Zonal Polynomials and Hypergeometric Functions of
Matrix Argument
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Some matrix spaces

G = GL(n,R): The general linear group, containing all n x n
nonsingular real matrices

S = S(n,R): The space of real symmetric matrices

G “acts”"on S: x € Gactsons € Sby zos=xsa’

r1x208 = (w1%2)s(T172) = T1T28TLT

= xz1(xosw5)x| = 21(22 0 8)x| = 71 0 (T2 0 5)
r1xr908 =x10 (Tr305)
This Is a group action

right-action vs. left-action
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Notation: For x = (x;;) € G,
A(x) := det(x)

11 - Ty
Aj(ZB):A ; jzl,...,n
i woe By
The standard bitriangular structure of G: Each x € G can be
expressed as r = vcu where
c Is diagonal
u IS upper triangular with 1's on the main diagonal

v is lower triangular with 1's on the main diagonal
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The map from (u, ¢, v) — vcu is Smooth when restricted to the
subset of matrices x € G such that

[T4@ #0
j=1

O(n): the group of n x n orthogonal matrices
O(n) is a maximal compact subgroup of G
P(n,R): The cone of positive definite n x n matrices

Each r € P(n,R) is of the form r = z2/, x € G

Zonal Polynomials and Hypergeometric Functions of Matrix Argument — p. 4/



Polynomials on GG

¢. A polynomial function on G
¢(x) is a polynomial in the entries xz;; of «
P(G): The space of polynomials on GG

Pa4(G): The space of polynomials homogeneous of degree d

P4(G) is a vector space of dimension ("{97"), where N = n?

(G Is an open subset of R"*"
¢ extends uniquely to a polynomial on R"*"

A polynomial on G restricts uniquely to a polynomial on P(n,R)
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Fora € G, define R, : P(G) — P(G) by:

Rop(x) = p(za), ze€G
R, is called the right regular representation of G on P(G)
What is R, if a = I,,?

Rop® = RpRy0

P4(G) is invariant under R,: R, Py(G) = Py(G)
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Regard R™*" as RY

Each polynomial ¢ on R™*" is a polynomial on RY

¢<x) — Z a’ala"'aaNajiylx(212 S x?VN

d1,...,00N

Shorthand notation:

o(x) = Z An X

«

Oé!:()q!-'-()é]\]!

Conjugate of ¢:  ¢(z) = >, G X
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The differentiation inner product on P (G)

For¢ => _a,X*andy =) b, X, define the inner product

(Bl) = Za'aa_

This inner product arises from differentiation of ) by ¢

HW: Prove that for £ € O(n), Ry is a unitary operator on P(G):

(Rpo|Riyp) = (o)

Hint: Show that (R, ¢|R,-1v) = (¢|v), a € G

Under the inner product,

=) @P4(G)
=0
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Representations of (¢

G: GL(n,R)
V. A space of linear transformations

p: G — Vs arepresentation of G on V' if
plzy) = p(x)p(y), z,y€G

The dimension of p Is the dimension of V

Example: The right regular representation

Example: p(z) = A(x)kA(x)l is a one-dimensional
representation of G

All one-dimensional representations of G are powers of A(x)
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Given representations pq, po, form the direct sum

- [Pr(z) 0

This gives us a new representation

Irreducible representations: Those which cannot be written as a
direct sum of lower-dimensional representations

The basic problem in representation theory: Describe all
irreducible representations of a group

G = GL(n,R): We use the standard bitriangular decomposition
to describe some irreducible polynomial representations of GG
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Each irreducible, finite-dimensional, polynomial representation
of GL(n,R) is parametrized by an n-tuple (mq,...,m,) of
iIntegers where m; > --- >m,, >0

Tm. The representation corresponding to the signature
m = (my,...,my)

Return to the (U, C, V') decomposition: x = vcu

For each signature m and ¢ = diag(cy, ..., c,), let

pm(€) = ler[™ |ea ™ < - en ™

L. IS a character of C

Lty 1S @ one-dimensional representation of C
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P?™(G): The collection of all ¢ € P(G) such that
d(vex) = pom(c)p(z), veV,ee C,x € R™*"

Each ¢ in P?™(G) is homogeneous:
PM(G) C Pa(G), d=2[ml|,|m|=mq+--+my

A crucial example of a polynomial in P (G):

¢2m(33) — A(:B)2m” H Aj (g;)2(mj—mj+1)

Calculate A;(vcx) to see why ¢a,, € P?"(G)

More comments on the representation theory of G
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Orthogonally invariant polynomials

Z(G): The space of left-invariant polynomials ¢ on G,
o(kx) = ¢(x), keOMn),zed

If » IS homogeneous then it is of even degree, because
—I, € O(n)

7-4(G): The class of ¢ € Z(G) which are homogeneous of
degree 2d

0

I(G) = Y _ &To(G)

d=0

The spherical transform: Given ¢ € P(G), construct ¢7 € Z(G):
oHa)= [ (ko) di
O(n)
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Apply the spherical transform to each ¢ € P?"*(QG) to get the
space 7°™(G)

The spherical transform decomposes Z,,(G) into irreducible,
orthogonal subspaces

To4(G) = Y  @I*™(G)
Im|=d

S = S(n,R): The space of real symmetric matrices

Each polynomial ¢ on G gives rise to a polynomial g on S

q(za’) = ¢(x)

The spherical transform converts each left-invariant polynomial p
on G into a biinvariant polynomial ¢ on .S
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The zonal polynomials

Apply the spherical transform to Z,,(G) and Z°™(G)

Pa(S) = )  @P™(S)
Im|=d

This decomposition is multiplicity free: Up to constant multiples,
there exists only one nontrivial, biinvariant polynomial in P™(.S)

This unique polynomial is called the zonal polynomial

Let ¢ € Py(S), p(ksk’) = ¢(s), k € O(n), s € S. Then there exist
unique ¢,,, € P"(.S) such that

b= om

m|=d
The {¢,,} are orthogonal w.r.t. the differentiation inner product
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Is each subspace P™(.S) nontrivial? Is there an explicit formula
for each zonal polynomial?

Apply the spherical transform to the “crucial example” in P?™(G)
n—1
g (8) = / A(ksk' )™ 1] Aj(ksk)™ "+ dk
O(n) j=1
qgm € P™(S) and g, > 0 on the cone of positive definite matrices

Conclude: Each P™(S) is nontrivial

gm 1S the zonal polynomial of weight m
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In multivariate statistical analysis, we choose the zonal
polynomials Z,, to be such that

(trs)?= > Zn(s)

Im|=d
n—1
Zm(8) = Z (1) A(ksk' )™ || Aj(ksk')™ =™+ dk
O(n) j=1

This requires that we be able to calculate Z,,(1,)

James (1964), Muirhead (1982), Gross and D.R. (1987), etc.
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Theorem: Z,, is an eigenfunction of the Laplace-Beltrami
operator and, more generally, all G-invariant differential
operators on S

D,: A G-invariant differential operator

Dy = Wiy 8 € 8y 7 € &

If s = (Sij) e S, set

0
_ (1 y
Os = (2(1 + 5”)857;9-)
Examples of invariant differential operators

tr(s0s)%, k=1,2,...; A(s0,)
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tr (s0s)? is the Laplace-Beltrami operator
It can be shown that
gm(s) = A(s)™ [ ] Aj(s)m
IS an eigenfunction of every invariant differential operator D
Since D, 1s G-invariant then Dy, = Dy

D.R. (SIAM J. Math. Analysis, 1985):. Applications of invariant
differential operators ...
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DsZ,,(s)

D, / (ksk') dk
/ Degm(ksk’) di

/ Dksk/qm(ksk’) dk
O(n)

/ qm(ksk’) dk
O(n)
Zm(s)
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Theorem: For s,t € S,

/ 72, (ksk't) dk = 2
O(m)

Denote the LHS by f(s)

Check that f is an eigenfunction of every invariant D,
Therefore f(s) < Z,(s)

Evaluate f at the identity matrix

We can also evaluate Laplace transforms of Z,,, and ¢,,
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The invariant measure on P(n,R): d.s = A(s)~PT1/2(s
For Re(a) > (n —1)/2,
/ e A(r) g (r)der = [a]mTn ()
P

where (a); = a(a+1) - (a+k—1) = [(a + k) /T(c)

ﬁ 1G-1),,

n(n 1/4HF ]_1))

/\

Proof. Apply the standard bitriangular structure (a.k.a. Bartlett
decomposition), etc.
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For z € P(n,R), s € S,
/pe_trrzﬁ(r)“Zm(rs)d*r = [&]mDn(a)A(2) " Zin(s27")

Denote this integral by F'(s, 2)

We already know F'(I,, I,)

Check that F(s, I,,) is O(n) invariant and is in P™(S)
Therefore F(s, I,,) o< Zp(s)

Use a change of variables to show that
F(s,z) = A(z) F (2725272 T,
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Forz € S,

1
/ A(r)*A(l, — r)ﬁ_o‘_i(”H)Zm(rz) d.r
0<r<i,

As In the classical setting, apply the convolution formula for the
Laplace transform
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Hypergeometric functions of matrix argument

Recall:

The generalized hypergeometric function with argument s € S

qu(Ckl, e ,Ckp;ﬂl, ce ,ﬁq; 3) — ;j ;j [[Ckﬁj: . [ap]m Zm(s)

d=0 |m|=d -~ Palm

When do these series converge?

Reinhardt domain of convergence: Gross and D.R. (1987),
Faraut and Koranyi (1994)
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Example 1: The series for  Fy converges everywhere on S

oFo(s) =

d=0 |m|—d

- S5 Y

- Iml|=d

- %(trs)d
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Example 2: The series for | Fy converges for ||s|| < 1
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Laplace and beta integrals

For p < g and Re(apt1) > (n—1)/2,

1

Fn<O‘p+1)

/ e_trrzqu(oq, ey O B, o, B ) A(r) P dyr
P
= A(2) %+ i Fy(ar, ..., ap, apr1; B1, .-, By 27

Note: If p = ¢ then the RHS converges for ||z~ 1| < 1

1
/ A(T)ap—Fl A(I’}’L o T)Bq+1_ap+1—§(n+1)
o<r<lI,

X pFg(ar, ... 0p; B1, ..., Bg;7s) dyr

_ Ln(apr1)Tn(Bgr1 — api1)
Fn(ﬂqul)

p+1Fq+1(041, ce 7&p—|—1;617 ce ,5q+1; 3)
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A few references

Herz (1955)

Constantine (1962)

James (1964)

Maass (1971)

Muirhead (1982)

Gross and D.R. (1987)

D.R. (Editor). Contemp. Math., Vol. 138, 1992

Faraut and Koranyi (1994)
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