 o g

:D(a17a27f17°'°7fn—2)'D(b17b2’f1”°"f’n_2)
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D(a17a27f17"°7fn—2)
K(z1,M) 5Kz, M) K(zi,A3) - K(z1,An)

K(an,Al) %K(ajnaAl) K<xn7>‘3) K<xn7>‘n)

det (K (5, \;
lim e( (@ J))
)\2—>>\1 )\2_)\1

K(x,\)is STPy: det(K(x;,Aj)) >0forzy > - >z, >0,
A1 > > Ap,andalln > 1

Therefore, the limit is < 0 (numerator > 0; denominator < 0)
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Conclusion: For A € W and =z € R",

82
ONiON;

logsy(x) >0, i#}

Therefore, for A\, ux € YW and x € R",

Sxvu (@) sanpu(x) — sa(z)su(z) >0
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Possible extensions and generalizations

2
8)\18:1:1
D.R., J. Statist. Phys., 2004: Dodgson’s condensation formula

Positivity properties of

log s\(z); see

Apply more general forms of Sylvester’s formula

MTPg, £ > 2
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Non-commutative Sylvester’s determinantal formula
Monomial/Schur-positivity of ¢g-Schur difference products

Characters of other compact Lie groups: Start with Weyl’s
formula and carry out derivatives

SO(5): See Gross and D.R., J. Approx. Theory, 1995
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Fortuin-Kasteleyn-Ginibre, J. Math. Phys., 1971
¢. MTP5 probability density function (p.d.f.) on R”

FKG Inequality: If f, g are increasing functions on R™ then

E(fg) — E(f)E(g9) =0
D.R., Ann. Probab., 2004

Generalized FKG Inequalities: If f, g, h are nonnegative
Increasing functions on R"” then

2E(fgh) = [E(fg9)E(h) + E(fh)E(g) + E(f)E(gh)]
+E(f)E(g)E(h) 2

0

Log-Convexity Properties of Schur Functions and Hypergeometric Functions

of Matrix Argument — p. 15/-



P, The set of partitions of length < n
x,y. n x n Hermitian positive definite matrices

cy. Coefficients that are MTP5 In A

Construct a MTP, p.d.f. on P,,:  ¢(A) = crsA(@)

FKG: If f and g are increasing then

( > CASA(fl?)ngA) ' ( > C/\S/\(ilf))

AEP, WETP,

> ( Z C)\S)\(ZC)f)\> : ( Z CASA(ZU)QA)

AEP,, AEP,
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Partitional shifted factorial: (a)x = [[;_;(a —j + 1)y,
Observe that (a)xv, (@), = (a)a(a),

Forai,...,ap,b1,...,b, >n—1andy c R, set

(a1)x - (ap)x
(b1)x -+ (bp)a(n)x

C\ = sx(y)

cy Is a product of MTP; functions, therefore cy is MTP5

Why choose the ¢, as above?
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Gross and D.R., J. Approx. Theory, 1989
Relationship between Schur functions and zonal polynomials

Hypergeometric functions of two Hermitian matrix arguments

With the above choice for ¢y, we have

a1y, 0Q
Z exsa(z) = pFQ( 1 p35’7>y)

= b, ..., b,
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For a,i1,bq41 >n —1,set f(A) = (aps1)x and g(\) = 1/(bg+1)x
f Is increasing and ¢ Is decreasing on P,,, so we apply FKG

Theorem: Let z,y be n x n Hermitian p.d. matrices, p < ¢, and
alw..,ap+1,bh...,bq+1:>7z——]J'Then,

Ay, ...,0p41 ay,...,0p
p+llirF1( y Ly Y ppb s Ly Y
b]_, ¢ ooy bq+1 b]_’ R bq

A1,y...,0p4+1 a1,y...,0p .
< p+1Fq( b’ 7 . SQTay) qu+1(b ’ [; 7$>y>
ILg o oo g L) Ly oeag Ug-rll
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Apply the generalized FKG inequalties

Obtain more general sums-of-products inequalities for the
generalized hypergeometric ,F;(z, y) functions
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