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Introduction

Thebasicset-upof Goodnessof Fit testsareasfollows

For asequenceof n observationsona multinomial

distributionwith k cells� Denotetheprobabilityvectorby π,

π � �
π1 � � � � � � πk � , ∑k

i � 1 πi = 1� Denotetheobservedfrequenciesby X ,

X � �
X1 � � � � � Xk � .� Denotetheobservedproportionsd � �

d1 � � � � � dk � .
di � Xi � n

Constructanappropriatedivergencebetweenπ andd

Common Divergence� Pearsonsχ2 ( Pearson,1900)� Log-likelihoodratio StatisticG2� HellingerDistanceT 2

χ2 � ∑k
i � 1

�
Xi 	 nπi 
 2

nπi
� n

k

∑
i � 1

�
di � πi � 2

πi

G2 � 2∑k
i � 1 Xilog

� Xi
nπi � � 2n

k

∑
i � 1

dilog
� di

πi
�

T 2 � 4
k

∑
i � 1

� �
Xi � �

nπi � 2 � 4n
k

∑
i � 1

� 

di � �

πi � 2

Cressie Read Family � Iλ � λ � � �
Iλ � 1

λ
�
λ � 1� k

∑
i � 1

di

� �
di

πi � λ � 1 �
The Statistics are 2nIλ

Specialcases

λ Statistic= 2nIλ

0 Log-likelihoodratioStatisticG2

1 Pearsonsχ2

-1/2 HellingerDistanceT 2

CressieandRead(1984,JRSSB)
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Modified forms of Iλ

Iλ � k

∑
i � 1 � 1

λ
�
λ � 1� di

� �
di

πi � λ � 1 � � 1
λ � 1

�
πi � di � �

This form makeseachof thetermsin thesummand

strictly non-negative

Iλ � ∑
di �� 0 � 1

λ
�
λ � 1� di

� �
di

πi � λ � 1 � � 1
λ � 1

�
πi � di � �� 1

λ � 1 ∑
di � 0

πi

This form shows theeffect of theemptycells.

BasuandBasu(1998)

As function of G

A generaldisparitymeasurecanbedefinedas

ρG
�
d � π � � k

∑
i � 1

G

�
di

πi
� 1� πi � (Lindsay,1994)

Takingδi � � di
πi � 1� wecanseethefollowing specialcases

G
�
δ � Statistic

δ2 � 2 Pearsonsχ2�
δ � 1� log

�
δ � 1� � δ G2�

δ � 1 
 λ � 1 	 �
δ � 1


λ
�
λ � 1 
 � δ

λ � 1 Iλ in general

Propertiesof G� G is strictly convex� G is thricedifferentiableon � � 1 � ∞ �� G
�
0� � 0� G

�
3
 �

0� is finite andG
�
3
 is continuousat0
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Exact Power Calculations

To evaluatetheperformancesof differentmeasuresof

disparitywedefinetheNull andthealternative

Hypothesisin thefollowing way

H0 : πi � 1� k, (EquiprobableNull)

H1 : πi �  ! " �
1 	 δ

k # 1 

k i=1,.. . ,k-1

1� δ
k i=k

where � 1 $ δ $ k � 1.

Whenδ % 0 H1 correspondsto a bumpalternative and

for δ & 0 H1 correspondsto adip alternative.

0.0
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Table 1: Power for n � 20, k � 4 case,obtained

throughexactprocedure

λ δ=1.5 δ=0.5 δ=-0.9

-5.0 0.6316 0.1228 0.7434

-2.0 0.6500 0.1231 0.7434

-1.0 0.7960 0.1384 0.7342

-0.5 0.8009 0.1412 0.7263

-0.3 0.8525 0.1538 0.7108

0.0 0.8640 0.1567 0.7045

0.3 0.8640 0.1567 0.7045

0.5 0.8640 0.1567 0.7045

2/3 0.8640 0.1567 0.7045

0.7 0.8647 0.1577 0.6363

1.0 0.8745 0.1629 0.5150

1.5 0.8855 0.1682 0.3844

2.0 0.8962 0.1725 0.3290

2.5 0.8982 0.1733 0.2780

5.0 0.9025 0.1743 0.2422
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Possible Modifications to

increase power

Introductionof Penalty

Combinationof Disparities

New Disparities

Introduction of Penalty

Controlling the effect of cells for which di=0 (empty cells)
and thus increase the power by making it more sensitive
to extreme inliers (empty-cells).

Iλ � ∑
di ' 0 � 1

λ
�
λ � 1� di

� �
di

πi � λ � 1 � � 1
λ � 1

�
πi � di � �� penalty ∑

di � 0

πi

Herewearereplacingthenaturalweight 1
λ � 1 by some

penaltyweight.

Note: Proceedingin thesameway wecanmake adisparity

moreor lesssensitive to intliersby increasingor decreasing

thepenaltyresepectively.

Improvespoweragainstdip alternativesfor disparities

with positive valuesof λ
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Introduction of Penalty(2)

Controlling the effect of cells for which di=0 (empty cells)
by a scale factor of the natural penalty and thus
increasing the power by making it more sensitive (bigger
penalty) to inliers

Iλ � ∑
di ' 0 � 1

λ
�
λ � 1� di

� �
di

πi � λ � 1 � � 1
λ � 1

�
πi � di � �� penalty ( 1

λ � 1 ∑
di � 0

πi

Herewearereplacingthenaturalweight 1
λ � 1 by a scale

factorof it.

Graphdescribingtheeffecton thepower functionfor the

differentscalefactors
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Combination of Disparities

Gaining power by combining two measures of disparity(
or equivalently λ1 and λ2) one each for di & πi and di % πi

Iλ1 ) λ2 �
∑

di * πi � 1
λ1

�
λ1 � 1� di

� �
di

πi � λ1 � 1 � � 1
λ1 � 1

�
πi � di � �� ∑

di ' πi � 1
λ2

�
λ2 � 1� di

� �
di

πi � λ2 � 1 � � 1
λ2 � 1

�
πi � di � �

CressieandRead(1984)

BasuandSarkar(1994)
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New Divergence measure(MPH)

Thesemeasuresareconstructedwith thehelpof

mixtureof sometwo divergencemeasures.

TheG
�
δ � functionfor thisnew disparityis definedby

GMPH
�
δ � � α

δ2

2
� �

1 � α � δ2

2 � α �
δH � �

1 � α � + 2

Thismeasureis amixtureof PearsonandBlended
Weight Hellinger distance , BW HDα,

0 $ α $ 1 - , Lindsay(1994),

definedby

BW HDα
�
d � π � � 1

2

k

∑
i � 1

�
di � πi

α

 �

di � � � �
1 � α � � �

πi � � 2

correspondsto

G
�
δ � � 1

2
δ� α �

δ � 1 � �
1 � α � + 2
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Conclusion

What is the cost of this power gain ?

For smallsamplestheapproximationto the

Chi-squaredistributionwill becruderandthus

p-valuesof Chi-squarewill bemoreapproximate.

Remedial Measures:

Betterapproximationof thenull distribution.

Findinggoodempiricalestimatesof thecritical

valuesfor thedivergenceproposed.
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